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Chapter 2


Program Documentation

Before a program is used, there must be an understanding of what it does. This chapter introduces a framework for describing precisely what task a program performs by describing the requirements of input data and the effect of executing the program. We also introduce a language, the predicate calculus, for expressing these ideas.

A note on notation

While the next few chapters deal more with mathematics than with programming in Java, we have decided to use certain Java notation so as not to have two different sets of mathematical symbols.  In particular, we will use the double equal sign (==) to denote equality, usually designated by "=".  While we feel that the use of the single equal sign for assignment, as is done in Java and C++, is unfortunate, it has become the de facto standard.  Other languages, including Pascal, ALGOL, and Turing, use a different assignment operator and maintain the purity of the equal sign to indicate equality.  In addition to the double equal sign, we will use && to indicate the short circuit logical and operator; || to indicate the short circuit logical or operation, and ! to indicate the logical not.

The preceding chapter provided an overview of the programming language we'll use. In this chapter we turn to the matter of program documentation. The purpose of a program's documentation is to answer the question "What does the program do?" In this chapter we describe tools for stating precisely what a program is intended to do, and we give a definition of what it means for a program to be correct.  In the next chapter we'll address the question of "How can you convince me that it works?"

Program documentation explains what a program is intended to do, and how the program is to be used. Perhaps the most familiar examples of documentation are the instruction manuals for the end-user of a software product; these include the instruction manual for a word processor, or the manual for an implementation of a programming language such as J++. These manuals describe how to use the software. The descriptions are informal, and the emphasis is on how to accomplish the user's task. There is generally very little concern for details of how the software works, except when necessary for understanding proper use, such as a limitation on the number of pages of a document or the size of a program that can be written using the software.

A second type of program documentation is written for the programming professionals who write the original software and may later revise it or use it as part of a larger program. This documentation often commonly consists of two parts. The part of the documentation that describes what the program accomplishes, perhaps even including a description of the user interface, is the program specification. Ideally, it is written prior to the writing of any code and is used to specify the programmer's task. A second part of the documentation, often merged with the code, is meant to explain details of how the program works; this documentation is intended to help those who may be asked to extend the functionality of a program, or to port the software to another system, or to "maintain" the software, where "maintenance" is often a euphemism
 for finding and correcting bugs. 

End-user documentation describes, in language appropriate for the user, what the software does and how to use it; details of how the program works are suppressed. In contrast, programmer documentation describes, in language appropriate for the programmer, what the software does and how it works. The difference between the two is similar to the difference between the owner's manual and the shop manual for a car. It is programmer documentation — the shop manual — that is of interest to us, and in the remainder of this book we will always use the term "documentation" to mean documentation intended either as program specification or as an aid to the programmer. Since we usually consider a program to consist of commands together with documentation, we'll commonly refer to the program commands as the "code", and the writing of the commands as "coding".

1 Forms of Programmer Documentation

The usefulness of documentation is largely determined by how much information it provides that is not evident from the code itself. The pit of documentation depravity is the claim that a program is its own documentation: "If you wish to understand what this program does, then study the code." That attitude assumes and implies that the program "works" without ever bothering to say what that means. This form of documentation is attractive to the programmer (at least at the time of writing the code), but to no one else. We can't hope to determine if a program works correctly if we don't know what it's supposed to do, and most mere mortals need help in understanding all but the simplest programs.

A notch up from the "it's all in the code" attitude is the notion of "self-documenting code". This approach usually relies on carefully chosen mnemonic variable and method names, along with English language comments, for documentation. Although mnemonic names can contribute greatly to program clarity, they cannot describe the interactions and relationships of variables, and these are often crucial. 

The most common form of documentation uses a natural language such as English to document a program. Regrettably, our best efforts to state precisely a program's operation often fall short. The problem is not so much that we cannot disambiguate English, but that we have difficulty recognizing when ambiguity exists, as with, for example, a claim that "All entries of the array A are either positive or odd."
 Because such an assertion may not be recognized as ambiguous and yet be interpreted differently by different readers, the intended specification may not correspond to the software that is produced. A satisfactory mode of expression for program specification should be inherently unambiguous and have the ability to be as precise as necessary -- that is, arbitrarily precise. This chapter describes how to write assertions in a language that is capable of great precision. These assertions can state clearly 

• 
The purpose of the program. This part of the documentation defines precisely what is meant by the claim "the program works."

•
The way the program works. This part of the documentation characterizes the way in which data are manipulated to accomplish the program's task. 

We will emphasize both components of program documentation: specification of what is to be accomplished, and descriptions of how the goal is attained. These two facets have analogs in mathematics, where we state theorems (what is to be shown) and proofs (arguments that establish the theorems). 

1.1 Why Bother?

If our aim is simply to write programs, why bother with documentation? Programs written without helpful documentation surely vastly outnumber those that are well documented. We contend that the lack of good documentation is a contributing factor to the large fraction of programs that don't work as intended or expected. The judgment of whether a program works is usually based on a set of test cases. But for any non-trivial program, testing can check only a small fraction of the possibilities because the number of possible cases is astronomical. A program that reads a single integer (int) in Java has 232 > 109 possible inputs; if we could test a million inputs each second, it would take more an hour to test that program exhaustively, assuming we knew the correct answer for each case.  If the program read two integers, the number of possible inputs jumps to 264 and testing time exceeds half a million years! 

Obviously, running test cases can show that a program doesn't work, but testing alone is insufficient to show that a program works in all but the simplest of cases. Our confidence that a program is correct should be based on something more than testing. The solution, of course, is to understand in detail both what a program is intended to do and how it works. If our programs are to be trusted even after modification, our understanding must be expressed in documentation that is accessible and unambiguous to programmers other than ourselves.

Unfortunately, as you will soon discover, documentation in the manner we advocate can be difficult, time-consuming and frustrating (just like coding!). Why bother? Documentation is not crucial; adding or deleting documentation to a program does not change the way it works. One might ask, in the same vein, why should an architect bother to calculate the loads and stresses on a building? Those calculations have no physical manifestation in a completed building; whether it stands or falls depends on how it was built, rather than whether calculations were made. But in practice, the calculations affect how the building is built, and an architect who does not make the calculations would be judged negligent or incompetent. The form of program documentation we develop in this text plays a similar role; it describes (in a way that can be precise and unambiguous) what a program does and how it goes about it. We consider the documentation an integral part of a program; without it, the trust in a program is based on faith rather than engineering.
 Moreover, we believe that, in practice, writing careful documentation does indeed affect the way a program is written! A program that has been carefully documented is more likely to be well-designed.

The documentation tools we use are not simple; mastering them will require time and effort. But we make no apologies. Instead, we urge you to view documentation as a challenge of the same type and difficulty as coding itself, and one that carries similar rewards. First, you will understand far better why your programs work. Secondly, writing the documentation will affect the code of your programs: they will be better, shorter, clearer, and far less buggy. Finally, as you become facile with the tools, you will find that you can produce working programs more quickly, largely because the time you spend debugging will be greatly reduced.  In short, these techniques will make you a better programmer.

1.2 A Caveat

Our treatment does not cover all programs. For example, we will assume throughout that we are interested only in programs that are intended to halt; this is not true, for example, of operating systems. We also have written the text in the context of an imperative language; the methods do not apply directly to logic languages such as Prolog or functional languages such as LISP, Scheme, and Haskell. Not to worry! Although we are developing the tools in a restricted context, the ideas underlying them apply to a far broader set of problems.

2 Program State

Our approach to documentation is based on the notion of the state of a program. The concept of 'state' is widely used informally; for example, the President of the United States annually delivers a speech on the State of the Union, and one reads in newspapers about the state of the economy, the state of society, or the mental state or physical state of a person. In contrast, scientists and engineers often mean something quite specific by 'state,' as when a physicist uses it to denote the position and velocity of a moving object, or a biologist uses it to assert that a part of the autonomic nervous system in mammals maintains a steady temperature state, or an engineer speaks of the state of a power distribution system. We will use the notion of 'state' to describe a collection of information about a program execution. We can intuitively describe our goal as follows. Suppose a program P is in the midst of execution, and it is stopped, such as by an operating system interrupt. We assume that the program was stopped between two steps of the program; that is, after execution of one instruction had been completed and before another had begun. What information would be needed to be able to resume the computation from the point where the program stopped without having to repeat any part of the execution? That collection of information is an essential part of the program state. Some reflection will convince you that we certainly will need the following:

1.
The value of the program counter. This specifies which instruction of the program will be executed next. That is, we must know where the program was stopped, specified by what program statement is to be executed next.

2.
The values of all the program variables. (One can imagine situations in which one doesn't need the values of all program variables, but those are special cases.)

We refer to this information, considered as a collection, as the (restricted) program state. But if the program reads input, the above information will not specify what remains to be processed. (Previously read input can no longer affect program behavior, so it is not part of the state, although we will usually include the output that has been produced by a program as part of the state description.) Thus, a complete characterization of a program's state also must include 

3. 
The input values that are available to be read by the program. (Note that we may not know which input will be read, so we must specify the set of all possibilities.)

Specifying the unprocessed input and the output produced by a program in mid-execution can be difficult, and it often produces more clutter than insight. For this reason we will usually ignore the part of the state that reflects input-output, and concern ourselves only with the restricted program state. For simplicity, we'll use the phrase program state to refer to the restricted program state, and to avoid ambiguity, we will use the phrase complete program state to refer to the collection of information consisting of the restricted program state together with a specification of all the unprocessed input (and possibly the output produced so far). 

In summary, the state of a program at any time during its execution consists of

1. 
The value of the program counter, and

2.
The values of all the program variables. 

Additionally, the complete program state includes

3. 
The set of input values available to the program that may be read during the remainder of program execution.

Given this knowledge, if program execution were interrupted, we could resume execution without repeating any part of the completed computation
.

2.1 Making Assertions about the Program State

Our documentation strategy will be to write assertions about the program state that describe what a program does and how it accomplishes the task. This will include assertions about the program state before, during, and after program execution. The language in which the assertions are written must meet two criteria:

•
The language must be sufficiently expressive; that is, the language must be capable of specifying the task a program is to perform, and describing how the computation works.

•
The language must be precise and unambiguous. 

In this chapter we first describe how assertions can be used to describe the task performed by a program. Then we will develop a language of assertions that meets the criteria given above. The language and notation we use are extensions of those used in mathematical logic. Later we will show that the same notation can be used both to specify the semantics of a programming language and to describe how a program accomplishes its task. Thus, the  same language of assertions is the basis for all our tools.

In documenting programs, the position of an assertion in the code corresponds to the value of the program counter. Thus an assertion that precedes the first line of code in a program, characterizes the state that is presumed to hold prior to execution of any code. An assertion that appears at end of the code should characterize the state that holds at termination. Other assertions can appear preceding any program statement. The position of an assertion specifies part of the program state — the value of the program counter when the assertion is expected to hold. The assertion itself will describe relationships among the program variables and the input data. 

2.2 Program Specification

We begin by giving our definition of a program specification. We use the term "program" broadly, to denote any fragment that might appear in a program, including code segments that don't include variable declarations. Our approach views a program (or a program fragment) as a mechanism that transforms a set of initial data values into a result. A (functional) program specification describes the intended transformation. This specification must have two parts: the constraints that must be satisfied by the initial data, and how the result depends on the initial data. The specification does not describe how the result is achieved; it characterizes only what is done; that is, the specification describes the function implemented by the program with respect to the values of the program input, output and variables
. We begin with some (absurdly) simple examples. Suppose we are to write a program segment C such that, if x has the value 6 prior to program execution of C, then after C completes execution, x will have the value 7. The assertion "x == 6" is the precondition for the program segment we seek; the assertion  "x == 7" is the postcondition. Together, the pre and postcondition define the behavior of the program desired. If we were to employ a software house to write the program segment, the firm could meet the requirements in any number of ways, four of which are shown below. (In the following, recall that we will commonly use variables in program segments that are not explicitly declared or initialized. The reader should assume that the declaration of variables and, if necessary, their initialization, precede the program segment.) 

Version 1.

// Precondition: x == 6

x = x+1;

// Postcondition: x == 7

Version 2.

// Precondition: x == 6

y = 1;

x = x + y;

// Postcondition: x == 7

Version 3.

// Precondition: x == 6

x = 7;

// Postcondition: x == 7

Version 4.
// Precondition: x == 6

for (int i=0;i<=7;i++)


x = i;

// Postcondition: x == 7

These programs differ in some important respects, but they all fulfill the specification given  by  the  pre  and postconditions; that is, all have the property that if the  assertion “x == 6” is true prior to execution of the program, then the assertion “x == 7” will be true after execution. It is easy, of course, to imagine programs that don't meet the specification. The program

// Precondition: x == 6

x = 5;

// Postcondition: x == 7

never performs the task correctly, while the program

// Precondition: x == 6

x = y + 1;

// Postcondition: x == 7

may make the postcondition true sometimes (when y happens to have the value 6), but it does not meet the specifications.

Pre and postconditions will be our way of specifying a program's behavior. A program specification is a contract between the programmer and the user of a program; the user should be able to assume that if the program is executed when the precondition holds, then the postcondition will hold when the program ends. In fact, this view of a pre and postcondition being contractual is the basis for our fundamental definition of a program being correct, or meeting its specifications:

Definition: A program C is correct with respect to precondition P and a postcondition Q if, whenever condition P holds prior to execution of program C, and C terminates, then condition Q will (always!) hold after C has finished execution.

We also say that the program C meets the specification of the precondition P and the postcondition Q. If the pre and postconditions are known or understood we will sometimes say simply that a program is correct, or a program meets its specifications, but it is important to realize that without the pre and postcondition, the notion of being ‘correct’ is undefined.

The definition of program correctness has a subtlety regarding termination; there is no requirement that the program terminate. Usually, of course, our programs are intended to terminate whenever the precondition holds initially. We will discuss this subtlety at some length in the next chapter; for now, it suffices to recognize that we will generally want our programs to be correct and to terminate whenever the precondition is met.

What if we execute program C and the precondition is false?  Then our contract is null and void; all bets are off as to the program's behavior.  It might crash or produce unexpected answers.  

Note that the language in which we express pre and postconditions is of fundamental importance because a program can be judged correct only relative to a precondition-postcondition pair. In the remainder of this chapter we will develop the language to be used to express pre and postconditions (as well as other assertions about programs).

3 A Simple Language of Assertions: The Propositional Calculus

We begin by developing a simple language for making assertions about program variables. The language is called the propositional calculus; it is a language of boolean expressions. You are already familiar with the basics of this language, because you have used program fragments such as

if (x > y) max = x; 

and

if (i == 10 || x == 6) break; 

In the following, we’ll use the words ‘true’ and ‘false’ in three distinct ways:

1.
If we intend the English word, we’ll use normal font: ‘true’.

2.
When we intend the boolean value in Java, we’ll use boldface font: ‘true’.

3.
When we intend the value in the propositional or predicate calculus, we’ll use italic font: ‘true’.

When,   during   program   execution,   expressions  such  as “x > y”,  “i == 10”,  and “x == 6” are encountered, if all the variables are initialized, the expressions are either true or false. The Java system can evaluate them to the boolean value true (if the expression is true) and false (if the expression is false). The values true and false can then be combined and manipulated using the operations defined on the boolean data type: and (indicated by &&), or (indicated by ||), and not (indicated by !). Expressions similar to these are a part every programming language. 

The propositional calculus is a language of mathematical logic developed to treat assertions that are either true or false
. Propositions are assertions that have one of the two values true or false. The values true and false are the only values in the propositional calculus, and the two simplest propositions (expressions, or assertions) in the calculus are true and false. If p and q are propositions, then new propositions can be created using the operators and, or and not (as well as others), resulting in new propositions such as

p && q

p || q

! p

(p && q) ||  !q
In the expressions above, p and q are propositional variables; their values are unknown, but they must be one of the two possible “truth values” true and false. The propositional calculus provides an algebra for determining the truth values of such assertions.

When new propositions  are created from propositions  p and q using operations not, and, or, xor, and equals, the resulting propositions have values that are determined by the values of p and q and the operation; for example, the value of p && q is true if both p and q are true; otherwise,  p && q is false. The definition of these boolean operators is given in the truth table below, where we use a common convention of representing false by 0 and true by 1.

p
q
! p
p && q
p || q
p xor q
p == q

0
0
1
0
0
0
1

0
1
1
0
1
1
0

1
0
0
0
1
1
0

1
1
0
1
1
0
1

The definition of the boolean operators !, &&, ||, xor
, and ==.
An assertion of the form p && q is often called a conjunction, and we say that p and q are conjoined.  Similarly, an assertion of the form p || q is often called a disjunction, and we say that p and q are disjoined.

An additional boolean operator that is less commonly used is usually represented by an arrow. If p and q are propositions, then the truth value of the arrow expression p => q is determined by the following table.

p
q
p => q

0
0
1

0
1
1

1
0
0

1
1
1

The definition of the boolean operator =>.

The expression p => q is often read “p implies q” or “if p then q”, but a more accurate rendering into English is “whenever p is true, q is true”, and a completely accurate reading is “either p is false or q is true (or both).”  In practice, if an assertion can be phrased informally as “q (is true) whenever p (is true)”, then the formalism “p => q” is likely to be a correct transcription of the assertion into the propositional calculus.

It is important to realize that the value of p => q is determined by a truth table, and there need be no logical or causal relation between the assertions. Consequently, the assertions

(x is evenly divisible by 4) => (x is evenly divisible by 2)

and


(1+1 > 2) => (x > 3) 

are both true, but the value of the first reflects a logical inference based on a principle of mathematics while the value of the second follows simply from the fact that the value of “1 + 1 > 2” is false 
.

Note that Boolean expressions are evaluated in the same manner as other kinds of expressions, such as integer expressions. Integer expressions evaluate to one of the values 0, 1, -1, 2, -2, . . . , while boolean expressions evaluate to one of the values true and false. Integer expressions are built from arithmetic operators (such as +, *, - and /) while boolean expressions are built from the boolean operators such as and, or, => and not. Each of these calculi has a collection of rules describing how values are computed from operands (e.g., the arithmetic expression “6+3” can be re-written as “9”, while the boolean expression “true and false” can be re-written as “false”). Note that different kinds of expressions can occur within a single expression. For example, the  expression “x < y - 3 && y == z” is evaluated in four steps using three different calculi:

1. Evaluate the subexpression y - 3. (This evaluates to an integer, using the rules of arithmetic).

2. Using the result of 1, evaluate the subexpression x < y - 3 (to either true or false, using the rules for comparison operators).

3. Evaluate the subexpression y == z (to either true or false, using the rules for comparison operators).

4. Using the results of 2 and 3, evaluate the original expression using the rule (given in the propositional calculus) for the and operator.

Note that expressions such as “x > 3” are not part of the propositional calculus, they are part of the language of algebra. However, if they are evaluated, and the result is either true or false, then that result can be treated as one of the values true and false in the propositional calculus. In practice, these details won’t cause confusion, but it’s important to realize that the keywords true and false in Java represent values that are closer to the values true and false  of the propositional calculus than to the English words ‘true’ and ‘false’. They are values in a calculus, and the programmer must understand how expressions with those values are evaluated.

Most contemporary mathematicians make a careful distinction between the meaning of => and the concept of logical implication (also called logical inference or logical consequence,) which is used as the basis for sound arguments and proofs. They are likely to be annoyed to hear someone verbalize “x => y” as “x implies y” or as “if x then y” because they prefer to restrict the use of the word ‘implies’ and the verbal construction “if . . .  then . . . “ to the logical sense of “the truth of y follows (as a logical consequence) from the truth of x.” They regard the arrow => simply as (the symbol for) an operation on boolean values, and one that has no relation to logical consequence. Their position is entirely justified, but at variance with the widespread convention of reading => as ‘implies’. Nevertheless, the truth table for the arrow operator is based on and related to the notion of logical consequence, as the following example illustrates. Consider the assertion “If James gets here on time, I'll give him a ticket,” which we might denote (to the despair of our mathematician friends) as


(James gets here on time) => (I'll give him a ticket)

That assertion would be considered false (that is, a lie) if James arrived on time and was not given a ticket; this is reflected in the value of true => false being false. The assertion would be considered true if James arrived on time and was given a ticket; this is reflected in the value of true => true being true. Now suppose James does not arrive on time. The assertion would certainly not be considered a lie if James did not receive a ticket; this is reflected in false => false being true . But what if James arrives late and was given a ticket anyway? The assertion is not a lie, since, while it guarantees a ticket to James if he arrives on time, it doesn't promise that he won't receive one if he arrives late. Since (in this domain) anything that isn't false is true, the value of false => true is also true . In summary, the truth table for => corresponds quite nicely to one common use of “if-then”. 

But the definition of the arrow operator doesn't always fit the use of “if-then” in English so well. The assertion “If I jump from the top of a tall building then I float gently to the ground” would be transcribed as


(I jump from the top of a tall building) => 












(I float gently to the ground)
This assertion is true if the first operand (“I jump from the top of a tall building”) is false. But English usage of the “if - then” construct would result in my being judged a liar even though I choose not to jump from the top of a building. 

In summary, reading “x => y" as “x implies y” or “if x then y” is frowned upon by many mathematicians, but common in computer science.  We will not avoid using it because our uses will usually reflect a causal or logical relation between the assertions.

3.1 Identities

The use of identities in an algebra enables us to simplify expressions and change their forms. Arithmetic algebra uses identities that you are likely to apply almost unconsciously, such as the following:

x + 0 == x
0 is an identity for (the operator) +

x * 0 == 0
0 is a zero for *.

x * 1 == x
1 is an identity for *

x + y == y + x
The operation + is commutative.

x*(y+z) == x*y + x*z
The operation * distributes over +.

Identities  of Boolean algebra are useful for the same reasons. In the following, p, q, and r are propositional variables; that is, they denote arbitrary propositions whose values are either true or false. The following identities hold for every value of p, q, and r. (Recall that the values true and false are constants in the propositional calculus that are analogous to the integers 0 and 1 in the preceding list of identities for the calculus of integers.) 

1.
! (!p) == p


2.
p || !p == true


3.
p && !p == false


4.
p || true == true


5.
p && true == p


6.
p || false == p


7.
p && false == false


8.
p || q == q || p
(commutativity of or)

9.
p && q == q && p
(commutativity of and)

10.
p || (q || r) == (p || q) || r
(associativity of or)

11.
p && (q && r) == (p && q) && r
(associativity of and)

12.
p => q == (!p || q)


13.
(p == q) == ((p =>q) && (q => p))


14.
p && (q || r) == (p && q) || (p && r) 
(and distributes over or)

15.
p || (q && r) == (p || q) && (p || r) 
(or distributes over and)

16.
((p => q) && (q => p))  == (p == q)


17.
! (p || q) == (!p &&!q) 
DeMorgan's Law

18.
! (p && q) == (!p ||!q) 
DeMorgan's Law

Logical Identities

These identities, or tautologies
, are useful for simplifying and re-arranging expressions. If the first eleven appear obviously correct, your intuition is doing fine. The remaining identities may be more difficult to comprehend, but their validity should be apparent after some careful thought.
  All of these identities are useful for simplifying conditions in program constructs.

3.2 Weak versus Strong Assertions

The => operator provides an important tool for comparing assertions. The assertion A is said to be stronger than assertion B, and B is said to be weaker than A if A => B. Note that any assertion A is stronger than itself, and is also weaker than itself. If A is stronger than B, then A can be viewed as providing at least as much information as B. For example, the assertion that “the value of x lies between 4 and 6” is stronger than the assertion “the value of x lies between 1 and 10.” Not all statements can be compared in this way; the assertion “x is even” is neither stronger nor weaker than the assertion “x lies between 1 and 10.” The weak-strong comparison will be used extensively in our program documentation.

The two statements true and false have special roles in weak-strong comparison. The statement true is weaker than any statement because p => true evaluates to true regardless of the value of p. On the other hand, false is stronger than any statement, because false => p always evaluates to true
.

The following two implications provide some useful comparisons of assertions. In each case, the left side is stronger than the right.


(p && q ) => p


p => (p || q)

Weak-strong comparison are important for comparing program pre and postconditions. Suppose two programs C and C' have the same postcondition Q, but the precondition P of C is stronger than the precondition P' of C'; that is, P => P'. Which program is preferable, the one with the weaker, or stronger, precondition?

Since P is stronger than P', the precondition P' will be true anytime the precondition P is true.  It follows that the program C' can be used any time C could be used to accomplish the goal Q. The program with the weaker precondition is the more useful because it can be used under a greater variety of conditions.

On the other hand, suppose C and C' have the same precondition P but the postcondition Q of C is stronger than the postcondition Q' of C'. If Q and Q' are not equivalent, which program is preferable, the one with the weaker, or stronger, postcondition?

Since Q => Q', everything that is true after execution of C' will also be true after execution of C; thus C accomplishes more than C'. The program with the stronger postcondition is the more useful.

In summary, weakening a precondition makes a program useful under more circumstances; it loosens the requirements for using the program. The weakest possible precondition is true; this is the precondition for a program that can always be used, such as the following:

// Precondition: true

x = 5;

// Postcondition: x == 5

Strengthening a postcondition constrains a program to accomplish more, as would be the case with the above program if we also required it to set the variable y to the value 10:

// Precondition: true

x = 5;

y = 10;

// Postcondition: x == 5 && y == 10

The following formulas describe some important weak-strong comparisons.

1.
false => p

2.
p  => true

3.
p  => p || q

4.
p  && q => p

5.
(p && ( p => q)) => q

6.
((p => q) &&  !q) => ! p

7.
((p => q) && (q => r)) => (p => r)


Tautologies of the => operator

In each case, the expression on the left of the main => operator is stronger than the expression on the right.

3.3 The Boolean Data Type of a Programming Language

Most programming languages have a built-in data type and a set of operations based on the propositional calculus. The two values of the boolean data type (named after the logician George Boole) are true and false, and boolean expressions have one of these two values
. Boolean expressions are constructed of variables of type boolean and boolean operators as well as expressions such as “x > 5” that have boolean values. The simplest propositions in the language of Java boolean expressions involve no variables and always have a truth value:

true
Expression consisting of a literal value of the boolean data type.  Its value is true.

4 > 5
Expression with two integer literal constants and a comparison operator. Its value is false.

7 - 4 == 2
Expression with two constant integer expressions and a comparison operator. Its value is false.

true || false
Expression with two boolean constants and the operator or. Its value is true.

Some boolean expressions involve variables but the truth value is a consequence of the structure of the expression rather than the values of the variables; the following are examples (so long as the variable x has been initialized).

x == x
Expression with comparison operator. If x is initialized and equality is defined reasonably, then its value is true.  However, in certain cases, if x is not initialized, Java will treat it as undefined.



x < x
Expression with comparison operator. If x is initialized and < is defined according to our usual conventions, then its value is false.

While the foregoing expressions are all propositions, they are not of much interest to us because their truth values do not depend on the values of program variables. Our interest is in expressions such as

x > y + 10 

that are assertions about the values of variables and the relations that hold between them. The assertion “x > y + 10” does not have an inherent truth value and it cannot be evaluated unless we know something about the values of x and y. Recall that a proposition is an assertion that is either true or false.  A predicate is a more general class of assertion whose (boolean) value may depend on the value of variables that appear in the assertion.

Definition: A predicate is an assertion with (0 or more) variables that becomes a proposition when values are assigned to all the variables. 

Examples:

A proposition is a predicate with 0 variables; examples are “4 < 3” and “8 + 1 == 9”. A predicate with one variable generally describes a property; examples are “x is even”, “x is a prime number”, and “x is an undergraduate”. A predicate with two variables generally represents a binary relation; the common arithmetic binary relations such as <, == and <= are all examples of predicates of two variables, as are “x and y are married” and “x and y are the same age”. Predicates of three variables describe ternary relations; these include “x is the least common multiple of y and z” and “x is the child of y and z”.

End of Examples.

Some predicates, such as false (a predicate with 0 variables), x == x, or x < x + 1, are true or false regardless of the values of their variables, but most commonly, a predicate is neither true or false unless all its variables have been bound. If x is a mathematical variable, or a program variable that has not been initialized, in the predicate “x > 3”, the variable x is said to be a free in the expression; expressions with free variables usually do not have truth values. However, assignment of a value to a program variable binds that variable to the value
, and if all the variables of a boolean expression are bound, then the expression can be completely evaluated. Thus if x is a program variable that has been initialized, the evaluation of the boolean expression “x > 3” will first determine the value of x (that is, the value to which x is bound), and then compare that value to 3. The value of the expression will be true if x is bound to a value greater than 3, and false if x is bound to a value less than or equal to 3. (Of course the value of the boolean expression will be undefined if x has not been initialized or if x is the wrong type, such as a string or an array.)

If a program variable has not been assigned a value (by appearing on the left side of an assignment statement or being given a value by an input statement), its value is undefined.  Different programming languages, and even different implementations of the same programming language differ in how they treat undefined variables.  Some languages will issue a compile-time or run-time error if you try to use an undefined value (for example, on the right-hand side of an assignment statement or in an output statement).  Other languages will automatically initialize all variables to something "reasonable."  Still others will neither complain about the uninitialized variable nor initialize it for you.  The initial value in a variable’s storage location is whatever bit values happen to be there, possibly left over from the previous program.  This can lead to unpredictable program behavior.  Java will automatically initialize instance and class variables (to zero for numeric variables; to character zero for char variables; to false for boolean, and null for references), but does not initialize local variables within methods.  You will get a compile-time error if you attempt to use a local variable before setting its value. 
3.4 The boolean operators in Java

The boolean operators and, or, and not are all carried over from logic into programming languages, but they don't arrive unscathed
. The changes arise from the handling of undefined values. In the propositional calculus, if the truth value of p is undefined, then the truth value of any expression involving p will also be undefined. To some extent, this carries over into programming as well; thus, if x is an uninitialized local variable, then the value  of  x > 3  is  undefined,  as  is  the  value  of  !(x > 3) and  even              (x > 3) || !(x > 3).  But Java and many other programming languages define the logical and operation (&&) so that the value of the expression p && q is false whenever the first operand (p) evaluates to false. This saves the expense of evaluating the second operand q whenever p is false, but it also has the effect of giving the expression the value false when p is false and q is undefined. Similarly, the logical or operation (||) is defined in many languages so it gives the value true whenever the first operand is true. This short circuit
 evaluation of boolean expressions in programs can be quite convenient, but it can also lead to troublesome bugs. 

The use of the short circuit operators in place of the standard logical operators (which require that all operands have the value true or false) is not universally accepted. Niklaus Wirth, the designer of Pascal and the Modula languages, views short circuit evaluation as dangerous, and generally we agree with him. An important consequence of short circuit evaluation is that the commutative laws are violated, that is, x && y is sometimes not equal to y && x, and similarly for the operator ||. As a consequence, a careless change of the order in which tests are performed can have unintended effects. For this reason, some programmers avoid tests that rely on short circuit behavior for proper execution.  Whenever short circuit evaluation is critical to the correctness of a boolean expression, we will attach the warning comment  “// SC eval.”

3.5 Implication in Java

While some languages, such as Turing, implement the implication operator directly, Java does not.  Hence we could not directly state the implication


(x == 0) => (y >10)

which states that whenever x is zero, y must be greater than 10.  We could instead state the implication in terms of and, or and not.


!(x == 0) || (y > 10)

This gets the job done, although the fact that this is an implication is not immediately obvious.  Alternatively we could write a method called implies, that takes two boolean parameters and returns the appropriate boolean result.


implies(x == 0, y>10)

Neither solution is ideal, although we prefer the second because it more clearly shows what is going on.  Except in executable code, we will continue to use => to indicate implication.

4 Simple Propositions as Preconditions and Postconditions

4.1 Creating an Assert Statement

We're now ready to write simple pre and postconditions. Recall that a program segment C is said to be correct with respect to precondition P and postcondition Q if, whenever the assertion P is true initially, and the program C executes and terminates, then the assertion Q will be true at the time of termination. 

When we include pre and postconditions with the text of a Java program, the claim that C is correct with respect to precondition P and postcondition Q will naturally be manifested by comments in the form

// P       Precondition

C

// Q       Postcondition

For example, the following code meets its specifications, as given by the initial and final assertions:

// x == 7      (Precondition)

x++;

// x == 8      (Postcondition)

Clearly it would be a great boon to have a faithful and meticulous servant who would check the precondition and postcondition automatically each time a program is executed. If a precondition is evaluated prior to program execution and the precondition fails (that is, its value is false), then the requirements for program use were not met (i.e., we are trying to use the program improperly). If a precondition holds prior to execution, but following execution the postcondition fails, then the program did not accomplish the task it claims to perform (i.e., the program is not correct with respect to its given pre and postconditions). Checking of program pre and postconditions does not guarantee that the program actually meets its specification, because the conditions are only checked for the specific data of the program execution, but it's clearly better than no check at all. 

If the pre and postconditions are boolean expressions that can be evaluated in Java, we can create a special assert method that can be used to check that the assertion holds each time the code is executed. This is the case for our example program segment with its specifications:

// x == 7      (Precondition)

x++;

// x == 8      (Postcondition)

The assert method takes one parameter: a boolean expression.  If the boolean expression is true, the method does nothing and returns true.  But if the expression is false, the method stops the program.  This is a heavy-handed approach; we will see a more graceful implementation for assertions later that use Java exceptions.  


public static boolean assert(boolean b)


{



if (!b)



{




System.out.println("Assertion failure");




System.exit(0);



}



return true;


}

The method can be used either as a statement by itself as in the examples below, or can be incorporated into a boolean expression as we will see with loop invariants in the next chapter.  In a later chapter, we will see an improved implementation for assertions.

We can now rewrite our little block of code, but this time with executable pre and postconditions.

assert(x == 7);  // Precondition

x++;

assert(x == 8); // Postcondition

The program consisting of the assignment statement

x++;

is, however, much more general than the pre and postconditions we've used above; this program increments the value of the variable x, whatever its value. We need additional tools to describe a precondition something like “x has a value” and a corresponding postcondition to assert “the value of x is one greater than it was before.”

4.2 Denoting Original Values of Variables

Describing the general effect of the program

x++;

presents a problem for our documentation techniques. The program increments the value of x. To describe the effect of this assignment in the general case, we need somehow to say that the new value is 1 greater than the old one; that is, we must somehow refer to the value of the variable x before execution of the assignment statement. The solution is to create and use a new constant (which we'll call old_x) to record the original value of x as follows:

final int old_x = x;

assert(x == old_x);      // Precondition

x++;

assert(x == old_x + 1);  // Postcondition

The precondition for this program, “x == old_x” requires that the value of the program variable x be equal to that of the constant old_x. If that is true prior to execution of the program, then (according to the postcondition), the value of the variable x will be equal to the value of old_x+1.

Below we show how this convention can be used to document a program segment that interchanges the values of two variables x and y as follows:

final int old_x=x;

final int old_y=y;

assert(x == old_x && y == old_y); // Precondition

final int temp = x;

x = y;

y = temp;

assert(x == old_y && y == old_x); // Postcondition

5 A Richer Language of Assertions: Quantifiers

5.1 The Universal and Existential Quantifiers

The assertions we've described so far are useful, but they cannot capture many important aspects of program behavior, including many that characterize data aggregates such as arrays. Although we can use these assertions to state properties of individual variables (including individual array elements) and relations between them, we cannot assert in a graceful way, for example, that the entries of an array are sorted into non-decreasing order. Although we could assert that the first element was less than or equal to the second and the second less than or equal to the third and so on, this would not only be tedious, it would not be feasible unless we knew the number of entries in the array.

We obtain a more powerful language of assertions by adding quantification as a second way (in addition to assignment) of binding variables. Suppose that b is an array indexed from 0 to 10. Quantification provides a formalism in which we can express such statements as

All the entries of b are positive.

At least one entry of b is equal to 0.

The entries of the array b are sorted in non-decreasing order.

No two entries of b are equal.

b[3] is the largest entry of b.

These statements can, of course, be made in English as well, but the formalism we use makes it impossible to make a statement with the ambiguity of

All entries of b are either positive or odd.

Recall that a predicate is an assertion with variables that becomes either true or false when values are assigned to all the variables. Assignment of values to variables is one way of binding them; the predicate "x > 3" becomes true if we assign x the value 4, and false if we assign x the value 2. Alternatively we can universally quantify x to obtain an assertion that the predicate is true for all values of x:

For all integers x, x > 3.

In this case, if x can take on any integer value, the assertion is false because there are values of x that will make x less than or equal to 3 . Alternatively, we can existentially quantify x, the result is an assertion that the predicate is true for some value of x:

There exists an integer x such that x > 3.

This assertion is true.

The universal quantifier is usually written as an upside down A, ‘’,and read ‘for all’; the existential quantifier is usually written as a backwards E, ‘’, and read ‘there exists’. Universal quantification asserts that the predicate is true for all possible values of the quantified variable
; existential quantification asserts that the predicate is true for at least one possible value of the variable. 

Predicates can have any number of variables and describe any collection of properties that hold among them. For example, the following assertion (with variables) defines a predicate of four variables, u, v, x and y.


u + 6 <= v and either x or y but not both lie properly between u and v.

When a predicate has more than one variable, the variables can be bound in different ways, that is, some may be bound by assignment, and others by quantification. If all variables are bound, then the resulting assertion is a proposition (and hence either true or false). But the order in which variables are bound by quantification can make a difference. For example, if neither x nor y is bound by assignment, the predicate “x>y” can be quantified in eight different ways using the universal and existential quantifiers:

x y [x > y ]
For all x and for all y, x > y

y x [x > y ]
For all y and for all x, x > y

x y [x > y ]
For all x , there exists a y such that x > y

y x [x > y ]
There exists a y such that for all x, x > y

y x [x > y ]
For all y, there exists an x such that x > y

x y [x > y ]
There exists an x such that for all y, x > y

x y [x > y ]
There exists an x and there exists a y such that x > y.

y x [x > y ]
There exists a y and there exists an x such that x > y.

The eight ways of quantifying two variables using and .

The first two of these expressions are equivalent, as are the last two; this is a consequence of the fact that the order of consecutive quantifiers is immaterial if the consecutive quantifiers are all of the same type (that is, either universal or existential). But changing the order of quantifiers of different types can change the meaning. In the above assertions, if the x and y are of integer variables, the first two assertions are false and the last two are true. The third and fifth are true, while the fourth and sixth are false. But if we change the domain so that the variables can have only non-negative integer values, the truth value of the third assertion changes from true to false. 

We will use capital letters such as P, Q and R to denote arbitrary predicates, with a parenthesized list of their unbound variables; thus, we denote by P(x) an arbitrary predicate P whose only unbound variable is x, such as “x > 3”, and by P(x,y,z) an unspecified predicate with free variables x, y and z, such as “x + y > 3*z”.  A predicate with no unbound variables is a proposition (and hence must have a value of either true or false).  A predicate with a single variable defines a property, such as “x > 3”.  A predicate with two or more variables defines a relation, such as “x < y” or “x*y == z”.

The domain of a variable is the set of possible values of the variable. The domain is usually understood, and consequently we often don't state whether the domain of a variable is the integers, or the reals (or the set of people, or the set of books...). But it is common in both mathematics and program documentation to use two predicates to make an assertion. The first predicate, called a domain predicate, restricts the set of values to a subset of the domain of a variable. The second predicate is the assertion predicate. For example, if the domain of variables is the integers, the assertion “The product of two negative integers is a positive integer” could be stated as

For all integers x and y such that x < 0 and y < 0, x*y > 0

The first predicate “x < 0 and y < 0” can be given as a domain predicate that restricts the set of possible values of x and y to negative integers. In mathematics, a domain predicate is often written as a subscript to the quantified variable; thus, the above assertion might be written

xx < 0  y y < 0 [x*y > 0]

or, equivalently,

x y x < 0 && y < 0 [x*y > 0]

To use this language of assertions with programs, the first hurdle we face is adapting it to the symbols available in a program editor. The widely-adopted solution is to use ‘A’ for ‘for all’ and ‘E’ for ‘there exists’. Since subscripts aren't feasible, the domain predicate appears between a quantifier and its assertion predicate, and colons separate the various parts. Thus our general format is:

(Qx:D(x):P(x))

where the initial 'Q' denotes a quantifier, D(x) is a domain predicate, and P(x) is an assertion predicate. Every expression we write can be written in this form, although its appearance may be complicated by several factors:

1.
Each of the predicates (D(x) and P(x)) can itself be a quantified expression.

2.
Each of the predicates can be constructed from other predicates using boolean operators.

Note that when predicates have several variables, some may be bound universally (that is, with a universal quantifier), some existentially, some by assignment and some may be unbound. Moreover, boolean operators can be used to combine multiple predicates, and every predicate expression can be replaced by a new predicate that has been defined to have the meaning of the predicate expression. Thus, if a predicate of the form

(Ax:D(x,y):(Az:G(x,y,z):P(w,x,y,z)))

is important in our discourse, since the only free variables in the predicate are w and y, we may be able to simplify our thinking (and our writing) by defining a new predicate Q(w,y) to have the meaning of the above predicate expression.

A final simplification is often used in writing these assertions. If the domain predicate is true, it is customary not to write it explicitly; thus, for example 

(Ax:true:P(x))
and 
(Ex:true:P(x))

are commonly written

(Ax: :P(x))
and
(Ex: :P(x))

respectively. This notation makes it convenient to point out the relationship that holds between the domain and assertion predicates. The following identities hold:

(Ax:D(x):P(x)) == (Ax: :D(x) => P(x))

(Ex:D(x):P(x)) == (Ex: :D(x) && P(x))

These may appear inconsistent, but some thought will convince you that they reflect our intuitive thinking exactly.  The assertion (Ax:D(x):P(x)) can be read “For all x such that D(x) holds, P(x) (is true)”. The identity above reflects that this means the same as saying “For all x, P(x) is true whenever D(x)”, which is written as (Ax: :D(x) => P(x)).

Similarly, (Ex:D(x):P(x)) can be read as “There exists an x such that D(x) for which P(x) (is true)”. That has the same meaning as the claim “There exists an x such that both D(x) and P(x) are true”, which is written as (Ex: :D(x) && P(x)).

The writing of predicates is often simplified by a ‘grouping’ of sequences of the same quantifier. Thus, instead of writing

(Ax:D(x):(Ay: G(y) :P(x,y))) 

we could write 

(Ax: :(Ay: D(x) && G(y) :P(x,y)))

but we usually eliminate the indication of a domain predicate true between the quantifiers and simply write

(AxAy: D(x) && G(y) :P(x,y))

And finally, the quantifier may be written only once, giving the form

(Ax,y: D(x) && G(y) :P(x,y))

Similarly, the expression

 (Ex:D(x):(Ey:G(x,y):P(x,y))) 

can be written as

(Ex,y:D(x) && G(x,y):P(x,y))

All this is somewhat overwhelming in the abstract, but the conventions exist only to make the assertions easier to write. Practice will make the reader facile with the notation. The key to success in writing such statements is to begin by making the statement in a restricted form of English that uses such phrases as “for all”, “such that”, “there exists”, etc., and then write the formal statement from that. The formal statement cannot be ambiguous if the meaning of the predicates is precise, so it should be clear whether the resulting expression fits the writer’s intention.

Examples

In the following examples, single letter variable names in lower case denote mathematical variables; these variables will generally be bound by quantifiers. Variable names with more than one letter are integer program variables that have been bound by assignment. The variables B and C denote integer arrays with n entries (where n is a program variable) and integer indices ranging from 0 to n-1. For simplicity, we assume that all mathematical variables are restricted to integer values. The first entry in each example is an informal assertion in English.  The next (indented) entry is an attempt to give an careful unambiguous English equivalent.  The last (further indented) entry is the formal assertion in the predicate calculus.  (In some cases, several equivalent versions are given of the formal assertion.) 

a. The value 4 occurs in the array B (that is, B[0...n-1].)


There exists a value of i between 0 and n-1 inclusive such that B[i] == 4. 



(Ei: 0 <= i < n : B[i] == 4)

b. No entry of B is bigger than (the value of the variable) top.

For all entries of B, the value of top is at least as large.

For every index i of B, B[i] <= top.

(Ai: 0 <= i < n:  B[i] <= top)

c. The first element of the array B is the largest.

This assertion is, in fact, ambiguous because ‘largest’ could mean either < or <=.  
Thus,  the intended assertion could be either of the following:

The value of B[0] is at least as large as every entry of B.

 (Ai: 0 < i < n: B[i] <= B[0])

The value of B[0] is strictly larger than every other entry of B.

(Ai: 0 < i < n: B[i] < B[0])

d. No integer between low and high divides val evenly.

This assertion is ambiguous because the meaning of “between” is unclear.  We give two interpretations.

There does not exist an x properly between low and high such that x         divides val evenly. 

It is false that there exists an x properly between low and high such that x divides val evenly. 



!(Ex: low < x < high: val % x == 0)

For all x, if x lies between low and high inclusive, x does not divide val evenly. 



(Ax: low <= x <= high: val % x != 0)

e. When an entry from the first half of B is added to an entry from the second half, the sum is always less than 50.

Assertions such as this are often ambiguous because the size may not be commensurate with the divisor.  In this case, if the number of entries in n is not even, the statement becomes ambiguous.  We will assume that n is even.

For all i and j, if 0 <= i <  n/2 and n/2 <=  j < n, the sum of B[i] and B[j] is less than 50. 

(Ai : 0 <= i < n/2:(Aj: n/2 <= j < n : B[i] + B[j] < 50))

(Ai Aj: 0 <= i < n/2 && n/2 <= j < n : B[i] + B[j] < 50)

(Ai,j: 0 <= i < n/2 &&  n/2 <= j < n : B[i] + B[j] < 50)

f. The array B is sorted in non-decreasing order.

If i is less than j, then B[i] is less than or equal to B[j]
(Alternatively, If i is less than or equal to j, then B[i] is less than or equal to B[j].  We will not translate this version.)

(Ai,j: 0 <= i < j < n: B[i] <= B[j])

(Ai Aj : 0 <= i < j < n: B[i] <= B[j])

(Ai : 0 <= i < n : (Aj : i < j < n: (B[i] <= B[j]))

If i is less than n-1, then B[i] is less than or equal to B[i+1]
 (Ai : 0 <= i < n-1 : B[i] <= B[i+1])

g. The array B[n] is not sorted in non-decreasing order.

The most straightforward approach is sometimes to negate another statement.  Since this claim is the negation of example f, we could simply negate any version of f.  Choosing the last version gives us:

It is false that for each entry B[i] such that i < n-1, B[i] <= B[i+1].

! (Ai: 0 <= i < n-1: B[i] <= B[i+1])

There are many other alternatives that can be devised directly, or can be obtained by logical equivalences. 

There are two adjacent elements in B[n] that are not in non-decreasing order.

(Ei: 0 <= i < n-1: B[i] > B[i+1])

There are two elements in B[n] that are not in the proper order.

 (Ei,j: 0 <= i < j < n: B[i] > B[j])

h. Every value in the array B[n] occurs in the subarray C[k...m].)
For every index value i between 0 and n-1 inclusive there exists an index value j between k and m inclusive such that B[i] == C[j]. 

(Ai : 0 <= i < n (Ej : k <= j <= m : B[i] == C[j])

(Ai Ej: 0 <= i < n &&  k <= j <= m : B[i] == C[j])

i. Some element of B is strictly greater than all the others. 

There exists an entry of the array B that is greater than all other entries of B.

(Ei: 0 <= i < n: Aj: 0 <= j < n &&  j != i: B[j] < B[i])

(Ei Aj: 0 <= i,j < n &&  i != j : B[j] < B[i])

j. The largest value in B occurs at least twice.

There exist two distinct entries of B that are at least as great as all the others. 

(Ei,j:0 <= i < j < n: Ak: 0 <= k < n : B[i] == B[j] &&  B[k] <= B[j])

(Ei,j:0 <= i < j < n: Ak: 0 <= k < n : B[k] <= B[i] &&  B[k] <= B[j])

(Ei,j Ak:0 <= i,j,k < n &&  i != j : B[k] <= B[i] &&  B[k] <= B[j])

Note in the above expression, it is not necessary to specify explicitly that B[i]==B[j]. The other conditions guarantee that B[i]<=B[j] and B[j]<=B[i],which together imply B[i]==B[j].
 (Ei,j:0 <= i < j < n: B[i] == B[j] && (Ak: 0 <= k < n : B[k] <= B[i]))

End of Examples

The manipulation of expressions involving quantifiers can get far too complex and subtle to treat here in detail, but intuition will often suffice if care is taken. The following are a few of the most basic identities. They require study, but each of them should make sense.

!(Ax:D(x):P(x)) == (Ex:D(x):! P(x))

!(Ex:D(x):P(x)) == (Ax:D(x):! P(x))

(Ax:D(x):P(x)) == (Ax: :D(x) => P(x))

(Ex:D(x):P(x)) == (Ex: :D(x) &&  P(x))

(Ax:D(x):P(x)) && (Ax:D(x):Q(x)) == (Ax:D(x):P(x) &&  Q(x))

(Ex:D(x):P(x)) || (Ex:D(x):Q(x)) == (Ex:D(x):P(x) || Q(x))

(Ax Ay: D(x,y) : P(x,y)) == (Ay Ax: D(x,y) : P(x,y))

(Ex Ey: D(x,y) : P(x,y)) == (Ey Ex: D(x,y) : P(x,y))

Tautologies of the Predicate Calculus: Identities

The following assertions are all true, but they are not equalities. You should understand why the implication arrow does not hold in the opposite direction.  For example, in the first of the three implications, reversing the arrow would result in a false assertion  if  D(x) == "x is an integer and x > 2", P(x) = "x is prime" and Q(x) = "x is even".

(Ex:D(x):P(x) && Q(x)) => (Ex:D(x):P(x)) && (Ex:D(x):Q(x))

(Ax:D(x):P(x)) || (Ax:D(x):Q(x)) => (Ax:D(x):P(x) || Q(x))

((Ax:D(x):P(x)) && (Ax: D(x): P(x) => Q(x))) => (Ax:D(x):Q(x))

Tautologies of the Predicate Calculus: Implications

While we have expressed these implications in the form X => Y, a language that does not admit the use of the implication would express the same assertions in the form !X || Y.

Quantifiers will often be the proper tool for expressing preconditions and postconditions, as well as other assertions appropriate for program documentation.  We will take care to label them as such, but when the assert statement is used, the label will often follow the statement.

Examples

a) The following is a suitable precondition and postcondition for a code segment that initializes all entries of an array B[n] to 0.

assert (true); // Precondition 

// (Ai: 0 <= i < n: B[i] == 0)  Postcondition 

b) The least common multiple (lcm) of two non-zero integers x and y is the smallest positive integer m that is an integer multiple of both x and y. The precondition and postcondition for a code segment that assigns m the value of the lcm of two integer variables x and y could be the following:

assert (x != 0 && y != 0); // Precondition

assert (m % x == 0 && m % y == 0 && m > 0); // Postcondition 

// and (Ai: 1 <= i < m: i % x != 0 || i % y != 0 )  

//    m is an integer multiple of both x and y and nothing

//    smaller than m is an integer multiple of both.

End of Examples

One final caveat is in order. The implication

(Ax: D(x) : Q(x)) => (Ex: D(x) : Q(x))

looks at first glance to be true, but is not in the very special case when the predicate D(x) is always false. Thus, if x is an integer value and D(x) is the predicate “x = x + 1”, and Q is the predicate “ x == x + 2”, the left side of the implication says “For all x such that x == x + 1, x == x + 2”, which can be stated as, “For all x, (x == x + 1 => x == x + 2)”. That statement has the value true because of the definition of =>. The right side, however, translates to “There exists an x such that x == x + 1 and x == x + 2”. Thus for these predicates the statement is of the form true => false, which has the value false.

5.2 Additional Quantifiers

Logicians and mathematicians rarely use quantifiers other than 'for all' and 'there exists,' but computer science has found it useful to add some others. The following are the most commonly used. Note that the value of some of the resulting quantified expressions is not a boolean value. 

5.2.1 The 'count' or 'number' quantifier Num 

The value of (Num x : D(x) : P(x)) is an integer equal to the number of values of x that satisfy both the domain predicate D(x) and the assertion predicate P(x).  The value is a non-negative integer (unless it is undefined).  Note that the value of a Num quantified expression is a nonnegative integer.  If D(x) is not true for any x, (ie, the domain is empty), then the result is zero.

Example: The number of positive entries in an array B[n] can be expressed as follows:


(Num i: 0 <= i < n: B[i] > 0)

End of Example
5.2.2 The 'sum’ quantifier Sum

The value of (Sum x : D(x) : F(x)) is the sum of all the expressions F(x) for which D(x) is true. F(x) must be an algebraic expression over the variable x, which is generally an integer variable. If D(x) is not true for any value of x, then the result is 0. Note that the value of a Sum quantified expression is numeric.

Examples: The sum of the first 10 entries of an array B[n] is the value of the following:


(Sum i: 0 <= i < 10: B[i])

The sum of positive entries in an array B[n] is the value of the following:


(Sum i: 0 <= i < n  && B[i] > 0: B[i])

The sum of the n-1 products of adjacent entries in an array B[n] is the value of the following:


(Sum i: 0 <= i < n-1: B[i] * B[i+1])

End of Examples
5.2.3 The 'product’ quantifier Prod

 The value of (Prod x : D(x) : F(x)) is the product of all the expressions F(x) for which D(x) is true. F(x) must be an algebraic expression over the variable x, which is generally an integer variable. If D(x) is not true for any value of x, then the result is 1. Note that the value of a Prod quantified expression is numeric.

Example: The product of entries with even indices in an array B[n] is the value of the following:


(Prod i: 0 <= i < n  and (i % 2  == 0): B[i])

End of Example
5.2.4 The 'maximum’ quantifier Max

 The value of (Max x : D(x) : F(x)) is the maximum value of all the expressions F(x) for which D(x) is true. F(x) must be an algebraic expression over the variable x. The result is a value in the domain of the expression F(x), which might not be numeric, for example, if that domain was the set of strings. If D(x) is not true for any value of x, then the result is undefined. 

Example: The value of the largest entry in B[n] is the value of the following:


(Max i: 0 <= i < n: B[i])

End of Example

5.2.5 The 'minimum’ quantifier Min

 The value of (Min x : D(x) : F(x)) is the minimum value of all the expressions F(x) for which D(x) is true. F(x) must be an algebraic expression over the variable x. If D(x) is not true for any value of x, then the result is undefined. 

Example: The entry in B[n] that is equal to 2 and has the smallest index is the value of the following:


(Min i: 0 <= i < n  && B[i] == 2: i)

End of Example
Examples

In the following, B[10] is the integer array such that for all i, 0 <= i < 10, 

B[i] == i. Then

Expression
Value (and reason)

(Num i : 0 <= i < 10 : B[i] == 0) 
1 (only B[0]==0)

(Num i : 0 <= i <= 5 : B[i] % 2 == 0) 
3 (0, 2, and 4 %2 ==0)

(Num i : 0 <= i < 10 : B[i] is prime
) 
4 (2, 3, 5, and 7 are prime)

(Sum i : 0 <= i <= 3 : B[i]) 
6 (0+1+2+3 == 6)

(Sum i : 3 <= i < 7 : B[i+1] * B[i]) 
104 (4*3+5*4+6*5+7*6 == 104)

(Max i : 0 <= i < 10 : B[i]) 
9 (9 is largest of 0…9)

(Max i : 6 <= i < 10 : B[i] % 4) 
3 (7 % 4 == 3)

(Min i : 1 <= i < 10 and i % 2 == 0 : B[i]) 
2 (smallest even number >=1)

End of Examples
The construction of program assertions involves several kinds of variables, and it is important to keep their differences in mind:

•
Program variables are variables used in the program. They are bound by program assignment; therefore they are never quantified in assertions.

•
Recording variables are variables used to record the value of a program variable or expression. Their value does not change. We distinguish these variables by giving them a name that begin with old_.

•
Quantified variables are mathematical variables that are bound by a quantifier in an assertion. These variables are invariably used in predicates; they are not program variables and they do not appear in the program code. 

If an assertion is to be evaluated as true or false, it is usually necessary that each variable in the assertion be bound. There are two ways of binding variables: by assignment, and by quantification. Program variables are bound by assignment (unless their value is undefined). Any variables in a program assertion that are not program variables are mathematical variables; these must be bound either by assignment (the 'recording' variables') or by quantification. 

6 In Conclusion

In this chapter we've described using the predicate calculus as a tool for making careful assertions about program behavior. The predicate calculus is a rich and rewarding area of study in mathematical logic; our presentation has been informal and incomplete. Learning and using the language will not be easy; indeed, learning it is about as difficult as learning a programming language, and you do not have the luxury of a computer to tell you when your assertions don't make sense. But once it is mastered, it will provide a basis (the simplest one we know!) for stating precisely what a program does. Practice and study of the examples will soon make it a familiar and powerful aid to your skills in careful thought, although (just as with a programming language) you will continue to encounter situations that challenge your ability to express things well.

Summary

6.1 Assertions as program documentation

This chapter described a method of program documentation based on assertions about the state of a program as it performs a computation. The state of a program consists principally of the value of the program counter (that is, the program instruction that is to be executed next) and the values of all program variables. The program state also includes the values of input that have not yet been read, and the value of the "run-time stack" that describes the state of all current subroutine calls, but these will usually not play an important role in our assertions.

If a program terminates, then execution of the program transforms the program's initial state (that is, the state of the program prior to execution) to its final state (the state at termination).

A program specification consists of a precondition and a postcondition; a program specification defines what a program is intended to do. A precondition is an assertion about the initial state of a program. A postcondition is an assertion about the final state of a program.

Definition: A program C is correct with respect to precondition P and postcondition Q, if, whenever condition P holds prior to execution of program C, and C terminates, then condition Q will (always!) hold after C has finished execution.

We also say that the program C meets the specification of the precondition P and the postcondition Q. The claim that a program C is correct makes no sense unless a precondition and postcondition have been specified.

The assertion {P} C {Q} is defined to be the claim that program C is correct with respect to precondition P and postcondition Q. (Note that {P} C {Q} is a predicate of three variables.)

Assertions about a program's state during computation appear as documentation between executable statements of a program. If an assertion can be expressed as a Java boolean expression, we say the assertion is checkable, and can use the assert method to check at runtime whether the assertion holds.

6.2 The language of assertions

This chapter describes a language to be used in program documentation. The language is based on the propositional calculus and the first order predicate calculus. These languages are unambiguous if the assertions and predicates they use are unambiguous. While the methods we use in the text do not suffice for all programs, these methods are the basis for most formal specification and proof methods.

6.3 The propositional calculus

A proposition is an assertion that is either true or false. The propositional calculus is a language of propositions. Arbitrary propositions are represented by propositional variables, p, q, r, etc. The propositional calculus has two values, or constant assertions, true and false; these are the two truth values. 

Expressions (that is, other assertions) in the propositional calculus are constructed from propositional variables, the constants true and false, and the propositional functions (or operators) and, or, not and =>. If each propositional variable of an expression is assigned a truth value, then the expression will have a truth value according to the following table:

p
q
not p
p and q
p or q
p => q

0
0
1
0
0
1

0
1
1
0
1
1

1
0
0
0
1
0

1
1
0
1
1
1

The propositional calculus is sometimes referred to as Boolean algebra, expressions in the language are often referred to as Boolean expressions, and the values true and false are often called Boolean values.

Expressions in the propositional calculus can be transformed, simplified and evaluated in ways similar to those used for algebraic expressions. Permissible transformations are expressed with rules using propositional variables. Programmers should understand these transformations so that they can express tests and conditions in the most appropriate way.

6.4 Weaker and stronger assertions

An assertion p is stronger than q if p => q; if p is stronger than q, then q is weaker than p. Intuitively, if p is stronger than q, then p has all the information contained in q, and perhaps more. Two assertions need not be related by the weaker-stronger relation.

In programs, it is generally desirable to have weak preconditions and strong postconditions. Thus, if {P1} C1 {Q} and {P2} C2 {Q} and P1 is stronger than P2 but not equivalent to it, then C1 and C2 bring about the same state (the postcondition Q), but C1 requires greater constraints prior to execution than C2.

On the other hand, if {P} C1 {Q1} and {P} C2 {Q2} and Q1 is stronger than Q2 but not equivalent to it, then C1 and C2 require that the same initial state be established (the precondition P), but C1 accomplishes a greater change than C2.

6.5 The Boolean data type and short-circuit evaluation

The propositional calculus is reflected in all programming languages by expressions that express conditions and are used for tests, such as x > 3 or key == B[i]. The variables of these expressions (in these examples, x, key, B and i) are program variables; they are not propositional variables. The assertion (e.g., 'x > 3') is a predicate that becomes a proposition when it is evaluated because its values will be bound by assignment. The value of such a test will be a truth value.

Many languages, including Java, include a boolean data type that has two values, true and false representing the propositional constants true and false. The operations defined on values of this data type include and (&&), or (||), and not (!). 

Programming languages commonly use short-circuit evaluation  of boolean expressions involving the operations and and or. Under short-circuit evaluation, evaluation of a boolean expression proceeds from left to right only as far as is necessary to determine the value of the expression. 

6.6 The predicate calculus

A predicate is an assertion with variable arguments. The assertion "x > 3" is a predicate of one variable, "x > y + 4" is a predicate of two variables, "x == y + 2z" is a predicate of three variables, etc. A predicate may also have no variables; a predicate with zero variables (such as 4 < 5) is proposition.

· A predicate of no variables is a proposition, and is either true or false.

· A predicate of one variable corresponds to a property. (E.g., “x is red”.)

· A predicate of two variables corresponds to a binary relation.  (E.g., “x is larger than y.”)

· A predicate of n variables corresponds to a relation among n objects.

In discussing the language of assertions, we often use a predicate variable to represent an arbitrary predicate; for example, P represents a 'two-place predicate', or a predicate of two variables, in the expression P(x,y). A predicate constant is a predicate whose meaning is fixed. The binary relations =, < and <= are examples of common predicate constants. The predicate {P} C {Q} is a three-place predicate constant.
 

In making assertions about programs, we'll define and use predicate constants (but usually call them simply 'predicates') throughout the text. For example, we'll define and use predicates such as Sorted(B[lo..hi],<=) rather than the informal statement "The entries of the subarray B[lo..hi] are sorted in non-decreasing order." The use of such a predicate is appropriate only if the meaning of the predicate is formally defined or unequivocally understood.

In addition to logical predicates, we'll define and use expressions with values other than true and false. For example, the expression Max(B[lo..hi]) will denote the largest value in the subarray B[lo..hi]. The use of such an expression is only appropriate if the meaning of the expression has been formally defined or is clearly understood.

6.7 Binding of the variables of a predicate

A predicate is an assertion with variables that is either true or false if all variables are bound.  Binding can be by assignment or by quantification.

The simplest way to bind a variable is to assign it a value.  If every variable of a predicate is assigned a value from the appropriate domain, its value will be true or false. 

Programs use predicates to describe conditions and tests; these predicates are expressions, or assertions, that involve program variables. When such an expression is encountered during program execution, the current values of the program variables are substituted for the variables of the predicate (that is, the variables of the predicate are bound by assignment), resulting in a proposition whose value is either true or false. 

Binding i variables of a predicate with n variables results in a predicate of n-i variables. To illustrate the concepts of binding by assignment and binding by quantification, consider the predicate of three variables S defined as follows:



S(a,b,c) == a + b == c

Binding all the variables by substitution produces a proposition; thus, S(4,5,9) is true, while S(4,5,8) is false. If only one of the variables is bound by assignment, the result is a predicate of two variables. For example, we could define


Q(a,c) == S(a, 6, c) == a + 6 == c

Then  Q(3,9) is true, whereas Q(4,9) is false.  Similarly, if we define


R(c) == S(4,3,c)

then R(7) is true but R(6) is false.

Now consider binding the variables of S by quantification.  If the predicate T is defined as


T(a,c) == (Eb : b > 0 : S(a,b,c)) == (Eb : b > 0 :  a + b == c)

The binding of b results in a predicate T over two variables such that T(6,7) is true and T(6,6) is false. In fact, the predicate T(a,c) is simply an alternative characterization of the predicate a < c. 

Similarly, we could bind two of the variables of S by quantification; for example,


U(a) ==  (A b : true : (E c : b <= c : a + b == c))

The predicate U(a) asserts that for every value of b there exists a c ≥ b such that a + b = c. U(a) is true if a ≥ 0; thus U(a) is simply an alternative characterization of the predicate a ≥ 0.

6.8 The empty domain

The value of (Ax: D(x): P(x)) is the same as the value of (Ax: true : D(x) => P(x)). It follows from the rule for => that if the domain of x is empty (that is, if D(x) is always false), then the value of (Ax: D(x): P(x)) is true.

The value of (Ex: D(x): P(x)) is the same as the value of (Ex: true : D(x) and P(x)). It follows from the rule for and that if the domain of x is empty (that is, D(x) is always false), then the value of (Ex: D(x): P(x)) is false.

A little intuition may make this clearer.  If you assert that "every homework paper that I turned in received an A", then that assertion is indeed true if you turned in homework papers and received an A on each.  But it's also true (albeit devious) if you turned in no assignments since the domain (the set of papers turned in) is empty.  Universally quantified assertions with empty domains are true.

On the other hand, the assertion "At least one of my homework papers that I turned in received an A" cannot be true unless the domain is non-empty.  So existentially quantified assertions with empty domains are false.

All this may seem frivolous, but it actually turns out to be quite useful, as we will see in the next chapter.

6.9 Equivalences of quantified assertions

Universal quantifiers can be replaced by existential quantifiers and vice versa according to the following rules (all of which are equivalent!):

(A x: D(x): P(x)) == !(E x: D(x): ! P(x))

(E x: D(x): P(x)) == !(A x: D(x): ! P(x))

!(A x: D(x): P(x)) == (E x: D(x): ! P(x))

!(E x: D(x): P(x)) == (A x: D(x): ! P(x))

When more than one variable is bound by quantification, the bindings take effect in left-to-right order. Thus each predicate of an expression can refer to previously bound variables, as in the following, where the definition of the domain predicate for y refers to the value of x:

A x: x > 0: (A y: abs(y) < x: x + y == 0))


Thus, the general form of an expression in which three variables are existentially quantified is

E x: D1(x): (E y: D2(x,y): (E z: D3(x,y,z): P(x,y,z)))


When the same quantifier applies to more than one variable, the notation can be simplified by writing a single domain predicate. Thus, we can write

(A x: D1(x): (A y: D2(x,y): P(x,y)))

as

(A x,y: D1(x) && D2(x,y): P(x,y))

6.10 Changing the order in which variables are quantified.

The order in which variables are quantified is important; changing the order can change the meaning of the assertion. However, changing the order of quantification has no effect on "adjacent" quantified variables if the quantifiers are of the same type.  Thus

(A x, y: D(x,y): P(x,y)) == (A y, x: D(x,y): P(x,y))

(E x, y: D(x,y): P(x,y)) == (E y, x: D(x,y): P(x,y))

6.11 Additional Quantifiers

Quantifier expressions can be used as a convenient notation for expressions based on any operation that is associative and commutative. If an identity value exists for the operation, the value of an expression for the empty domain is that identity. If an identity value does not exist for the operation, then the value of an expression for the empty domain does not exist.

We will use the following additional quantifier expressions:

(Num x : D(x) : P(x)) denotes an integer equal to the number of values of x that satisfy both the domain predicate D(x) and the assertion predicate P(x).  The value is a non-negative integer (unless it is undefined). If D(x) is false for all values of x, then (Num x : D(x) : P(x)) == 0.

(Sum x : D(x) : F(x)) denotes the sum of all the expressions F(x) for which D(x) is true. F(x) must be an algebraic expression over the variable x. If D(x) is false for all values of x, then (Sum x : D(x) : P(x)) == 0.

(Prod x : D(x) : F(x)) denotes the product of all the expressions F(x) for which D(x) is true. F(x) must be an algebraic expression over the variable x. If D(x) is false for all values of x, then (Prod x : D(x) : P(x)) == 1.

(Max x : D(x) : F(x)) denotes the maximum value (under some binary relation <=) of all the expressions F(x) for which D(x) is true. If D(x) is false for all values of x, then the result is undefined. 

(Min x : D(x) : F(x)) denotes the minimum value (under some binary relation <=) of all the expressions F(x) for which D(x) is true. If D(x) is false for all values of x, then the result is undefined. 

Program assertions can involve three distinct kinds of variables:

•
Program variables are variables used in the program. They are bound by program assignment; therefore they always appear as free variables in assertions.

•
Recording variables are mathematical variables used in program assertions to record the value of a program variable or expression.  Their value can be referenced in later assertions.

•
Quantified variables are mathematical variables that are bound by a quantifier. These variables are not program variables, and they do not appear in the program code. 

Exercises:

1. The assertions a || b and a xor b may or may not be equivalent, depending on the specific content of the propositions a and b. If they are not equivalent, which is the stronger of the two?


Answer: a xor b => a || b


Thus a xor b is stronger.

2. a. Transcribe each of the following into formal notation (choosing appropriate predicates). (Assume that we are talking about real elephants.)

statement 1: All the elephants in Professor Stanat’s office are white.

statement 2: There is a white elephant in Professor Stanat’s office.

Answer: There are a number of possible answers, but we begin by defining some predicates:

L(x) means “x is an elephant.”  (We use L for eLephant; the letter E is already taken.)


W(x) means “x is white.”


O(x) means “x is in Professor Stanat’s office.”


Then perhaps the most straightforward transcription of statement 1 is:


(Ax: L(x) && O(x): W(x))


Others are possible.

 
(Ax: L(x): O(x) => W(x))

 
(Ax: O(x): L(x) => W(x))


!( Ex: L(x) && O(x): ! W(x))


Some possible transcriptions of statement 2 are:


(Ex: O(x): L(x) && W(x))


(Ex:: O(x) && L(x) && W(x))

b. Find the truth value of each of the statements.

Answer: statement 1 is true.  This is perhaps easiest to see because any assertion in which all variables are bound must be either true or false, and the negation of a false statement is true, and the negation of this statement is

“Some elephants in Professor Stanat’s office are not white.”

! (Ax: L(x) && O(x): W(x)) == (Ex: L(x) && O(x): ! W(x))


Since there are no elephants there, there cannot be any that are not white.


statement 2 is false because there are no elephants in Professor Stanat’s office.

c. Argue that the truth values you claim are consistent according to the rules of the chapter.

Answer: It is tempting to claim that “If (Ax: D(x): P(x)), then                    (Ex: D(x) P(x))” or, to put it differently,



(Ax: D(x): P(x)) => (Ex: D(x) P(x))


or, more informally,



“If P is true for all x, then P must be true for some x.”

However, this claim is false if the domain is empty (that is, D(x) is always false, or simply “there are no values that satisfy the requirements of x.”  This is the case for these two statements.


(If the claim were generally true, then our answer above would mean that


true => false. 


Our example illustrates why they claim fails.)

3. The assertion "All entries of the array B[0..n] are either positive or odd" can be interpreted in five possible ways.  

Using the predicates P(x) to denote "x is positive" and O(x) to denote "x is odd", the five possible meanings can be expressed unambiguously as follows: 

1. (Ai: 1 <= i <= n: P(B[i]) || O(B[i]))

2. (Ai: 1 <= i <= n: P(B[i]) xor O(B[i]))

3. (Ai: 1 <= i <= n: P(B[i])) || (Ai: 1 <= i <= n: O(B[i]))

4. (Ai: 1 <= i <= n: P(B[i])) xor (Ai: 1 <= i <= n: O(B[i]))

5. (Ai: 1 <= i <= n: P(B[i]) && ! O(B[i])) xor                 (Ai: 1 <= i <= n: O(B[i]) && ! P(B[i]))

Although these can be expressed unambiguously in English, doing so is difficult at best.

a. For the following three arrays of two entries (given as column headings in the table below), enter a check mark if the array satisfies the condition given as the row label, and an X if it does not.


(1,3)
(1,2)
(2,-1)

Meaning 1
(
(
(

Meaning 2
(
(
(

Meaning 3
(
(
(

Meaning 4
(
(
(

Meaning 5
(
(
(

b. Using the contents of the table, argue that the five meanings are all distinct.

Answer: Each pair of meanings differs in at least one column; that column is an example that proves the existence of a case where the two definitions are different.  Thus all meanings are distinct.

4. For each of the following, determine whether the assertion is true or false if 

a. the domain of the variables is the nonnegative integers.

b. the domain of the variables is the integers.

c. the domain of the variables is the set of entries of an array B[0...n] where n > 0 and B[i] = i for each entry.

d. the domain of the variables is the set of entries of an array B[0...n] where n ≥ 0 and every entry of the array is 1.

1. x y [x <= y ]
For all x and for all y, x <= y

2. y x [x <= y ]
For all y and for all x, x <= y

3. x y [x <= y ]
For all x , there exists a y such that x <= y

4. y x [x <= y ]
There exists a y such that for all x, x <= y

5. y x [x <= y ]
For all y, there exists an x such that x <= y

6. x y [x <= y ]
There exists an x such that for all y, x <= y

7. x y [x <= y ]
There exists an x and there exists a y such that x <= y.

8. y x [x <= y ]
There exists a y and there exists an x such that x <= y.


Answers:


a. 
True: 3, 5, 6, 7,8



False: 1, 2, 4


b. 
True: 3, 5, 7, 8



False: 1, 2, 4, 6


c.
True: 3,4,5 6,7,8



False: 1,2


d. 
True: All assertions are true.



False:

5. a. Argue the following claims: 

i. The quantifier "for all" is based on the operation and. (Hint: Consider  the meaning of (Ax: x is in D: P(x)) on a finite domain, such as the set D == {1,2,3}.) 

Answer: For a domain of three elements, the assertions 

(Ax: D(x): P(x)) 


and

P(1) and P(2) and P(3) 


are equivalent.

ii Because the identity value for and is true, the value of a universally quantified expression with an empty domain is true. 

Answer: Making the value for the empty domain true means that adding another value that satisfies the domain predicate operates correctly when the value is added to the empty set.  That is, for any set S,

(Ax: x ( S:P(x)) && P(c) 


is equal to

(Ax: x ( S ({c}:P(x)) 


are equivalent for all sets S

b. Construct an analogous claim for any existentially quantified expression with an empty domain. 

Answer: The argument for or is analogous to that for and.

For a domain of three elements, the assertions 

(Ex: D(x): P(x)) 


and

P(1) or P(2) or P(3) 


are equivalent.

Making the value for the empty domain false means that adding another value that satisfies the domain predicate operates correctly when the value is added to the empty set.  That is, for any set S,

(Ex: x ( S:P(x)) or P(c) 


is equal to

(Ex: x ( S ({c}:P(x)) 


are equivalent for all sets S
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� Programs generally do not need oil changes or lubrication.


� We believe that programmers aren’t much concerned with writing correct code because the consequences of failure are so unimportant. If you design a building that collapses, or an airplane that crashes, you’re in trouble. But if you produce a program that doesn’t always work, it’s no big deal - it can be revised, often with only a few keystrokes! It’s not surprising that we are far more likely to patch a program than to re-write it. Unfortunately, the problems of poor design or sloppy implementation don't disappear when a program is revised - a poor program that has been patched is still a poor program, and bugs are hardest to find in poor code. One consequence of our reluctance to design and implement carefully is that commercial software is often, perhaps usually, shipped with known bugs, and over the life of most products, the cost of debugging and maintaining code vastly outweighs the cost of writing the original code.


� We have oversimplified somewhat. Operating systems that suspend program execution must store the program, the extended program state described here, and the state of the execution stack, which characterizes the state of method calls at the time of suspension.  Our discussion has assumed a program is not stopped unless the execution stack is empty.  This simplifies our model without invalidating it.


� This view is often an oversimplification; specifications may require something more than the right answer. In an air traffic control system, for example, producing output quickly may be just as important as producing the correct output, since results that are not available soon enough are of no use. We will not generally address these other facets of specification, not because they are unimportant, but because we already have enough on our plate.


� Some authors use the term partially correct for what we have defined as ‘correct’. In that terminology, a correct program is one that is partially correct, and terminates.  We prefer the simpler term ‘correct’ because our principal concern will be pre and postconditions.


� There are, of course, assertions that are not propositions. The truth of some assertions is debatable; consider, for example, “Beauty exists in the eye of the beholder.” Other assertions cannot be either true or false. Consider “This assertion is false.” If it is true, then it is false, and if it is false, then it is true, so it must be neither. We'll leave such statements to courses in philosophy and logic. Finally, there are assertions with variables, e.g., “x > 3”; these assertions can only be assigned truth values if we know enough about the variables. These last assertions are called predicates; we'll study them later in this chapter. The domain of the propositional calculus is restricted to the manipulation of assertions that are either true or false; that is, these are the only two values in the propositional calculus.


� The xor is the exclusive or operator.  The exclusive or is true if and only if exactly one of its two operands is true.  Exclusive or is logically equivalent to not equals (!=).


�  The boolean operator => can be confusing, and probably for that reason, most programming languages do not include it among their boolean operators. Some languages, including Ada and Turing do include it because it can often express things quite nicely.


� A boolean expression that is always true, such as “p || !p”, is called a tautology. An expression that is always false, such as “p && !p”, is a contradiction. An expression whose truth value is dependent on the values of its boolean variables, such as “p => q”, is a contingency.


� A course in mathematical logic would take some of these as axioms of the propositional calculus and prove each of the others from those axioms.  


� This is consistent with the view that strong statements carry more information than weak ones  If someone announces to you that true is true, you are not surprised. On the other hand, if someone announces that false is true, you know that either the messenger needs professional help, or that this is the end of civilization as we know it. Well, all right, the messenger might be a politician or a lawyer...


� The results in this section are correct but uninteresting if P==P' or Q==Q'.  So we will assume that P!=P' and Q!=Q'.


� Well, not quite. Just as the value of the numeric expression “x + 3” is undefined when x has not been initialized, or x is not a numeric type, the same is true of the boolean expression “x > 3” or an uninitialized boolean variable. When we discuss expressions, we will usually assume that all variables are of the proper type and have been initialized simply to avoid interrupting the presentation.


� Assignment is one way to bind variables; later in this chapter we will see some others that make it possible to write more powerful assertions. 


� That’s what happens when computer scientists start traipsing around the ivory towers of mathematics. Computer scientists have muddy feet. We will use italics (e.g., “and”) to denote the operation in the propositional calculus and the symbols && and || to denote the programming language operations.  


� The operations that use short circuit evaluation are often referred to as conditional and (and sometimes denoted cand) and conditional or (and denoted cor). They are also called lazy operations because they do no more evaluation work than necessary to determine the value of the expression. 


� In this case it is easy to disambiguate this statement and create an unequivocal statement with any of the (at least three) possible intended meanings. This illustrates that much of the difficulty in using English is simply recognizing when an assertion is ambiguous. Any professor will testify that the most creative discoverers of ambiguity are students reading test questions. Detecting ambiguity can be very difficult! Ambiguous statements cannot be made in the formalism we are developing so long as the predicates are well-defined.


� A careful discussion of quantification requires more care than we've given it here. For example, we have ignored restrictions that eliminate the possibility of claiming that "For all x, x < x +1" is false when we substitute Sam for x.  We will continue to rely on the reader's willingness to interpret our development in a reasonable way.


� An integer is prime (or a prime number) if it is greater than 1 and evenly divisible only by 1 and itself.


� Note that when we speak of a predicate, we may or may not mention the arguments. Thus, we may speak of the predicate ≤ and rely on your understanding that this predicate requires two arguments. But we could also refer to the predicate x ≤ y, or even the predicate ≤(x.y), or “the less than or equal predicate L(x,y).” When referring to some predicates it is common to include the symbols denoting the predicate arguments, as with {P} C {Q}.
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