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Abstract

We considertheissueof deadlinetardinessunderglobal
multiprocessorschedulingalgorithms.Wepresenta general
tardiness-boundderivation that is applicable to a wide
varietyof such algorithms(includingsomewhosetardiness
behaviorhasnot beenanalyzedbefore). Our derivationis
very general: job priorities maychange rather arbitrarily
at runtime, arbitrary non-preemptiveregions are allowed,
and capacityrestrictionsmay exist on certain processors.
Our resultsshowthat, with the exceptionof static-priority
algorithms,mostglobal algorithmsconsidered previously
haveboundedtardiness. In addition, our resultsprovide
a simplemeansfor checking whethertardinessis bounded
undernewly-developedalgorithms.

1 Intr oduction

Thereis growing interestin using multicore platforms,
which are becoming increasinglyubiquitous, in settings
wheresoft real-timeconstraintsarerequired.For example,
one envisioneduseof suchplatforms is as multi-purpose
home appliances, with one machine providing many
functions,including soft real-timeapplicationslike HDTV
streamingand interactive video games. In soft real-time
applications,deadlineconstraintsexist, but deadlinemisses
aresometimestolerable.

To supportsuch applicationson a multicore platform,
an appropriatemultiprocessorschedulingalgorithm must
be used. This paper is directed at issuesconcerning
such algorithms. Our speci�c focus is multiprocessor
algorithmsfor schedulingsoft real-timeworkloadsspeci�ed
assporadictasks(seeSec.2). In devising suchalgorithms,
two basic approachesexist: partitioning and global
scheduling.Underpartitioning,tasksarestaticallyassigned
to processors,and eachprocessorschedulesits assigned
tasksusing a uniprocessorschedulingalgorithm. Under
global scheduling,tasksare scheduledfrom a single run
queueand may migrateamongprocessors.For soft real-
timesystems,globalalgorithmshavetheadvantageof being
able to ensureboundeddeadlinetardiness,as long as the
available processingcapacity is not exceeded(something
we assumethroughoutthis paper). Boundedtardinessis
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a suf�cient property in many soft real-time applications
(providedtheboundsarenot too large). In particular, such
boundsensurethat the long-termprocessorshareof each
task is in accordancewith its speci�ed utilization. Due
to bin-packinglimitations, such shareguaranteesare not
possibleunderpartitioning approaches,unlessthe overall
systemutilization is restricted.Themainfocusof thispaper
is algorithmsthatarecapableof ensuringboundedtardiness
(without restrictionsonoverallutilization).

Moti vation and prior work. The �rst tardinessbounds
to be established for a global scheduling algorithm
pertainedto theearliest-pseudo-deadline-�rst(EPDF) Pfair
algorithm [5, 13]. This analysiswas later extendedto
establishtardinessboundsfor severalvariantsof theglobal
earliest-deadline-�rst(EDF) algorithm, whereinjobs with
earlier deadlineshave higher priority. These include
preemptive andnon-preemptive EDF [6] and two variants
that slightly alter EDF prioritizations and allow a small
numberof specialtasksto beguaranteedlower tardiness[7]
or causetemporaryoverloads[9]. (The lattervariantarises
in an approachfor schedulingmulti-speedmultiprocessor
systems.)Tardinessboundshave alsobeenestablishedfor
the global �rst-in �rst-out (FIFO) algorithm[10], wherein
jobs with earlier releasetimeshave higherpriority. Given
that tardinessis boundedundersuchdisparatealgorithms,
several questionscometo mind. Do other widely-studied
global algorithms have boundedtardiness? Is there a
singular characteristicof such algorithms that results in
boundedtardiness?Canthe classof algorithmsfor which
tardinessis boundedbegenerallycharacterized?

Contrib utions. In this paper, we presenta generalized
tardinessresult that answersthesequestions. This result
implies that thesingularcharacteristicneededfor tardiness
to beboundedis thata pendingjob's priority eventually(in
boundedtime) is higherthanthatof any future job. Global
algorithms that do not have this characteristic(and for
which tardinesscan be unbounded)include static-priority
algorithmssuchastherate-monotonic(RM) algorithm,and
“non-fair” dynamic-priorityalgorithmssuchastheearliest-
deadline-last (EDL) algorithm, wherein jobs with earlier
deadlineshave lower priority. Global algorithmsthat do
have this property include the EDF, FIFO, EDF-until-
zero-laxity(EDZL), andleast-laxity-�rst (LLF) algorithms.
(EDZL andLLF aredescribedlater.)

Weestablishageneralizedtardinessresultby considering
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a generic schedulingalgorithm where job priorities are
de�ned by pointsin time thatmayvary astime progresses.
All of thealgorithmsmentionedabovecanbeseenasspecial
casesof thisgenericalgorithmin whichprioritiesarefurther
constrained.Even thePD2 Pfair algorithm[1], which uses
a rathercomplex notion of priority, is a specialcase. The
mainresultof this paperis a derivationof a tardinessbound
that appliesif priorities are window-constrained: a job's
priority at any timemustcorrespondto a point in time lying
within a certaintime window that containsits releaseand
deadline. We also show that if this window constraintis
violated,thentardinesscanbeunbounded.It is possibleto
de�ne window-constrainedprioritizationsfor EDF, FIFO,
EDZL, LLF, EPDF, and PD2, so thesealgorithmshave
boundedtardiness.(For EDF, FIFO, EPDF, andPD2, this
waspreviously known.) For any otheralgorithmthat may
bedevisedin thefuture,our resultsenabletardinessbounds
to be establishedby simply showing that prioritizations
canbe expressedin a window-constrainedway (insteadof
laboriouslydevisinga new proof).

The notion of priority used in our generic algorithm
is very general. For example, it allows arbitrary non-
preemptive regions within a job to be speci�ed, as well
as combinationsof different prioritizations, e.g., using a
combinationof EDF andFIFO in thesamesystem.Priority
rulescaneven changedynamically(subjectto the window
constraint). For example, if a task hasmissedtoo many
deadlines,then its job priorities can be boostedfor some
time so that it receives specialtreatment. Or, if a single
job is in dangerof being tardy, then its prioritization may
bechangedsothatit completesexecutionnon-preemptively.
Tardinessalsoremainsboundedif early-releasebehavior is
allowed (seeSec.4.3) or if the capacityof eachprocessor
thatis availableto the(soft) real-timeworkloadis restricted.
In simplestterms,the main messageof this paperis that,
for global schedulingalgorithms,boundedtardinessis the
commoncase, rather than the exception(at least,ignoring
clearlyimpracticalalgorithmssuchasEDL). For thewidely-
studiedEDZL andLLF algorithms,and for several of the
variantsof existing algorithmsdiscussedabove, this paper
is the�rst to show thattardinessis bounded.

Therestof thispaperis organizedasfollows. In Secs.2–
3, we presentour task model and schedulingframework.
Then, in Sec.4, we presentthe tardinessproof that is the
mainresultof this paper. As discussedlater, tardinessmay
bedifferentunderdifferentschedulingalgorithms.In Sec.5,
we presentresults from experimentsconductedto assess
suchdifferences.We concludethepaperin Sec.6.

2. SystemModel

Weconsidertheproblemof schedulingonm processorsa
set� of n sporadictasks,T1; : : : ; Tn . Eachtaskis invokedor
releasedrepeatedly, with eachsuchinvocationcalleda job.

Associatedwith eachtaskTi aretwo parameters,ei andpi :
ei givesthemaximumexecutiontimeof onejob of Ti , while,
pi , calledtheperiodof Ti , givestheminimumtimebetween
consecutive job releasesof Ti . For simplicity, we assume
thateachjob of Ti hasanexecutiontime of exactly ei ; this
assumptioncanberemovedandei treatedasanupperbound
at theexpenseof additionalnotation. For brevity, we often
usethe notationTi = (ei ; pi ) to specify task parameters.
The utilization of taskTi is de�ned asui = ei =pi , andthe
utilization of thetasksystem� asUsum =

P
T i 2 � ui .

Thej th job of Ti , wherej � 1, is denotedTi;j . A task's
�rst job may be releasedat any time t � 0. The release
time of job Ti;j is denotedr i;j and its (absolute)deadline
di;j is de�ned asr i;j + pi . If Ti;j completesat time t, then
its tardinessis max(0; t � di;j ). A task's tardinessis the
maximumof thetardinessof any of its jobs.We assume

Usum � m: (1)

Otherwise,tardinessmaygrow unboundedly. Whena job of
a taskmissesits deadline,thereleasetimeof thenext job of
that taskis not altered.However, at mostonejob of a task
mayexecuteatany time,evenif deadlinesaremissed.

We assumethat releasedjobs are placedinto a single
global readyqueue.Whenchoosinga new job to schedule,
theschedulerselects(anddequeues)thereadyjob of highest
priority. As reiteratedin Def. 4 in Sec.4, a job is readyif it
hasbeenreleasedandits predecessor(if any) hascompleted
execution.Prioritiesaredeterminedasfollows.

De�nition 1. (prioritization functions) Associatedwith
eachreleasedjob Ti;j is a function of time � i;j (t), called
its prioritization function. If � i;j (t) < � k ;h (t), then the
priority of Ti;j is higherthanthepriority of Tk ;h at time t.

We assumethat,whencomparingpriorities,any tiesare
brokenarbitrarilybut consistently.

3. ExampleMappings

Wenow show how to describeseveralwell-knownsched-
uling policies in our framework, using the two-processor
taskset� = f T1 = (1; 3); T2 = (2; 3); T3 = (1; 4); T4 =
(3; 4)g asan example. In depictingexampleschedules,we
useup(down) arrowsto depictjob releases(deadlines).

Example 1. Fig. 1 shows a schedulefor � under the
preemptive EDF algorithm. In this case,since jobs are
prioritized by deadline,it suf�ces to de�ne � i;j (t) = di;j

for eachTi;j . In Fig. 1, the valueof � i;j (t) is shown for
eachjob Ti;j usinga blackcircle.

Example 2. Fig. 2 shows a schedulefor � under the
preemptive global RM algorithm. In this case,Ti;j should
have priority over Tk ;h if i < k (sincethe tasksin � are
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Figure 1. Example 1 (preemptive global EDF).
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Figure 2. Example 2 (preemptive global RM).
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Figure 3. Example 3 (global FIFO).

orderedby increasingperiods).Thus,we cansimply de�ne
� i;j (t) = i for eachjob Ti;j , asshown.

Example 3. Fig. 3 shows a schedulefor � undertheglobal
FIFO algorithm(which, by de�nition, schedulesjobs non-
preemptively). In this case,since jobs are prioritized by
releasetimes, it suf�ces to de�ne � i;j (t) = r i;j for each
job Ti;j , asshown.

Example 4. We now considera slightly morecomplicated
example, namely the preemptive LLF global scheduling
algorithm[11]. The laxity or slack of a job Ti;j at time t
is de�ned as

slacki;j (t) = di;j � t � (ei � � i;j (t)) ; (2)

where � i;j (t) is the amount of time for which Ti;j has
executedbeforet. If a job doesnot missits deadline,then
its slackis alwaysnon-negative; if it doesmissits deadline,
then its slack becomesnegative at sometime prior to its
deadline. According to LLF, Ti;j hashigherpriority than
Tk ;h at time t if slacki;j (t) < slackk ;h (t). To capturethis,

Table 1. � -values in Example 4.

Timet � 1;j (t ) � 2;j (t ) � 3;j (t ) � 4;j (t )
0 2 1 3 1
1 2 2 3 2
2 2 � 3 3
3 5 4 3 �
4 5 5 7 5
5 5 � 7 6
6 8 7 7 7
7 8 8 7 �
8 8 � 11 9
9 11 10 11 10
10 11 11 11 11
11 11 � 11 �
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Figure 4. Example 4 (global preemptive LLF).

wecansimplyde�ne � i;j (t) = di;j � (ei � � i;j (t)) for each
jobTi;j . Becausethisde�nition dependson� i;j (t), � i;j (t) is
notconstant,asin theprior examples,but is time-dependent.
Assumingthat it is updatedonly at integral points in time,
� i;j (t + 1) := � i;j (t) + 1, if Ti;j executesduringtheinterval
[t; t + 1), and� i;j (t + 1) := � i;j (t), otherwise.

Fig.4 showsanLLF schedulefor � wheretiesarebroken
in favor of jobs currently executing. Because� -values
changewith time, they are not shown in the schedule,as
earlier, but are depictedseparatelyin Table 1. The table
shows the valueof � i;j (t) for the earliestpendingjob Ti;j

of eachtaskTi where0 � t � 11.

Example5. Interestingly, thede�nition of � i;j (t) is �e xible
enoughto allow combinationsof schedulingpolicies to
be speci�ed. For example, we can prioritize the jobs of
T1; : : : ; T3 onanEDF basisandthoseof T4 onaFIFO basis
by de�ning � i;j (t) = di;j for 1 � i � 3, and� 4;j (t) = r4;j .
A schedulefor thishybridpolicy is shown in Fig. 5.

Example 6. The EDZL algorithm[12], which is a hybrid
of EDF and LLF, can be speci�ed as well. In this case,
� i;j (t) is set to di;j (as in EDF) when Ti;j is released,
and is resetto di;j � (ei � � i;j (t)) � di;j (as in LLF)
whenTi;j 's slackbecomeszero,where� i;j (t) is asde�ned
earlier. To our knowledge,EDZL hasnot beenconsidered
previously in systemswhere deadlinescan be missed.
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Figure 5. Example 5 (hybrid global scheduler).

However, if no deadlinesare missed,then our de�nition
yields priority comparisonsthat matchexactly how EDZL
hasbeenspeci�ed in prior work. It is possiblethat other
variants could be de�ned that prioritize jobs differently
whendeadlinesaremissed.

As noted earlier, the PD2 Pfair algorithm [1] can
also be modeled using our framework. PD2 uses a
rathercomplicatednotion of priority, andcorrespondingly,
requiresmore complex de�nitions than thoseusedabove.
Dueto spaceconstraints,thesede�nitions areomittedhere.

4. TardinessBound

In this section,we show that any schedulingalgorithm
(speci�ed accordingto Def. 1) has boundedtardinessif
its prioritization functions are “window-constrained,” as
de�ned below in Def. 5. This de�nition imposestwo
separateconstraintson � -values. We show that if either is
violated,thentardinessmaybecomeunbounded.

4.1. De�nitions

Thesystemstarttimeis assumedto bezero.For any time
t > 0, t � denotesthetime t � � in thelimit � ! 0+ .

De�nition 2. (active jobs) A taskTi is activeat time t if
thereexists a job Ti;j (calledTi 's activejob at t) suchthat
r i;j � t < di;j . By our taskmodel,every taskhasat most
oneactive job atany time.

De�nition 3. (pending jobs) Ti;j is pending at t in a
scheduleS if r i;j � t andTi;j hasnot completedexecution
by t in S.

De�nition 4. (ready jobs) A pendingjob Ti;j is readyat
t in a scheduleS if t � r i;j andall prior jobs of Ti have
completedexecutionby t in S.

De�nition 5. (window-constrained priorities) A
schedulingalgorithm's prioritization functionsarewindow-
constrained iff, for each task Ti , there exist constants
� i � 0 and i � 0 suchthat,for eachjob Ti;j of Ti ,

r i;j � � i � � i;j (t) � di;j +  i (3)

holdsateachtime t whereTi;j is pending.

Note that (3) requiresa job's � -values to lie within
a window that contains its releaseand deadline. This
window may extend beyond the releaseand deadlineby
constantamounts.It is easyto seethat,otherthanRM, all
of the algorithmsconsideredin Sec.3 have prioritization
functions that satisfy this requirement. In fact, for these
algorithms,evennon-preemptiveexecutioncanbeallowed.
(FIFO is non-preemptive,by de�nition.) Speci�cally, non-
preemptivity canbemodeledby setting� i;j (t) to ber i;j � C
wheneverthejob Ti;j entersanon-preemptiveregion,where
C is aconstantlargeenoughto ensurethatany unscheduled
or newly-releasedjob haslowerpriority.

In contrast,theprioritization functionsspeci�ed for RM
fail to be window-constrainedbecausethey violate the
required lower bound: as new jobs of each task Ti are
released,� i;j (t) < r i;j � � i will eventuallyhold for some
job Ti;j for any choiceof theconstant� i . It canbe shown
thatthetasksystemin Example2 hasunboundedtardiness.
In particular, if eachjob is releasedassoonaspossible,then
the processingcapacityavailableto T4 every 12 time units
is the sameas is depictedin Fig. 2. This capacityis less
thanthe amountof work generatedby T4 during the same
interval. As a result,moreandmorework shifts to future
intervals, causingtardinessfor T4 to grow unboundedly.
(The fact that tardinesscan be unboundedunderRM was
alsoestablishedby Devi [4].)

It is possibleto “�x” theprioritizationfunctionsfor RM
so that the requiredlower boundsareadheredto, but then
the upperboundswill be violated. For example,we could
simply de�ne � i;j (t) = i + t0, wheret0 is the time where
the most recentjob releaseoccurredat or beforet. This
de�nition simplyshiftsthe� -valuesde�ned earlierto future
pointsin time asnew jobsarereleased.However, we know
that tardinessfor T4 is unbounded,soeventually� 4;j (t) >
d4;j +  4 will hold for somependingjob T4;j of T4 for any
choiceof theconstant 4. We summarizethis discussionas
follows. (Recallthatany tasksetconsideredin this paperis
assumedto satisfy(1).)

Theorem 1. If either the lower or upper boundgiven in
(3) is eliminated,then there existsa schedulingalgorithm
that satis�estheremainingconditionfor which tardinessis
unboundedfor sometaskset.

Most of the rest of this paper is devoted to showing
that any schedulingalgorithmA with window-constrained
prioritization functions has bounded tardiness. Before
embarkingon theproof,a few morede�nitions arein order.

A tasksystemis concreteif the releasetimesof all jobs
are speci�ed, and non-concrete, otherwise. The tardiness
bound establishedfor A is derived by comparing the
allocationsto aconcretetasksystem� in anidealprocessor-
sharing(PS) scheduleto thosein a scheduleproducedby
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Figure 6. PS schedule for � in Example 1.

A . In a PSschedule, eachjob of a taskTi is executedat a
constantrateof ui = ei

pi
betweenits releaseanddeadline.

Fig.6 depictsanexample.Notethat,in aPS schedule,each
job completesexactly at its deadline.Thus,if a job misses
its deadline,thenit is “lagging behind”thePS schedule—
this conceptof “lag” is instrumentalin the analysisand is
formalizedbelow.

Let A(Ti;j ; t1; t2; S) denotethe total allocation to the
job Ti;j in an arbitrary scheduleS in [t1; t2). Then, the
differencebetweenthe allocationsto a job Ti;j up to time
t in a PS scheduleandanarbitraryscheduleS, termedthe
lag of job Ti;j at timet in scheduleS, is givenby

lag(Ti;j ; t; S) = A(Ti;j ; 0; t; PS) � A(Ti;j ; 0; t; S): (4)

Tasklagscanbesimilarly de�ned:

lag(Ti ; t; S) =
X

j � 1

A(Ti;j ; 0; t; PS) � A(Ti;j ; 0; t; S): (5)

Finally, thelag for a �nite job set	 at timet in theschedule
S is de�ned by

LAG(	 ; t; S)

=
X

T i;j 2 	

lag(Ti;j ; t; S)

=
X

T i;j 2 	

(A(Ti;j ; 0; t; PS) � A(Ti;j ; 0; t; S)) : (6)

SinceLAG(	 ; 0; S) = 0, thefollowing holdsfor t0 � t .

LAG(	 ; t; S)

= LAG(	 ; t0; S)

+ A(	 ; t0; t; PS) � A(	 ; t0; t; S) (7)

The conceptof lag is importantbecause,if lagsremain
bounded,thentardinessis boundedaswell.

De�nition 6. (busy/non-busy intervals) A time interval
[t1; t2) is busyfor a job set 	 if, at eachtime t 2 [t1; t2),
all processorsexecutejobs from 	 , andis non-busyfor 	
otherwise.An interval [t1; t2) is maximallynon-busyfor 	
if it is non-busy for 	 at every instantwithin it andeither
t1 = 0 or t �

1 is abusyinstantfor 	 .

Whenusingtheaboveterminology, wewill omit “for 	 ”
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Figure 7. A schedule for � in Example 7.

if the job setunderconsiderationis clear. Accordingto the
lemmabelow, thelag for a job set	 cannotincreaseacross
a busyinterval for 	 . This factwasprovedin [6]. Its proof
reliesonly on the fact that the interval in questionis non-
busy, andnotonhow jobsarescheduled,soit appliesin our
context aswell.

Lemma 1. For any interval [t1; t2) that is busy for 	 ,
LAG(	 ; t2; S) � LAG(	 ; t1; S).

We are interestedin non-busy intervals (for a job set)
becausetotal lag (for thatjob set)canincreaseunboundedly
only acrosssuch(non-busy) intervals. Suchincreasescan
leadto deadlinemisses.The following exampleillustrates
how lagcanchangeacrossbusyandnon-busyintervals.

Example 7. Considera two-processorsystemuponwhich
a taskset� = f T1 = (1; 2); T2 = (2; 6); T3 = (2; 8); T4 =
(11; 12)g is to be scheduled,where the �rst jobs of T1,
T2, T3, and T4 are releasedat times 2, 1, 0, and 0
respectively. AssumethatA is theFIFO algorithm,i.e., jobs
areprioritized using� i;j (t) = r i;j . Considerthe schedule
for � in Fig. 7. UnderA , T1;1 missesits deadlineat time
4 by onetime unit becauseit cannotpreemptT2;1 andT4;1,
whichhaveearlierreleasetimesandlaterdeadlines.

Let 	 = f T1;1; : : : ; T1;5; T2;1; T3;1; T4;1g be the setof
jobs with deadlinesat most 12. The interval [4; 7) in
Fig. 7 is a busy interval for 	 . By (7), LAG(	 ; 7; S) =
LAG(	 ; 4; S) + A(	 ; 4; 7; PS) � A(	 ; 4; 7; S), where S
is the scheduleunderA . The allocationof 	 in the PS
scheduleduringtheinterval [4; 7) is A(	 ; 4; 7; PS) = 3=2+
6=6+ 6=8+ 33=12= 6. Theallocationof 	 in S throughout
[4; 7) is also6. Thus,LAG(	 ; 7; S) = LAG(	 ; 4; S).

Now let 	 = f T1;1g be the set of jobs with deadlines
at most 4. Becausethe jobs T2;1 and T4;1, which have
deadlinesafter time 4, executewithin the interval [2; 4)
in Fig. 7, this interval is non-busy for 	 in S. By (6),
LAG(	 ; 4; S) = A(	 ; 0; 4; PS) � A(	 ; 0; 4; S). The
allocationof 	 in the PS schedulethroughoutthe interval
[0; 4) is A(	 ; 0; 4; PS) = 2 � 1=2 = 1. Theallocationof 	
in S is A(	 ; 0; 4; S) = 0. Thus,LAG(	 ; 4; S) = 1 � 0 = 1.
Fig. 7 shows that at time 4, T1;1 from 	 is pending. This
job hasunit executioncost,which is equalto theamountof
pendingwork givenby LAG(	 ; 4; S).
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4.2 Tardiness Bound for A

Givenanarbitrarynon-concretetasksystem� N , wewant
todeterminethemaximumtardinessof any job of any taskin
any concreteinstantiationof � N scheduledonm processors.

The approachfor doing this is basedon techniques
from [6, 7]. Let � bea concreteinstantiationof � N . Let

� = maxTh 2 � (� h ) + maxTh 2 � ( h ): (8)

Let T`;j bea job of a taskT` in � , let td = d`;j , andlet S be
a schedule,producedfor � by the schedulingalgorithmA.
We assumethatthescheduleS hasthefollowing property.

(P) The tardinessof every job of every taskTk in � with
deadlinelessthantd is at mostx + ek , wherex � � .

Our goal is to determinethe smallestx � � suchthat the
tardinessof T`;j remainsatmostx + e` . Sucharesultwould
by inductionimply a tardinessof atmostx + ek for all jobs
of every taskTk 2 � . Because� is arbitrary, the tardiness
boundwill hold for everyconcreteinstantiationof � N .

The objective is easily met if T`;j completesby its
deadline,td, soassumeotherwise.Thecompletiontime of
T`;j thendependson theamountof work that cancompete
with T`;j after td. Hence,a valuefor x canbe determined
via thefollowing steps.

1. Computeanupperboundon pendingwork for tasksin
� (includingT`;j ) thatcancompetewith T`;j aftertd.

2. Determinethe amountof suchwork necessaryfor the
tardinessof T`;j to exceedx + e` .

3. Determinethesmallestx � � suchthatthetardinessof
T`;j is at mostx + e` usingtheupperboundin Step1
andthenecessaryconditionin Step2.

To reason about the tardiness of T`;j we need to
determinehow other jobs delay its execution. We classify
suchjobs basedon the relationbetweentheir prioritization
functionsanddeadlinesandthoseof T`;j , asfollows.

dH = f Ti;k :: 9a : � i;k (a) � � `;j (a) ^ (di;k � td)g

dL = f Ti;k :: 8a : � i;k (a) > � `;j (a) ^ (di;k � td)g

DH = f Ti;k :: 9a : � i;k (a) � � `;j (a) ^ i 6= `

^ (di;k > td)g

DL = f Ti;k :: 8a : � i;k (a) > � `;j (a) ^ (di;k > td)g

In thisnotation,d andD denote,respectively, deadlinesat
mostandgreaterthantd. Also,H denotesthatTi;k 'spriority
is higheror equalto that of T`;j andL denotesthat Ti;k 's
priority is lower thanthatof T`;j . NotethatT`;j 2 dH.

Example 8. Considerthetaskset� = f T1 = (1; 2); T2 =
(4; 7); T3 = (8; 9)g and the PS schedulefor it in Fig. 8.
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Figure 8. Job set par titioning.

JobsT1;1 and T2;1 are releasedat time 1, and job T3;1 is
releasedat time 0. Considerthe job T`;j = T2;1, which has
a deadlineat time 8. As in Example7, assumethat A is
theFIFO algorithm,i.e., jobsareprioritizedusing� i;j (t) =
r i;j . With respectto T2;1, thefour setsmentionedaboveare
dH = f T1;1; T2;1g, dL = f T1;2; T1;3g, DH = f T3;1g, and
DL = f T1;4; T1;5; T2;2; T3;2g. (DL would alsoincludeany
jobsreleasedaftertime11.)

The set of jobs with deadlinesat most td is further
referredto as	 = dH [ dL. We areinterestedin this set
of jobs becausethesejobs do not executebeyond td in the
PS schedule. Becausethe jobs in dH [ DH might have
the priority at leastthat of T`;j (at sometime instant),the
executionof T`;j might be postponed(in the worst case)
until thereareat mostm readyjobsin 	 includingT`;j .

Determining an upper bound on competing work.
Becausejobs in dH [ DH can have priority at least that
of T`;j , the competingwork for T`;j beyond td, W (dH [
DH; td; S), is boundedfrom above by the sum of (i) the
amountof work pendingat td for jobs in dH, and(ii) the
amountof work D(DH; td; S) demandedby jobsin DH that
cancompetewith T`;j aftertd.

For thependingwork mentionedin (i), becausejobsfrom
	 have deadlinesat mosttd, they do not executein thePS
schedulebeyond td. Thus, the work pendingfor jobs in
dH is givenby LAG(dH; td; S), which mustbe positive in
order for T`;j to miss its deadlineat td. We �nd it more
convenient to reasonabout LAG(	 ; td; S) instead. Note
thatLAG(dL; td; S) is non-negativebecausethe jobs in dL
cannotperformmorework by time td in S thanthey have
performedin the PS schedule.Hence,LAG(dH; td; S) �
LAG(	 ; td; S), which implies that W (dH [ DH; td; S) �
LAG(	 ; td; S) + D(DH; td; S). Thus,an upperboundon
W (dH [ DH; td; S) canbeobtainedby determiningbounds
for LAG(	 ; td; S) andD(DH; td; S) individually.

Upper bound on LAG(	 ; td; S). In deriving this bound,
we assumethat all busy andnon-busy intervals considered
arewith respectto 	 and the scheduleS producedby the
schedulingalgorithmA unlessstatedotherwise.
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To begin, notethat,by Lemma1, if nonon-busyinterval
exists in [0; td), thenLAG(	 ; td; S) � LAG(	 ; 0; S) = 0.
In thatwhich follows,weconsiderthemoreinterestingcase
whereinsomenon-busyinterval existsin [0; td). An interval
couldbenon-busyfor two reasons:

1. Thereare not enoughready jobs in 	 to occupy all
availableprocessors,so it is immaterialwhetherjobs
from DH or DL executeduring the interval. We call
suchaninterval non-busynon-displacing.

2. Therearereadyjobsin 	 thatcannotexecutebecause,
within certainsub-intervals,jobsin DH occupy oneor
moreprocessorsbecausethey havehigherpriority. We
call suchaninterval non-busydisplacing.

Let the carry-in job Tk ;j of a taskTk be de�ned asthe
job, if any, for which r k ;j � td < dk ;j holds. At mostone
suchjob couldexist for eachtaskTk . Only suchjobs may
preventtheexecutionof jobsin 	 beforetime td andhence
increasetheLAGfor 	 .

De�nition 7. Let � H be the setof tasksthat have carry-in
jobsin DH.

De�nition 8. Let � k betheamountof work performedby a
carry-injob Tk ;j in thescheduleS by time td.

In muchof therestof theanalysis,we focusona time tn

de�ned asfollows: if thereexistsanon-busynon-displacing
interval before td, then tn is the end of the latest such
interval; otherwise,tn = 0.

Lemmas2 and 3, given next, were proved in [7, 10]
and[8], respectively. Theseproofsrelyonly onProperty(P),
andfor Lemma2, thede�nition of tn . In particular, theexact
way in which jobsarescheduleddoesnot arise.Thus,both
apply in our context. Intuitively, Lemma2 holdsbecause
whencarry-injobsexecuteprior to td, they deprive thejobs
in 	 of processortime. If a carry-in job executesprior
to td in the actual scheduleS for � i time, then while it
is executing,it receivesan allocationof ui � � i in the PS
schedule.This meansits lag changesby ui � � i � � i , which
is a decrease.Suchdecreasestranslateinto a corresponding
increasedlag for thejobsin 	 . Lemma3 holdsbecause,by
Property(P),eachjob with a deadlineprior to td is tardyby
at mostx + ek time units. From this, it canbe shown that
the allocationdifferencefor any task in comparisonto the
PS scheduleat any point in [0; td] is at mostuk � x + ek .

Lemma 2. LAG(	 ; td; S) � LAG(	 ; tn ; S) +P
Tk 2 � H

� k (1 � uk ).

Lemma 3. lag(Tk ; t; S) � x � uk + ek for anytaskTk and
t 2 [0; td].

Lemma4. LetU(� ; y) (E (� ; y)) bethesetofat mosty tasks
from� of highestutilization (executioncost), andlet

EL =
X

T i 2 E ( � ;m � 1)

ei and UL =
X

T i 2 U ( � ;m � 1)

ui : (9)

Then,LAG(	 ; tn ; S) � EL + x � UL .

Proof. If tn = 0, thenLAG(	 ; tn ; S) = 0 andthe lemma
holdstrivially, so assumethat tn > 0. Considerthe setof
tasks� = f Ti : 9Ti;j 2 	 suchthatTi;j is pendingat t �

n g.
Becausethe instantt �

n is non-busy non-displacing,j� j �
m � 1. If a task has no pending jobs at t �

n , then
lag(Ti ; tn ; S) � 0. Thus,by (6) andLemma3, we have

LAG(	 ; tn ; S)

=
X

Ti : Ti;j 2 	
lag(Ti ; tn ; S) �

X

Ti 2 �
lag(Ti ; tn ; S)

�
X

Ti 2 �
x � ui + ei � EL + x � UL :

FromLemmas2 and4, wehavethedesiredupperbound,
LAG(	 ; td; S) � EL + x � UL +

P
Tk 2 � H

� k (1 � uk ).

Upper bound on D. To computea boundon thedemand
of jobsthatcancompetewith T`;j aftertd, D(DH; td; S), we
�rst �nd thelatestreleasetime of sucha job.

Lemma 5. If Tk ;h 2 DH [ dH, thenr k ;h � d`;j +  ` + � k .

Proof. Giventhatr i;j � � i � � i;j (t) � di;j +  i is assumed
to hold for any job Ti;j , if Tk ;h 2 DH [ dH, thenfor some
time t, r k ;h � � k � � k ;h (t) � � i;j (t) � d`;j +  ` holds.
This impliesr k ;h � d`;j +  ` + � k .

Corollary 1. All jobsin DH [ dH are releasedat or before
td + � , where � = maxTh 2 � ( h ) + maxTh 2 � (� h ).

Thefollowing lemmaboundstheamountof work dueto
jobsin DH thatmaydelayT`;j aftertd.

Lemma 6. D(DH; td; S) �
P

Tk 2 � H
(ek � � k ) +

P
Tk 2 � nT`

�l
 ` + � k

pk

m�
� ek .

Proof. Eachjob Tk ;h in DH is either a carry-in job or is
releasedafter td. In the latter case,by Lemma5, Tk ;h is
releasedin theinterval (td; td +  ` + � k ]. EachtaskTk may

haveonecarry-injob in DH andup to
l

 ` + � k
pk

m
jobsin DH

releasedafter td. If Tk hasa carry-in job, thenTk is in � H

andtheworkdueto its carry-injob aftertd is atmostek � � k .
The work generatedby any job of Tk in DH releasedafter
td is atmostek . Fromthesefacts,thelemmafollows. (Note
thatT` is excludedfrom thesecondsummationbecauseit is
doesnothave jobsin DH.)
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Figure 9. Illustration of Lemma 7.

Upper bound on W (dH [ DH; td; S). BecauseW (dH [
DH; td; S) � LAG(	 ; td; S) + D(DH; td; S), from
Lemmas2, 4, and6 we have

W (dH [ DH; td; S)

� EL + x � UL +
X

Tk 2 � H

(� k � (1 � uk ) + (ek � � k ))

+
X

Tk 2 � nT`

��
 ` + � k

pk

� �
� ek

� EL + x � UL +
X

Tk 2 � nT`

��
 ` + � k

pk

�
+ 1

�
� ek : (10)

Necessarycondition for tardiness to exceedx + e` . We
now �nd a lower boundon the amountof competingwork
that is necessaryfor T`;j to missits deadlineby morethan
x + è . The following lemma, which is proved in an
appendix,establishesthe desiredbound. Here, we give
an informal explanation. The tardinessof T`;j canexceed
x + è only if competingjobs executeduring the interval
[td; td + x + è ) andtheremainingprocessingcapacityis not
suf�cient to accommodatethework pendingfor T`;j andany
precedingjobsof T` . Fig. 9 illustratesthesituationwherein
the tardinessof T`;j barelyexceedsx + e` . This happens
becausejobsin DH, releasedat td + � (referto Corollary1),
occupy all theprocessors,therebypostponingtheexecution
of T`;j . Thetime instantswhereprocessorsareallocatedto
jobsin dH [ DH areshaded.As seen,W (dH [ DH; td; S)
mustexceed� + m � (x � � ) + e` , which is outlinedin bold.

Lemma 7. If the tardinessof T`;j exceedsx + e` , where
x � � , thenW (dH [ DH; td; S) > � + m � (x � � ) + e` :

Deriving a tardiness bound. By Lemma 7, setting the
upperboundonW (dH [ DH; td; S) asimpliedby (10)to be
atmost� + e` + m � (x � � ) will ensurethatthetardinessof
T`;j is atmostx + e` . Theresultinginequalityis asfollows.

EL + x � UL +
X

Tk 2 � nT`

��
 ` + � k

pk

�
+ 1

�
� ek

� m � (x � � ) + e` + �

Solving(11) for x, we have

x �
EL + A(`)

m � UL
; (11)

where

A(`) = (m � 1) � � � e` +
X

Tk 2 � nT`

��
 ` + � k

pk

�
+ 1

�
� ek :

If x equalsthegreaterof � andtheright-handsideof (11)
(recall that x � � is required),then the tardinessof T`;j

will not exceedx + e` . A valuefor x thatis independentof
theparametersof T` canbe obtainedby replacingA(`) by
maxT` 2 � (A(`)) in thenumeratorof (11).

Theorem 2. With x as de�ned above, the tardinessfor a
taskTk scheduledunderthewindow-constrainedalgorithm
A is at mostx + ek .

Note that, for tardinessto be boundedunder A , the
denominatorin theright-handsideof (11) mustbepositive.
Thisconditionis satis�edbecauseUL < m holdsby (9).

4.3. Extensions to the Analysis

In this section, we brie�y discuss several possible
extensionsto theanalysisabove.

Tightening the bound for speci�c algorithms. The
bound in Theorem 2 can be improved for particular
algorithms,by exploiting the structureof the set of tasks
with carry-in jobs � H and the way jobs are prioritized.
For example, for EDF, jobs with deadlinesafter td have
lower priority than T`;j . Thus, DH = ; , � H = ; , and
D(DH; td; S) = 0, whichmakesW (dH [ DH; td; S) in (10)
at mostEL + x � UL . As a result,tardinessunderEDF is at
most

E L � min T h 2 � (eh )
m � UL

+ ek .

Allowing early releases. Our analysisappliesif jobs are
allowedto be“early-released”[1], i.e., to becomeavailable
for executionbeforetheir actualreleasetimes. The ideaof
earlyreleasingis illustratedin Fig.10,whichshowsanEDF
schedulefor thetasksetin Example1 in whichearlyreleases
areallowed.Notethatjob T1;2 beginsits executiononetime
unit earlierthanits actualreleasetime. Notealsothat jobs
T4;1 andT4;3 misstheir deadlinesby onetimeunit.

Restricting the available processingcapacity. Several
authorshave establishedtardinessboundsin scenariosin
which the full capacityof one or more processorsis not
available for the soft real-timeworkload [2, 7, 9]. Such
capacityrestrictionscan be more generallydealt with in
analyzingtardinessthroughtheuseof servicefunctions[3].
Speci�cally, thecapacitythatProcessork canprovideto the
tasksin � in any time interval of length � > 0 can be
characterizedby a servicefunction � k (�) = max(0; cuk �
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Figure 10. Early releasing under global EDF.

(� � � k )) , wherecuk 2 (0; 1] and � k � 0. We require
� k (�) and� k to bespeci�ed for eachk andfurtherrequire
Usum �

P m
k=1 cuk . Notethat,if (unit-speed)Processork is

fully availableto thetasksin � , then� k (�) = � .

Example9. Considerasystemwith two processorsthatare
not fully availablefor soft real-timetasks.The availability
pattern,which repeatsevery eight time units, is shown in
Fig. 11(a); intervals of unavailability areshown asshaded
regions. For Processor1, the minimum amountof service
that is guaranteedto soft real-timetasksover any interval
of length � is zero if � � 2, � � 2 if 2 � � � 4,
andso on. Fig. 11(b) shows the minimum amountof time
� � (�) that is available on Processor1 for soft real-time
tasksover any interval [t; t + �] . It also shows a service
curve � 1(�) = max(0; cu1(� � � )) , wherecu1 = 5

8 and
� = 2, which bounds� � (�) from below. � 1(�) can be
usedto re�ect theminimumserviceguaranteefor soft real-
time tasksonProcessor1.

Theorem2 canbe generalizedas follows whenservice
functionsareusedin thisway.

Theorem 3. If service functions are used as described
above, thenthetardinessof any taskTk underA is at most
x + ek , where

x =
EL + max(A(`))

P m
k=1 cuk � max(H � 1; 0) � max(u` ) � UL

;

A(`) = e` � (
mX

k=1

(1 � cuk ) � 1) +
mX

k=1

cuk � (� + � k )

+
X

Tk 2 � nT`

� �
 ` + � k

pk

�
+ 1

�
� ek

+( m � 1 � max(H � 1; 0) � u` ) � �;

� = maxk2 [1::m ](� k ), and H is the numberof processors
with � k (�) 6= � , providedthedenominatorof x is positive.

The new bounddiffers from that statedin Theorem2
in several ways. First, the total processingcapacityof the

t
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Db (D)= D1 max(0,5/8( -2))
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Figure 11. (a) Unavailab le time instants and
(b) service functions for Processor 1 (denoted
P1) in Example 9.

systemin the denominatorof (11) is changedfrom m toP m
k=1 cuk , which is thetotal guaranteedprocessingcapacity

of the system. Second,the term
P m

k=1 cuk � (� + � k ) in
A(`) appearsbecauseone or more processorsmight not
be available during an interval of length � . This results
in postponingpendingwork to the future and increasing
tardiness. The other terms, speci�cally e` � (

P m
k=1 (1 �

cuk ) � 1) in A(`) andthetwo expressionsinvolving H , arise
becauseof thefactthatcapacityis not providedto thetasks
in � at a steadyrate. (Due to spaceconstraints,it is not
possibleto give a morepreciseexplanationof theseterms.)
For example, in Fig. 11(b), no serviceis guaranteedfor
intervalsof lengthat mosttwo. Note that, if all processors
arefully availableto thetasksin � , thenfor eachk, � k (�) =
� , cuk = 1, and � k = � = H = 0. Thus, Theorem2
becomesa specialcaseof Theorem3.

5. Experiments

As noted in Sec. 4.3, different algorithms to which
Theorem2 appliesmay exhibit very differentbehavior in
termsof tardiness. To provide a senseof how signi�cant
such differencescan be, we presenthere the results of
someexperimentsthat we conductedto compareobserved
tardinessunderdifferentschedulingalgorithms.(Thesetup
in theseexperimentsis rather simple. We do not have
suf�cient spaceto presentmore exhaustive experiments.)
In theseexperiments,task setswere generatedat random.
Task periodsand utilizations were taken from f 5, 6, 8,
9, 10, 12, 15, 16, 18, 20, 24, 25, 27, 28, 30, 32, 36,
40g and (0; umax ], respectively, where umax varied over
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f 0:1; 0:3; 0:5; 0:7; 0:9g. For eachvalueof umax , 50tasksets
weregeneratedfor a four-processorsystem.Scheduleswere
thenproducedfor thesetasksets(with job releasesoccurring
in a synchronous,periodicmanner)for eachof EDF, FIFO,
LLF, andEDZL for 20,000time units. In producingthese
schedules,systemandschedulingoverheadsweretaken to
be negligible. For eachschedule,the maximumobserved
tardinesswasrecorded.Fig. 12 shows theaverageof these
valuesas a function of umax . Note that tardinessunder
LLF andEDZL is smallerthanthat underFIFO andEDF
(much smallerthanFIFO). While LLF may be impractical
in reality becauseit preemptsjobs frequently, EDZL could
beaviableapproachfor schedulingsoftreal-timeworkloads
whentardinessis allowed.

6 Conclusion

We have presenteda generaltardiness-boundderivation
that applies to a wide variety of global scheduling
algorithms. This result shows that, with the exceptionof
static-priorityalgorithms,mostglobalalgorithmsof interest
in thereal-time-systemscommunityhaveboundedtardiness.
Whenconsideringnew algorithms,thequestionof whether
tardinessis boundedcan be answeredin the af�rmati ve
by simply showing that the requiredprioritization can be
speci�ed. Of course,a tardinessboundthat is tighter than
thatgivenby our resultsmight be possiblethroughtheuse
of reasoningspeci�c to a particularalgorithm. Indeed,it is
dif�cult to obtainavery tight boundwhenassumingsolittle
concerningthenatureof theschedulingalgorithm.Ourgoal
in thispaperwasnot to producethetightestboundpossible,
but ratherto produceaboundthatcouldbewidely applied.

Several interestingavenuesfor further work exist. For
example, it would be interestingto determineif service
functionscouldbeusedto dealwith heterogeneoussystems

with processorsof different speeds. It would also be
interestingto investigatereactive techniquesthatcanlessen
tardinessfor certainjobs, ascircumstanceswarrant. Such
techniquesmight exploit thefactthatour framework allows
priority de�nitions to be changed rather arbitrarily at
runtime.Finally, ourexperimentalresultssuggestthatactual
tardinessunderEDZL is likely to bevery low. It would be
interestingto improveour analysisasit appliesto EDZL in
orderto obtaina tight tardinessbound.
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Appendix: Proof of Lemma 7

Theproof of Lemma7 is basedon similar proofsfound
in [4, 7, 10]. We prove it by proving thecontrapositive: we
assumethatW (dH [ DH; td; S) � � + m(x � � ) + e` holds
andshow that the tardinessof T`;j cannotexceedx + e` .
In thatwhich follows, theterms“busy” and“non-busy” are
assumedto be interpretedwith respectto the job setdH [
DH.

To begin, notethat, by Property(P), if T` releasesjobs
beforeT`;j , thenthejob T`;j � 1 completesby time t0, where

t0 � td � p` + è + x � td + x: (12)

Thus,if thelatestbusyinstantaftertd is ator beforetd + x,
thenT`;j executesuninterruptiblyafter td + x (if it hasnot
completedby then)andcompletesby td + x + è , i.e., its
tardinessis atmostx + e` .

In the restof the proof, we assumethat the latestbusy
instantis after td + x. Let B1 denotethetotal lengthof all
busyintervalsin [td + x; td + x+ è ), asillustratedin Fig.13.
Accordingto Corollary1, all jobsin dH [ DH arereleased
at or beforetd + � . Thus,thenumberof taskswith pending
jobsin dH [ DH canonly decreaseaftertd + � . If fewerthan
m processorsarebusyat any instanttn 2 [td + �; td + x),
thenatmostm � 1 taskswith jobsin dH [ DH havepending
work at or aftertn . Thesetaskscanbeaccommodatedby at
mostm � 1 processorsandexecutewithout interruptionat
or after tn . BecauseT`;j is in dH (seeSec.4.2), by (12),
this implies that it completesby time td + x + è , i.e., its
tardinessis atmostx + e` .

In therestof theproof,we assumethefollowing.

(B) m processorsarebusythroughout[td + �; td + x).

Let B2 denotethetotal lengthof all busyintervalsduring
[td; td + � ), and let B denotethe total length of all busy
intervalsin [td; td + x + è ), asillustratedin Fig. 13. Then,
from Property(B), it followsthat

B = B1 + B2 + (x � � ): (13)

Let W1 denotethe total lengthof all non-busy intervals
in [td + x; td + x + è ), andlet W2 denotethetotal length
of all non-busyintervals in [td; td + � ). Then,we have the
following.

W1 = è � B1 (14)

W2 = � � B2 (15)

As notedabove,T`;j 2 dH. Also, any earlierjobsof T`

that arependingat td arealso in dH. Given this, we now
show that theassumptionthat the tardinessof T`;j exceeds
x + è leadsto a contradiction.Assumingthis, thesystem
performswork on a leastone job in dH (namely, a job of
T` ) at every non-busy instant in [td; td + x + è ). Thus,

B1
B2

B

td t +d r t +xd t +x+ed l

jobs inDHjobs indH

m

Figure 13. The structure of busy inter vals in
Lemma 7.

by thede�nition of B , the total work performedon jobs in
dH [ DH in this interval is at leastZ = W1 + W2 + m � B .
By (13)–(15),

Z = W1 + W2 + m � B

= è � B1 + � � B2 + m � (x � � + B1 + B2)

= è + � + m � (x � � ) + (m � 1) � B3; (16)

whereB3 = B1 + B2 � 0.
At thebeginningof theproof,we assumedthatW (dH [

DH; td; S) � � + m � (x � � ) + e` . Fromthis and(16), it
follows thattheamountof work pendingat td + è + x for
jobsin dH [ DH is atmost� + m � (x � � ) + e` � è � � � m �
(x � � ) � (m � 1) � B3 = � (m � 1) � B3 � 0. Fromthis,we
concludethat the tardinessof T`;j doesnot exceedx + e` ,
whichcontradictsourassumptionto thecontraryabove.
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