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Abstract—We presentan ef cient algorithm for complete mo-
tion planning that combines approximate cell decomposition
(ACD) with probabilistic roadmaps (PRM). Our approach
usesACD to subdivide the con guration spaceinto cells and
computes localized roadmaps by generating samples within

these cells. We augment the connectvity graph for adjacent
cellsin ACD with pseudo-free edgesthat are computed based
on localizedroadmaps.Theseroadmapsare usedto capture the
connectiity of free spaceand guide the adaptive subdivision
algorithm. At the sametime, we usecell decompositionto check
for path non-existenceand generate samplesin narrow pas-
sagesOverall, our hybrid algorithm combinesthe ef ciency of
PRM methodswith the completenesof ACD-basedalgorithms.

We have implemented our algorithm on 3-DOF and 4-DOF
robots. We demonstrateits performance on planning scenarios
with narrow passage®r no collision-freepaths. In practice, we
obsewe up to 10 times improvementin performance over prior

complete motion planning algorithms.

|. INTRODUCTION

Motion planningis a well-studiedproblemin roboticsand
related areas. In this paper we addressthe problem of
complete motion planning of rigid or articulated robots
among static obstacles A completemotion plannereither
computesa collision-freepath from the initial con guration
to the goal con guration or concludesthat no such path
exists.

Marny approachesave beendevelopedfor motion planning

among static obstacles.An important conceptfor motion

planning is the con guration space,namely C, where the

robotis representedsa point, andthe obstaclesn the scene
are mappedto con guration spaceobstacler C-obstacles,
O. The problemof nding a collision-free path for a robot

canbe mappedto computinga pathfor the pointin the free

space- =CnO. Most prior approachesanbe classi ed based
on how they represenbr computethe free spaceF .

Someof the earlier exact algorithmsfor completemotion
planninginclude criticality-basedalgorithms,exact cell de-
compositionand roadmapcomputation[6], [18]. However,
due to the dif culty of computingthe exact representation
of F, mostimplementationof thesealgorithmsare limited
to low-DOF robotsor specialshapes.

Most practical algorithmsfor completemotion planning of
generalrobotsare basedon approximatecell decomposition
(ACD) [4], [18]. ACD algorithmsare resolution-complete
they can either nd a collision-free path or concludethat
no such path exists provided the number of subdvisions
is high or small resolution parametersare chosen. The
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Fig. 1. Bene ts of our hybrid algorithm: Thisexamplehighlightsthatour

hybrid algorithm can combineboth bene ts of ACD and PRM. First row:

(a) In ACD, to capture the connectivityof the free spacewithin this mixed
cell, many subdivisionsare required; (b) A localized roadmapwithin this

cell canwell capture its connectivityby only a few samplesandtherebycan

improve the overall performanceof the planningalgorithm of ACD. Second
row: (c) It is dif cult for PRM methodsto samplein the narrow passae;

(d) The structuee of the cell decompositiorcan be usedto geneate more

samplesin the narrow passae.

basic ACD method subdiides C into rectangularcells in

a hierarchicalmanner By using cell labelling algorithms
[31], eachgenerateccell is labelled as one of threetypes:
empty if it lies completelyin F, full if it lies completely
in O, or mixed otherwise.Then ACD algorithmsconstruct
a connectvity graphto representhe adjaceng amongcells
andutilize it for nding a collision-freepathor checkingfor

path non-&istence[18], [31]. In practice,thesealgorithms
can generatea large numberof mixed cells. Moreover, the
compl«ity of the subdvision algorithmincreasesxponen-
tially with the dimensionof C. As a result,mostprior ACD

implementationsare limited to 3-DOF robots.

The practical motion planning algorithms for high-DOF
robots are basedon sampling-basedpproachesincluding

the probabilistic roadmap(PRM) method and its variants.
Becauseof their simplicity and ef ciency, thesealgorithms
have beensuccessfullyjusedto solve mary high-DOFmotion

planningproblems.However, thesealgorithmsmay not ter-

minatewhen no collision-free path exists in the free space.
Their performanceandegradewhenthe con guration space
hasnarrov passages.

Main Results: We presenta novel approachthat combines
the completenes®f ACD with the efciency of PRM for
motion planningamongstaticobstaclesWe computea local-
ized roadmapwithin eachmixed cell of ACD by generating
randomsamples.Our algorithm augmentsthe connectvity
graphof ACD by using pseudo-freeedgesto representhe
inter-connecwity of localized roadmapsbetweenadjacent



cells. The localized roadmapsalong with the augmented
connectvity graphprovide aneffective representatiofor ap-
proximatingthe free space.This approximaterepresentation
is incrementallyre ned by using either spatial subdvision
or sampling,and is useful for both path computationand
checkingfor path non-eistence.

The combinationof ACD andPRM resultsin mary bene ts.

We usethe knowledgeof mixed cells to guidethe sampling
in narrav passagef C, andtherebyimprove the ef ciency

of the samplingalgorithm.Similarly, we usethe connectvity

of localized roadmapso perform adaptve subdvision and
reducethe numberof generateccells. Overall, the combi-
nation of localizedroadmapsand ACD provides us with a
compactepresentationf Cthatis usedfor pathcomputation
aswell as path non-«istencequeries.

We have implementedhis algorithmandappliedit to mary
3-DOF and4-DOF motion planningscenariosComparedo
prior PRM algorithms,our hybrid approacfcaneasilyhandle
narrav passageandcheckfor pathnon-«istence Moreover,
comparedo prior ACD algorithms,we performmuchfewer
subdvisions. This canreducethe overall memoryoverhead
and improve the runtime performanceby up to tentimesin
our benchmarksThe mainlimitation of our approachcomes
from the underlyingcompleity of ACD, and our approach
may not be practicalfor high-DOF robots.

Organization: Therestof the paperis organizedasfollows.
In Sectionll, we briey surwey related work on motion
planning.In sectionlll, we give an overvien of our hybrid
approachand introduce the key data structures.Section
IV gives the details of localized roadmapcomputationand
subdvision algorithms.We describeour implementationin
SectionV and highlight its performanceon mary bench-
marks. In Section VI, we discussthe limitations of our
methodand compareits performancewith prior approaches.

Il. PREVIOUS WORK

Motion planning has been extensiely studied for several
decadesA detailedsuney of thesealgorithmscanbe found
in [6], [18], [19].

A. CompleteMotion Planning

Someof the earlieralgorithmsfor completemotion planning
computean exact representatiorf the free spaceF . These
include criticality-basedalgorithmssuchas exact free-space
computationfor a classof robots[2], [7], [10], [16], [21],
roadmapmethodq5], andexact cell decompositiormethods
[25]. Recently a starshapedroadmaprepresentatiorof F
has been proposedand applied to low-DOF robots [29].
However, due to the dif culty of exact geometriccompu-
tation, no practical and ef cient implementationsof these
algorithmsare known for high-DOFrobots[11].

B. Probabilistic RoadmapMethods

The probabilistic roadmap approach(PRM) [15] and its
variantsare the mostwidely usedpath planningalgorithms
for mary practical applications.A good summaryof this

topic aswell asits analysiscanbe foundin [13]. The PRM-
basedalgorithmsattemptto capturethe connectiity of F
by randomly sampling F and connectingthe samplesto
form a roadmap.Thesealgorithmsare relatively simple to
implementand have beensuccessfullyappliedto high-DOF
robots.However, PRM methodsmay not terminatewhenno
collision-free path exists. Moreover, due to the nature of
probabilistic sampling,thesealgorithms may fail to nd a
path,especiallywhenthe free spacehasnarrav passagedn
orderto addresdghe issueof the narrov passagesa number
of samplingstratgies have beenproposedjncluding dense
samplingalong obstacleboundarieq1], medial axis-based
sampling [9], [24], [30], visibility-based techniques[26],
usingworkspacenformation[17], [28], dilation of freespace
[12], and using ltering strateies [3], [27]. However, all
thesemethodsare probabilistically complete if a solution
exists, the planner nds one in boundedtime with high
probability; otherwise the plannermay not terminate.

C. ApproximateCell Decomposition

A numberof algorithms basedon Approximate Cell De-
composition(ACD) have beenproposed4], [32]. The ACD
algorithmsattemptto partition C into a collection of cells
similar to exact cell decomposition.Unlike exact cell de-
composition,the cells in ACD have a simple shape(e.g.
rectangoloids)and each cell is labelled as empty full or
mixed. The ACD algorithmscomputea collision-free path
using a conserative approximationof F, i.e. a subsetof
F , or checkfor pathnon-e&istenceusinga representatiowf
a supersebf F. In orderto reducethe numberof cells in
ACD, techniquessuchas r st graph cut method[18] have
beendevised,in which only the mixed cellsalongthe current
searchingpath insteadof all mixed cells are subdvided. In
[20], alazy cell labelingmethodis presentedo improve the
performanceof ACD algorithms.However, in this variant,
the propertyof resolution-completeness not presered ary
more.

One of the main challengesin ACD algorithms is cell
labelling. The cells canbe labelledbasedon contactsurface
computations[32]. However, this method is dif cult to
implementand proneto degeneraciesRolust cell labelling
methodsbasedon workspacedistanceand generalizedoen-
etration depth computationhave also been proposed[23],

[31].

D. Hybrid Motion Planning Algorithms

Many hybrid approacheshave been proposedfor ef cient
motion planning by combiningdifferent methods[8], [11],
[14], [22]. In particular Hirsch and Halperin[11] presented
a hybrid methodthat combinesexact motion planningwith
probabilisticroadmapsandappliedit to planningthe motion
of two discsmaving amongpolygonalobstaclesAt a broad
level, our algorithm follows a similar design,but there are
signi cant differencesand we highlight themin SectionVI.



I1l. PRELIMINARIES AND OVERVIEW

In this section,we give a broad overview of our hybrid
planningalgorithm.We alsointroducethe key datastructures
usedin our algorithm.

At a broad level, our algorithm performsadaptve decom-
position of C into rectangularcells similarly to the previous
ACD methods,and usesef cient labelling algorithms[31]

to classify them as empty full or mixed cells. The main
bottleneckin previous ACD methodslies in dealing with

a large numberof cells. Most of the cells are classi ed as
mixed cells,andthey arerecursvely subdvidedtill theirsize
is lessthanathreshold Thisis dueto threereasonsFirst, the
exactboundaryof the free spaceis complex andnot aligned
with the cell boundariegFig. 1). Therefore,mary levels of

subdvisionsareneededo computea goodapproximatiorof

the free space Secondly mostcell labelling algorithmstend
to be conserative, i.e. someof the empty or full cells are
classi edasmixed.Finally, thecompleity of the subdvision
algorithmincreasessan exponentialfunction of the number
of DOFs. As a result, most prior implementationsof ACD

algorithmshave beenlimited to 3-DOF robots.

In orderto addressheseproblemswe augmenthe cellswith

localizedroadmapswhich tendto capturethe connectvity

of the free space within each mixed cell. Furthermore,
we attemptto connectthe localized roadmapsof adjacent
cells using pseudo-freeedges.Within eachmixed cell, the

roadmapprovides a compactrepresentatiorof its connec-
tivity, while a pseudo-freeedge capturesthe connectity

of the localized roadmapsbetweentwo adjacentcells. As

a result, thereis a high probability that we can compute
a path through thesemixed cells and assignthem a lower

priority in termsof adaptve subdvision. Overall, our hybrid

algorithm performs fewer subdvisions comparedto prior

ACD algorithms.

Our hybrid methodalso improves the performanceof PRM
algorithms.Since we only generaterandomsamplesin the
mixed cells at ary level in the subdvision, our approach
automatically computesmore samplesnear or in narrav
passagesComparedto prior PRM approachesthis results
in animproved samplingstratgy. Moreover, by using ACD
for path non-«istence queries, our hybrid algorithm is
resolution-complete.

A. Notation

We usesymbol A to denotea robot and B to representhe
staticobstaclesLet ginr anddgoea representheinitial and
goal con gurationsof the robot for a given motion planning
query Let us denotethe approximatecell decompositiorof
con guration spaceas P, and usec; to represeneachcell
inP.

B. LocalizedRoadmaps

In our approach,a small fraction of mixed cells are as-
sociatedwith localized roadmaps.For eachempty cell, a

trivial roadmapwith only a single samplein its centeris
constructedWe also implicitly maintaina global roadmap
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Fig. 2. Pseudo-flee edgesand connectvity graph: ACD sub-
divides the C-space and classi es the resulting cells as empty
sud as ¢, full sud as c; or mixedsud as cz. The connectivity
graph G is a dual graph to ACD and each emptyor mixed cell
is mappedto a vertex in G. There are threetypesof edgesin our
connectivitygraph G. Two adjacentemptycells, suc as c; and
c; are connectedby a free edge (vi;Vvz). Two non-full cells are
connectediy a pseudo-fee edge sud as (vs; va) if their localized
roadmapscan be connectedas the right gure shows;otherwise
they are connectedby an uncertain-edg sud as (vs; Vs).

M for P, includingall the localizedroadmapsV . associate
with eachcell c; i.e., M [M ¢ where M. 6

In addition, for two adjacentcells ¢; and ¢, if thereis

a collision-free path to connecttheir associatedocalized
roadmapsM ., andM ¢ , this pathis addedto M (Fig. 2).

Details of this computationare given in SectionlV-C.

C. ConnectivityGraph

As adualgraphof P, theconnectiity graphG representghe
connectiity betweenthe cellsin P. The graphis de ned as
follows: eachnon-full (emptyor mixed)cell in P is mapped
to a vertex v in G; if two non-full cells¢; and¢ in P
are adjacentto eachother their correspondingvertices, v;
and v;, respectrely, are connectedby an edgee(i; j) in
G. Furthermorean edgee(i; j) is classi ed into one of the
following threetypes(Fig.2):

Free: If ¢ and ¢ are both empty e(i;j) is a free
edee. This implies that thereexits a collision-freepath
betweerary con gurationqg in ¢ to ary con guration

g: ing.

Pseudo-fee: If e(i;j) is not a free edge, but two

localizedroadmapsvl, andM¢, associateavith ¢; and
¢, canbe connectedby a collision-freepath, e(i; j ) is

called a pseudo-fee edge. The existenceof a pseudo-
free edge can be checled by ary local planner Its

existenceindicateshatit is highly likely thatthereexists
a collision-freepath betweenary free con guration qo

in ¢, andfree con gurationq in ¢ .

Uncertain-edge: If e(i; j) is neitherfree nor pseudo-
free, it is classi ed as an uncertain-edg. Since the
localizedroadmapsM, andM ¢, cannot be connected
by local planning, it is unlikely that there exist a
collision-free path betweenary free con guration qg

in ¢, andary free con gurationq; in .

We further de ne someof the subgraphsof G as follows:
the free connectivitygraph G is a subgraphof G thatonly
includesall free edgesof G. The pseudo-freeconnectvity
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Fig. 3. Flowchart of our hybrid planner Our algorithm consistsof
two stages. The algorithm is executediteratively until a collision-
free pathis foundin stage |, or the path non-«istenceis detected
in stage Il

graphGg; is a subgraphof G thatincludesboth all the free
edgesandthe pseudo-freedges.The threetypesof connec-
tivity graphsrepresentifferentlevels of approximationof
thefreespaceF andareusedby thepathplanningalgorithm.
More speci cally,

G representshe adjaceng amongfree or mixed cells,

which form a supersebf the free spaceF . Therefore,
the graph is useful for deciding path non-«istence,
becauseno path found in G implies that thereis no

collision-freepathin F .

G+ representsheadjaceng amongall freecells,which

forms a conserative approximationor a subsetof F .

It is usefulfor nding a collision-freepathfor A.

G representsthe adjaceng among all free cells
and a portion of mixed cells. They representa good
approximationof the free spacefor path queries,since
afree edge(or a pseudo-freeedge)amongtwo adjacent
cells indicatestheremustbe (is likely) a collision-free
pathbetweenary pair of free con gurationsin the two

cells. We computelocalized roadmapsto capturethe

connectvity for this approximation,and use them for

pathqueries.

IV. HYBRID PLANNING ALGORITHM

In this section, we describeour hybrid motion planning
algorithm in detail, with an emphasison computationand
useof datastructuresntroducedin the previous section.

A. Algorithm

Fig. 3 shavs a o wchart of our algorithm, which consists
of two stages:nding a collision-free path and cheding for
pathnon-&istence Thesetwo stagesareexecutediteratively
until a collision-freepathis found or the pathnon-&istence

is detected Startingwith an initial, coarseand uniform ap-
proximatecell decompositiorP of C, ouralgorithmproceeds
in the following manner

I. Collision-free Path Computation

1) Locate the cells in P that contain ginit  and Qgoar;
denotetheir correspondingrerticesin G asvi,iy and
Vgoal ,» fespectiely.

2) SearchG; to nd apaththatconnectsvinie andvgyea .
If a pathis found, it representsa collision-free path
for the given motion-planningquery sincethe space
representedby G; is a conserative approximationof
F . More detailsaregivenin Sec.IV-B.

3) If nopathis foundin G¢ , we searchthe graphGg; for
a pathto connectviny andvgey . If no pathis found
in G¢t , this meansthat thereis no collision-freepath
within the currentapproximationof F representedby
Gst . Therefore,our algorithm proceedgo Path Non-
existence.DeterminationStage.

4) If a path,say L, is foundin Gg , it suggestghat
a collision-free path may exist. In orderto verify the
existence,we searchover the union of all localized
roadmapsassociatedwith the cells along the path
Ls . If a collision-free path is found, our algorithm
terminatesMore detailsare givenin Sec.IV-B.

5) If no path can be computed, we identify critical
cellsalongthe pathL g , which breakthe reachability
betweenqint 10 dgoa (See Sec. V-C). Additional
samplesare generatedn the critical cells to improve
their localized roadmapsAfter that, we perform one
level of subdvision on these cells and update the
graphsG, G; and Gg . Next, the algorithm returns
to the Path ComputationStage.

I. Checking for Path Non-Existence

1) We performagraphsearctonG to nd apathconnect-
iNg Vinit  andvgeq . If No pathcanbe foundin G, our
algorithm can safely concludethat the given planning
guery hasno solution, sincethe spacerepresentedy
the graphG is a supersebf F.

2) Otherwisewe computea pathL in G to connectvini
andvgoa , andperformsamplingand cell subdvisions
on the critical cellsalongL (seealsoSec.IV-C). The
algorithm then updatesthe connectity graphsand
returnsto the Path Finding Stage.

B. Computinga Collision-free Path

Our algorithmchecksfor a collision-freepathby performing
searche®n Gs and Gg . If a pathL; is found asa result
of graphsearchon G;, we canreporta collision-free path
for the planning query by connectingthe given initial and
goal con gurationsto the pathL ¢ . Otherwise we searchfor
apathin Gg , andverify whetherthe found pathL g yields
a collision-freepath.

Let P_, bea sequencef cellsin P correspondingo the
verticesin Lg . Let M |, be a subgraphof M that lies



within P . To verify whetherLs canyield a collision-
free path, we rst searchover M | . If no pathis found
in M |, then we searchthe entire roadmapM . If no
collision-free pathis found within M , this implies that the
currentPRM representatiolis not ne enoughto computea
collision-free path. Therefore,we needa more accurate(or
ner) representatiomf F .

C. Improved Samplingand Cell Subdivision

If the Path ComputationStageof the algorithmis not able
to nd a collision-free path in Gt or Gg , we generate
additional samplesfor M and subdvide the cells in P
(i.e., step5 of Stagel). A simple algorithmwould generate
additional samplesfor all mixed cells in P_ and further
subdvide them.In orderto performthis stepmoreef ciently,
we identify the critical cells and only generateadditional
samplesand perform cell subdvision on thesecells. More
speci cally, thecritical cellsarede ned asthosecells,where
theroadmapM | is disconnectedvith respectto qinir to

Qgoal -

Overall, the useof critical cells resultsin adaptve sampling
and fewer subdiisions. First of all, theremay exist cellsin
C-obstaclethat actually separatea part of free space.These
typesof cells are usefulin termsof checkingfor path non-
existence Therefore we canconcentraten classifyingthese
cells by performing additional sampling and subdvisions.
Moreover, poor samplingin one of thesecells canresultin
a disconnectedocalizedroadmapandtherefore thesecells
are good candidatego receve additionalsamples.

Critical cell computation: In orderto identify the critical
cellsin the setP,  , we usea propagtion algorithmbased
on depth rst search(DFS). The time compleity of this
algorithmis linear to the sizeof M . As Fig. 4 shaws,
we denotethe cells along the pathLg asc, ¢, ..., C;
(n=5), andtheir correspondingrerticesin L arevini , Vo,
..oy Vn 1, Vgoal . The algorithm searchesM , from q =
Uinit Using DFS, and setthe readable ags of its descent
samplesastrue (initially, the ag for every sampleis false).
When DFS stops,we check whetherthe reachableag of
Jgoar hasbeenset. If not, the algorithm searchedor a cell
G, which containsat least one reachablesampleand has
the largestindex i. The cell ¢ is a critical cell, sincethe
roadmapM | is disconnectedn this cell w.r.t. giny and
Ogoal - If Vi is not equalto vyeq , We iteratethis processto
nd morecritical cells.SinceL g is computedrom Gg , v,
shouldhave a pseudo-freedgewith its adjacentvertex v;.1
in Lgs . Furthermorethis pseudo-freeedgeis realizedby a
local path betweena sampleqn, in ¢ with a sampleq, in
Gi+1 . Therefore,we canresumeDFS searchfrom q = qm .
This processcontinuesuntil v; is equalto Vgea; .

Critical cell computation for path non-existence:In the
stagecorrespondingo path non-istencecomputationjf a
pathL is foundin G, we needto re ne our representationf
F . For this purposeone known techniqueis r st graph cut
[18], which only subdvides the cells along the L, instead
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Cells along L, Pseudo-free connectivity graph

Fig.4. Critical cell computation: Thecellsc, andcs are classi ed
as critical cells, sincethere the roadmapM is disconnectedWe
identify suc cells using a propagation algorithm basedon DFS.
Note that sincethe roadmapsin c; and c; are connectedby an
edee, their correspondingverticesv, and vs are connectedby a
pseudo-fee edee too.

of mixed cells in P. In our algorithm, we further reduce
the numberof subdvisions by identifying the critical cells
alongL . More speci cally, acell c alongL is critical if there
existsmorethanoneconnectedyraphcomponenin M ; two
adjacentcells on the path L are critical, if thereis no free
edgeor pseudo-freebetweenthem. Only thesecritical cells
are further subdvided and extra samplesare generatecto
updatetheir localizedroadmaps.

V. IMPLEMENTATION AND PERFORMANCE

We have implementedour hybrid planner and tested its
performanceon 3-DOF and 4-DOF robotsin dif cult mo-
tion planning scenarios.In this section,we addresssome
implementationissues.We analyzethe performanceof our
plannerandcompardt with priori completemotionplanning
algorithms.

A. Implementation

We generatean adaptve subdvision of the con guration

spaceC, and use C-obstacleand Free-cellquery algorithms
[31] to labelthe cells during subdvision. Our formulationof

the adaptve subdvision frameawork is generalfor arbitrary
dimensionalC, andwe have testedit on 3 and4 dimensional
C

The two main computationalcomponentsn our algorithm
are graph searchand localized roadmap computation.In
orderto searchfor a shortestpathin the connectvity graph
G, we assigndifferent weightsto different typesof edges.
Theunderlyingideais to assigna higherweight(i.e. a lower
priority) to the uncertainedgesso that the searchalgorithm
tendsto nd a paththroughthe free edgesand pseudo-free
edges.This resultsin a pathwith fewer uncertainedgesand
resultsin fewer subdvisions.In our currentimplementation,
the weight of a free edgeis set as zero and the weight
of a pseudo-freeedgeis also set as zero. The weight of
an uncertainedgee(i; j ) is setasthe distancebetweenthe
centersof cellsc; andg;.

For the localized roadmapcomputation,more samplesare
generatedor mixed cellsthanfree cells. In our experiments,
the maximum numberof free samplesin eachmixed cell,
Nm, is set as 5. The maximum trial number of random
samplesusedto generateeachfree sample Ny ia , is 5. For
eachfreecell, we only needto generate sampleatits center



Fig. 5. Five-gear with narrow pass@e bendmark. Theleft gure showsa 3-DOF planning problemwith narrow passages. Thee are
ve gearshapedstatic obstacleson the plane The problemis to move the gear-shapedrobot from the red placemen{(left-uppercorner)
to the greenplacement(right-bottomcorner). Shownin the left and middle gures,whee 3 dimensionalC-spaceis illustrated together
with the workspace our approac can generate samplesin the narrow passage, and the global roadmapconstructedcan captue the
connectivityin the free spacewell. The middle gure also highlights the roadmapfor the free space The gure in the right showsthe
histagram of the numberof cells in different levels of subdivisions.

| (sec) |[ Five-gear| Star [ Star(no-path)] Notch |
Total timing 33.855 16.197 48.453 102.076
Cell labelling 4.025 9.562 31.793 20.915
Sampling 5.313 0.265 1.096 5.147
Link computation 8.829 4.172 14.345 27.623
Gr, Grs search || 1.123 | 0.462 2.037 3.185
G search 5.472 1.218 6.139 13.574
Subdvision 9.093 0.518 6.130 31.632

TABLE T

PERFORMANCE: THIS TABLE HIGHLIGHTS THE PERFORMANCE
OF OUR ALGORITHM ON DIFFERENT BENCHMARKS. WE SHOW
THE BREAKUP OF TIMINGS AMONG DIFFERENT PARTS OF THE
ALGORITHM. THE FIVE-GEAR IS A 3-DOF BENCHMARK AND

THE REST ARE 4-DOF BENCHMARKS.

B. Results

We have tested our hybrid planner on different bench-
marks.Our currentimplementations not optimized.We also
compareour algorithm with the completemotion planning
algorithm presentedn [31]. The performanceand various
statisticsare summarizedn tablesl andll. All timings are
generatedn a 2.8GHZ PentiumlV PC with 2G RAM.

1) 3-DOF ve-gear with narrow passge bentimark: This

is a dif cult 3-DOF motion planning problem. There are
narrav passagedgor this benchmark,and the boundaryof

C-spacefor this benchmarkis very comple<. Our hybrid

plannercan computea collision-free path within 33:855s,

which is aboutthreetimesfasterthan previous method.The

number of cells in the approximatecell decompositionis

50; 730 which is only 30:2% of the numberin the previous
ACD method.Fig. 5 highlights that our approachcan gen-
eratethe samplesand constructthe probabilistic roadmap
effectively nearor in narrov passagesThe roadmapM for

this benchmarkincludes®6; 488 samplesand 15; 298 edges.
Eachsamplein M hasonly 4:7 neighborson average.This

canbe obsered in Fig. 5, whereeachsampleis connected
with a few othersamples.

Table Il demonstrateshat only a subsetof mixed cells in

ACD are associateavith localizedroadmapsThis con rms

thatour approachs ableto generateandutilize the samples
effectively.

2) 4-DOF star bendhymark: Figs. 6 and 7 showv a 4-DOF

robot, with 3 translationaDOFsand 1 rotational DOF. The

starshapedrobot is allowed to translatefreely in 3D space

Fig. 6. 4-DOF star bentimark for narrow passage. The star
shapedrobot is allowed to translate freely in 3D spaceand to
rotate aroundits local Z axis (indicatedby the yellow arrow). (a)
This planningproblemis to move the robot from the red placement
(top) to the greenplacemeni(bottom)by passingthroughthe star
shapednarrow hole Our appmoadc can nd a collision-free path
within 16:197s. For the purposeof the visualization,we projectthe
con guration spacefrom R®  SO(1) into R3. (a, ¢) showsthe
path and the robot's intermediatecon gurationson the path. (b,d)
showsthe roadmapfrom two different viewpoints.

andto rotatearoundits local Z axis (indicatedby the yellow
arraw) in its local coordinatesystem We testthis benchmark
for two scenariosto nd acollision free pathfor the original
starshapedrobot, and to detect path non-eistencewhen
the robot is uniformly scaledby 1:3. The performanceand
various statisticsfor this benchmarkare summarizedn the
Tabsl andll.
3) 4-DOF notch bendimark: Fig. 8 shavs a 4-DOF exam-
ple, wherethe starshapedobotneedgo passthroughavery
narrov passagethe notchin this gure. Our approachcan
nd acollision-freepathfor this benchmarkwithin 166.464s,
and only generate$; 494 samples.

V1. LIMITATIONS AND COMPARISON
Our hybrid approachhas a few limitations. In the worst
situation,our algorithm hasan exponentialcompleity with
the numberof DOF of the robot. However, our experimental
results shav that our algorithm can work well on mary
completemotion planningproblemsascomparedo the prior
approachesMoreover, whenwe apply our hybrid plannerto



Fig. 7. 4-DOF star bendmarkfor path non-eistence We modifythe scenein Fig. 6 by scalingthe robot by 1:3. Our plannercanreport
path non-&istencefor this newv bendcimark within 48:453s. (b, c) showsthe samplesand the roadmapgeneated by our approadc. (d)
showsthe subsetof mixedcells in ACD, which are associatedwith localizedroadmaps(e) showsthe set of C-obstacleregions, which

sepaate the robot fromits initial con guration to goal con guration.

Fig.8. 4-DOF notch benhmark.Thestarshapedobotneedso passthroughthe very narrow notch. Our appmoach can nd a collision-free

path within 102:076s.

Five-gear| Star Star Notch Hybrid Planner | ACD Planner | Speedup
no path Total timing 33.855(s) 85.163(s) 2.52
# of cells 50,730 | 48,046 | 82,171 | 164,446 Total cells 50,730 168,008 3.31
# of empty cells 1,272 | 12,159 | 15,651 | 7040 TABLE TN
# of full cells 20,761 | 10,063 | 31,984 | 108,983 COMPARISON: WE ACHIEVE UP TO 3 TIMES SPEEDUP OVER
# of mixed cells 28,697 | 25824 | 34536 | 48,423 |  prjor ACD METHOD FOR THE FIVE-GEAR BENCHMARK. FOR
# of samplesin M 6,488 465 | 2,791 | 5,494 THE 4-DOF STAR BENCHMARK, THE ACD VERSION WE HAVE
# of edgesin M 15,298 732 5,040 | 12,707 10 5
Avg degreeof sample 175 315 361 163 COULD NOT TERMINATE WITHIN 10MINS. BUT OUR PLANNER
Z of mixed cells 2457 59 353 1584 | CAN REPORT THE CORRECT RESULT FOR BOTH SCENARIOS LESS
associatedvith M THAN 1 MIN.
# of free cells 568 335 2,078 2,804
5 é}(SSOC'atedV'th 'V'MB - - - 0 representatiorof free spacecan be incrementallyre ned
eakmemoryusage(MB) TABLET using spatialsubdiision, until a collision free pathis found

STATISTICS: THIS TABLE GIVES DIFFERENT STATISTICS
RELATED TO THE BENCHMARKS.

4-DOF or higher DOF problems,graph searchingbecomes
oneof the major bottlenecksThis is becausdhe size of the

connectiity graphG increasesas a function of the number
of the cellsin ACD. Secondly thereis additionaloverhead
of the two-stagealgorithm. If thereis a collision-free path,

then the work performedin Path Non-existence Stageis

unnecessary

Comparison: We compare our method with the hybrid
methodproposedy HirschandHalperin[11]. Our approach
sharessome similarities with this prior approach.Speci -
cally, our method combinesACD with PRM, while their
algorithm combinesan exact cell decompositionapproach
with PRM. Conceptuallyeachof thesealgorithmscomputes
two explicit representationso approximatethe free space
F: a subsetof F, which is usedto computea collision-
free path and a supersetof F, which is usedto checkfor
pathnon-eistence However, in our method theapproximate

or pathnon-«istenceis con rmed. As a result, the strength
of ACD approachis fully inherited,i.e. our hybrid method
is resolution-completeln Hirsch and Halperin's method,
an approximatefree spacerepresentations computedas a
preprocessand the subsetand supersetapproximationsof
the free spacecannot be furtherre ned. As aresult,Hirsch
andHalperin's method[11] candecidepathnon-eistencefor
somecaseshut is nota completemotion planningalgorithm.
In addition, the implementationof their methodis limited
to disc robots,while our hybrid canbe appliedto arbitrary
robots.

Resolution-completeneds anotherbenet of our method
over probabilistic cell decomposition[20], which is prob-
abilistically completeand can not correctly handle motion
planningscenariosvhereno path exists. On the otherhand,
basedon our novel cell-labelling algorithm [31], our algo-
rithm can concludeaboutpath non-istencein mary cases
exceptwhen there are tangentialcontactsin free space.As
a result, our hybrid algorithm can handleeven more cases
as comparedto prior ACD approacheslt should also be



remarledthatin theoryanotherelatedwork - the starshaped
roadmapapproach29] is completetoo. However, dueto the
compl«ity of contactsurfaceenumeratiorandthe dif culty
of starshapednestest,it is dif cult to extendthatapproach
to 4 or higherDOF robots.

VII. CONCLUSION
We have presentedan approachthat combinesthe com-
pletenesf ACD with the efciency of PRMs for motion
planning of rigid robotics. Overall, the combinationof lo-
calized roadmapsand ACD provides us with an effective
representationf Cthatis usedfor pathcomputationaswell
as path non-&istencequeries.

We have implementedhis algorithmand appliedit to mary

3-DOF and 4-DOF motion planning scenarioswith rigid

robots. As comparedto prior PRM algorithms, our hybrid

approachcan easily handlenarrav passagesnd check for

path non-istence. Moreover, as comparedto prior cell

decompositionalgorithms,we perform fewer subdvisions.
This canreducethe overall memory overheadand improve

the performanceby up to 10 timesin our benchmarksOur
methodis built on ACD and PRM methodsand can also
be extendedto articulatedmodels.However, our approach
is only practicalfor low DOF robotsdueto the underlying
complity of ACD.

Future Work: There are mary avenuesfor future work.

We areinterestedn addressingdhe limitationsin our current
implementationSpecially we would like to furtherimprove
the performanceof cell decompositiong.g. by using more
compactepresentatiofor the connectvity graph,sothatwe
canextendour approachto higher DOF problem.Moreover,

we are interestedin handling complaint motion planning
scenariowusing our hybrid approach.
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