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Abstract

We considertheissueof deadlinetardinessunderglobal
multiprocessosdedulingalgorithms.We presenta geneal
tardiness-boundderivation that is applicable to a wide
variety of sudh algorithms(including somewhosetardiness
behaviorhasnot beenanalyzedbefore). Our derivationis
very generl: job priorities may change rather arbitrarily
at runtime arbitrary non-preemptiveregions are allowed,
and capacityrestrictionsmay exist on certain processacs.
Our resultsshowthat, with the exceptionof static-priority
algorithms, mostglobal algorithms consideed previously
have boundedtardiness. In addition, our resultsprovide
a simplemeansfor chedking whethertardinessis bounded
undernewly-developedalgorithms.

1 Intr oduction

Thereis growing interestin using multicore platforms,
which are becomingincreasingly ubiquitous, in settings
wheresoft real-timeconstraintsarerequired. For example,
one envisioned use of such platformsis as multi-purpose
home appliances with one machine providing mary
functions,including soft real-timeapplicationdike HDTV
streamingand interactize video games. In soft real-time
applicationsdeadlineconstraintsexist, but deadlinemisses
aresometimedolerable.

To supportsuch applicationson a multicore platform,
an appropriatemultiprocessorschedulingalgorithm must
be used. This paperis directed at issuesconcerning
such algorithms. Our specic focus is multiprocessor
algorithmsfor schedulingsoftreal-timeworkloadsspeci ed
assporadictasks(seeSec.2). In devising suchalgorithms,
two basic approachesexist: partitioning and global
schedulingUnderpartitioning,tasksarestaticallyassigned
to processorsand each processorscheduledts assigned
tasksusing a uniprocessorschedulingalgorithm. Under
global scheduling,tasksare scheduledirom a single run
gueueand may migrate amongprocessors.For soft real-
time systemsglobalalgorithmshave theadvantageof being
able to ensureboundeddeadlinetardiness,as long asthe
available processingcapacityis not exceeded(something
we assumethroughoutthis paper). Boundedtardinessis
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a sufcient propertyin mary soft real-time applications
(providedthe boundsarenot too large). In particular such

boundsensurethat the long-term processorshareof each
task is in accordancewith its speci ed utilization. Due

to bin-packing limitations, such shareguaranteesre not

possibleunder partitioning approachesunlessthe overall

systemutilizationis restricted. The mainfocusof this paper
is algorithmsthatarecapableof ensuringooundedardiness
(withoutrestrictionson overall utilization).

Motivation and prior work. The rst tardinessbounds
to be establishedfor a global scheduling algorithm
pertainedo the earliest-pseudo-deadline- réEPDF) Pfair
algorithm [5, 13]. This analysiswas later extendedto
establishtardinesoundsfor several variantsof the global
earliest-deadline- rs{EDF) algorithm, whereinjobs with
earlier deadlineshave higher priority.  These include
preemptve and non-preemptie EDF [6] andtwo variants
that slightly alter EDF prioritizations and allow a small
numberof speciatasksto beguaranteetbwertardinesg7]
or causetemporaryoverloadg9]. (The lattervariantarises
in an approachfor schedulingmulti-speedmultiprocessor
systems.)Tardinessboundshave alsobeenestablishedor
the global rst-in rst-out (FIFO) algorithm[10], wherein
jobs with earlierreleasetimes have higherpriority. Given
that tardinesss boundedundersuchdisparatealgorithms,
several questionscometo mind. Do otherwidely-studied
global algorithms have boundedtardiness? Is there a
singular characteristicof such algorithmsthat resultsin
boundedtardiness?Canthe classof algorithmsfor which
tardinesss boundedbe generallycharacterized?

Contributions. In this paper we presenta generalized
tardinessresult that answersthesequestions. This result
implies that the singularcharacteristimeededor tardiness
to beboundeds thata pendingjob's priority eventually(in
boundedime) is higherthanthatof ary future job. Global
algorithms that do not have this characteristic(and for
which tardinesscan be unbounded)nclude static-priority
algorithmssuchasthe rate-monotoni¢RM) algorithm,and
“non-fair” dynamic-priorityalgorithmssuchasthe earliest-
deadlinelast (EDL) algorithm, wherein jobs with earlier
deadlineshave lower priority. Global algorithmsthat do
have this property include the EDF, FIFO, EDF-until-
zero-laxity(EDZL), andleast-laxity- rst (LLF) algorithms.
(EDZL andLLF aredescribedater)
Weestablistageneralizedardinessesultby considering



a generic schedulingalgorithm where job priorities are

de ned by pointsin time thatmay vary astime progresses.

All of thealgorithmsmentionedhbove canbeseerasspecial
case®f thisgenericalgorithmin which prioritiesarefurther
constrained Eventhe PD? Pfair algorithm[1], which uses
a rathercomple notion of priority, is a specialcase. The
mainresultof this paperis a derivationof atardinesound
that appliesif priorities are window-constained a job's
priority atany time mustcorrespondo a pointin timelying
within a certaintime window that containsits releaseand
deadline. We also show that if this window constraintis
violated,thentardinessanbe unbounded|t is possibleto
de ne window-constrainedorioritizationsfor EDF, FIFO,
EDZL, LLF, EPDF, and PD?, so thesealgorithmshave
boundedardiness(For EDF, FIFO, EPDF, andPD?, this
was previously known.) For ary otheralgorithmthat may
bedevisedin thefuture,our resultsenabletardinesdounds
to be establishedby simply shaving that prioritizations
canbe expressedn a window-constrainedvay (insteadof
laboriouslydevising a new proof).

The notion of priority usedin our generic algorithm
is very general. For example, it allows arbitrary non-
preemptve regions within a job to be speci ed, as well
as combinationsof different prioritizations, e.g., using a
combinationof EDF andFIFO in the samesystem.Priority
rulescaneven changedynamically(subjectto the window
constraint). For example, if a task hasmissedtoo mary
deadlinesthenits job priorities can be boostedfor some
time so that it receives specialtreatment. Or, if a single
job is in dangerof beingtardy, thenits prioritization may
bechangedothatit completesxecutionnon-preemptiely.
Tardinessalsoremainsboundedf early-releaséehaior is
allowed (seeSec.4.3) or if the capacityof eachprocessor
thatis availableto the (soft) real-timeworkloadis restricted.
In simplestterms,the main messagef this paperis that,
for global schedulingalgorithms,boundectardinessis the
commoncase rather than the exception(at least,ignoring
clearlyimpracticalalgorithmssuchaseDL). For thewidely-
studiedEDZL andLLF algorithms,andfor several of the
variantsof existing algorithmsdiscussedbove, this paper
is the rst to show thattardinesss bounded.

Therestof this paperis organizedasfollows. In Secs2—
3, we presentour task model and schedulingframework.
Then,in Sec.4, we presentthe tardinessproof thatis the
mainresultof this paper As discussedater, tardinesanay
bedifferentunderdifferentschedulingalgorithms.In Sec 5,
we presentresultsfrom experimentsconductedto assess
suchdifferencesWe concludethe paperin Sec.6.

2. SystemModel

We considetheproblemof schedulingpnm processora

releasedrepeatedlywith eachsuchinvocationcalleda job.

Associatedvith eachtaskT; aretwo parameterse; andp;:
e givesthemaximumexecutiontimeof onejob of T;, while,
pi, calledtheperiodof T;, givesthe minimumtime between
consecutie job releasef T;. For simplicity, we assume
thateachjob of T; hasan executiontime of exactly g;; this
assumptiorcanberemovedande; treatedasanupperbound
at the expenseof additionalnotation. For brevity, we often
usethe notationT; = (g;pi) to specify task parameters.
The utilization of taskT; is de ned as Uig= &=p, andthe
utilization of thetasksystem asUgym = T2 Ui

Thej™ jobof Ti, wherej  1,is denotedT;; . A task’s
rst job may be releasedat ary time t 0. Therelease
time of job T;j is denotedr;; andits (absolute)deadline
dij isdenedasri; + p;. If Tyj completesattimet, then
its tardinessis max(0;t  dj; ). A tasKs tardinesss the
maximumof thetardinesf ary of its jobs. We assume

Usum m: (1)

Otherwisetardinessnaygrow unboundedlyWhenajob of
ataskmissesdts deadlinethereleasdime of the next job of
thattaskis not altered. However, at mostonejob of atask
may executeatary time, evenif deadlinesaremissed.

We assumethat releasedobs are placedinto a single
globalreadyqueue.Whenchoosinga new job to schedule,
thescheduleselect§anddequeuesthereadyjob of highest
priority. As reiteratedn Def. 4 in Sec.4, ajob is readyif it
hasbeenreleasedndits predecessdif any) hascompleted
execution.Prioritiesaredeterminedasfollows.

De nition 1. (prioritization functions) Associatedwith
eachreleasedob Tj; is afunctionof time j; (t), called
its prioritization function If i (t) < . (t), thenthe
priority of T;;; is higherthanthepriority of Ty;, attimet.

We assumehat, whencomparingpriorities, ary tiesare
brokenarbitrarily but consistently

3. Example Mappings

We now shaw how to describesereralwell-known sched-
uling policies in our framework, using the two-processor
taskset = fT; = (1;3);T2 = (2;3); Tz = (1;4); T4 =
(3; 4)g asanexample. In depictingexampleschedulesywe
useup (down) arravs to depictjob releasegdeadlines).

Example 1. Fig. 1 shavs a schedulefor  under the
preemptve EDF algorithm. In this case,since jobs are
prioritized by deadline,it sufces to de ne ; (t) = d;
for eachT;; . In Fig. 1, thevalueof j; (t) is shavn for
eachjob T;; usingablackcircle.

Example 2. Fig. 2 shavs a schedulefor  under the
preemptve global RM algorithm. In this case,T;; should
have priority over Ty, if i < k (sincethetasksin are



T, [T Ciy T, Ciz 13 Cig T, G
c Cos
T2 T 21 T C2s Tos Tos Cas
'|'3 T, Cis T,, Cs> T Css
Ca1 Cup Cus
T4 T41 TA.Z T4,3 ‘t
0 2 4 6 8 10 12

T1 T, c 1j T, Tis T
c, T, T
T2 T, 1y Ty 23 24
T3 To ¢ 30y Tap Toz
T4 T4 1 c 4 T4 1 T4 1 TA.Z T4 2 ‘ t
0 2 4 6 8 10 12

Figure 2. Example 2 (preemptive global RM).
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Figure 3. Example 3 (global FIFO).

orderedby increasingperiods).Thus,we cansimply de ne
ij (t) = i for eachjob Tj; , asshawn.

Example 3. Fig. 3 shavsascheduldor undertheglobal
FIFO algorithm (which, by de nition, schedulegobs non-
preemptvely). In this case,sincejobs are prioritized by
releasetimes, it sufces to dene ; (t) = ri; for each
job Tj; , asshawn.

Example 4. We now considera slightly more complicated
example, namely the preemptve LLF global scheduling
algorithm[11]. The laxity or slad of ajob T;; attimet
isde ned as

slack; () =di; t (e i (1); 2
where j; (t) is the amountof time for which T;; has
executedbeforet. If ajob doesnot missits deadlinethen
its slackis alwaysnon-n@ative;if it doesmissits deadline,
thenits slack becomesnegative at sometime prior to its
deadline. Accordingto LLF, Ti; hashigher priority than
Tk;n attimet if slack; (t) < slacken (t). To capturethis,

Table 1. -values in Example 4.

Timet | (D) | 251 | s M) 4 ()
0 2 1 3 1
1 2 2 3 2
2 2 3 3
3 5 4 3
4 5 5 7 5
5 5 7 6
6 8 7 7 7
7 8 8 7
8 8 11 9
9 11 10 11 10
10 11 11 11 11
11 11 11
T, T T, T,
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Figure 4. Example 4 (global preemptive LLF).

wecansimplyde ne j; (t) = dy (e i (t)) foreach
jobT;; . Becausghisde nition depend®n i; (t), i; (t)is
notconstantasin theprior examplesputis time-dependent.
Assumingthatit is updatedonly at integral pointsin time,

i (t+1):= 4 (H)+1,if Ty; executesluringtheinterval
[t;t+ 1),and j; (t+ 1):= j; (t), otherwise.

Fig. 4 shovsanLLF scheduldor wheretiesarebroken
in favor of jobs currently executing. Because -values
changewith time, they are not shaovn in the scheduleas
earlier but are depictedseparatelyin Table 1. The table
shawvs thevalueof ; (t) for the earliestpendingjob Ti;
of eachtaskT; where0 t 11

Example5. Interestinglythede nition of j; (t) is e xible
enoughto allow combinationsof schedulingpolicies to
be speci ed. For example, we can prioritize the jobs of

bydening i (t)=dij forl i 3,and 4;(t) = ra;.
A scheduldor this hybrid policy is shavn in Fig. 5.

Example 6. The EDZL algorithm[12], which is a hybrid
of EDF and LLF, canbe speci ed aswell. In this case,
ij (t) is setto dij (asin EDF) whenT;; is released,
and is resetto dj; (& i (1) di; (asin LLF)
whenT;; 's slackbecomesero,where j; (t) is asde ned
earlier To our knowledge,EDZL hasnot beenconsidered
previously in systemswhere deadlinescan be missed.
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Figure 5. Example 5 (hybrid global scheduler).

However, if no deadlinesare missed,then our de nition
yields priority comparisonghat matchexactly how EDZL
hasbeenspeci ed in prior work. It is possiblethat other
variants could be de ned that prioritize jobs differently
whendeadlinesaremissed.

As noted earlief the PD? Pfair algorithm [1] can
also be modeled using our framevork. PD? uses a
rathercomplicatednotion of priority, and correspondingly
requiresmore complex de nitions than thoseusedabove.
Dueto spaceconstraintsthesede nitions areomittedhere.

4. TardinessBound

In this section,we showv that any schedulingalgorithm
(speci ed accordingto Def. 1) has boundedtardinessif
its prioritization functions are “window-constrained, as
de ned belov in Def. 5. This de nition imposestwo
separateonstraintoon -values. We shaw thatif eitheris
violated,thentardinessnaybecomeunbounded.

4.1. De nitions

Thesystenstarttime is assumedo bezero. For ary time
t> 0,t denoteghetimet inthelimit ! 0+.

De nition 2. (active jobs) A taskT; is activeat time't if
thereexistsajob T;; (calledT;'s activejob att) suchthat
rij  t< d. By ourtaskmodel,every taskhasat most
oneactivejob atary time.

De nition 3. (pending jobs) Ti; is pendingatt in a
schedules if ry; t andT;; hasnotcompletedexecution
bytinS.

De nition 4. (readyjobs) A pendingjob T;; is readyat
t in a scheduleS if t rij andall prior jobs of T; have
completedxecutionby t in S.

De nition 5. (window-constrained priorities) A
schedulingalgorithm’s prioritization functionsarewindow-
constained iff, for eachtask T;, there exist constants
i Oand ; Osuchthat,for eachjob T;; of T;,

i i () di o (3)

holdsateachtimet whereT;; is pending.

Note that (3) requiresa job's -valuesto lie within
a window that containsits releaseand deadline. This
window may extend beyond the releaseand deadlineby
constantamounts.lt is easyto seethat, otherthanRM, all
of the algorithmsconsideredn Sec.3 have prioritization
functions that satisfy this requirement. In fact, for these
algorithms,evennon-preemptie executioncanbe allowed.
(FIFO is non-preemptie, by de nition.) Speci cally, non-
preemptvity canbemodeledoy setting i (t) tober;; C
wheneerthejob T;; entersanon-preemptieregion,where
C is aconstantargeenoughto ensurehatarny unscheduled
or newly-releasedob haslower priority.

In contrastthe prioritization functionsspeci ed for RM
fail to be window-constrainedbecausethey violate the
requiredlower bound: as new jobs of eachtask T; are
released, jj (t) < ry; i will eventuallyhold for some
job Tj; for ary choiceof theconstant ;. It canbe shavn
thatthetasksystemin Example2 hasunboundedardiness.
In particular if eachjob is releasedssoonaspossiblethen
the processingapacityavailableto T, every 12 time units
is the sameasis depictedin Fig. 2. This capacityis less
thanthe amountof work generatedy T4 during the same
interval. As a result, moreand more work shifts to future
intervals, causingtardinessfor T4 to grow unboundedly
(The fact that tardinesscan be unboundedunderRM was
alsoestablishedby Devi [4].)

It is possibleto “ x” the prioritization functionsfor RM
so that the requiredlower boundsare adheredo, but then
the upperboundswill be violated. For example,we could
simplyde ne j (t) = i + t% wheret®is the time where
the most recentjob releaseoccurredat or beforet. This
de nition simply shiftsthe -valuesde ned earlierto future
pointsin time asnew jobs arereleasedHowever, we know
thattardinesdor T4 is unboundedsoeventually 4; (t) >
dsj + 4 will holdfor somependingjob T4 of Ty4 for ary
choiceof the constant 4. We summarizehis discussioras
follows. (Recallthatary tasksetconsideredn this paperis
assumedo satisfy(1).)

Theorem 1. If either the lower or upper boundgivenin
(3) is eliminated,thenthere exists a schedulingalgorithm
that satis esthe remainingconditionfor which tardinessis
unboundedor sometaskset.

Most of the rest of this paperis devoted to shawing
thatary schedulingalgorithm A with window-constrained
prioritization functions has boundedtardiness. Before
embarkingon the proof, afew morede nitions arein order

A tasksystemis conceteif the releasdimesof all jobs
are speci ed, and non-conceteg otherwise. The tardiness
bound establishedfor A is derived by comparing the
allocationgo aconcretdasksystem in anidealprocessor
sharing(PS) scheduleto thosein a scheduleproducedby
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Figure 6. PS schedule for in Example 1.

A. In aPSsdedule eachjob of ataskT; is executedat a

constantrateof u; = S— betweenits releaseanddeadline.
Fig. 6 depictsanexample.Notethat,in aPS schedulegach
job completesxactly at its deadline.Thus,if ajob misses
its deadline thenit is “lagging behind”the PS schedule—

this conceptof “lag” is instrumentalin the analysisandis

formalizedbelow.

Let A(T;;j ;t1;t2; S) denotethe total allocationto the
job Ti; in an arbitrary scheduleS in [t;;t2). Then,the
differencebetweenthe allocationsto a job T;; up to time
t in a PS scheduleandan arbitraryscheduleS, termedthe
lag of job T;j attimet in scheduleS, is givenby

lag(Tij ;t; S) = A(Tij ;0 PS)  A(Ty; ;0 S): (4)
Tasklagscanbesimilarly de ned:

X
lag(Ti;t; S) =
i1

AT ;0 t; PS ATy ;0:t,S): (5)

Finally, thelag for a nite jobset attimet in theschedule
Sisde ned by

LAG( ;>t<' S)
= lag(Ti; ;t; S)
Tig(Z
= (A(Ti;j 10t PS) A(Ti;j 10t S)) (6)
Tij 2

SinceLAG( ;0;S) = 0, thefollowing holdsfor t t.

LAG( ;t;S)
= LAG( ;t%S)
+A( 5L PS) A( % S) (7)

The conceptof lag is importantbecauseif lagsremain
boundedthentardinesss boundedaswell.

De nition 6. (busy/non-husy intervals) A time interval
[t1;t2) is busyfor ajob set if, ateachtimet 2 [t1;t2),
all processorgxecutejobsfrom , andis non-tusyfor
otherwise.An intenal [t1; t2) is maximallynon-kusyfor

if it is non-tusyfor  at every instantwithin it and either
t1 = Oort, isabusyinstantfor

Whenusingtheabove terminology we will omit “for

deadline

miss
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Figure 7. A schedule for in Example 7.

if the job setunderconsiderations clear Accordingto the
lemmabelow, thelag for ajob set cannotincreaseacross
abusyinterval for . Thisfactwasprovedin [6]. Its proof
reliesonly on the fact that the interval in questionis non-
busy, andnot on how jobsarescheduledsoit appliesin our
contect aswell.

Lemma 1. For any interval [t1;t;) that is busy for
LAG( ;t2;S) LAG( ;t1;S).

We are interestedin non-kusy intenals (for a job set)
becauseotal lag (for thatjob set)canincreasaunboundedly
only acrosssuch(non-husy) intervals. Suchincreasesan
leadto deadlinemisses. The following exampleillustrates
how lag canchangeacrosshusyandnon-kusyintervals.

Example 7. Considera two-processosystemuponwhich

ataskset = fT; = (1;2); T2 = (2;6); T3 = (2;8);T4 =

(11;12)g is to be scheduledwherethe rst jobs of Ty,

T,, T3, and T, are releasedat times 2, 1, 0, and O

respectiely. AssumethatA is theFIFO algorithm,i.e., jobs
areprioritizedusing ; (t) = rij . Considerthe schedule
for in Fig. 7. UnderA, T;.1 missesits deadlineat time
4 by onetime unit becausét cannotpreempfT,.; andTy.1,

which have earlierreleasdimesandlaterdeadlines.

Let = fTyq;::00;T1s; To:1; Ta:1; Ta:19 be the setof
jobs with deadlinesat most 12. The intenal [4;7) in
Fig. 7 is a busy intenval for . By (7), LAG( ;7;S) =
LAG( ;4;S) + A( ;4,7,PS A( ;4,7;S), whereS
is the scheduleunderA. The allocationof in the PS
schedulauringtheinterval [4; 7) isA( ;4;7,PS = 3=2+
6=6+ 6=8+ 33=12= 6. Theallocationof in S throughout
[4;7)isalso6. Thus,LAG( ;7;S) = LAG( ;4;S).

Now let = fTj.,9 bethe setof jobs with deadlines
at most4. Becausethe jobs T3 and T4.1, which have
deadlinesafter time 4, executewithin the interval [2; 4)
in Fig. 7, this intenal is non-lusy for in S. By (6),
LAG( ;4;S) = A( ;0;4,PS A( ;0;4;8). The
allocationof in the PS schedulehroughoutthe interval
[0;4)isA( ;0;4;,PS = 2 1=2 = 1. Theallocationof
inSisA( ;0;4;S) = 0. Thus,LAG( ;4,S)=1 0= 1
Fig. 7 shavs thatattime 4, T1.; from  is pending. This
job hasunit executioncost,which is equalto the amountof
pendingwork givenby LAG( ;4;S).



4.2 Tardiness Bound for A

Givenanarbitrarynon-concret¢asksystem N, wewant
to determinghemaximumtardines®f ary job of any taskin

ary concreténstantiatiorof N schedulednm processors.

The approachfor doing this is basedon techniques
from[6, 7]. Let beaconcretenstantiationof N . Let

= maxt,2 ( )+ maxt,2 ( n): 8

LetT; beajobofataskT in ,letty = dj ,andletS be
a scheduleproducedior by the schedulingalgorithmA.
We assumeahatthe schedules hasthefollowing property

(P) Thetardinessof every job of every task Ty in  with
deadlindessthanty is atmostx + ey, wherex

Our goalis to determinethe smallestx suchthat the

tardines®f T; remainsatmostx + e . Sucharesultwould

by inductionimply atardinesf atmostx + e for all jobs

of everytaskTyx 2 . Because is arbitrary the tardiness
boundwill hold for every concretenstantiationof N .

The objective is easily met if T-; completesby its
deadlinety, soassumeotherwise. The completiontime of
T; thendependsn the amountof work thatcancompete
with T-; afterty. Hence,a valuefor x canbe determined
via thefollowing steps.

1. Computeanupperboundon pendingwork for tasksin
(includingT+; ) thatcancompetewith T-; aftertg.

2. Determinethe amountof suchwork necessaryor the
tardinesof T-; to exceedx + e.

3. Determinethesmallesix suchthatthetardinesof
T isatmostx + e usingtheupperboundin Stepl
andthenecessargonditionin Step2.

To reason about the tardinessof T-; we need to
determinehow otherjobs delayits execution. We classify
suchjobs basedon the relation betweertheir prioritization
functionsanddeadlinesandthoseof T-; , asfollows.

dH = fTyk 29a: k() (@™ (dik  ta)g
d. = fTy =8a: k(8> v (a)” (dx td)g
DH = fTi;k m9ar gk (a) i (a) NiB o

A (dik > ta)g
DL = fTx =8a: i(@> - (a)” (dik > ta)g

In thisnotation,d andD denoterespectiely, deadlinest
mostandgreatetthanty. Also, H denoteghatT;y ‘s priority
is higheror equalto thatof T-; andL denoteshat Tk 's
priority is lowerthanthatof T-; . NotethatT-; 2 dH.

Example 8. Considerthetaskset = fT; = (1;2); T, =
(4;7); T3 = (8;9)g andthe PS schedulefor it in Fig. 8.
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15
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o T3,1 Ta,z T,
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Figure 8. Job set partitioning.

JobsTi.q andTo.1 arereleasedat time 1, andjob T3 is
releasedattime 0. Considerthejob T; = T».1, which has
a deadlineat time 8. As in Example7, assumehat A is
the FIFO algorithm,i.e., jobsareprioritizedusing ; (t) =
rij . With respecto T,;1, thefour setsmentionedabove are
dH = le;l;TZ;lg: dL = le;z;Tl;gg, DH = fT3;19. and
DL = fTy1.4; T15; T2:2; T3.20. (DL would alsoincludeary
jobsreleasedftertime 11.)

The set of jobs with deadlinesat most ty is further
referredtoas = dH [ dL. We areinterestedn this set
of jobs becausehesejobs do not executebeyondty in the
PS schedule. Becausethe jobs in dH [ DH might have
the priority at leastthatof T-; (at sometime instant),the
executionof T-; might be postponed(in the worst case)
until thereareat mostm readyjobsin  includingT-; .

Determining an upper bound on competing work.
Becausgobs in dH [ DH can have priority at leastthat
of T-; , the competingwork for T-; beyondty, W(dH [
DH;tq; S), is boundedfrom above by the sum of (i) the
amountof work pendingat ty for jobsin dH, and (ii) the
amountof work D(DH; t4; S) demandedby jobsin DH that
cancompetewith T-; afterty.

For thependingwork mentionedn (i), becausgobsfrom

have deadlinesat mostty, they do not executein the PS
schedulebeyond tq. Thus, the work pendingfor jobs in
dH is givenby LAG(dH; t4; S), which mustbe positive in
orderfor T; to missits deadlineatty. We nd it more
corvenientto reasonabout LAG( ;t4;S) instead. Note
thatLAG(dL ; t4; S) is non-neyative becausehe jobsin dL
cannotperformmorework by time tq in S thanthey have
performedin the PS schedule.Hence,LAG(dH; ty; S)
LAG( ;tg;S), which impliesthatW (dH [ DH;tq4;S)
LAG( ;tq;S) + D(DH;tq;S). Thus,anupperboundon
W (dH [ DH;tq4; S) canbeobtainedoy determiningoounds
for LAG( ;tg;S) andD(DH;tg;S) individually.

Upper bound on LAG( ;t4;S). In deriving this bound,
we assumehat all busy and non-tusyintervals considered
arewith respecto  andthe scheduleS producedby the
schedulingalgorithmA unlessstatedotherwise.



To begin, notethat, by Lemmal, if nonon-tusyinterval
existsin [0;tq), thenLAG( ;tq;S) LAG( ;0;S) = 0.
In thatwhich follows, we considetthe moreinterestingcase
whereinsomenon-kusyinterval existsin [0; t4). An intenval
couldbenon-tusyfor two reasons:

1. Thereare not enoughreadyjobsin  to occupy all
available processorsso it is immaterialwhetherjobs
from DH or DL executeduring the interval. We call
suchaninterval non-kusynon-displacing

2. Therearereadyjobsin  thatcannotexecutebecause,
within certainsub-intenals,jobsin DH occupy oneor
moreprocessorbecausehey have higherpriority. We
call suchaninterval non-tusydisplacing

Let the carry-in job Ty; of ataskTy bede ned asthe
job, if ary, for whichry; tq < dg; holds. At mostone
suchjob could exist for eachtaskTy. Only suchjobs may
preventthe executionof jobsin  beforetimety andhence
increasehe LAG for

De nition 7. Let y bethe setof tasksthat have carry-in
jobsin DH.

De nition 8. Let ¢ betheamountof work performedby a
carry-injob Ty;; in theschedules by timetq.

In muchof therestof theanalysiswe focusonatimetp,
de ned asfollows: if thereexistsa non-tusynon-displacing
interval beforety, thent, is the end of the latest such
interval; otherwisef, = 0.

Lemmas2 and 3, given next, were proved in [7, 10|
and[8], respectrely. Theseproofsrely only onProperty(P),
andfor Lemma2, thede nition of t, . In particular theexact
way in which jobsarescheduledioesnot arise. Thus,both
apply in our contet. Intuitively, Lemma2 holds because
whencarry-injobsexecuteprior to t4, they deprive thejobs
in  of processortime. If a carry-in job executesprior
to tq in the actual scheduleS for ; time, then while it
is executing, it recevesan allocationof u; ; in the PS
schedule This meansdts lag changedby u; i, which
is adecreaseSuchdecreasetranslateinto a corresponding
increasedag for thejobsin . Lemma3 holdsbecauseby
Property(P), eachjob with adeadlineprior to t4 is tardy by
atmostx + e time units. Fromthis, it canbe shavn that
the allocationdifferencefor any taskin comparisorto the
PS scheduleatary pointin [0; t4] is atmostux X + e.

kemma 2. LAG( ;tq;S)
T2 w k(l uk)-

LAG( ;tn;S) +

Lemma 3. lag(Tk;t; S)
t 2 [0;t4].

X Uk + e for anytaskTy and

Lemmad4. LetU( ;y) (E( ;y)) bethesetofat mosty tasks
from of highestutilization (executioncos), andlet

X X
e and U, = ui:  (9)
Ti2u(m 1)

E|_ =
Ti2E( m 1)

ThenLAG( ;t,;S) E_+x U_.

Proof. If t, = O, thenLAG( ;t,;S) = 0 andthelemma
holdstrivially, soassumehatt, > 0. Considerthe setof
tasks = fT; :9T;; 2 suchthatT;; ispendingatt, g.
Becausehe instantt,, is non-lusy non-displacingj j
m 1. If a task has no pending jobs at t,,, then
lag(Ti;th;S) 0. Thus,by (6) andLemma3, we have

LAG( ;tn;XS)
= lag(Ti;tn; S)
Ti: Ti;j 2 T 2
X
E. +x U.: O

lag(Ti;tnh; S)

X Ut g
T 2
FromLemmas?2 and4, we halgthedesiredjpperbound,
LAG( ;tq;S) E_+x U+ T2 u k(1 uy).

Upper bound on D. To computea boundon the demand
of jobsthatcancompetewith T-; aftertq, D(DH;tq; S), we
rst nd thelatestreleasdime of suchajob.

Lemmab. If Ty;n 2 DH[ dH, thenry;,  dy + -+ .

Proof. Giventhatr; i ij () dyj + isassumed
to holdfor ary job T , if Ty;n 2 DH [ dH, thenfor some
timet, ryh K k:h (1) i (1) d‘;j + - holds.
Thisimpliesr,  dy + -+ «. O

Corollary 1. All jobsin DH[ dH arereleasedt or befole
tg+ ,whee = maxt,2 ( n)+ maxr,2 ( n).

Thefollowing lemmaboundsthe amountof work dueto
jobsin DH thatmaydelayT-; aftertq.

P
Ilsemma 6I D(DHr'ﬁd;S) Te2 o (& k) +
+
T2 nT Pr €.

Proof. Eachjob Ty., in DH is eithera carry-in job or is
releasedaftertqy. In the latter case,by Lemmab, Ty, is
releasedn theintenal (ta;ta + -+ ]. EachtaskTy may

have onecarry-injob in DH andupto % jobsin DH

releasedifterty. If Ty hasacarry-injob, thenTy isin 4

andthework duetoits carry-injob aftertq isatmoste, .
The work generatedy ary job of Ty in DH releasedafter
tq is atmostey. Fromthesefacts,thelemmafollows. (Note
thatT- is excludedfrom the secondsummatiorbecausét is
doesnothavejobsin DH.) O
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Figure 9. lllustration of Lemma 7.

Upper bound on W(dH [ DH;tq4;S). BecauseN (dH [
DH;tq4; S) LAG( ;tq;S) + D(DH;tg;S), from
Lemmas2, 4, and6 we have

W (dH[ DH;tg;S)

EL+x U+ (k @ uw)+(ex «)

Tk2
X .
+ * ok ex
Tk2 nT- pk
X .

EL+x U+ +1 e (10)

T2 nT: P

Necessarycondition for tardinessto exceedx + e-. We
now nd alower boundon the amountof competingwork
thatis necessaryor T-j to missits deadlineby morethan
X + e. The following lemma, which is proved in an
appendix, establisheghe desiredbound. Here, we give
aninformal explanation. The tardinessof T-; canexceed
x + e only if competingjobs executeduring the interval
[tg;tq+ X+ e) andtheremainingprocessingapacityis not
sufcient toaccommodatthework pendingfor T-;; andary
precedingobsof T-. Fig. 9 illustratesthe situationwherein
the tardinessof T-; barelyexceedsx + e . This happens
becausgobsin DH, releasedtty + (referto Corollary1l),
occupy all the processorgherebypostponinghe execution
of T-j . Thetime instantswhereprocessorsreallocatedto
jobsindH [ DH areshadedAs seenW (dH [ DH;tg;S)
mustexceed + m (x )+ e, whichisoutlinedin bold.

Lemma 7. If the tardinessof T-; exceedsx + e, whee
X ,thenW(dH[ DH;tq;S)> +m (x )+e:

Deriving a tardiness bound. By Lemma7, settingthe
upperboundonW (dH[ DH;tq4; S) asimpliedby (10)to be
atmost + e+ m (x ) will ensuraghatthetardinesf
T isatmostx + e . Theresultinginequalityis asfollows.

X g
E,L + x U+ +1 ex
T2 nT- Px
m(x )+et+t

Solving(11)for x, we have

EL+ A().
oo (11)
where
N X ok
AC)=(m 1) e+ +1 &

T2 nT: Pk

If x equalghegreateiof andtheright-handsideof (11)
(recall that x is required),then the tardinessof T-;
will notexceedx + e . A valuefor x thatis independentf
the parameter®f T- canbe obtainedby replacingA(*) by
maxt.2 (A()) inthenumeratoiof (11).

Theorem 2. With x as de ned above, the tardinessfor a
task Ty scheduledunderthe window-constainedalgorithm
A isat mostx + e.

Note that, for tardinessto be boundedunder A, the
denominatoin theright-handsideof (11) mustbe positive.
This conditionis satis edbecauséJ,. < m holdsby (9).

4.3. Extensions to the Analysis

In this section, we briey discuss several possible
extensiongo the analysisabove.

Tightening the bound for specic algorithms. The
bound in Theorem 2 can be improved for particular
algorithms, by exploiting the structureof the set of tasks
with carry-in jobs 4 and the way jobs are prioritized.
For example, for EDF, jobs with deadlinesafterty have
lower priority thanT-j . Thus,DH = ;, 4 = ;, and
D(DH;tg; S) = 0, whichmakesW (dH[ DH;tq4; S) in (10)
atmostE, + x U_. As aresult,tardinessunderEDF is at

EL mint,2 (en)

Allowing early releases. Our analysisappliesif jobs are
allowedto be“early-releasedT]1], i.e., to becomeavailable
for executionbeforetheir actualreleasdimes. The ideaof
earlyreleasings illustratedin Fig. 10, whichshonsanEDF
scheduldor thetasksetin Examplel in whichearlyreleases
areallowed. Notethatjob T1., beginsits executiononetime
unit earlierthanits actualreleaseime. Note alsothatjobs
T4.1 andT4.3 misstheir deadlinedy onetime unit.

Restricting the available processingcapacity. Several
authorshave establishedardinessboundsin scenariosin
which the full capacityof one or more processorss not
available for the soft real-timeworkload [2, 7, 9]. Such
capacity restrictionscan be more generallydealt with in
analyzingtardinesghroughthe useof servicefunctions|3].
Speci cally, thecapacitythatProcessok canprovideto the
tasksin in ary time interval of length > 0 canbe
characterizedy a servicefunction () = max(0; gy
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Figure 10. Early releasing under global EDF.

( k)), wheregy 2 (0;1] and 0. We require
k() arlm_d k to bespeci edfor eachk andfurtherrequire
Usum ’k":l ax. Notethat,if (unit-speedProcessok is

fully availableto thetasksin ,then () =

Example 9. Considerasystemwith two processorshatare
not fully availablefor soft real-timetasks. The availability
pattern,which repeatsevery eight time units, is shovn in
Fig. 11(a); intervals of unavailability are shavn as shaded
regions. For Processod, the minimum amountof service
thatis guaranteedo soft real-timetasksover ary interval
of length is zeroif 2, 2if 2 4,
andsoon. Fig. 11(b) shovs the minimum amountof time

() thatis available on Processorl for soft real-time
tasksover ary interval [t;t + ] . It alsoshaws a service
curve 1() = max(0;ay( )), wherea; = 2 and

= 2, whichbounds () frombelov. () canbe
usedto re ect the minimumserviceguarantedor softreal-
time taskson Processot.

Theorem2 can be generalizedas follows when service
functionsareusedin this way.

Theorem 3. If service functions are used as described
above thenthetardinessof anytaskTy underA is at most
X + e, whee

EL + max(A("))

=P :
X kep O max(H  1;,0) max(u) U’
‘ X X
AC) = e (1 o) DD+ o (+
k=1 k=1
X k
+ +1 e
Ty2 nT: P
+(m 1 max(H 21,0) u) ;

= maxkzp:mi( k), andH is the numberof processos
with () 6 , providedthedenominatoiofx is positive

The new bound differs from that statedin Theorem?2
in several ways. First, the total processingcapacityof the

P — ] —— -
P, - B O @
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O b,(D)=max(0,5/80-2)) D
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Figure 11. (a) Unavailable time instants and
(b) service functions for Processor 1 (denoted
P1) in Example 9.

stemin the denominatorof (11) is changedfrom m to

E“:l Uk, whichis thetotal guararﬁ;ee@rocessing:apacity
of the system. Second,theterm |, ax ( + ) in
A(") appearsbecauseone or more processoranight not
be available during an interval of length This results
in postponingpendingwork to the future anq:jncreasing
tardiness. The other terms, specically e ( E“:l (1
k) 1)in A() andthetwo expressionsnvolving H , arise
becausef thefactthatcapacityis not providedto thetasks
in at a steadyrate. (Due to spaceconstraints,it is not
possibleto give a morepreciseexplanationof theseterms.)
For example, in Fig. 11(b), no serviceis guaranteedor
intervals of lengthat mosttwo. Notethat, if all processors
arefully availabletothetasksin , thenforeachk, () =

,0 = 1, and ¢ = = H = 0. Thus, Theorem2
becomes specialcaseof Theorem3.

5. Experiments

As noted in Sec. 4.3, different algorithms to which
Theorem?2 appliesmay exhibit very differentbehaior in
termsof tardiness. To provide a senseof how signi cant
such differencescan be, we presenthere the results of
someexperimentsthat we conductedto compareobsened
tardinesaunderdifferentschedulingalgorithms.(The setup
in theseexperimentsis rather simple. We do not have
sufcient spaceto presentmore exhaustve experiments.)
In theseexperiments task setswere generatecht random.
Task periods and utilizations were taken from f5, 6, 8,
9, 10, 12, 15, 16, 18, 20, 24, 25, 27, 28, 30, 32, 36,
40g and (0; umax ], respectiely, where umax Vvaried over
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Figure 12. Maximum obser ved tardiness for
diff erent scheduling algorithms.

f0:1; 0:3; 0:5; 0:7; 0:99. For eachvalueof umax , 50tasksets
weregeneratedor afour-processosystem.Schedulesvere
thenproducedor thesaasksets(with job releasesccurring
in asynchronousperiodicmannerfor eachof EDF, FIFO,

LLF, andEDZL for 20,000time units. In producingthese
schedulessystemand schedulingoverheadswvere taken to

be negligible. For eachschedule the maximumobsened
tardinessvasrecorded.Fig. 12 shows the averageof these
valuesas a function of umayx . Note that tardinessunder
LLF andEDZL is smallerthanthat underFIFO and EDF

(mud smallerthanFIFO). While LLF may be impractical
in reality becausét preemptgobs frequently EDZL could
beaviableapproachor schedulingsoftreal-timeworkloads
whentardinesss allowed.

6 Conclusion

We have presentedh generaltardiness-bounderivation
that applies to a wide variety of global scheduling
algorithms. This result shows that, with the exception of
static-priorityalgorithms mostglobalalgorithmsof interest
in thereal-time-systemsommunityhave boundedardiness.
Whenconsideringnew algorithms,the questionof whether
tardinessis boundedcan be answeredin the af rmative
by simply shaving that the requiredprioritization can be
speci ed. Of course,a tardinessboundthatis tighter than
that given by our resultsmight be possiblethroughthe use
of reasoningspeci ¢ to a particularalgorithm. Indeed,it is
dif cult to obtainaverytight boundwhenassumingsolittle
concerninghenatureof the schedulingalgorithm.Our goal
in this paperwasnotto producethetightestboundpossible,
but ratherto producea boundthatcouldbewidely applied.

Several interestingavenuesfor further work exist. For
example, it would be interestingto determineif service
functionscould be usedto dealwith heterogeneousystems
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with processorsof different speeds. It would also be
interestingto investigatereacte techniqueghatcanlessen
tardinessfor certainjobs, as circumstancesvarrant. Such
techniquesnight exploit the factthatour framework allows

priority de nitions to be changedrather arbitrarily at
runtime.Finally, ourexperimentalesultssuggesthatactual
tardinesaunderEDZL is likely to be very low. It would be
interestingto improve our analysisasit appliesto EDZL in

orderto obtainatight tardinessound.
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Appendix: Proof of Lemma 7

The proof of Lemma? is basedon similar proofsfound
in [4, 7,10]. We proveit by proving the contrapositie: we
assuméhatW (dH [ DH;tq4;S) +m(x )+ e holds
andshaw that the tardinessof T-; cannotexceedx + e.
In thatwhich follows, theterms“busy” and“non-busy” are
assumedo be interpretedwith respecto the job setdH [
DH.

To begin, notethat, by Property(P), if T- releasegobs
beforeT-; , thenthejob T-; ;1 completesy timet®, where

t° tg pte+x tgtx (12)

Thus,if thelatestbusyinstantafterty is ator beforety + X,
thenT-; executesuninterruptiblyafterty + x (if it hasnot
completedby then)andcompletesby tq + X + e, i.e,, its
tardinesss atmostx + e-.

In the restof the proof, we assumehat the latestbusy
instantis afterty + x. Let B; denotethetotal lengthof all
busyintervalsin [tq + X; tg+ X+ e), asillustratedin Fig. 13.
Accordingto Corollary 1, all jobsin dH [ DH arereleased
ator beforety + . Thus,thenumberof taskswith pending
jobsin dH[ DH canonly decreaseafterty+ . If fewerthan
m processorarebusyatary instantt, 2 [tg + ; tq + X),
thenatmostm 1 taskswith jobsin dH[ DH have pending
work ator aftert,,. Thesetaskscanbeaccommodatedy at
mostm 1 processorandexecutewithout interruptionat
or aftert,. Becausel; isin dH (seeSec.4.2), by (12),
this implies thatit completesby timetq + X + e, i.e, its
tardinesss atmostx + e

In therestof the proof, we assumehefollowing.

(B) m processorarebusythroughoufty + ; tg + X).

Let B, denotethetotal lengthof all busyintervalsduring
[ta;tqg + ), andlet B denotethe total length of all busy
intervalsin [tq; tg + X + ), asillustratedin Fig. 13. Then,
from Property(B), it followsthat

B=B;+By+ (X ): (13)

Let W1 denotethe total lengthof all non-tusy intervals
in[tg + X;tqg + X + &), andlet W, denotethetotal length
of all non-lusyintenalsin [tq;tq + ). Then,we havethe
following.

Wi=e B; (14)

W; = B2 (15)

As notedabove, T; 2 dH. Also, ary earlierjobsof T-
that are pendingat ty arealsoin dH. Given this, we now
shawv thatthe assumptiorthatthe tardinessof T-; exceeds
X + e leadsto a contradiction. Assumingthis, the system
performswork on a leastonejob in dH (hamely a job of
T-) at every non-husy instantin [tg;tq + X + ). Thus,
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Figure 13. The structure of busy intervals in
Lemma 7.

by the de nition of B, the total work performedon jobsin
dH [ DH inthisintervalis atleastZ = W1 + W, + m B.
By (13)—(15),

Z= W;+W;+m B
= e B+ B+ m (x + Bi1+ By)
e+ +m (x )+ (m 1) Bg; (16)

whereB; = B;+ B, 0.

At thebeaginningof the proof, we assumedhatW (dH [
DH;tq4; S) +m (X ) + e. Fromthisand(16), it
follows thatthe amountof work pendingattq + e + x for
jobsindH[ DHisatmost +m (x )+e e m
(x ) (m 1) B3= (m 1) Bz 0. Fromthis,we
concludethatthe tardinessof T; doesnot exceedx + e,
which contradictourassumptiorio thecontraryabore. O



