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Abstract

We proposea schedulingmethodfor real-time systemsm-
plementedn multicore platformsthat encouagesindivid-
ual threadsof multithreadedeal-timetasksto be scheduled
together Whensud threadsare coopeative and shar a
commorworkingset,this methodenablesmore effectiveuse
of on-chip shaedcades.

1 Intr oduction

Multicore architectureswhichincludesereralprocessorsn
a single chip, are being widely toutedas a solutionto the
“thermal roadblock”imposedby single-coredesigns. Ser-
eral chip makers have releaseddual-corechips, and a few
designswith morethantwo coreshave beenannounceds
well. For instance,Sunrecentlyreleasedts eight-coreNi-
agarachip, while Intel is expectedto releasechipswith 80
coreswithin veyears[6].

In most proposed
multicore platforms, dif-
ferentcoresshareon-chip
caches. To effectively
exploit the available par
allelismin thesesystems,
such caches must not
become  performance
bottlenecks. In fact, the
issueof ef cient cacheusageon multicoreplatformsis one
of the mostimportant problemswith which chip makers
are currently grappling. In this paper we considerthis
issuein the context of real-timeapplications.To reasonably
constrainthe discussion,we henceforthlimit attentionto
the widely-studiedmulticore architectureshavn in Fig. 1,
whereall coresaresymmetric single-threadedandsharean
L2 cache.

In prior work pertainingto throughput-orientedystems,
Fedorawvaetal. [7] notedthatL2 missesaffect performance
to a much greaterextent than L1 missesor pipeline con-
icts. They shavedthatL2 contentioncanbereducedand
throughputimproved, by discouraginghreadshatgenerate

L2

Figurel: Multicore architecture.

signi cant memory-to-L2traf ¢ from being co-scheduled.

In recentwork [1], we presentedresults comparableto
thoseof Fedorwa et al. but pertainingto real-timesystems.
Speci cally, we shavedthatit is possibleto discouragdigh-
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cache-impactasksfrom beingco-scheduledavhile ensuring
real-timeconstaints

The problem. In this paper we considerthe oppositeis-
sueof whethercertaingroupsof real-timetaskscanbe en-
couraged to be co-scheduled. Speci cally, we considera
periodic task model in which tasksmay be multithreaded
a multithreadedask(MTT) consistsof several (sequential)
threadswhichmayhave differentexecutioncostsbut acom-
mon period. Our goalis to devise mechanismshatencour
agea task's threadsto be co-scheduled.Suchencourage-
mentwould bebene cialin settingswhereinatask'sthreads
are cooperatie and sharea commonworking set. Specif-
ically, whencooperatinghreadsexecutein closeproximity
in time, theiraccessesf commondatawill giveriseto fewer
L2 misses.Multithreadedtaskssuchasthis arisenaturally
in mary settings. For example,in multimediaapplications,
multiplethreadsnaybeusefulfor performingdifferentfunc-
tionson commondata(e.g., a frame of an MPEG video) at
thesamerate.

Related work. In work on parallelcomputing,it is well-

known that the memory-referenceatternsof threadscan
lead to co-schedulingchoicesthat are either constructive
or destructive[12]. However, to the bestof our knowl-

edgewearethe rst to considemechanism$or in uencing

suchchoiceswhenanalysisvalidating real-timeconstaints
is required. Relatedwork that lacks suchanalysisincludes
work on symbioticscheduling[9, 11, 14] in (non-multicore)
multithreadedsystems. In symbiotic scheduling,the goal
is to maximizethe overall “symbiosisfactor” which indi-

cateshow well variousthreadgroupingsperformwhenco-
scheduled Relatedwork on multicore systemsncludesthe
work of Fedorwaetal. [7] notedearlier aswell asarelated
paper[8] on a schedulingapproachthat encouragesf air-

ness’in shareccacheusageby differentthreadsin thelatter
paper quality-of-serviceequirementareconsideredaxper

imentally, but no real-timeanalysisis presented.Caching
issuesthat arisewhennon-real-timemultithreadedapplica-
tionsareimplementednmulticoreplatformshave alsobeen
consideredn prior work [4, 10].

Proposedapproach. The essencef the problemat hand
is to encouragearallelismt whenonethreadof anMTT is
scheduledall threadsof thatMTT shouldbescheduledUn-
fortunately perfectparallelismis not always possible. For
example,schedulingin paralleltwo threadswith an execu-
tion costof 1.0 anda periodof 2.0 on a two-processosys-



temthatalsoincludesataskwith anexecutioncostof 3.0and
periodof 4.0will resultin deadlinemisses Additionally, we
have shovn thatthe generalproblemof optimizing for par
allelismwhile respectingeal-timeconstraintgnot surpris-
ingly) is NP-hardin the strongsense.

Dueto thesdimitations,we have choserto focuson min-
imizing afactorwe call spread For easeof explanationwe
assumdor now thateachMTT is comprisedf threadghat
have the sameexecutioncost,andthusthe sameutilization
or weightaswell, asthey sharea commonperiod. Later,
this restrictionwill be removed. Given this assumptionif
anMTT hasa spreadof k, thenthei®™ quantumof compu-
tationfor eachthreadof the MTT mustbe scheduledvithin
theinterval [t; t + k) for somet (treatingeach“time unit”
asa quantum).Our goal, then,is to scheduleMTTs sothat
real-timeconstraintaremetandspreads minimizedto the
extentpossible.Note that, thougha spreadof oneis perfect
parallelism,evenwith somevhatlarger spreadsa potential
for cachereuseexists. Our approachor minimizing spread
while meetingreal-timeconstraintss baseduponthreeob-
senations.

First, global schedulingalgorithms, which use a single
run queue,are more naturally suitedto minimizing spread
than partitioning approaches.This is particularly the case
whenusingdeadline-basedchedulingnethods.This is be-
cause'work” with acommondeadlinesubmittedatthesame
time will occupy consecutie slots in the schedules run
gueue andthus,suchwork will be scheduledn closeprox-
imity over time, unlessdisruptedby laterarriving, higher
priority work. Basedon this obsenation, we henceforth
limit our attentionto global, deadline-basedchedulingap-
proaches. Two suchapproachewill be consideredn de-
tail: the PD? Pfair schedulingalgorithm[2] andthe global
earliest-deadline- rs{EDF) algorithm. In Pfair scheduling,
each“unit of work” is a quantum-lengttsubtaskwhile un-
derEDF, eachunitis ajob of arbitrary(but bounded)ength.

Secondjn all global, deadline-basedchedulingnethods
known to us, the ability to meettiming constraintsis not
compromisedf subtasksor jobs (asthe casemay be) are
“early released, i.e., allowedto becomeeligible for execu-
tion “early.” Thisis depictedwith respecto Pfair scheduling
in Fig. 2. In Pfair schedulingeachsubtaskmustbe sched-
uledwithin atime window, the endof whichis its deadline.
Notethat,in inset(b), allowing earlyreleasingloesnotcause
deadlinemisses.

Third, whena subtaskor job is early releasedit is op-
tional asto whetherthe scheduleconsiderst for execution.
We canexploit thisfactto minimizedisruptiongo anMTT's
threadscausedy higherpriority work. As anexample,con-
siderthePfair scheduleq Fig. 3, wherebothtasksof weight
1=4 arethreadsof the sameMTT. Inset(a) shavs a sched-
ule without earlyreleasingln inset(b), all subtaskvindows
areshiftedright by onequantum,andall subtasksareearly
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Figure2: A one-processoPfair schedulefor a setof threetasks
(of weight1/2,1/4,and1/4,respectiely) with (a) noearlyreleasing
and(b) earlyreleasesllowedby onequantum.Solid linesindicate
subtaskwindows, dashedinesindicatewhereearlyreleasings al-

lowed,andan“X” indicatesvhena subtasks scheduled.

releasedy onequantumproducingthe sameschedulesin
(a). (All deadlinecomparisongrethe same.)We referto a
schedulen which all subtaskwindows areright-shiftedby k
guantaandall subtaskareearlyreleasedy k quantaasak-
shiftedschedule In inset(b),k = 1. Theschedule# (a)and
(b) bothresultin aspreadof threefor the MTT. In inset(c),
we show thatselectively allowing earlyreleasingcanreduce
spreadto two. Alternately insteadof shifting the schedule
andearlyreleasingsubtasksasin (b) and(c), we caninstead
considera subtasko be optionalfor schedulingor the rst
k quantaafterits releaseandallow it to missits deadline
by up to k quanta,asshavn in inset(d). Here,the dotted
linesaftereachwindow indicateby how mucheachdeadline
could be missed(thoughno missesoccur here). Note that
thereare“intermediate”casedetweeranunshiftedandak-
shiftedschedule.For example,if k = 4 is requiredby our
methodfor a giventaskset,thenwe could choosensteadto
createa 3-shifted schedule put considera subtaskoptional
for schedulingn the rst quantumafterits actualreleaseln
thiscasedeadlinecouldbemissedoy atmostonequantum.
More generally if subtaskscanbe early releasedo the ex-
tentwe require thenno deadlineswill bemissed;otherwise,
deadlinesnaybe missed put by boundedamountsonly.

Contributions. Basedupon the abose obsenations, we
have deviseda setof rulesfor guaranteeinglow spreadsn
deadline-basedjlobal schedulingapproaches We present
theserulesby rst focusingon PD? andby thenexplaining
how to adaptthemto EDF In both caseswe consider rst
only MTTs with same-weighthreads(as above) and then
easethis restriction. In all caseswe establishthe spread
guaranteethatarepossiblgthoughsomepropertiesareonly
statedor sketcheddueto pagdimitations). Asa nal contri-
bution, we evaluatethe ef cacy of the proposedulesin two
ways. First, we assesshe spreadreductionshey enableby
presentingexperimentsinvolving randomly-generatethsk
sets. Secondwe assesshe correspondind.2 miss-ratere-
ductionsthat result by presentingexperimentsthat involve
runningactualtaskson a multicoresimulator Theseexper
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Figure3: A two-processoPfair scheduleof a setof ve tasks(threeof weight 1/2, andtwo of weight 1/4) with (a) no early releasing;
(b) early releasingby one quantumand all windows right-shifted by one quantum;(c) similarly-shiftedwindows, but selectve early
releasing(d) no shifting or earlyreleasingput subtaskareconsideredptionalwithin the rst quantumaftertheirreleaseanddeadlines

canbemissedby onequantum.

imentsshav that our rulesoften reducespreadgo closeto
one (perfectparallelism)and canreducelL2 missratessig-
ni cantly.

The restof this paperis organizedasfollows. In Sec.2,
we presenta brief overview of Pfair and EDF scheduling.
Then,in Sec.3, we describeour spread-reductioapproach
andestablistthePD? andEDF spreadjuaranteementioned
earlier In Sec.4, we presentexperimentalresults,andin
Sec.5, we conclude.

2 Background

In this section,we brie y introduceboth Pfair [3, 15 and
EDF scheduling.For simplicity, we consideronly periodic
tasksystemsthoughour resultsapplyto sporadicandintra-
sporadid15] tasksystemsaswell. In a periodictasksystem
, eachtaskT releasesuccessie jobsandis characterized

by a perjob executioncostT:e andaperiod T:p. Every T:p
time units, startingattime O, T releases new job with an
executioncostof T:etime units. Executioncostsandperiods
areassumedo beintegral. In Pfair schedulingatime unitis
actuallya unit of processoallocation,andthusis referredto
asaquantum In EDF, atime unitis notnecessarilya unit of
allocation but canbeary cornvenientsizesuchthatexecution
costsandperiodsareintegral. The quantity T:e=T:p is the
weight or utilization, of T, denotedwnt(T).

Ourgoalisto schedulenM processorgor cores)asetof
periodictasksof total weightat mostM , wheresometasks
correspondo threadswithin an MTT. For now, we assume
eachof an MTT's threadshasthe sameexecutioncost (as
well asperiod),but laterthis restrictionis removed. We also
assumehefollowing.

(PM) EachMTT hasatmostM threadsthe maxi-
mum parallelismachiezableon M cores.
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Figure4: Windows for ataskT of weight3=10. Three(six) sub-
taskshave deadlinedy time 10(20), soif all deadlinesaremet,T's

allocationupto theseimesmatchests idealallocation(% 10and
3

= 20).
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2.1 Pfair Scheduling

Pfair schedulingalgorithms[3, 15] allocateprocessotime
one quantumat a time. The quantum-lengtiime interval
[t;t+ 1), wheret O, is calledslott. In eachslot, each
processoli(task) can be assignedo at mostone task (pro-
cessor).Taskmigrationis allowed. Perquantumallocations
areachievedby sub-dviding eachtaskT into a sequencef
guantum-lengtlsubtasksdenotedT; T,;: : ;. Eachsubtask
Ti hasanassociatedeleaser(T;) anddeadlined(T;), de-
ned asfollows.
R S _ i
(M= wm Y wm

1)
Thetime-slotinterval [r (T;); d(T;)) is calledthe windowof
T;. Consecutie subtaskvindows of ataskareeitherdisjoint
or overlapby oneslot,asseenin Fig. 4. A task'swindowing
is de ned to approximatean ideal (uid) systemthat allo-
cateswt(T) L unitsof processotimeto eachtaskT in any
interval of lengthL.

Pfair schedulingalgorithmsschedulgasksby scheduling
their subtask®n an EDF basis. Tie-breakingrulesareused
whentwo subtask$ave equaldeadlines.The mostef cient
optimalalgorithmknown is PD? [2, 15, which usestwo tie-



breakingrules. Becauseét is optimal°D? meetsall subtask
deadlinesaslongastotalutilization, , wt(T), doesnot

exceedM . PD?'s ability to meetsubtaskdeadliness not

affectedif early-releasebehavioris allowed[2], i.e., if sub-

taskscanbecomeeligible to executebeforetheir windows.

Note that, with early releasing,we can speakof a subtask
beingscheduledefor its designatedeleasdime. Thede-

cisionof whetherto releasea subtaskearlyis arbitrary

2.2 EDF Scheduling

Under(global) EDF schedulingjobsarescheduledn order
of increasingdeadlines,with ties broken arbitrarily. EDF
is not optimal, so tasksmay miss their deadlines. It has
beenshavn, however, that deadlinetardinessunderEDF is
bounded5, 16]. Additionally, jobs may be optionally and
arbitrarily early releasedinderEDF, asin Pfair scheduling,
with no additionaltardinesgpenalties.For EDF, we will de-
notethej " job of ataskT asTj .

3 Spread-CognizantScheduling

In describingour method,we considerPD? and EDF sepa-
rately.

3.1 Method Applied to PD?

In generalwe will useX to denotethe spreacdjuaranteave
seekto establish.For PD?, X is de ned asfollows, where
Whax = maxy, wt(T), andT canbeary task(including
ataskcorrespondingo athreadof anMTT).

8
< 3 if Wnax 173
X= 4 if 1=3< Wpax 172
T2 dpw—e 1 if Whax > 122
@)

We describeour methodasadditionalrulesfor PD?. We
assumeveareworkingwith an(X  1)-shiftedschedulgor
alternately that subtaskscan misstheir deadlinesby up to
X 1quanta—se€ig. 3(d)). Threerulesarerequired:

Urgent Tasks. WhensubtaskT; is scheduledwhere
taskT correspondso athreadwithin someMTT R, and
T isthe rst threadn R whosei!" subtasks scheduled,
eachsubtasiJ;, whereU is alsoathreadof R andU 6
T,is agged “urgent”until it is alsoscheduled.

Early-ReleaseEligibility . A non-ulgentsubtaskT; at
timet is “early-releasesligible” att if all of thefollow-
ing hold:
@) r(T) (X 1) t<r(T)(i.e,timetiswithin
X 1 slotsof the actualreleasetime of subtask
Ti).

(if) All subtasksTy of T, wherek < j, have already
beenscheduledgrior to timet.

(ii) juj + jHj < M, where,attime t, U is the set
of eligible urgent subtasksand H is the set of
non-ugenteligible subtasks 'y, wherer (Tx) t,
suchthat eachsubtaskin H hashigher priority
thanat leastonesubtaskin U. Note thattasksin
H are(by de nition) not early-releaseligible at
timet.

SubtaskT; is oneof thee = M (jUj + jH])
highest-priority subtasksat time t satisfying (i)
and(ii) above.

(iv)

A subtaskT; thatis urgentat timet is “early-release
eligible” attimet if conditions(i) and(ii) holdfor it.

Priorities. Eligible subtaskgearlyreleasedr not) are
scheduledisingthesamepriority rulesasin PD?. In the
caseof atie, urgentsubtasksave higherpriority, with
theMTT identity usedasatie-break.(This ensureghat
MTTs achieve thelowestpossiblespreadvhennothing
in the PD? priority ruleswould preventit.)

Theserules are illustratedin Fig. 5. For simplicity, we
have assumederethat early release®ccurby oneslot in-
steadof asimplied by (2). With regular PD? (inset (a)),
the task set achieves maximumspreadsof two and six for
MTTs 1 and2, respectiely. Our rulesreducethe spreadof
MTT 2 to two (inset (b)), without changingthe spreadof
MTT 1. Thisreductionhappendecausattime5in (b), the
1=10-weighttasknot scheduledtthattimein (a) is favored
overthe3=5-weighttasksby theUrgentTasksrule. Notethat
theEarly-Releasé&ligibility rule only allows oneof the3=5-
weight subtaskgeleasedht time 6 to becomeearly-release
eligible at time 5. Note alsothat, if the task setincluded
someadditionaltasksof weight 1=10 that were eligible at
time 5, the Priorities rule would ensurethatthe urgentsub-
taskwasscheduledrst, andMTT 2 wouldstill haveaspread
of two.

In anappendixwe provethefollowing.

Theorem 1 If PD? is modi ed asdescribechbove, subtasks
are early-releaseeligible X 1 quantabefor their actual
releaseimes,andall taskthreadsin thesameMTT havethe
sameweight,thenthe spreadof any MTT is no greaterthan
X asde nedin (2).

Removing the “same-weight” restriction. De ne two
subtasksashbeingequivalentf they have equalreleasesand
deadlinegasde ned by (1)) andPD? tie-breaks.Then,the
essencef the rules presentedabove is that, by exploiting
early-releasédehaior, equivalentsubtaskscan be madeto
executewithin a constrainedime interval. If the threadsof
anMTT areall of thesameweight,thentheiri™ subtasksire
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Figure 5: An example two-processoischedulewith (a) regular
PD?, and(b) PD? usingour method.

all equivalent.However, if thethreadsof anMTT areof dif-
ferentweights thenthiswill nolongerbethecase Nonethe-
less, mary subtaskswill sharea commondeadlineandtie
breaks—inparticular this will de nitely bethe casefor the
nal subtaskper job of eachthread,andwill likely be the
casefor someothersubtasksaswell. Suchsubtasksanbe
madeto be“equivalent” asbefore,by de ning theirreleases
to bethesame.Here,again,we canexploit early-releasée-
havior, speci cally, by de ning the releaseof eachsubtask
in ajob of athreadto be the sameasthe rst suchsubtask
(though subtasksmust still executein sequence)the rst
subtaskperjob wouldbeearlyreleasedy X 1 quantaas
before.With this changewe canoffer the samespreadyuar
anteesas earlier but we mustalter the de nition of spread
slightly to accountfor the factthattwo equivalentsubtasks
may have indicesthatdiffer signi cantly. The conditionfor
anMTT to have aspreadf k is now asfollows: if asubtask
T; of somethreadT of theMTT is scheduledttimet, then
for eachthreadU of the MTT with anunscheduledubtask
U; thatis equivalentto T;, eithersubtaskU; is scheduled

attime t, or somesubtaskU,, is scheduledn the interval

[t + 1;t + k), wherem

j - (Notethatif someUy,, where

m < j,isscheduledn [t + 1;t + k), thenwe still have apo-
tentialfor cachereuse.)With this new spreadde nition, and
afew cosmetiacchangeso therulesstatedearlier, Theoreml
canbestrengthenetb removethe“same-weight'testriction.

We illustrate someof the
nuancesof this new spread
de nition by consideringan
example,shovn in Fig. 6. In
this example, all taskswith
period 10 are threadsin the
same MTT. We de ne the
(early) releasetime of each
subtaskin a job to be the
same, with the rst being
early releasedby one quan-
tum. At time 1, subtasks
T1, Ui, and V; are sched-
uled; however, by our new
de nition of spreadthis does
not resultin a spreadof one.
While U; andV; areclearly
equialent, T, is equialent
to neithersubtaskbecausés
deadlinds attime 5, while U

N T I
X
P
12 X
B
X
112 X
-
X
P —

X

T 3/10 ‘r*” /”7)(7\
X

Spread o
U 110 t-- T two
Vo 110 f--

01 2 3

Figure6: A three-processor

PD? schedule using our
method modi ed for MTTs
with different-weighthreads.

andV; haveadeadlineattime 11). However, T3 (notshown)
is equivalent,asit hasthesamedeadlineandtie-breaksasU;
andV;. ThereforewhenT, is scheduledattime 2, thecon-
dition for a spreadf two is met,asT, bothpreceded; and
is scheduledcttimet + 1 or later, wheret = 1.

3.2 Method Applied to EDF

In considering EDF, we ini-
tially assume(as before) that
eachof an MTT's threadshas
the same weight, and that
spreadis as de ned in thein-
troduction. Under the condi-
tions of Theorem?2 belov, a
threadcan executefor at most
2 emax consecutietime units,
as showvn in Fig. 7, which al-
lows us to prove (in the ap-
pendix)the statedspreadguar
antee. Note that, in EDF, jobs
becomeurgent,not subtasks.

T not scheduled in these slo

0 1 2 3 4 5 6 7 8
Figure7: Assuming =
0, T executesfor the max-
imum possible number of
consecutie time unitswhen
consecutie jobs are sched-
uledasshawn here.

Theorem?2 Considera taskset for which tardinessis at

most
cution costin

underEDF, andlet emax denotethelargestjob exe-
. If EDF is modi ed as describedabove for

PD?, but insteadjobs (rather than subtask} are allowedto
becomeesarly-releaseeligibleupto 2 enax timeunitsbefore



for each
, thenthespreadof anyMTTisatmost2 enax + 1.

their actualreleaseimes,andT:p T:e+ 1+
T2

As anaside recallthattasksscheduledy EDF may miss
their deadlineshy boundedamounts,as statedin Sec.2.2.
Any tardinessarisingfrom our method(by choosingto not
shift the scheduleasrequired)would be addedto the tardi-
nesshoundfor EDF

Non-preemptive EDF. In non-preemptie EDF, lower
priority jobscanblockhigherpriority jobsfor uptoemax 1
time units. We alreadyaccountfor at leastthis level of dis-
ruption in mostcasesfor preemptve EDF; however, addi-
tional disruptioncanoccurbecause threadcanblock other
pendingthreadsn its MTT. To accounftfor this extradisrup-
tion, our spreadguaranteemustbe increasedy emax 1
timeunits,i.e., t0 3 €max .

Removing the “same-
H ” E A N T

weight restriction. In
both variantsof EDF, during X
each period, all jobs in the 112 X
same MTT have the same «

. ;L,,
releaseand deadlineregard- 112 X
lessof executioncost. Thus, ‘
referring back to our earlier " %fx—ﬁ

discussiorof PD?, suchjobs =
are “equivalent. We can

(X
thereforere-de ne spreador T 80

EDF in the casewhere the U w10 t- {2 ——.. Spread o
“same-weight” restriction is Ay o™
removed, aswe did for PD?, vovi0

andwith afew minor changes
to the rulesstatedearlier our
results for both preemptve
andnon-preemptie EDF still
hold.

The new de nition of spreadk is asfollows: if ajob T;
of somethreadT of theMTT is scheduledttimet, thenfor
eachthreadU of the MTT, wherejob U; hasnot executed
to completion,at leastone time unit of executionof U; is
scheduledn theintenal [t; t + k). We canclaimthatatleast
onetime unit of executionof U; is scheduledlueto our ear
lier requirementhatthesizeof ourtime unit is setsuchthat
all executioncostsand periodsareintegral. Note that this
de nition of spreadprovidesnearlythe sameopportunities
for cachereuseasbefore.

As an example,considerFig. 8, which depictsthe same
tasksetconsidereckarlierin Fig. 6. We allow early releas-
ing of all jobs by onetime unit. At time 1, jobs T, Uy,
andV; are scheduledand executefor onetime unit. This
resultsin a spreadof onefor this MTT, sinceall jobswere
schedulecconcurrently Whenjob T; next executesit will
achieve a spreadof “one” by default, sinceall jobs of other

|
01 2 3

Figure 8: Task set from
Fig. 6, scheduledvith EDF.

Spread

Wt. MTT Size=2||MTT Size=3||MTT Size=4
Algorithm [ Constr. |X [ER||Min |Avg|Max||Min |Avg|Max ||Min |Avg|Max
Rey. Pfair [(0;1=3](-| 0 |[ 1 1.3 41 || 1 |1.66 40| 1 [1.99 41
Mod. Pfair{(0;1=3](3| 2 || 1 |1.27 2 || 1 |15 2 || 1 |1.77 3
Rey. Pfair |(0;1=2]|—-| 0 || 1 |1.40 37| 1 |1.7§ 41 || 1 |2.19 37
Mod. Pfair{(0;1=2]{4| 3 || 1 |1.28§ 2 || 1 |1.53 2 || 1 1.7 3
Rey. Pfair [(0;3=4]|-| 0 ][ 1 [1.39 25| 1 [1.83 33 || 1 [2.29 41
Mod. Pfair{(0;3=4][7| 6| 1 |1.29 2 || 1 |15 2 || 1 |1.8] 3

Tablel: SpreadunderPD?. Eachentryrepresent§0,000tasksets.

taskthreaddn theMTT eitherwill have notbeenreleasear
have run to completion. Note thatwhile this exampleis for
preemptve EDF, theschedulevould only changeslightly for
non-preemptie EDF andwould resultin the samespread.

4 Experimental Results

In this section,we assesshe ef cacy of our methodin re-

ducing spreadandimproving cacheperformance.With the
exceptionof thelastsetof experimentsbelow, the MTTs in

our experimentshave same-weighthreads. Due to space
constraintsye only considePD? (thoughsimilar datacould
alsobe presentedor EDF).

Spread reduction experiments. First, we randomlygen-
erated50,000task setsin several categories,and simulated
the schedulingof thesetasksetson a four-coresystem.For
eachgeneratedaskset,we rst allowed no early releasing
anddid not shift the scheduleandthenallowedearlyreleas-
ing andshiftedby X 1 quantaasin (2). An upperbound
of 1=3, 1=2, or 3=4 wasenforcedontaskweights,depending
ontheexperiment.Taskperiodsvariedfrom two (or three,if
taskweightscould not exceed1=3) to 50. All tasksetsfully
utilized all four cores,andMTTs variedin sizefrom two to
four (thetotal numberof cores).Theseconstraintgpermitted
theinclusionof tasksetswith awide variety of taskweights,
includingthosewith large periods(e.g., 50). Theonly types
of tasksnotincludedweretaskswith weightexceeding3=4.
All simulationswererun upto thetask-setyperperiod Re-
sultsareshovn in Tablel. As seenpur methodalwaysgen-
erateslow averagespreadgnearoneor two quanta),even
lower than might be expectedfrom the spreadguarantees
provedin Sec.3. Notealsothatour methodalwaysprevents
extremelyhigh spreads asshowvn in the boldfacecolumnsof
Tablel.

L2 CachePerformance. We next demonstratehe effec-
tivenessof our methodin reducingL2 missrates. We rst
estimatedmissratiosfor the same50,000task setsconsid-
eredearlierusinga simple (hand-codedfachemodel. This
modelassumed “best-case’scenariovherethe cachewas
fully associatie. Eachthreadsequentiallyaccessed 0,000
cacheblocks,or 640K of memory every quantum.There-
gion of memoryaccessedvas dependenbn the subtask—
equivalentsubtask®f threadsn thesameMTT accessethe
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Figure9: Cache-missatiosfor PD? both (a) without and(b) with our method usinga simulatedsimple cachemodel. Eachscattemplot
representthe same50,000tasksetsfrom Table 1 with weightconstrain{0; 3=4].

sameuniqueregion of memory Thus, the only opportuni-
tiesfor cachereuseexistedwhenthreadsof the sameMTT

accessethe sameregion of memory We assumedhatthe
amountof dataaccessegersubtasks the sameevery quan-
tumregardlesf cacheperformanceif atask nishes early,

therestof the quantumis wasted. We further assumedhat
theL2 cachecanhold exactly four working setsof data,and
usedan LRU replacemenpolicy. Cacheblocksthat could
bereuseduringthecurrentquantumwerereusedeforebe-
ing replaced(an idealistic assumption).Cacheblocks that
werenot reusedwvere eventuallyreplacedper the LRU pol-

icy. Thisadmittedlysimplisticcachemodelallowedall tasks
to be scheduledup to the task-sethyperperiod,as donein

the prior experiment. This was not possiblewith the ex-

perimentsdiscussedelon, wherea very exact (but slow)

computerarchitecturesimulatorwas used. The resultsof

experimentsconductedassumingour simple cachemodel,
shavnin Fig. 9, arequitedramatic.Notethatthebestachiev-

ablecache-missatioforanMTT with N threadss 1N, and
mMostMTTs approachthis missratio with our method.

We next ran more realisticand complex experimentsby
usingthe SESCSimulator[13], whichis capableof simulat-
ing a variety of multicore architectures. (Note that SESC
executesactual task and schedulingcode, and therefore
schedulingpreemptionandmigrationcostswereaccounted
for in thesesimulations.) In orderto examinethe bene ts
of our methodper MTT, the simulatorwasmodi ed sothat
eachmemoryaccesgouldbe“tagged”with a valueindicat-
ingtheMTT with whichit wasassociatedThesimulatedar
chitectureconsistedf four cores,eachwith dedicatedl6K
L1 data(4-way setassociatie) and instruction (2-way set
associatie) cachesvith randomandLRU replacemenpoli-
cies,respectiely, anda shared?048K 8-way setassociatie
on-chipL2 cachewith an LRU replacemenpolicy. Each
cachehasa 64-byteline size. The memoryaccessattern

of all threadsremainedthe sameasin the simpler experi-

mentsandthusthelL2 cachecouldhold approximatelythree
working setsof data. Additionally, all threadsin the same
MTT startaccessingnemoryregionsfrom a differentloca-
tion, wrappingif necessaryThisbetterutilizesthecacheand
preventsthreadsfrom proceedingn “lock step”while wait-

ing for blocksto beloadednto thecachdrom mainmemory

resultingin virtually no cachebene t.

One applicationwith such a memory-accesgatternis
parallel motion compensationsearch,which is the most
compute-intensie part of MPEG-2 video encoding. Here,
tasksaccesghe sameregion of memoryduring the search
but startingat differentlocations.Suchanapplicationmight
encodea video streamin real time on a frame-by-frame
basis,and thereforewould require (soft) real-timeguaran-
tees. Additionally, therewould clearly be somebene t to
co-schedulingasksthat are encodingthe sameframe (dur-
ing the samequantumof computation).

In these experiments, we simulated 50 randomly-
generatedask setsfor 20 quanta(insteadof up to the hy-
perperiod)assuminga 0.75-msquantum. While the SESC
Simulatoris veryaccurateit comesatthecostof beingquite
slow. Therefore Jongerandmoredetailedresultscould not
be obtainedbecaus®f thelengthof timeit took the simula-
tionstorun. In orderto demonstratéhesubstantialmpactof
our methodon MTTs with low-weightthreadswe required
all tasksto either have weight at most1=4 or at least3=4.
(Thiscreateopportunitiedor heavier tasksto disruptlighter
tasksin the sameMTT.) Task periodsvariedfrom threeto
100, andall tasksetsfully utilized all four coresasbefore,
with MTTs varyingin size from two to four. In all cases,
we only earlyreleaséyy six quanta—wevould needto early
releaseby muchmorein orderto make spreadguarantees
but we canstill seesubstantiabene tswith limited earlyre-
leasing.Resultsareshovn in Fig. 10. Theserealisticresults,
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Figure10: Cache-missatiosfor PD? both (a) withoutand(b) with our method usingthe SESCSimulator Eachscatterplot represents

50 tasksets.

while not asdramatic,still demonstrate signi cant bene t
for lower-weight threads. Note the especiallylarge bene t
for MTTs of sizethreeandfour, wherecache-missatiosin
therangeof 50%to 75% decreasé¢o at most50% with few
exceptions.Note alsothat opportunitiesfor cachereuseare
limited by our memoryaccesgattern andthereforeall miss
ratiosarequite high. However, our methodshows a substan-
tial overallimprovementwith thesetasksets. Additionally,
becaus@anlL?2 missincursatime penaltyup to two ordersof
magnitudegreatetthana hit, a relativelysmallmiss-ate dif-
ferencecanimpactperformancesigni cantly, asseenin [1].

Removing the “same-weight” restriction. To evaluate
our methodwhenschedulingMTTs with threadsof varying

weights,we ran on SESCatasksetwith seven 1=2-weight
tasksandoneMTT containingfour 4=41-weightthreads(a

prime period was desiredfor theseexperiments),allowing

early releasingoy one quantum. The setupwas exactly the

sameasin the prior SESCexperimentsgxceptthata 4096K

L2 cachewas used,task setswere run for 50 quantain-

steadof 20 to accommodaté¢he large periodsof the MTT

threads,and the region of memory accessedvas unique
to same-deadlingobsin eachMTT, ratherthan equivalent
subtasks.Our methodresultedin a substantiadecreasef

the L2 miss rate for the MTT, from 85.59%to 42.82%.
We then modi ed the weightsof the tasksin the MTT so

that they graduallydivergedin differentways. As we did

this, the bene t of our methoddecreasedhowever, it was
still substantial.With threadexecutioncostsof f 1; 3; 5; 7g

(evenlydistributed),the miss-ratevasreducedrom 86.42%
to 74.01%;with f1;1; 1; 13g (equalsmall, onelarge), from

89.20%to 71.10%;with f 1; 5; 5; 5g (equallarge,onesmall),

from 84.26%to 52.50%;with f 1; 2; 3; 10g (multiple small,

one large), from 88.70%to 76.67%; and with f 1;4;5; 6g

(multiple large, one small), from 85.74%to 72.44%. Note

thatwe seelessbene t for MTTs with fewer equal-weight
threads.

5 Concluding Remarks

We have proposed “spread-cognizant$chedulingmethod
thatdecreaseaverageandmaximumspreadsn boththePD?
andglobal EDF schedulingalgorithms. This methodcanbe
generalizedo applyto ary deadline-basedlobalscheduling
algorithm. We also presentedan evaluationof our method
that demonstratets effectivenessn reducingspreadsand
loweringL2 missrates.

There are several directionsfor future work. First, we
wantto combinethis schedulingmethodwith the methods
in [1] so that both the “encouragement’and “discourage-
ment”of co-schedulinganbesupportedn thesamesystem.
Second,we wish to include supportfor critical sections
and precedenceonstraintsin our work. Third, we want
to investigatefurther arny potentialfor a trade-of between
the early-releaseintenal length and the spreadwe can
guarantee.Fourth, we would like to shavcaseour method
by usingit within applicationson a real multicore system.
Finally, the executioncost of a taskis strongly dependent
on its cacheperformancewhich may dependon the spread
guaranteesnadefor its MTT. Thoseguaranteeare,in turn,
a function of taskweights,andthusexecutioncosts. Thus,
there appeargo be a “chicken and egg” problemthat we
needto investigatefurther Timing analysison multicore
platformsis still in its infang/, andis a non-trivial area
of future work upon which our work depends;however,
if a timing analysistool for multicore architecturesvere
developedthat could determinethe executioncostof a task
giventhe spreadyuaranteesf the taskset,thenwe may be
ableto avoid the “chickenandegg” problemby performing
timing analysisfor all tasksin the task set assuminga
certainspreadguarantee.If the executioncostscalculated
would guaranteesucha spreadthenthe timing analysisis
valid andwe canassumehe executioncostscalculatedare
correct; otherwise,we can repeatthe attemptwith another
spreadguarantee.Naturally, aslower spreadsmply lower



cache-missates,thusimplying reducedexecutioncosts,it
would bebene cial to choosehe executioncostsassociated
with thelowestvalid spreacdguarantee.
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Appendix: Proofsof Theorems1 and 2

Theorem1. RecallthatTheoreml dealswith MTTs with
same-weighthreads. We prove that for ary i, if t is the
earliesttime at which somesubtaskT; is scheduledwhere
T is in MTT R, thenall taskthreadsin R have their i
subtaskscheduledn [t; t + X ). We henceforthusetheterm
“thread” whenreferringto the tasksof someMTT, andthe
term “task” to referto ary task (which may or may not be
from someMTT). We begin by statinga lemmaconcerning
theexecutionrateof same-weightasks whichfollowseasily
by inductingoverthe subtaskndices.

Lemmal If U andV arethreadsin the sameMTT, andif
subtasiJ; is scheduledat or after subtaskvy, thenk |
1.

Set categorization. At timet in a scheduleS, tasksare
placedin the setsbelov—seeFig. 11. Subsetss, andH>
containthreadswith a subtaskthatis eligible attime t and
mustbe scheduledbver theinterval [t + 1;t + X)) to avoid
a spreadviolation. Hereafterwe call sucheligible subtasks
pendingsubtaskgand,implicitly, this termis usedwith re-
spectto timet).

SetG: includeseachthreadT 2 R, whereR is ary

MTT, suchthat,for somei:

(i) NosubtaskJ; is scheduledeforetimet, for U 2
R;

(i1) U; is scheduleattimet for somethreadU 2 R;

(iii) Ui 1 is scheduleaattimet for somethreadU 2
R;

(iv) Tj orT; ;isscheduleattimet.

SetG is partitionedinto subset$5; andG, whereT 2

G, iff T; is scheduledatt, andT 2 G, iff T; 1 is
scheduleatt (implying T; is notscheduledtt). Note
that, by (ii), (i), andLemmal, no subtaskof athread
in MTT R with anindex otherthani ori 1 canbe
scheduleattimet.

SetH: includeseachthreadT 2 R, whereR is ary
MTT, suchthat,for somei:
(i) NosubtasKJ; is scheduledeforetimet, for U 2
R;
(if) U; is scheduleattimet for somethreadU 2 R;
(iii) SomethreadU 2 R is notscheduledttimet.

SetH is partitionedinto disjoint subsetsH, andH»
whereT 2 Hj iff T; is scheduledatt, andT 2 H»
otherwise.
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Notethatif U andU° arefrom the sameMTT, andU;
is scheduledat t but U? could not be scheduledt t,
then either U%s predecessois scheduledat t, or U’
is not amongthe M highest-prioritysubtasksselected
for execution. Sincewe assumehat all threadsof an
MTT have equalweight, by the Priorities rule, thereis
at mostoneMTT for which the latter could have hap-
pened.Thus,we have thefollowing.

(PH) SetH containghreadsrom atmostoneMTT, and
thesethreadshave lower priority thanthe lowest-
priority threadin setG attimet.

Setl: includeseachtaskT notin setsG or H. Setl
containsdisjoint subsetd ;, 1, andl 3, de ned asfol-

lows.
(i) T 2 14 iff T is scheduleattimet, but notwithin
[t+ 1;t+ X).
(i) T 2 1, iff T is notscheduledat t, but is within
[t+ 1;t+ X).
(iii) T 2 13iff T isscheduledtt andwithin [t+ 1;t+
X).

If G2 [ H2 is empty thenperfectparallelismis achiered
for ary subtaskdrom MTTs scheduledattime t. Thus,we
assume:

(PE) G2 [ H3 isnon-empty

In our proof, we assumehereis a spreadviolation, which
impliesthatt® de ned next exists, andthenderive a contra-
diction.

De nition 1: t°is the latesttime at which ary pending
subtaslof athreadn G,[ H, isscheduledwheret® t+X .

We assuméhefollowing for any taskT in eitherl, or | 3.

(PI) A subtaskof T hasequalor higher priority
thanatleastone pendingsubtaskof a thread
in G, [ H, at sometime u in the interval
[t+ 1;t%+ 1).

Otherwise by the Priorities rule andDef. 1, T couldnotbe
scheduleduntil all pendingsubtaskof threadsn G, [ H»
werescheduledandwe would not needto accountfor T in
our proof.

Task allocations over an interval. For ary subset 2
fGy1;Go;H1; Ho; 12,139, wede ne Ax () to bethe maxi-
mum numberof subtasksTl, of any onetaskT 2 , where
k > 0, scheduledvertheinterval [t + 1;t + X ). Awo( ) is
similarly de ned with respecto [t + 1;t°+ 1), exceptthat
subtasksscheduledht time t° with priority lower than ary
pendingsubtaskof a threadin G, [ H; alsoscheduledat
thattime are not counted,as suchsubtasksio not interfere
with the schedulingof ary pendingsubtask.By Def. 1, we
have thefollowing.

(PT) Forary ,Aw( ) Ax().
Freeprocessomallocations. Thenumberof “free” proces-
sorallocationsF , availablefor pendingsubtask®f tasksin
G2 [ H2 overtheintenal [t + 1;t + X)) is givenby subtract-
ing from (X 1) M the maximumnumberof allocations
to tasksin othergroups,andthe additional allocationg(over
the rst) thatmay be madeto tasksin G, [ H; beforeall
pendingsubtasksn G, [ H, arescheduled.Thatis, F
X DM Ax(l2) jl2j Ax(13) jlaj Ax(G1) jGi]
(Ax (G2) 1) [G2j Ax(H1) jH1j (Ax(Hz2) 1) jHzj.
Our proof obligationis to shav thatF  jG,j + jH2j. By
(PT),

F (X 1) M Ax(l2) jl2j Ax(l3) jlsj
Ax (G1) JGij (Ax(G2) 1) jGyj

Ato(Hl) ]Hlj (AtO(Hz) 1) ]Hg] (3)

The next lemmafollows almostdirectly from the Early-
ReleaseEligibility rule,andthusis statedwithout proof.

Lemma 2 SupposesubtaskT; isreleasedn theinterval[t +
Lt+ X) (i.e,t+1 r(Ty) < t+ X). If noprior subtask
of task T is scheduledin [t; r(T;)), and T; is oneof the e
highest-prioritysubtasksat timet, wheee= M (jUj +
jHj) asde nedbytheEarly-Releas&ligibility rule, thenT;
is early-releaseeligible in slott. Additionally, if T; is non-
urgentin [t + 1;t9, thenT; is not early-releaseeligible in
[t + 1;t9.



Thefollowing lemmais usedlaterto calculater .

Lemma 3 The propertiesbelowhold for M, and the vari-
ablesandsubsetsle nedabove

(@) JG1j + jGaj + jHaj+ jlaj + jl3j M.

(b) jH2j M.

() Ax(l2) = 0.

(d) Ato(H1) = 0OandAp(H) = 1.

() (Ax (I3)=Ax(G1)=Ax(G2) X 2)) (F
iG2j).

jH2j+

Proof: Part(a) holdssinceall tasksin setsGi, G2, Hi, I 1,
and |3 are scheduledat time t by de nition. Thus, these
subsetsogethercontainatmostM tasks.By (PH)and(PM),
jHj M.HencejH,j M, andthereforepart(b) holds.

We provepart(c) by proving thatnotaskin | , canreceve
anallocationin [t + 1;t + X). Assumeto the contrarythat
somesubtaskof ataskin I, is scheduledn [t + 1;t + X).
LetT; denotetheearliest-scheduleslichsubtaskandassume
thatit is scheduledn slotu. Notethat,becaus& 2 |,, Ti's
predecessas notscheduledn [t; u). Now, if r(T;) < t+ X,
thenby (Pl) andLemmaz2, T; would be scheduledhttimet,
contradictingT 2 |,. Hencer(T;) t+ X. Thisimplies
thatT; wasearly-releaseligible whenit wasscheduledBut
by condition (iii) of the Early-ReleaseEligibility rule, this
impliesthatall of theurgentsubtasksn G, [ H, aresched-
uledin [t + 1; u]. However, this contradictDef. 1.

We begin our proof of part (d) with the following claim,
whichfollows easilyfrom (PH).

Claim 1 A taskin setH; canreceiveno subtask
allocationsin theinterval [t + 1;t9. Also,ataskin
setH, canreceiveonly onesubtaskallocationin
theinterval [t + 1;t%—theallocationfor its pend-
ing subtask.

If H is empty then(d) holdseasily Otherwise,by part
(iii) of the de nition of setH, H, is nonempty Thus, by
Claim1, Aw(H1) = OandAwo(H2) = 1.

Finally, part(e) canbeestablishedsfollows.

F (X 1) M Ax(lz) jlsj Ax(Gi1) jGij
(Ax(Gz) 1) [Gzj fby(3),(c),and(d)g
M +jGaj+ (X 2) jHij+ (X 2) jl4j
fby (@ andAx (I13) = Ax (G1) = Ax (G2) X
M + jGzj
jH2] + JG2

29

f by (b)g

Thenext lemmaconcernsirgentsubtasks.

Lemma4 Suppose subtaskT; of a taskT is urgentfrom
timet + 1 until it is scheduled,is scheduledin the interval
[t+ 1;t9, andT; is notthe r stsubtaslofataskT scheduled
in theinterval[t + 1;t9. Then,T; mustbe scheduledat time
r(T;) or later, i.e, it cannotbe scheduledbefore its release
time

Proof: If T; is scheduledattimet,, wheret + 1 t, < t°

thenby the Urgent Tasksrule, theremustexist somesubtask
U; in thesameMTT thatwasbothnon-uigentandscheduled
attimet,, < ty. If toy > t, thenby Lemma2, U; is not
early-releaseligible in theinterval [t + 1;t%, andthusU;

andT; mustbothbe scheduledattimer(U;) or later. Since
r(Ui) = r(T;), Ti mustthereforebescheduledttimer(T;)

orlater If t,, t, thenT; mustbethe rst subtaskof task
T scheduledn theinterval [t + 1;t9), for otherwise subtasks
T; andT; 1 wouldbescheduledittimet + 1 or later, while

subtaskdJ; andU; ; areschedulecttimet or earlier since
U; 1 mustbescheduledearlierthanU;. This cannotbethe
casesinceit impliesthatatsometimet,, t, U; wassched-
uledinsteadof T; 1, andbyLemmal, T; , musthavebeen
scheduledbeforetime t,, , andthereforeT; ; musthave
beeneligible attimet,, .

Thefollowing lemmaconcernghe rst urgentsubtaskof
ataskscheduledn theintenal [t; t + X).

Lemma5 If subtaskT; of ataskT is urgentfromtimet + 1
until it is scheduledjs the r stsubtaskof T scheduledn the
interval [t + 1;t + X), andT; is scheduledearly, thenthe
maximunmumberof allocationsthattaskT canreceiveover
theinterval[t + 1;t + X) is nomorethanwhatit couldhave
receivedf T; hadnotbeenscheduledearly.

Proof: In theabsencef early
releasing,a maximal alloca- «
tion for T over [t + 1;t + T »

X)) occurswhen every sub- X

taskof T releasedn this in-

terval is scheduledn the rst X

slot of its window. As seen KT

in Fig. 12, early releasing B ey
Ti cannotincreasethis allo- —
cation. This is due to the t X

fact that, by Lemma 2 and Figure12: Lemmas.

Lemmad4, T; is theonly sub-
taskof T thatcanbescheduleaarlyin theinterval [t + 1; t9),
andthereforeby Def. 1,in theintenal [t + 1;t + X).

Thefollowing lemmais provedin [2].

I m
1
wt(T)

’_emma6 Task T has windows of length or

m

1
wimy T L

Thenext lemmaallows usto contradictDef. 1.



Lemma7 F  jGyj+ jHyj,i.e,t0< t+ X.

Proof: Considera subtaskT; of ataskT suchthatt + 1
r(Ti) < t+ X. If T; is non-ugentover the entireinterval
[t + 1;t + X), thenby Def. 1 andLemmaz2, earlyreleasing
is disabledfor T; overthatsameinterval. The sameis true
if Ti is urgentat sometime in theinterval [t + 1;t + X),
andthereforeis urgentatsometime in theinterval [t + 1;t9
by Def. 1, but is not the rst subtaskof T scheduledn the
interval[t+ 1;t9, by Lemmad. If T; is urgentatsometimein
theinterval [t + 1;t + X ) andis the rst taskof T scheduled
in theintenal [t + 1;t + X ) thenT; canbeschedulectarly,
butby Lemma5, T cannotreceve ary moreallocationsover
theintenal [t + 1;t + X) thanif T; hadnotbeenscheduled
early. Together thesefactsimply that we do not needto
considerarly-releasingvertheinterval [t + 1;t + X ) when
determiningthe maximumnumberof allocationsa taskcan
recevvein thatinterval. We now considetthreecases.

CaseWmax 1=3. I N R
We establish
X = 3 (a spread
of three) in this
case. By Lemmas,
Winax 1=3, and .
(1), no task can
havte a subtask
window of length e
lessthanthree,or an . ' X
overlapping subtask Figurel3: Lemma7: Wnax
window of length

lessthanfour. Thus,tasksin 13 andG canreceve at most
two consecutie allocations before becoming ineligible,
and thus no more than one additional allocation in the
interval [t + 1;t + X)), sincethey have alreadyreceved
an allocationin slott. Thisis illustratedin Fig. 13. Thus,
Ax(l3) = Ax(G1) = Ax(G2) =1 X 2 andby
Lemma3(e),F jGyj + jH2j.

Casel=3< Wpax 1=2. WeestablishX = 4 (aspread
of four) in this case. The reasonings similar to the case
above,andhences omitteddueto spaceconstraints.

CaseWmax > 1=2. In this casewe considera sequence
""" ; Tj of subtaskof ataskT of weightgreaterthan1/2
suchthauf ary of T; : 11, T; isscheduledn thelastslotof its
window, theneachsubsequergubtaskn this sequencenust
be scheduledn its lastslot (e.g., T1, T2 or T3, T4, Ts or Tg,
T7 in Fig. 14). In effect, Tj; : : 1; T; mustbe consideredisa
singleschedulablentity subjecto agroupdeadling de ned
asd(T;) + 1. Intuitively, if we imagineajob of T in which
eachsubtasks scheduledn the rst slot of its window, then
theremainingemptyslotscorrespondo the groupdeadlines
of T. In Fig. 14, T hasgroup deadlinesat slots 4, 8, 11,
15, 19, and 22. The following claim follows from results
concerninggroupdeadlinegrovedin [2].
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Figurel4: Maximumconsecutie allocationsto ataskT of weight
8=11

Claim 2 If Wmax > 172, then the maximumnumber of
consecutive;ubtaslellocationsanytaskcan receiveis 2

d1 W € 2.

As anexample,if Wnax = wt(T) in Fig. 14, thenatask
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canreceveatmost2 d; W ® 252 Or—g=11y (8 -7y © 2=

6 consecutie allocationsdemonstratediom time 8 to time
14,

By Claim2,if X is2 dr—y—e 1, theneverytask
inlz andG is guaranteedo be |nel|g|ble for at leastone
guantumin theinterval [t + 1;t + X ) (again,in theabsence
of earlyreleasing).Tasksin | 3 andG canreceie no more
than2 di—y—e 3additionalallocationsin theinterval
[t + 1;t+ X) sincethey have alreadyrecevedanallocation
in slott. Therefore,Ax (I3) = Ax(G1) = Ax(Gp) =
? .dme 3 X 2. Thus,by Lemma3(e),F
JG2j + jH2j.

FromLemma7, Theoreml follows.

Theorem 2. This proofis similar to thatfor the Wpax >

1=2 caseof PD?, soonly a sketchis provided. As with the
PD? caseswe assume?is de ned asin Def. 1 andderive
a contradictionby shawing that F iG2j + jH2j, given
the X (spread)statedin Theorem2. For EDF, the maxi-
mum numberof consecutie time units thata taskcanexe-
cuteis 2 emax . Thisisillustratedin Fig. 7, where = 0
is assumed. With a spreadof 2 enax + 1, every task
in 13 andG is guaranteedo be ineligible for at leastone
time unit in theinterval [t + 1;t + X) (again,in the ab-
senceof early releasing). This meansthat tasksin 13 and
G will executefor no morethan2 enax 1 consecutie
time units in the interval [t + 1;t + X) sincethey have
alreadyexecutedonetime unit by time t + 1. Therefore,
Ax(I3) = Ax(G1) = Ax(G2) = 2 emax 1 X 2
Thus,by Lemma3(e),F jGyj + jH2j.



