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Abstract
We proposea schedulingmethodfor real-timesystemsim-
plementedon multicore platformsthat encouragesindivid-
ual threadsof multithreadedreal-timetasksto bescheduled
together. Whensuch threadsare cooperative and share a
commonworkingset,thismethodenablesmoreeffectiveuse
of on-chip sharedcaches.

1 Intr oduction
Multicorearchitectures,which includeseveralprocessorson
a single chip, are being widely toutedas a solution to the
“thermal roadblock” imposedby single-coredesigns.Sev-
eral chip makers have releaseddual-corechips, and a few
designswith morethantwo coreshave beenannouncedas
well. For instance,Sunrecentlyreleasedits eight-coreNi-
agarachip, while Intel is expectedto releasechipswith 80
coreswithin � veyears[6].
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Figure1: Multicorearchitecture.

In most proposed
multicore platforms, dif-
ferentcoresshareon-chip
caches. To effectively
exploit the available par-
allelism in thesesystems,
such caches must not
become performance
bottlenecks. In fact, the
issueof ef�cient cacheusageon multicoreplatformsis one
of the most important problemswith which chip makers
are currently grappling. In this paper, we considerthis
issuein thecontext of real-timeapplications.To reasonably
constrainthe discussion,we henceforthlimit attentionto
the widely-studiedmulticore architectureshown in Fig. 1,
whereall coresaresymmetric,single-threaded,andsharean
L2 cache.

In prior work pertainingto throughput-orientedsystems,
Fedorova et al. [7] notedthatL2 missesaffect performance
to a much greaterextent than L1 missesor pipeline con-
�icts. They showedthatL2 contentioncanbereduced,and
throughputimproved,by discouragingthreadsthatgenerate
signi�cant memory-to-L2traf�c from being co-scheduled.
In recent work [1], we presentedresults comparableto
thoseof Fedorova et al. but pertainingto real-timesystems.
Speci�cally, weshowedthatit is possibleto discouragehigh-
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cache-impacttasksfrom beingco-scheduledwhile ensuring
real-timeconstraints.

The problem. In this paper, we considerthe oppositeis-
sueof whethercertaingroupsof real-timetaskscanbe en-
couraged to be co-scheduled.Speci�cally, we considera
periodic task model in which tasksmay be multithreaded:
a multithreadedtask(MTT) consistsof several (sequential)
threads,whichmayhavedifferentexecutioncostsbut acom-
monperiod. Our goal is to devisemechanismsthatencour-
agea task's threadsto be co-scheduled.Suchencourage-
mentwouldbebene�cial in settingswhereina task's threads
are cooperative andsharea commonworking set. Specif-
ically, whencooperatingthreadsexecutein closeproximity
in time,theiraccessesof commondatawill giveriseto fewer
L2 misses.Multithreadedtaskssuchasthis arisenaturally
in many settings.For example,in multimediaapplications,
multiplethreadsmaybeusefulfor performingdifferentfunc-
tionson commondata(e.g., a frameof an MPEGvideo) at
thesamerate.

Related work. In work on parallelcomputing,it is well-
known that the memory-referencepatternsof threadscan
lead to co-schedulingchoicesthat are either constructive
or destructive[12]. However, to the best of our knowl-
edge,wearethe�rst to considermechanismsfor in�uencing
suchchoiceswhenanalysisvalidatingreal-timeconstraints
is required. Relatedwork that lackssuchanalysisincludes
work on symbioticscheduling[9, 11, 14] in (non-multicore)
multithreadedsystems. In symbiotic scheduling,the goal
is to maximizethe overall “symbiosisfactor,” which indi-
cateshow well variousthreadgroupingsperformwhenco-
scheduled.Relatedwork on multicoresystemsincludesthe
work of Fedorovaet al. [7] notedearlier, aswell asa related
paper[8] on a schedulingapproachthat encourages“f air-
ness”in sharedcacheusageby differentthreads.In thelatter
paper, quality-of-servicerequirementsareconsideredexper-
imentally, but no real-timeanalysisis presented.Caching
issuesthat arisewhennon-real-timemultithreadedapplica-
tionsareimplementedonmulticoreplatformshavealsobeen
consideredin prior work [4, 10].

Proposedapproach. The essenceof the problemat hand
is to encourageparallelism: whenonethreadof anMTT is
scheduled,all threadsof thatMTT shouldbescheduled.Un-
fortunately, perfectparallelismis not alwayspossible. For
example,schedulingin parallel two threadswith an execu-
tion costof 1.0 anda periodof 2.0 on a two-processorsys-



temthatalsoincludesataskwith anexecutioncostof 3.0and
periodof 4.0will resultin deadlinemisses.Additionally, we
have shown that thegeneralproblemof optimizing for par-
allelism while respectingreal-timeconstraints(not surpris-
ingly) is NP-hardin thestrongsense.

Dueto theselimitations,wehavechosento focusonmin-
imizing a factorwe call spread. For easeof explanation,we
assumefor now thateachMTT is comprisedof threadsthat
have the sameexecutioncost,andthusthe sameutilization
or weight as well, as they sharea commonperiod. Later,
this restrictionwill be removed. Given this assumption,if
anMTT hasa spreadof k, thenthe i th quantumof compu-
tationfor eachthreadof theMTT mustbescheduledwithin
the interval [t; t + k) for somet (treatingeach“time unit”
asa quantum).Our goal, then,is to scheduleMTTs so that
real-timeconstraintsaremetandspreadis minimizedto the
extentpossible.Notethat,thougha spreadof oneis perfect
parallelism,even with somewhat larger spreads,a potential
for cachereuseexists. Our approachfor minimizing spread
while meetingreal-timeconstraintsis baseduponthreeob-
servations.

First, global schedulingalgorithms,which use a single
run queue,aremore naturallysuitedto minimizing spread
than partitioning approaches.This is particularly the case
whenusingdeadline-basedschedulingmethods.This is be-
cause“work” with acommondeadlinesubmittedatthesame
time will occupy consecutive slots in the scheduler's run
queue,andthus,suchwork will bescheduledin closeprox-
imity over time, unlessdisruptedby later-arriving, higher-
priority work. Basedon this observation, we henceforth
limit our attentionto global, deadline-basedschedulingap-
proaches.Two suchapproacheswill be consideredin de-
tail: the PD2 Pfair schedulingalgorithm[2] andthe global
earliest-deadline-�rst(EDF) algorithm. In Pfair scheduling,
each“unit of work” is a quantum-lengthsubtask, while un-
derEDF, eachunit is a job of arbitrary(but bounded)length.

Second,in all global,deadline-basedschedulingmethods
known to us, the ability to meet timing constraintsis not
compromisedif subtasksor jobs (as the casemay be) are
“early released,” i.e., allowed to becomeeligible for execu-
tion “early.” This is depictedwith respectto Pfair scheduling
in Fig. 2. In Pfair scheduling,eachsubtaskmustbe sched-
uledwithin a time window, theendof which is its deadline.
Notethat,in inset(b),allowingearlyreleasingdoesnotcause
deadlinemisses.

Third, whena subtaskor job is early released,it is op-
tional asto whethertheschedulerconsidersit for execution.
Wecanexploit this factto minimizedisruptionsto anMTT' s
threadscausedby higher-priority work. As anexample,con-
siderthePfair schedulesin Fig.3,wherebothtasksof weight
1=4 arethreadsof the sameMTT. Inset(a) shows a sched-
ulewithoutearlyreleasing.In inset(b), all subtaskwindows
areshiftedright by onequantum,andall subtasksareearly
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Figure2: A one-processorPfair schedulefor a setof threetasks
(of weight1/2,1/4,and1/4,respectively) with (a) noearlyreleasing
and(b) earlyreleasesallowedby onequantum.Solid linesindicate
subtaskwindows,dashedlinesindicatewhereearlyreleasingis al-
lowed,andan“X” indicateswhena subtaskis scheduled.

releasedby onequantum,producingthesamescheduleasin
(a). (All deadlinecomparisonsarethesame.)We refer to a
schedulein whichall subtaskwindowsareright-shiftedby k
quantaandall subtasksareearlyreleasedby k quantaasak-
shiftedschedule. In inset(b),k = 1. Theschedulesin (a)and
(b) bothresultin a spreadof threefor theMTT. In inset(c),
we show thatselectively allowing earlyreleasingcanreduce
spreadto two. Alternately, insteadof shifting the schedule
andearlyreleasingsubtasks,asin (b) and(c),wecaninstead
considera subtaskto beoptionalfor schedulingfor the �rst
k quantaafter its release,andallow it to miss its deadline
by up to k quanta,asshown in inset (d). Here, the dotted
linesaftereachwindow indicateby how mucheachdeadline
could be missed(thoughno missesoccurhere). Note that
thereare“intermediate”casesbetweenanunshiftedandak-
shiftedschedule.For example,if k = 4 is requiredby our
methodfor a giventaskset,thenwe couldchooseinsteadto
createa 3-shiftedschedule,but considera subtaskoptional
for schedulingin the�rst quantumafterits actualrelease.In
thiscase,deadlinescouldbemissedby atmostonequantum.
More generally, if subtaskscanbe early releasedto the ex-
tentwerequire,thennodeadlineswill bemissed;otherwise,
deadlinesmaybemissed,but by boundedamountsonly.

Contrib utions. Basedupon the above observations, we
have deviseda setof rulesfor guaranteeinglow spreadsin
deadline-based,global schedulingapproaches.We present
theserulesby �rst focusingon PD2 andby thenexplaining
how to adaptthemto EDF. In both cases,we consider�rst
only MTTs with same-weightthreads(as above) and then
easethis restriction. In all cases,we establishthe spread
guaranteesthatarepossible(thoughsomepropertiesareonly
statedor sketched,dueto pagelimitations).As a�nal contri-
bution,we evaluatetheef�cacy of theproposedrulesin two
ways. First, we assessthespreadreductionsthey enableby
presentingexperimentsinvolving randomly-generatedtask
sets. Second,we assessthecorrespondingL2 miss-ratere-
ductionsthat result by presentingexperimentsthat involve
runningactualtaskson a multicoresimulator. Theseexper-
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Figure3: A two-processorPfair scheduleof a setof � ve tasks(threeof weight1/2, andtwo of weight1/4) with (a) no early releasing;
(b) early releasingby one quantumand all windows right-shiftedby one quantum;(c) similarly-shiftedwindows, but selective early
releasing;(d) no shiftingor earlyreleasing,but subtasksareconsideredoptionalwithin the�rst quantumaftertheir release,anddeadlines
canbemissedby onequantum.

imentsshow that our rulesoften reducespreadsto closeto
one(perfectparallelism)andcanreduceL2 missratessig-
ni�cantly.

The restof this paperis organizedasfollows. In Sec.2,
we presenta brief overview of Pfair and EDF scheduling.
Then,in Sec.3, we describeour spread-reductionapproach
andestablishthePD2 andEDFspreadguaranteesmentioned
earlier. In Sec.4, we presentexperimentalresults,and in
Sec.5, we conclude.

2 Background
In this section,we brie�y introduceboth Pfair [3, 15] and
EDF scheduling.For simplicity, we consideronly periodic
tasksystems,thoughour resultsapplyto sporadicandintra-
sporadic[15] tasksystemsaswell. In a periodictasksystem
� , eachtaskT releasessuccessive jobsandis characterized
by a per-job executioncostT:e anda periodT:p. EveryT:p
time units, startingat time 0, T releasesa new job with an
executioncostof T:e timeunits.Executioncostsandperiods
areassumedto beintegral. In Pfair scheduling,a timeunit is
actuallyaunit of processorallocation,andthusis referredto
asaquantum. In EDF, a timeunit is notnecessarilyaunit of
allocation,but canbeany convenientsizesuchthatexecution
costsandperiodsareintegral. The quantityT:e=T:p is the
weight, or utilization, of T , denotedwt(T).

Ourgoalis to scheduleonM processors(or cores)asetof
periodictasksof total weightat mostM , wheresometasks
correspondto threadswithin an MTT. For now, we assume
eachof an MTT' s threadshasthe sameexecutioncost (as
well asperiod),but laterthis restrictionis removed.We also
assumethefollowing.

(PM) EachMTT hasat mostM threads,themaxi-
mumparallelismachievableonM cores.
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Figure4: Windows for a taskT of weight3=10. Three(six) sub-
taskshavedeadlinesby time10(20),soif all deadlinesaremet,T 's
allocationupto thesetimesmatchesits idealallocation( 3

10 � 10and
3

10 � 20).

2.1 Pfair Scheduling

Pfair schedulingalgorithms[3, 15] allocateprocessortime
one quantumat a time. The quantum-lengthtime interval
[t; t + 1), wheret � 0, is calledslot t. In eachslot, each
processor(task) can be assignedto at most one task (pro-
cessor).Taskmigrationis allowed. Per-quantumallocations
areachievedby sub-dividing eachtaskT into a sequenceof
quantum-lengthsubtasks, denotedT1; T2; : : :. Eachsubtask
Ti hasan associatedreleaser (Ti ) anddeadlined(Ti ), de-
�ned asfollows.

r (Ti ) =
�

i � 1
wt(T)

�
^ d(Ti ) =

�
i

wt(T )

�
(1)

Thetime-slotinterval [r (Ti ); d(Ti )) is calledthewindowof
Ti . Consecutivesubtaskwindowsof ataskareeitherdisjoint
or overlapby oneslot,asseenin Fig. 4. A task'swindowing
is de�ned to approximatean ideal (�uid) systemthat allo-
cateswt(T) � L unitsof processortimeto eachtaskT in any
interval of lengthL .

Pfair schedulingalgorithmsscheduletasksby scheduling
their subtaskson anEDF basis.Tie-breakingrulesareused
whentwo subtaskshave equaldeadlines.Themostef�cient
optimalalgorithmknown is PD2 [2, 15], whichusestwo tie-



breakingrules.Becauseit is optimal,PD2 meetsall subtask
deadlines,aslongastotalutilization,

P
T 2 � wt(T), doesnot

exceedM . PD2's ability to meetsubtaskdeadlinesis not
affectedif early-releasebehavioris allowed[2], i.e., if sub-
taskscanbecomeeligible to executebeforetheir windows.
Note that, with early releasing,we can speakof a subtask
beingscheduledbefore its designatedreleasetime. Thede-
cisionof whetherto releasea subtaskearlyis arbitrary.

2.2 EDF Scheduling

Under(global)EDF scheduling,jobsarescheduledin order
of increasingdeadlines,with ties broken arbitrarily. EDF
is not optimal, so tasksmay miss their deadlines. It has
beenshown, however, that deadlinetardinessunderEDF is
bounded[5, 16]. Additionally, jobs may be optionally and
arbitrarily early releasedunderEDF, asin Pfair scheduling,
with no additionaltardinesspenalties.For EDF, we will de-
notethej th job of a taskT asTj .

3 Spread-CognizantScheduling
In describingour method,we considerPD2 andEDF sepa-
rately.

3.1 Method Applied to PD2

In general,we will useX to denotethespreadguaranteewe
seekto establish.For PD2, X is de�ned asfollows, where
Wmax = maxT 2 � wt(T), andT canbeany task(including
a taskcorrespondingto a threadof anMTT).

X =

8
<

:

3; if Wmax � 1=3
4; if 1=3 < Wmax � 1=2
2 � d 1

1� Wmax
e� 1; if Wmax > 1=2

(2)

We describeour methodasadditionalrulesfor PD2. We
assumeweareworkingwith an(X � 1)-shiftedschedule(or
alternately, that subtaskscanmiss their deadlinesby up to
X � 1 quanta—seeFig. 3(d)). Threerulesarerequired:

� Urgent Tasks. WhensubtaskTi is scheduled,where
taskT correspondsto athreadwithin someMTT R, and
T is the�rst threadin R whosei th subtaskis scheduled,
eachsubtaskUi , whereU is alsoathreadof R andU 6=
T, is �agged “urgent”until it is alsoscheduled.

� Early-ReleaseEligibility . A non-urgentsubtaskTj at
timet is “early-releaseeligible” at t if all of thefollow-
ing hold:

(i) r (Tj ) � (X � 1) � t < r (Tj ) (i.e., timet is within
X � 1 slotsof the actualreleasetime of subtask
Tj ).

(ii ) All subtasksTk of T , wherek < j , have already
beenscheduledprior to time t.

(iii ) jUj + jH j < M , where,at time t, U is the set
of eligible urgent subtasks,and H is the set of
non-urgenteligiblesubtasksTk , wherer (Tk ) � t,
such that eachsubtaskin H hashigher priority
thanat leastonesubtaskin U. Note that tasksin
H are(by de�nition) not early-releaseeligible at
time t.

(iv) SubtaskTj is oneof the e = M � (jUj + jH j)
highest-prioritysubtasksat time t satisfying (i)
and(ii) above.

A subtaskTj that is urgent at time t is “early-release
eligible” at time t if conditions(i) and(ii) hold for it.

� Priorities. Eligible subtasks(earlyreleasedor not) are
scheduledusingthesamepriority rulesasin PD2. In the
caseof a tie, urgentsubtaskshave higherpriority, with
theMTT identityusedasatie-break.(Thisensuresthat
MTTs achievethelowestpossiblespreadwhennothing
in thePD2 priority ruleswouldpreventit.)

Theserules are illustratedin Fig. 5. For simplicity, we
have assumedherethat early releasesoccurby oneslot in-
steadof as implied by (2). With regular PD2 (inset (a)),
the taskset achievesmaximumspreadsof two andsix for
MTTs 1 and2, respectively. Our rulesreducethespreadof
MTT 2 to two (inset (b)), without changingthe spreadof
MTT 1. This reductionhappensbecauseat time5 in (b), the
1=10-weighttasknot scheduledat that time in (a) is favored
overthe3=5-weighttasksby theUrgentTasksrule. Notethat
theEarly-ReleaseEligibility ruleonly allowsoneof the3=5-
weight subtasksreleasedat time 6 to becomeearly-release
eligible at time 5. Note also that, if the task set included
someadditionaltasksof weight 1=10 that wereeligible at
time 5, thePriorities rule would ensurethat theurgentsub-
taskwasscheduled�rst, andMTT 2 wouldstill haveaspread
of two.

In anappendix,we provethefollowing.

Theorem1 If PD2 is modi�ed asdescribedabove, subtasks
are early-releaseeligible X � 1 quantabefore their actual
releasetimes,andall taskthreadsin thesameMTThavethe
sameweight,thenthespreadof anyMTT is no greaterthan
X asde�nedin (2).

Removing the “same-weight” restriction. De�ne two
subtasksasbeingequivalentif they have equalreleasesand
deadlines(asde�ned by (1)) andPD2 tie-breaks.Then,the
essenceof the rules presentedabove is that, by exploiting
early-releasebehavior, equivalentsubtaskscanbe madeto
executewithin a constrainedtime interval. If the threadsof
anMTT areall of thesameweight,thentheir i th subtasksare
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Figure 5: An example two-processorschedulewith (a) regular
PD2 , and(b) PD2 usingourmethod.

all equivalent.However, if thethreadsof anMTT areof dif-
ferentweights,thenthiswill no longerbethecase.Nonethe-
less,many subtaskswill sharea commondeadlineand tie
breaks—inparticular, this will de�nitely be thecasefor the
�nal subtaskper job of eachthread,andwill likely be the
casefor someothersubtasksaswell. Suchsubtaskscanbe
madeto be“equivalent”asbefore,by de�ning their releases
to bethesame.Here,again,we canexploit early-releasebe-
havior, speci�cally, by de�ning the releaseof eachsubtask
in a job of a threadto be the sameasthe �rst suchsubtask
(thoughsubtasksmust still executein sequence);the �rst
subtaskperjob wouldbeearlyreleasedby X � 1 quanta,as
before.With thischange,wecanoffer thesamespreadguar-
anteesasearlier, but we mustalter the de�nition of spread
slightly to accountfor the fact that two equivalentsubtasks
mayhave indicesthatdiffer signi�cantly. Theconditionfor
anMTT to haveaspreadof k is now asfollows: if asubtask
Ti of somethreadT of theMTT is scheduledat time t, then
for eachthreadU of theMTT with anunscheduledsubtask
Uj that is equivalent to Ti , either subtaskUj is scheduled

at time t, or somesubtaskUm is scheduledin the interval
[t + 1; t + k), wherem � j . (Notethat if someUm , where
m < j , is scheduledin [t + 1; t + k), thenwestill haveapo-
tentialfor cachereuse.)With this new spreadde�nition, and
afew cosmeticchangesto therulesstatedearlier, Theorem1
canbestrengthenedto removethe“same-weight”restriction.
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Figure6: A three-processor
PD2 schedule using our
method modi�ed for MTTs
with different-weightthreads.

We illustrate someof the
nuancesof this new spread
de�nition by consideringan
example,shown in Fig. 6. In
this example, all tasks with
period 10 are threadsin the
same MTT. We de�ne the
(early) releasetime of each
subtask in a job to be the
same, with the �rst being
early releasedby one quan-
tum. At time 1, subtasks
T1, U1, and V1 are sched-
uled; however, by our new
de�nition of spread,this does
not result in a spreadof one.
While U1 and V1 are clearly
equivalent, T1 is equivalent
to neithersubtask(becauseits
deadlineis attime5,while U1

andV1 haveadeadlineat time11). However, T3 (notshown)
is equivalent,asit hasthesamedeadlineandtie-breaksasU1

andV1. Therefore,whenT2 is scheduledat time 2, thecon-
dition for aspreadof two is met,asT2 bothprecedesT3 and
is scheduledat time t + 1 or later, wheret = 1.

3.2 Method Applied to EDF
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X

X X

J 2

1J
T

X

X X
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Figure7: Assuming� =
0, T executesfor the max-
imum possible number of
consecutive timeunitswhen
consecutive jobs aresched-
uledasshown here.

In considering EDF, we ini-
tially assume(as before) that
eachof an MTT' s threadshas
the same weight, and that
spreadis as de�ned in the in-
troduction. Under the condi-
tions of Theorem2 below, a
threadcanexecutefor at most
2� emax consecutivetimeunits,
as shown in Fig. 7, which al-
lows us to prove (in the ap-
pendix)thestatedspreadguar-
antee. Note that, in EDF, jobs
becomeurgent,not subtasks.

Theorem2 Considera taskset � for which tardinessis at
most� underEDF, andlet emax denotethelargestjob exe-
cutioncostin � . If EDF is modi�ed asdescribedabove for
PD2, but insteadjobs(rather thansubtasks) are allowedto
becomeearly-releaseeligibleupto 2�emax timeunitsbefore



their actualreleasetimes,andT:p � T:e + 1 + � for each
T 2 � , thenthespreadof anyMTT is at most2 � emax + 1.

As anaside,recall thattasksscheduledby EDF maymiss
their deadlinesby boundedamounts,asstatedin Sec.2.2.
Any tardinessarisingfrom our method(by choosingto not
shift the scheduleasrequired)would be addedto the tardi-
nessboundfor EDF.

Non-preemptive EDF. In non-preemptive EDF, lower-
priority jobscanblockhigher-priority jobsfor upto emax � 1
time units. We alreadyaccountfor at leastthis level of dis-
ruption in most casesfor preemptive EDF; however, addi-
tional disruptioncanoccurbecausea threadcanblock other
pendingthreadsin its MTT. To accountfor thisextradisrup-
tion, our spreadguaranteemustbe increasedby emax � 1
timeunits,i.e., to 3 � emax .
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Fig. 6, scheduledwith EDF.

Removing the “same-
weight” restriction. In
both variantsof EDF, during
each period, all jobs in the
same MTT have the same
releaseand deadlineregard-
lessof executioncost. Thus,
referring back to our earlier
discussionof PD2, suchjobs
are “equivalent.” We can
thereforere-de�ne spreadfor
EDF in the casewhere the
“same-weight” restriction is
removed,aswe did for PD2,
andwith afew minorchanges
to therulesstatedearlier, our
results for both preemptive
andnon-preemptiveEDFstill
hold.

The new de�nition of spreadk is asfollows: if a job Tj

of somethreadT of theMTT is scheduledat time t, thenfor
eachthreadU of the MTT, wherejob Uj hasnot executed
to completion,at leastone time unit of executionof Uj is
scheduledin theinterval [t; t + k). Wecanclaimthatat least
onetimeunit of executionof Uj is scheduleddueto ourear-
lier requirementthatthesizeof our time unit is setsuchthat
all executioncostsandperiodsare integral. Note that this
de�nition of spreadprovidesnearly the sameopportunities
for cachereuseasbefore.

As an example,considerFig. 8, which depictsthe same
tasksetconsideredearlierin Fig. 6. We allow early releas-
ing of all jobs by one time unit. At time 1, jobs T1, U1,
andV1 are scheduledandexecutefor one time unit. This
resultsin a spreadof onefor this MTT, sinceall jobs were
scheduledconcurrently. Whenjob T1 next executesit will
achieve a spreadof “one” by default, sinceall jobsof other

Spread
Wt. MTT Size= 2 MTT Size= 3 MTT Size= 4

Algorithm Constr. X ER Min Avg Max Min Avg Max Min Avg Max
Reg. Pfair (0; 1=3] – 0 1 1.35 41 1 1.66 40 1 1.99 41
Mod. Pfair (0; 1=3] 3 2 1 1.27 2 1 1.52 2 1 1.77 3

Reg. Pfair (0; 1=2] – 0 1 1.40 37 1 1.78 41 1 2.18 37
Mod. Pfair (0; 1=2] 4 3 1 1.28 2 1 1.53 2 1 1.77 3

Reg. Pfair (0; 3=4] – 0 1 1.39 25 1 1.83 33 1 2.29 41
Mod. Pfair (0; 3=4] 7 6 1 1.29 2 1 1.57 2 1 1.81 3

Table1: SpreadunderPD2 . Eachentryrepresents50,000tasksets.

taskthreadsin theMTT eitherwill havenotbeenreleasedor
have run to completion.Notethatwhile this exampleis for
preemptiveEDF, theschedulewouldonlychangeslightly for
non-preemptiveEDF andwould resultin thesamespread.

4 Experimental Results
In this section,we assessthe ef�cacy of our methodin re-
ducingspreadandimproving cacheperformance.With the
exceptionof the lastsetof experimentsbelow, theMTTs in
our experimentshave same-weightthreads. Due to space
constraints,weonly considerPD2 (thoughsimilardatacould
alsobepresentedfor EDF).

Spread reduction experiments. First, we randomlygen-
erated50,000tasksetsin several categories,andsimulated
theschedulingof thesetasksetson a four-coresystem.For
eachgeneratedtaskset,we �rst allowed no early releasing
anddid notshift theschedule,andthenallowedearlyreleas-
ing andshiftedby X � 1 quanta,asin (2). An upperbound
of 1=3, 1=2, or 3=4 wasenforcedontaskweights,depending
on theexperiment.Taskperiodsvariedfrom two (or three,if
taskweightscouldnot exceed1=3) to 50. All tasksetsfully
utilized all four cores,andMTTs variedin sizefrom two to
four (thetotalnumberof cores).Theseconstraintspermitted
theinclusionof tasksetswith awidevarietyof taskweights,
includingthosewith largeperiods(e.g., 50). Theonly types
of tasksnot includedweretaskswith weightexceeding3=4.
All simulationswererun up to thetask-sethyperperiod.Re-
sultsareshown in Table1. As seen,ourmethodalwaysgen-
erateslow averagespreads(nearoneor two quanta),even
lower than might be expectedfrom the spreadguarantees
provedin Sec.3. Notealsothatour methodalwaysprevents
extremelyhighspreads, asshown in theboldfacecolumnsof
Table1.

L2 CachePerformance. We next demonstratethe effec-
tivenessof our methodin reducingL2 missrates. We �rst
estimatedmissratiosfor the same50,000tasksetsconsid-
eredearlierusinga simple(hand-coded)cachemodel. This
modelassumeda “best-case”scenariowherethecachewas
fully associative. Eachthreadsequentiallyaccessed10,000
cacheblocks,or 640K of memory, every quantum.There-
gion of memoryaccessedwasdependenton the subtask—
equivalentsubtasksof threadsin thesameMTT accessedthe
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Figure9: Cache-missratiosfor PD2 both(a) without and(b) with our method,usinga simulatedsimplecachemodel.Eachscatterplot
representsthesame50,000tasksetsfrom Table1 with weightconstraint(0; 3=4].

sameuniqueregion of memory. Thus, the only opportuni-
ties for cachereuseexistedwhenthreadsof thesameMTT
accessedthesameregion of memory. We assumedthat the
amountof dataaccessedpersubtaskis thesameeveryquan-
tumregardlessof cacheperformance:if a task�nishes early,
the restof thequantumis wasted.We furtherassumedthat
theL2 cachecanholdexactly four working setsof data,and
usedan LRU replacementpolicy. Cacheblocks that could
bereusedduringthecurrentquantumwerereusedbeforebe-
ing replaced(an idealisticassumption).Cacheblocks that
werenot reusedwereeventuallyreplacedper theLRU pol-
icy. Thisadmittedlysimplisticcachemodelallowedall tasks
to be scheduledup to the task-sethyperperiod,as donein
the prior experiment. This was not possiblewith the ex-
perimentsdiscussedbelow, wherea very exact (but slow)
computer-architecturesimulatorwas used. The resultsof
experimentsconductedassumingour simple cachemodel,
shown in Fig.9,arequitedramatic.Notethatthebestachiev-
ablecache-missratiofor anMTT with N threadsis1=N , and
mostMTTs approachthis missratiowith our method.

We next ran more realisticandcomplex experimentsby
usingtheSESCSimulator[13], which is capableof simulat-
ing a variety of multicore architectures.(Note that SESC
executesactual task and schedulingcode, and therefore
scheduling,preemption,andmigrationcostswereaccounted
for in thesesimulations.) In order to examinethe bene�ts
of our methodperMTT, thesimulatorwasmodi�ed so that
eachmemoryaccesscouldbe“tagged”with a valueindicat-
ing theMTT with whichit wasassociated.Thesimulatedar-
chitectureconsistedof four cores,eachwith dedicated16K
L1 data(4-way set associative) and instruction(2-way set
associative)cacheswith randomandLRU replacementpoli-
cies,respectively, anda shared2048K8-way setassociative
on-chip L2 cachewith an LRU replacementpolicy. Each
cachehasa 64-byteline size. The memoryaccesspattern

of all threadsremainedthe sameas in the simpler experi-
ments,andthustheL2 cachecouldholdapproximatelythree
working setsof data. Additionally, all threadsin the same
MTT startaccessingmemoryregionsfrom a differentloca-
tion,wrappingif necessary. Thisbetterutilizesthecacheand
preventsthreadsfrom proceedingin “lock step”while wait-
ing for blocksto beloadedinto thecachefrom mainmemory,
resultingin virtually nocachebene�t.

One applicationwith such a memory-accesspattern is
parallel motion compensationsearch,which is the most
compute-intensive part of MPEG-2video encoding. Here,
tasksaccessthe sameregion of memoryduring the search
but startingat differentlocations.Suchanapplicationmight
encodea video streamin real time on a frame-by-frame
basis,and thereforewould require(soft) real-timeguaran-
tees. Additionally, therewould clearly be somebene�t to
co-schedulingtasksthatareencodingthesameframe(dur-
ing thesamequantumof computation).

In these experiments, we simulated 50 randomly-
generatedtasksetsfor 20 quanta(insteadof up to the hy-
perperiod)assuminga 0.75-msquantum. While the SESC
Simulatoris veryaccurate,it comesat thecostof beingquite
slow. Therefore,longerandmoredetailedresultscouldnot
beobtainedbecauseof thelengthof time it took thesimula-
tionsto run. In orderto demonstratethesubstantialimpactof
our methodon MTTs with low-weight threads,we required
all tasksto eitherhave weight at most1=4 or at least3=4.
(Thiscreatesopportunitiesfor heavier tasksto disruptlighter
tasksin the sameMTT.) Taskperiodsvariedfrom threeto
100, andall tasksetsfully utilized all four coresasbefore,
with MTTs varying in size from two to four. In all cases,
weonly earlyreleaseby six quanta—wewouldneedto early
releaseby muchmorein orderto make spreadguarantees,
but wecanstill seesubstantialbene�tswith limited earlyre-
leasing.Resultsareshown in Fig. 10. Theserealisticresults,
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Figure10: Cache-missratiosfor PD2 both(a) without and(b) with our method,usingtheSESCSimulator. Eachscatterplot represents
50 tasksets.

while not asdramatic,still demonstratea signi�cant bene�t
for lower-weight threads.Note the especiallylarge bene�t
for MTTs of sizethreeandfour, wherecache-missratiosin
therangeof 50%to 75%decreaseto at most50%with few
exceptions.Notealsothatopportunitiesfor cachereuseare
limited by ourmemoryaccesspattern,andthereforeall miss
ratiosarequitehigh. However, ourmethodshowsasubstan-
tial overall improvementwith thesetasksets.Additionally,
becauseanL2 missincursa timepenaltyup to two ordersof
magnitudegreaterthanahit, a relativelysmallmiss-ratedif-
ferencecanimpactperformancesigni�cantly, asseenin [1].

Removing the “same-weight” restriction. To evaluate
our methodwhenschedulingMTTs with threadsof varying
weights,we ran on SESCa tasksetwith seven 1=2-weight
tasksandoneMTT containingfour 4=41-weight threads(a
prime period was desiredfor theseexperiments),allowing
early releasingby onequantum.The setupwasexactly the
sameasin theprior SESCexperiments,exceptthata 4096K
L2 cachewas used, task setswere run for 50 quantain-
steadof 20 to accommodatethe large periodsof the MTT
threads,and the region of memory accessedwas unique
to same-deadlinejobs in eachMTT, ratherthanequivalent
subtasks.Our methodresultedin a substantialdecreaseof
the L2 miss rate for the MTT, from 85.59% to 42.82%.
We then modi�ed the weightsof the tasksin the MTT so
that they graduallydiverged in differentways. As we did
this, the bene�t of our methoddecreased;however, it was
still substantial.With threadexecutioncostsof f 1; 3; 5; 7g
(evenlydistributed),themiss-ratewasreducedfrom 86.42%
to 74.01%;with f 1; 1; 1; 13g (equalsmall,onelarge), from
89.20%to 71.10%;with f 1; 5; 5; 5g (equallarge,onesmall),
from 84.26%to 52.50%;with f 1; 2; 3; 10g (multiple small,
one large), from 88.70%to 76.67%; and with f 1; 4; 5; 6g
(multiple large, onesmall), from 85.74%to 72.44%. Note
that we seelessbene�t for MTTs with fewer equal-weight
threads.

5 Concluding Remarks
We have proposeda “spread-cognizant”schedulingmethod
thatdecreasesaverageandmaximumspreadsin boththePD2

andglobalEDF schedulingalgorithms.This methodcanbe
generalizedto applyto any deadline-basedglobalscheduling
algorithm. We alsopresentedan evaluationof our method
that demonstratesits effectivenessin reducingspreadsand
loweringL2 missrates.

Thereare several directionsfor future work. First, we
want to combinethis schedulingmethodwith the methods
in [1] so that both the “encouragement”and “discourage-
ment”of co-schedulingcanbesupportedin thesamesystem.
Second,we wish to include support for critical sections
and precedenceconstraintsin our work. Third, we want
to investigatefurther any potentialfor a trade-off between
the early-releaseinterval length and the spreadwe can
guarantee.Fourth, we would like to showcaseour method
by using it within applicationson a real multicoresystem.
Finally, the executioncost of a task is strongly dependent
on its cacheperformance,which maydependon thespread
guaranteesmadefor its MTT. Thoseguaranteesare,in turn,
a function of taskweights,andthusexecutioncosts. Thus,
thereappearsto be a “chicken and egg” problemthat we
needto investigatefurther. Timing analysison multicore
platforms is still in its infancy, and is a non-trivial area
of future work upon which our work depends;however,
if a timing analysistool for multicore architectureswere
developedthat coulddeterminetheexecutioncostof a task
giventhespreadguaranteesof the taskset,thenwe maybe
ableto avoid the“chickenandegg” problemby performing
timing analysis for all tasks in the task set assuminga
certainspreadguarantee.If the executioncostscalculated
would guaranteesucha spread,then the timing analysisis
valid andwe canassumethe executioncostscalculatedare
correct;otherwise,we can repeatthe attemptwith another
spreadguarantee.Naturally, as lower spreadsimply lower



cache-missrates,thus implying reducedexecutioncosts,it
would bebene�cial to choosetheexecutioncostsassociated
with thelowestvalid spreadguarantee.
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Appendix: Proofsof Theorems1 and 2

Theorem 1. RecallthatTheorem1 dealswith MTTs with
same-weightthreads. We prove that for any i , if t is the
earliesttime at which somesubtaskTi is scheduled,where
T is in MTT R, then all task threadsin R have their i th

subtaskscheduledin [t; t + X ). We henceforthusetheterm
“thread” whenreferringto the tasksof someMTT, andthe
term “task” to refer to any task(which may or may not be
from someMTT). We begin by statinga lemmaconcerning
theexecutionrateof same-weighttasks,whichfollowseasily
by inductingover thesubtaskindices.

Lemma 1 If U andV are threadsin thesameMTT, andif
subtaskUj is scheduledat or aftersubtaskVk , thenk � j �
1.

Set categorization. At time t in a scheduleS, tasksare
placedin the setsbelow—seeFig. 11. SubsetsG2 andH2

containthreadswith a subtaskthat is eligible at time t and
mustbescheduledover the interval [t + 1; t + X ) to avoid
a spreadviolation. Hereafter, we call sucheligible subtasks
pendingsubtasks(and,implicitly, this term is usedwith re-
spectto time t).

� SetG: includeseachthreadT 2 R, whereR is any
MTT, suchthat,for somei :

(i) No subtaskUi is scheduledbeforetime t, for U 2
R;

(ii ) Ui is scheduledat time t for somethreadU 2 R;
(iii ) Ui � 1 is scheduledat time t for somethreadU 2

R;
(iv) Ti or Ti � 1 is scheduledat time t.

SetG is partitionedinto subsetsG1 andG2 whereT 2
G1 if f Ti is scheduledat t, and T 2 G2 if f Ti � 1 is
scheduledat t (implying Ti is not scheduledat t). Note
that,by (ii), (iii), andLemma1, no subtaskof a thread
in MTT R with an index other thani or i � 1 canbe
scheduledat time t.

� SetH : includeseachthreadT 2 R, whereR is any
MTT, suchthat,for somei :

(i) No subtaskUi is scheduledbeforetime t, for U 2
R;

(ii ) Ui is scheduledat time t for somethreadU 2 R;
(iii ) SomethreadU 2 R is not scheduledat time t.

Set H is partitionedinto disjoint subsetsH 1 and H2

whereT 2 H1 if f Ti is scheduledat t, andT 2 H 2

otherwise.
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Note that if U andU0 arefrom thesameMTT, andUi

is scheduledat t but U0
i could not be scheduledat t,

then either U0
i 's predecessoris scheduledat t, or U0

i
is not amongthe M highest-prioritysubtasksselected
for execution. Sincewe assumethat all threadsof an
MTT have equalweight,by thePriorities rule, thereis
at mostoneMTT for which the latter could have hap-
pened.Thus,we havethefollowing.

(PH) SetH containsthreadsfromatmostoneMTT, and
thesethreadshave lower priority thanthe lowest-
priority threadin setG at time t.

� SetI : includeseachtaskT not in setsG or H . SetI
containsdisjoint subsetsI 1, I 2, andI 3, de�ned asfol-
lows.

(i) T 2 I 1 if f T is scheduledat time t, but notwithin
[t + 1; t + X ).

(ii ) T 2 I 2 if f T is not scheduledat t, but is within
[t + 1; t + X ).

(iii ) T 2 I 3 if f T is scheduledatt andwithin [t + 1; t +
X ).

If G2 [ H2 is empty, thenperfectparallelismis achieved
for any subtasksfrom MTTs scheduledat time t. Thus,we
assume:

(PE) G2 [ H2 is non-empty.

In ourproof,weassumethereis aspreadviolation,which
implies that t0 de�ned next exists,andthenderive a contra-
diction.

De�nition 1: t0 is the latest time at which any pending
subtaskof athreadin G2[ H2 is scheduled,wheret0 � t+ X .

We assumethefollowing for any taskT in eitherI 2 or I 3.

(PI) A subtaskof T hasequalor higherpriority
thanat leastonependingsubtaskof a thread
in G2 [ H2 at sometime u in the interval
[t + 1; t0+ 1).

Otherwise,by thePriorities rule andDef. 1, T couldnot be
scheduleduntil all pendingsubtasksof threadsin G2 [ H2

werescheduled,andwe would not needto accountfor T in
our proof.

Task allocations over an interval. For any subset� 2
f G1; G2; H1; H2; I 2; I 3g, we de�ne AX (� ) to bethemaxi-
mumnumberof subtasksTk of any onetaskT 2 � , where
k > 0, scheduledover theinterval [t + 1; t + X ). A t 0(� ) is
similarly de�ned with respectto [t + 1; t0 + 1), exceptthat
subtasksscheduledat time t0 with priority lower than any
pendingsubtaskof a threadin G2 [ H2 also scheduledat
that time arenot counted,assuchsubtasksdo not interfere
with theschedulingof any pendingsubtask.By Def. 1, we
have thefollowing.

(PT) For any � , A t 0(� ) � AX (� ).

Freeprocessorallocations. Thenumberof “free” proces-
sorallocations,F , availablefor pendingsubtasksof tasksin
G2 [ H2 over theinterval [t + 1; t + X ) is givenby subtract-
ing from (X � 1) � M themaximumnumberof allocations
to tasksin othergroups,andtheadditionalallocations(over
the �rst) that may be madeto tasksin G2 [ H2 beforeall
pendingsubtasksin G2 [ H2 arescheduled.That is, F �
(X � 1)�M � AX (I 2) � jI 2 j � AX (I 3) � jI 3 j � AX (G1) � jG1 j �
(AX (G2)� 1) � jG2j � AX (H1) � jH1 j � (AX (H2)� 1) � jH2j.
Our proof obligationis to show thatF � jG2 j + jH2 j. By
(PT),

F � (X � 1) � M � AX (I 2) � jI 2 j � AX (I 3) � jI 3 j

� AX (G1) � jG1j � (AX (G2) � 1) � jG2 j

� A t 0(H1) � jH1j � (A t 0(H2) � 1) � jH2 j: (3)

The next lemmafollows almostdirectly from the Early-
ReleaseEligibility rule,andthusis statedwithoutproof.

Lemma 2 SupposesubtaskTi is releasedin theinterval [t +
1; t + X ) (i.e., t + 1 � r (Ti ) < t + X ). If noprior subtask
of task T is scheduledin [t; r (Ti )) , and Ti is oneof the e
highest-prioritysubtasksat time t, where e = M � (jUj +
jH j) asde�nedby theEarly-ReleaseEligibility rule, thenTi

is early-releaseeligible in slot t. Additionally, if Ti is non-
urgent in [t + 1; t0), thenTi is not early-releaseeligible in
[t + 1; t0).



Thefollowing lemmais usedlaterto calculateF .

Lemma 3 Thepropertiesbelowhold for M , and the vari-
ablesandsubsetsde�nedabove.

(a) jG1 j + jG2 j + jH1 j + jI 1 j + jI 3j � M .

(b) jH2 j � M .

(c) AX (I 2) = 0.

(d) A t 0(H1) = 0 andA t 0(H2) = 1.

(e) (AX (I 3) = AX (G1) = AX (G2) � X � 2)) (F � jH2j+
jG2 j).

Proof: Part (a) holdssinceall tasksin setsG1, G2, H1, I 1,
and I 3 are scheduledat time t by de�nition. Thus, these
subsetstogethercontainatmostM tasks.By (PH)and(PM),
jH j � M . Hence,jH2j � M , andthereforepart(b) holds.

Weprovepart(c) by proving thatnotaskin I 2 canreceive
anallocationin [t + 1; t + X ). Assumeto thecontrarythat
somesubtaskof a taskin I 2 is scheduledin [t + 1; t + X ).
LetTi denotetheearliest-scheduledsuchsubtaskandassume
thatit is scheduledin slot u. Notethat,becauseT 2 I 2, Ti 's
predecessoris notscheduledin [t; u). Now, if r (Ti ) < t + X ,
thenby (PI) andLemma2, Ti would bescheduledat time t,
contradictingT 2 I 2. Hence,r (Ti ) � t + X . This implies
thatTi wasearly-releaseeligiblewhenit wasscheduled.But
by condition (iii) of the Early-ReleaseEligibility rule, this
impliesthatall of theurgentsubtasksin G2 [ H2 aresched-
uledin [t + 1; u]. However, thiscontradictsDef. 1.

We begin our proof of part (d) with the following claim,
which followseasilyfrom (PH).

Claim 1 A taskin setH1 can receiveno subtask
allocationsin theinterval [t + 1; t0). Also,a taskin
setH2 can receiveonly onesubtaskallocation in
theinterval [t + 1; t0)—theallocationfor its pend-
ing subtask.

If H is empty, then(d) holdseasily. Otherwise,by part
(iii) of the de�nition of setH , H 2 is nonempty. Thus,by
Claim1, A t 0(H1) = 0 andA t 0(H2) = 1.

Finally, part(e) canbeestablishedasfollows.

F � (X � 1) � M � AX (I 3) � jI 3 j � AX (G1) � jG1 j

� (AX (G2) � 1) � jG2 j f by (3), (c), and(d)g

� M + jG2j + (X � 2) � jH1j + (X � 2) � jI 1 j

f by (a)andAX (I 3) = AX (G1) = AX (G2) � X � 2g

� M + jG2j

� jH2j + jG2j f by (b)g �

Thenext lemmaconcernsurgentsubtasks.

Lemma 4 Supposea subtaskTi of a taskT is urgent from
time t + 1 until it is scheduled,is scheduledin the interval
[t + 1; t0), andTi is not the�r stsubtaskof a taskT scheduled
in theinterval [t + 1; t0). Then,Ti mustbescheduledat time
r (Ti ) or later, i.e., it cannotbe scheduledbefore its release
time.

Proof: If Ti is scheduledat time tu , wheret + 1 � tu < t0,
thenby theUrgentTasksrule, theremustexist somesubtask
Ui in thesameMTT thatwasbothnon-urgentandscheduled
at time tnu < tu . If tnu > t, thenby Lemma2, Ui is not
early-releaseeligible in the interval [t + 1; t0), andthusUi

andTi mustbothbescheduledat time r (Ui ) or later. Since
r (Ui ) = r (Ti ), Ti mustthereforebescheduledat timer (Ti )
or later. If tnu � t , thenTi mustbethe�rst subtaskof task
T scheduledin theinterval [t + 1; t0), for otherwise,subtasks
Ti andTi � 1 wouldbescheduledat time t + 1 or later, while
subtasksUi andUi � 1 arescheduledat timet or earlier, since
Ui � 1 mustbescheduledearlierthanUi . This cannotbethe
casesinceit impliesthatatsometimetnu � t , Ui wassched-
uledinsteadof Ti � 1, andby Lemma1, Ti � 2 musthavebeen
scheduledbefore time tnu , and thereforeTi � 1 must have
beeneligibleat time tnu . �

Thefollowing lemmaconcernsthe�rst urgentsubtaskof
a taskscheduledin theinterval [t; t + X ).

Lemma 5 If subtaskTi of a taskT is urgentfromtimet + 1
until it is scheduled,is the�r st subtaskof T scheduledin the
interval [t + 1; t + X ), and Ti is scheduledearly, thenthe
maximumnumberof allocationsthat taskT canreceiveover
theinterval [t + 1; t + X ) is nomorethanwhatit couldhave
receivedif Ti hadnotbeenscheduledearly.

t t+X

X

X

X

X

T

X

X

Ti

T
(no early
releasing)

iT

Figure12: Lemma5.

Proof: In theabsenceof early
releasing,a maximal alloca-
tion for T over [t + 1; t +
X ) occurswhen every sub-
taskof T releasedin this in-
terval is scheduledin the�rst
slot of its window. As seen
in Fig. 12, early releasing
Ti cannotincreasethis allo-
cation. This is due to the
fact that, by Lemma 2 and
Lemma4, Ti is theonly sub-
taskof T thatcanbescheduledearlyin theinterval [t + 1; t0),
andthereforeby Def. 1, in theinterval [t + 1; t + X ). �

Thefollowing lemmais provedin [2].

Lemma 6 Task T has windows of length
l

1
wt (T )

m
or

l
1

wt (T )

m
+ 1.

Thenext lemmaallowsusto contradictDef. 1.



Lemma 7 F � jG2 j + jH2j, i.e., t0 < t + X .

Proof: Considera subtaskTi of a taskT suchthat t + 1 �
r (Ti ) < t + X . If Ti is non-urgentover theentireinterval
[t + 1; t + X ), thenby Def. 1 andLemma2, earlyreleasing
is disabledfor Ti over that sameinterval. The sameis true
if Ti is urgentat sometime in the interval [t + 1; t + X ),
andthereforeis urgentatsometime in theinterval [t + 1; t0)
by Def. 1, but is not the �rst subtaskof T scheduledin the
interval [t+ 1; t0), byLemma4. If Ti is urgentatsometimein
theinterval [t + 1; t + X ) andis the�rst taskof T scheduled
in theinterval [t + 1; t + X ) thenTi canbescheduledearly,
but by Lemma5, T cannotreceiveany moreallocationsover
theinterval [t + 1; t + X ) thanif Ti hadnotbeenscheduled
early. Together, thesefacts imply that we do not needto
considerearly-releasingovertheinterval [t + 1; t + X ) when
determiningthemaximumnumberof allocationsa taskcan
receive in thatinterval. We now considerthreecases.

t

X

X

X

X

t+X

1/3

3/10

Figure13: Lemma7: Wmax � 1=3.

CaseWmax � 1=3.
We establish
X = 3 (a spread
of three) in this
case. By Lemma6,
Wmax � 1=3, and
(1), no task can
have a subtask
window of length
lessthanthree,or an
overlappingsubtask
window of length
lessthanfour. Thus,tasksin I 3 andG canreceive at most
two consecutive allocations before becoming ineligible,
and thus no more than one additional allocation in the
interval [t + 1; t + X ), since they have alreadyreceived
an allocationin slot t. This is illustratedin Fig. 13. Thus,
AX (I 3) = AX (G1) = AX (G2) = 1 � X � 2, and by
Lemma3(e),F � jG2j + jH2j.

Case1=3 < Wmax � 1=2. We establishX = 4 (a spread
of four) in this case. The reasoningis similar to the case
above,andhenceis omitteddueto spaceconstraints.

CaseWmax > 1=2. In this case,we considera sequence
Ti ; : : : ; Tj of subtasksof a taskT of weightgreaterthan1/2
suchthatif any of Ti ; : : : ; Tj is scheduledin thelastslotof its
window, theneachsubsequentsubtaskin thissequencemust
bescheduledin its lastslot (e.g., T1, T2 or T3, T4, T5 or T6,
T7 in Fig. 14). In effect, Ti ; : : : ; Tj mustbeconsideredasa
singleschedulableentitysubjectto agroupdeadline, de�ned
asd(Tj ) + 1. Intuitively, if we imaginea job of T in which
eachsubtaskis scheduledin the�rst slot of its window, then
theremainingemptyslotscorrespondto thegroupdeadlines
of T . In Fig. 14, T hasgroupdeadlinesat slots 4, 8, 11,
15, 19, and 22. The following claim follows from results
concerninggroupdeadlinesprovedin [2].
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Figure14: Maximumconsecutiveallocationsto ataskT of weight
8=11.

Claim 2 If Wmax > 1=2, then the maximumnumberof
consecutivesubtaskallocationsany taskcan receiveis 2 �
d 1

1� Wmax
e� 2.

As anexample,if Wmax = wt(T) in Fig. 14, thena task
canreceiveatmost2� d 1

1� Wmax
e� 2 = 2� d 1

1� (8=11) e� 2 =
6 consecutive allocations,demonstratedfrom time 8 to time
14.

By Claim 2, if X is 2 � d 1
1� Wmax

e � 1, thenevery task
in I 3 and G is guaranteedto be ineligible for at leastone
quantumin theinterval [t + 1; t + X ) (again,in theabsence
of early releasing).Tasksin I 3 andG canreceive no more
than2� d 1

1� Wmax
e� 3 additionalallocationsin theinterval

[t + 1; t + X ) sincethey havealreadyreceivedanallocation
in slot t. Therefore,AX (I 3) = AX (G1) = AX (G2) =
2 � d 1

1� Wmax
e � 3 � X � 2. Thus,by Lemma3(e),F �

jG2 j + jH2 j. �

FromLemma7, Theorem1 follows.

Theorem 2. This proof is similar to that for theWmax >
1=2 caseof PD2, soonly a sketchis provided. As with the
PD2 cases,we assumet0 is de�ned asin Def. 1 andderive
a contradictionby showing that F � jG2 j + jH2j, given
the X (spread)statedin Theorem2. For EDF, the maxi-
mum numberof consecutive time units thata taskcanexe-
cuteis 2 � emax . This is illustratedin Fig. 7, where� = 0
is assumed. With a spreadof 2 � emax + 1, every task
in I 3 and G is guaranteedto be ineligible for at leastone
time unit in the interval [t + 1; t + X ) (again, in the ab-
senceof early releasing). This meansthat tasksin I 3 and
G will executefor no morethan2 � emax � 1 consecutive
time units in the interval [t + 1; t + X ) since they have
alreadyexecutedone time unit by time t + 1. Therefore,
AX (I 3) = AX (G1) = AX (G2) = 2 � emax � 1 � X � 2.
Thus,by Lemma3(e),F � jG2j + jH2j.


