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Abstract

Analyzing protein sequencedata becomesincreasingly
important recently. Most previous work on this area has
mainlyfocusedon building classi�cationmodels.In this pa-
per, weinvestigatein theproblemof automaticclusteringof
unlabeledprotein sequences.As a widely recognizedtech-
niquein statisticsandcomputerscience, clusteringhasbeen
proven very useful in detectingunknownobject categories
andrevealinghiddencorrelationsamongobjects.Onedif�-
culty that preventsclusteringfrom beingperformeddirectly
onproteinsequenceis thelack of aneffectivesimilarity mea-
sure that can be computedef�ciently. Therefore, we pro-
posea novelmodelfor proteinsequenceclusterbyexploring
signi�cant statisticalpropertiespossessedby thesequences.
Theconceptof impreciseprobabilitiesare introducedto the
original probabilistic suf�x treeto monitor the convergence
of theempiricalmeasurementandtoguidetheclusteringpro-
cess.It hasbeendemonstratedthat theproposedmethodcan
successfullydiscover meaningfulfamilieswithout theneces-
sity of learningmodelsof different familiesfrompre-labeled
“tr ainingdata”.

1 Intr oduction

During recent years, many efforts have been carried
out on analyzing protein sequences. Research(Apos-
tolico&Bejerano, 2000, Bailey&Grundy, 1999, Bejer-
ano&Yona,1999,Dorohonceanu&Nevill-Manning,2000)in
thisareafocusesonmodelingandclassifyingproteinfamilies
basedon function,structure,andhomology. Despitethedif-
ferencesin modelde�nition and/oralgorithmdetails,amajor
assumptionof previous work is that the protein familiesor
functionalcategoriesareknown in advanceandthe protein
sequencesusedto build theclassi�cationmodelareproperly
labeledwith the correspondingfamilies/categories. In this
paper, wearestudyingaslightly differentbut morechalleng-
ing problem— clusteringunlabeledproteinsequencesinto

groups/families/categoriesautomatically.

Clusteringhasbeenwidely recognizedasapowerful tech-
niquein statisticsandcomputerscience,andhasbeenstud-
ied extensively duringrecentyears.Themajorgoalof clus-
tering is to createa partition of objectssuch that objects
in eachgroup have similar features. The result can po-
tentially reveal unknown objectgroups/categoriesthat may
leadto a betterunderstandingof the nature. Most research
on clusteringfocusedon numericaldomainsand assumed
metric spacein many cases.In many of thesemodels,the
similarity betweenobjects can be de�ned in a clear and
relatively straightforward way. In most of previous work,
the similarity betweentwo protein sequencesis measured
by the maximumalignmentbetweenthem, e.g., ProtoMap
(http://www.protmap.cs.huji.ac.il).To employ themaximum
alignmentmethod,the similarity betweeneachpair of se-
quencesis computedandbasedon the pair-wise similarity,
adirectedgraphis constructedwith theverticesrepresenting
the sequenceandthe edgesrepresentingthe similarity. Fi-
nally, the clustersof sequencesare the strongly connected
componentsin the graph. However, this approachsuffers
from two aspects.(1) The computationis costly. To com-
putethepairwisesimilarity of eachsequence,thecomplexity
is at least
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where
�

and
	

arethenumberof se-
quencesandtheaveragelengthof asequencein thedatabase,
respectively. The secondstepof �nding the strongly con-
nectedcomponentmay also be time consumingdepending
on the actualmethodused. (2) The incrementalclustering
would bevery inef�cient. After clusteringa setof unlabeled
sequences,if moresequencesneedto be clustered,thenall
the pair-wise similarity betweenthe unclusteredand clus-
teredsequences,andamongtheunclusteredsequencesneed
to becomputed.Thecomplexity is at least
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where
�

is thenumberof new sequences.In reality, thepro-
tein sequencesare not availableat once. Almost thereare
new sequencesavailableateachmonth.As aresult,it is ben-
e�cial to employ a methodwhich combinesthe modeland
clusteringof protein sequencetogetherso that oncea new
sequenceneedsto be clustered,we cansimply compareto
thediscoveredmodelsof theclustersto identify which clus-
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ter it shouldbein or it belongsto anew cluster(if it doesnot
�t to any model).

An alternative approachis to utilize thesuf�x treestruc-
ture to explore signi�cant patternsof the proteinsequences
and usethesepatternsto evaluatethe similarity, originally
introducedin Bejerano&Yona(1999)and Ron et al.(1996).
More speci�cally, thesepatternscan be usedto assessthe
similarity betweenapairof proteinsequencesandbetweena
proteinsequenceanda cluster(of proteinsequences).Under
this model,proteinsequencesbelongingto oneclustermay
subsumeto the same(or a similar) probability distribution
of aminoacids(conditioningon theprecedingsegmentof a
certainlength),while differentclustersmayfollow different
underlyingprobability distributions. This feature,typically
referredto asshort memory, which is commonto many ap-
plications,indicatesthat,for acertainsequence,theempirical
probabilitydistribution of thenext symbolgiventhepreced-
ing segmentcanbeaccuratelyapproximatedby observingno
more than the last � symbolsin that segment. Signi�cant
featuresof suchprobability distribution can be very pow-
erful in distinguishingdifferentclusters(Bejerano& Yona,
1999). The suf�x tree (or its variations) (Farach, 1997,
Grossi&Vitter, 2000,Gus�eld, 1997,McCreight,1976,Ron
et al., 1996,Ukkonen,1995)hasbeenproven to be a very
successfulmodelto capturesigni�cant patternsin symbolse-
quences.With regardto theproblemaddressedin this paper,
the suf�x tree structurecan be utilized to serve as a com-
pactrepresentationto summarizesigni�cant patternsshared
by membersof eachcluster. The modelcanbe easilyused
to identify andorganizesigni�cant appearancesof segments
amonga clusterof sequences,regardlessof the relative po-
sitionsof thesesegmentswithin differentsequences.These
signi�cant patternsimply certainfeaturesthatis commonto a
largesubsetof sequencesin theclusterandrevealimportant
statisticalpropertiesof the cluster. In practice,they induce
a (conditional) probability distribution of the next symbol
giventheprecedingsegments,whichcanbeusedin estimat-
ing thesimilarity betweena sequenceanda cluster. Thekey
ideais that,by extractingandmaintainingsigni�cant patterns
characterizing(potential)sequenceclusters,one can easily
determinewhethera sequenceshouldbelongto a clusterby
calculatingthe likelihoodof (re)producingthesequenceun-
der the probability distribution that characterizesthe given
cluster.

In this paper, we alsoadoptthesuf�x treestructureasthe
foundationto supportoursimilarity measure.In addition,we
introducea novel techniqueto determinetheconvergenceof
eachclusterandto incorporateavailableprior knowledge.A
pair of upperandlower probabilitiesis usedto quantify the
rangeof the true probability. It hasbeenproven that such
probabilityrangeis guaranteedto convergeto a singlevalue
aftersuf�cient trials if theunderlyingprobabilitydistribution
remainsstatic. An opengapbetweenthe upperand lower

probabilities(after suf�cient trials) is indeeda good indi-
cation of the heterogeneityof the probability distributions,
which in turn implies that the correspondingsequencesbe-
long to multiple clusters.Therefore,theconvergenceof the
impreciseprobabilitiescan well serve as the touchstoneto
triggernecessaryclustersplit andto determinethe termina-
tion of theclusteringprocess.This providestheopportunity
to designanintegratedclusteringprocessthatallows a more
�e xible andsystematicswitch betweenmodel training and
splitting,comparingto theannealingmethodproposedin Be-
jeranoet al. (2001)which consistsof iterationsof soft clus-
teringandprogressivere�nement.

As we shall explain in more detail later, a suf�x tree is
maintainedfor each(potential)clusterof proteinsequences
in our proposedscheme.Eachnode � in the suf�x tree is
associatedwith an occurrencecount �������
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keepstrackof thenumberof occurrences
of thepathlabel �
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of � . Theprobabilityvectormonitors
boththeempiricalvalueandthepotentialrangeof thecondi-
tional probabilityof observingthesymbol,say � , right after

�

�

�
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in aproteinsequence.Startingfrom � �
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or someother
initial rangebasedon theprior knowledge,therangede�ned
by thelowerandupperprobabilitieswill becontinuouslyre-
�ned andeventuallyconvergeduringtheclusteringprocess.

Theremainderof this paperis organizedasfollows. Sec-
tion 2 givessomebackgroundknowledgeof the imprecise
probabilities.The formal de�nition of the proteinsequence
clusteris providedin Section3. Section4 presentstheclus-
teringalgorithmwhile Section5 discussessomeimplemen-
tationissue.Someexperimentalresultsareshown in Section
6. Theconclusionsaredrawn in Section7.

2 Background on Impr eciseProbability

The conceptof impreciseprobability was introducedin
Walley (1991) to accommodateuncertaintydue to the lack
of knowledgeor informationcon�ict. In contrastto the tra-
ditional probabilitymeasurethatutilizesa singlenumberto
representthelikelihoodof anevent,theimpreciseprobability
measureemploys a pair of numbers,namelya lower proba-
bility andanupper probability , to representtherangeof the
likelihoodof anevent. This providestheopportunityto rep-
resentthedegreeof uncertaintyin additionto theprobability
expectation. The differencebetweenthe upperprobability
andthelower probability is de�ned asthedegreeof impr e-
cision. For instance,theprobability(of traditionalmeaning)
of theeventthata“head”occursfrom atossof acoinis 0.5if
no informationis availableon the fairnessof thecoin while
theimpreciseprobabilityof theeventis � �

�����

andthedegree
of imprecisionis 1.
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Let �

��� �

and �
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bethe(prior) upperandlower proba-
bilities of the event

�

, the posteriorupperandlower proba-
bilities after observing� occurrencesout of a setof � trials

�
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�

canbeobtainedasfollows.
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� is calledthe learningparameterandis usedto control
theweightof theprior probabilitiesin calculatingtheposte-
rior probabilities. For example,if the prior probability and
thecurrentexperiments(i.e., observing� occurrencesout of
asetof � trials)haveequalweighttowardstheposteriorprob-
ability, thenwehave �

	

� and

���

��� �
	

�

��� ����� �

�

�

�

��� �
	

�

�
� ����� �

�

(1)

The higherthe valueof � , the morethe weight of the prior
probabilitiesand the lessthe weight of the currentexperi-
ments.It hasbeenproven(Walley, 1991)that

1. if �
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� �

�

�
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(that is, the resultof the exper-
imentsis consistentwith the prior probabilities),then
the posterior degreeof imprecision ���

�
� ���

�

�

�
� �

is
less than or equal to the prior degreeof imprecision
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�

�
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regard-
lessof theprior probabilities.

Thesetwo propertiesarevery importantandprovidethemo-
tivationandjusti�cation of our clustersplitting strategy and
guaranteetheterminationof ourclusteringalgorithmin prac-
tice.

3 Protein SequenceCluster

We now formalizetheproblemthatwe try to solve in this
paper. Let )

	+*-,-.��/,
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be the setof all possible
symbols.In thedomainof proteinsequences,therearetotally
20 amino acids,eachof which is representedby a distinct
symbol.A sequenceis anorderedlist of symbolsin ) . The
numberof symbolsin a sequenceis referredto asthelength
of thesequence.Givena sequence,a segmentis de�ned as
a consecutiveportionof thesequence.For example,“ba” is
a substringof “abab” while “aa” is not. Conventionally, we
usetheterm“sequence”to referto awholesymbolsequence
in thedatabasewhile theterm“segment”to denotea portion
of somesequencein this paper. A sequencedatabaseis a
setof sequences.Givenasequencedatabase,ourobjectiveis
to categorizethesesequencesinto clustersaccordingto their
structuralsimilarities. The similarity measureis built upon
statisticalpropertiesof the sequences.More precisely, the
conditionalprobability distribution (CPD) of the next sym-
bol right after someprecedingsegmentis employed to rep-
resentthe structuralpropertiesof a singlesequenceor a set

of sequences.One way to evaluatethe similarity between
two sequencesor amonga set of sequencesis to compute
the differencebetweenthe correspondingconditionalprob-
ability distributions. Therehave beenmany methods(e.g.,
the Kullback-LeiblerDivergence(Lin, 1991)) to assessthe
differencebetweentwo probability distributions. The main
themeis thatthedifferencebetweentwo probabilitydistribu-
tions is measuredasanaggregationof differencede�ned on
eachpossiblesegment(up to a certainlength). The longer
the segmentconsideredin the computation,the moreaccu-
ratethe differencemeasure.If we considersegmentsup to
length� , thenthereare
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7 9 �

distinctsegments.Thecom-
putationalcomplexity of calculatingthe differencebetween
two probability distributions is exponentialwith respectto
thelengthof thesegmentconsidered.This is very time con-
sumingwhenthe segmentlengthis reasonablylong, which
is typically the casein the problemsin which we areinter-
ested.Lookingahead,theoperationof differencecalculation
will beperformednumeroustimesduringtheclusteringpro-
cessandcontributesthemajorityof theentireexecutiontime.
To avoid theexpensive distancecomputation,we employ an
alternative method(Bejerano&Yona,1999). Thekey ideais
that,givenasequencecluster: andtheconditionalprobabil-
ity distribution � modelingit, asequenceshouldsubsumeto
a similar conditionalprobabilitydistribution if thesequence
can be predictedunder � with relatively high probability.
Theprobabilityto predicta sequence�

	;,<.=,

�

02010/,1>

is

�@?

�

�

�A	

��?

�B,
.

� �

��?

�',

�

7 ,
.

� �

�@?

�B,4CD7 ,
.

,

�

� �E01020

�

��?

�',
>

7 ,
.

,

�

02020F,
>HGI.

�

	 J

> K L

.

��?

�',

K

7 ,
.

02020F,

K

G�.
�

where�
?

�',

K

7 ,M.2,

�

02010/,

K

G�. �

is theconditionalprobabilitythat
the symbol
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in the sequencecluster : . This predictprob-
ability can serve as an indicator of the similarity between
the sequence� andthe cluster : . If the valueof �
?

�

�

�

is
suf�ciently high, then we may concludethat the sequence

� subsumesa similar CPD to thatof : andmay be consid-
ereda memberof : . To accommodatesequencesof differ-
ent lengths,thevalueof ��?

�

�

�

shouldbenormalizedby the
length of � . The probability ��N

�

�

�

that � is generatedby
a randomgeneratoraccordingto the symboldistribution in
the sequencedatabasecan be usedas the basisof the nor-
malization.We have �@N

�

�

��	OJ

>

K"L

.

�

�B,

K

�

where�

�',

K

�

is the
probabilityof observingthesymbol

,

K

in any givepositionof
any sequencein theentiredatabase.Thesimilarity between
thesequence� andthecluster : canthenbede�ned as
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Note that this similarity measureworks well underthe as-
sumptionthattheentiresequenceof � followsasingleCPD.
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This may not be alwaystrue. Sometimesdifferentportions
of a sequencemay subsumeto differentCPDs. (An exam-
plewould bethemulti-domainproteins.)Theabovesimilar-
ity needsto bemodi�ed to accommodatethis situation.The
similarity betweena sequence� anda cluster : is themaxi-
mumsimilarity betweenany continuoussegmentof � and : .
Thatis

:
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	 �

indicatesthat thereis someevidenceto show
that thesequence� subsumestheCPDof : ; andthehigher
the value of :

P$Q

?

�

�

�

, the strongerthe evidence. If a se-
quence� producesa small :

P$Q �

�

�

(e.g.,lessthan1) for ev-
ery cluster, then � is deemedto be an outlier. A threshold

	 ( 	 � � ) is employed to separateclusteredsequencesfrom
outliers. 	 is referredto asthesimilarity thr esholdin there-
mainderof this paper. If thevalueof :

P$Q �

�

�

exceeds	 , we
may think that � hassuf�ciently high similarity to theclus-
ter : . This leadsto our de�nition of sequencecluster, which
requireseachsequencein a clusterto bepredictedwith high
probabilityfrom theCPDof thecluster.

De�nition 3.1 A setof sequences,: , is a sequencecluster
if, for each sequence� in : , thesimilarity :

P$Q

?

�

�

�

between
� and : is greaterthanor equalto somethreshold	 .

Thethreshold	 is utilized to controltheclusterquality. Intu-
itively, 	 shouldbesetto avaluegreaterthan1 in orderto pro-
vide a meaningfulseparationbetweenclusteredsequences
andoutliers. In practice,thepropervalueof 	 canbespeci-
�ed by theuserdueto its applicationdependentnature.An
extensive studyregardingthis issueis left to thefull version
of thispaper. Givenasequencedatabaseandauserspeci�ed
parameter� , ourobjectiveis to groupthesesequencesinto �

�

clusterswhere �

�

��� . (The default valueof � is 2.) Note
that it is possiblethat a sequencebelongsto multiple clus-
terssincedifferentportionsof thesequencemaydeliverhigh
similarity scoresto different clusters. Before we formally
presenttheclusteringalgorithm,we�rst givesometerminol-
ogy usedin the following discussionanddescribethe data
structureemployedduringtheclusteringprocess.A segment

�

� of length
	

� is calleda suf�x of a sequence� of length
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. Similarly, a segment
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� . Again, �

� is also
calledaproper pre�x of � if
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. For example,� , � � , � � � ,
and � � � � arepre�xesof � � � � , whereas� � � � , � � � , � � , and �

aresuf�x esof � � � � . In theremainderof thispaper, wesome-
timeomit theword“proper” if noambiguitywill beincurred.
Givena sequencedatabaseanda pre-speci�edthreshold� , a
segmentis calledasigni�cant segmentif it appearsat least�

timesin thedatabase,andis calledaninsigni�cant segment
otherwise.� is referredto asthesigni�cance thr eshold.

During theclusteringprocess,aprobabilisticsuf�x treeis
utilized to storethe “summaryinformation” of eachcluster.
Theprobabilisticsuf�x tree(PST)wasoriginally introduced
in Ronet al. (1996)andusedlaterin Bejerano&Yona(1999)
for identifying and organizingsigni�cant segmentsamong
input sequences.A PST on a set of sequencesover an al-
phabetis a rooteddirectedtreewherethepathfrom theroot
to eachnodecorrespondsto a distinct segmentthat appears
in thesequenceset.Figure1(a)shows a portionof a PSTin
landscapemode. The concatenationof the edge-labelson
the path from a nodeto the root exactly spellsout a seg-
ment in the sequenceset. This segmentwill be referredto
as the path label of the nodein the remainderof this pa-
per. We sometimesalso saya nodeis labeled with a seg-
ment �

� if �

� is thepathlabelof thenode. For example, � �

is the pathlabel of node � in Figure1(a). A key featureof
the PST is that eachnodeis also associatedwith a proba-
bility distributionvector
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over thealphabet)
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, which corresponds
to the probability distribution of the next symbolgiven the
path label of the nodeas the precedingsegment. The tu-
ple

�

�

0 �

���

�

�

0������ �

atnode� representsthattheprobabilityof
observing� right afterthesegment � � andtheprobabilityof
observing� after �=� are0.406and0.594,respectively. (That
is, ��
����

�

�

7

� �

� 	

�

0 �

��� and ��
����

�

�

7

� �

� 	

�

0 �����

.) In addi-
tion, acountermaybeassociatedwith eachnodeto trackthe
numberof occurrencesof thecorrespondingpathlabel. The
numberinsideeachnode(e.g.,96 in node � ) in Figure1(a)
is thecountof thecorrespondingpathlabel (e.g., � � ) in the
sequenceset. A nodeis a signi�cant node if its pathlabel
occursat least � timesin thesequencesetandis aninsignif-
icant nodeotherwise.Thedashedline separatesthesigni�-
cantnodesfrom therestif �

	

�

�

in Figure1(a).

Looking ahead,the clusteringprocessterminateswhen
the probability distribution vectorassociatedwith eachsig-
ni�cant node has been“stabilized”. The impreciseprob-
ability comesinto play in determiningthe convergenceof
each entry of the probability distribution vector. A pair
of lower probability and upper probability is maintained
for eachentry during the courseof clusteringto quantify
the potentialvariationof the actualprobability. Therefore,
eachentryin theprobabilitydistributionvectornow contains
a triple
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where ��
����

�
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is used
to store the (empirical) probability of observingsymbol �

right after observingthe pathlabel of the nodeandthe pair
� ��
����

�

�

� �

��
����

�

�

� �

representsthe potentialrangewherethe
true probability fails in, which is computedfrom previous
experimentsand/orprior knowledge. A probability entry is
consideredstabilizedif thegapbetweenthelower andupper
probabilitiesdiminishes. Given a pre-speci�edthreshold� ,
we saidthata nodeconvergesif thedifferencebetweenthe
pair of upperandlowerprobabilitiesis below � for everyen-
try in theprobabilitydistribution vectorassociatedwith this
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Figure 1. The Probabilistic Suf�x Tree

node. � will be referredto astheconvergencethr esholdin
the remainderof this paper. We refer to the tree with the
impreciseprobabilitiesas the impr eciseprobability suf�x
tr ee(IPST)in orderto distinguishit from theoriginalproba-
bility suf�x tree(PST).An IPSTis saidto convergeif every
signi�cant nodein thetreeconverges.Figure1(b) shows an
exampleof the probability distribution vectorof node � in
Figure1(a) whenthe impreciseprobabilitiesareemployed.
it is easyto seethatnode� doesnotconvergeat thismoment
if �

	

�

0

�

�

.
Givena segment �

� anda node � in theIPST, � is called
theprediction nodeof �

�

1. if �

� is signi�cant, and

�

�

� is thepathlabelof � or
�

�

� is a propersuf�x of � 's pathlabelandthepath
labelof � 's parentis a propersuf�x of �

� ;

2. if �

� is insigni�cant andthepathlabelof � is thelongest
signi�cant suf�x

.

of �

� .

For example,thepredictionnodeof � � is �

.

while the pre-
dictionnodeof � ���=� is � in Figure1(a).

4 Algorithm

Ourproposedclusteringalgorithm(CLUSEQ)usesanim-
preciseprobabilitysuf�x treeto storesigni�cant featuresof
eachsequencecluster. Thepseudo-codeis presentedin Algo-
rithm A.1 (in theappendix).TheCLUSEQalgorithmtakesa

�

Givenasegment �
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 , asuf�x �	�������	�

 is calledthelongestsig-
ni�cant suf�x if �	�������	��
 is signi�cant andany longersuf�x �

���

�
������
 is
insigni�cant, where ����������� .

sequencedatabase� togetherwith four parameters�
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�

�

astheinput andproducesa setof �

�

�

�

�

� �

�

clusters.At the
beginning,all sequencesin thedatabaseareunclustered.The
generalideaof CLUSEQis that,startingfrom a setof � ini-
tial clusters(Line 1),aniterativeprocess(Line 4 to 43)is em-
ployedto continuouslyimprovethequality of theclustering.
Eachinitial clustercontainsonly onesequence.To obtain
the � initial clusters,� sequencesthathave little similarity to
eachotheraredrawn from the database� . While an IPST
is maintainedfor eachclusterduring themining process,an
IPST is constructedfor eachdrawn sequenceto represent
the statusof the correspondinginitial cluster. Later, during
eachiteration,a sequencewill beexaminedagainsttheIPST
of every cluster(Line 7 to 16) to identify thesimilar one(s)
andto updatethe IPST(s)accordingly. Given a sequence�

anda cluster �

�

, the similarity canbe calculatedaccording
to Equation2. A sequenceis assignedto the cluster(s)that
producessuf�ciently high similarity. If � haslow similarity
to every cluster, thenit would remain“unclustered”(i.e., as
anoutlier). Thesimilarity threshold	 is employed(Line 11)
to separateclusteredsequencesfrom therest. Thesequence

� canbeconsidereda (new) memberof someclusteronly if
thesimilarity is greaterthan 	 . Then,a validationprocessis
performed(Line 20 to 38) to checktheconvergenceof each
clusterandwhethera split is necessary. At the endof each
iteration,we alsocheck(Line 39 to 43) whetherthereexist a
largenumberof outliers(e.g.,morethan10%of overallpop-
ulation). If so,it is possiblethatsomeclusteris still missing.
In thiscase,additionalseed(s)will begeneratedfrom outliers
to initiate new clusters.Theentireclusteringprocedureends
whenthe every IPST converges. We now discusseachstep
in detail in thefollowing subsections.
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4.1 Similarity Estimation

Thesimilarity estimationis verycrucial to boththeaccu-
racy andef�ciency of theCLUSEQalgorithm.Givenanim-
preciseprobabilisticsuf�x tree �D��: � thatmodelsthecluster

: , thesimilarity of asequence�

	 , . ,

�

01020F, >

to : is de�ned
by Equation2. A dynamicprogrammingmethodcanbeused
to calculate:

P$Q

?

�

�

�

via a singlescanof � . Let

�
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�B, � 7 , . 020108, �=GI. �
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Then, :

P$Q

?

�

�
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canbeobtainedby

�
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�=GI.
�

�

�
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�

�
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�
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and :

P'Q

?

�

�

� 	

�

>

.
Thevalueof �

?

�B,

K

7 ,-.=,

�

01020F,

K

GI.��

canbeobtainedby lo-
cating the predictionnodeof

, .=,

�

01020F,

K

GI.

in �D��: � . This
canbedoneby traversingfrom theroot of �W��: � alongthe
path

,

K

G�.�� 02010�� ,

�

� ,M.

until any further advance
(alongthe path)would causethe countbelow the threshold

� . For example,during the estimationof �

�

�

7

��� �

�

, the pre-
diction nodeof ��� � in the treein Figure1(a)canbe located
by traversingfrom the root alongthe path �

�

�

�

� . If
�

	

�

�

, then we stop at node � (���

	

� ) in Figure 1(a),
whosepathlabel is �

�

	

�=� . We canthenobtainthe value
of ��?

�B,

K

7 ,
.

,

�

02020/,

K

GI.
�

by retrieving the entry correspond-
ing to

,

K

in theprobabilityvectorassociatedwith thepredic-
tion node��� . That is, ��?

�B,

K

7 ,
.

,

�

01020F,

K

GI.
��	

��?

�',

K

7

�

�

��	

���
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��
������

,

K

�

. In the above example, �

�

�
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��� �
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�

�

�
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� �

��	

�
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��
������ �
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�
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.
Thecomputationalcomplexity of estimatingthesimilarity

is
���
	�� �

where
	

is thelengthof thesequence.Nevertheless,
the actualcomputationtime is signi�cantly below this the-
oreticalbound. With the help of someadditionalstructure
(e.g., auxiliary links), the computationalcomplexity could
be reducedto

���
	��

. Due to the spacelimitations, we will
notdiscussit in detail.

4.2 SeedGeneration

Let � be the numberof clustersthat needto be initiated
at the beginning of the process. The goal of this step is
to generatethe seedclusters. Sinceeachcluster is repre-
sentedby animpreciseprobabilisticsuf�x tree.Thefunction

� �

P

	

P

�

	

:��	���

� �

(Line 1 of Algorithm A.1) returnsa setof �

IPSTs. Intuitively, eachseedshouldhave aslittle similarity

to otherseedsaspossible.A straightforwardway to gener-
ateseedsis to computethe pairwisesimilarity betweenev-
erypairof sequencesandthenchoose� sequenceswith least
similarity to eachotherto serveasthe � initial clusters.This
would require 


�87

�

7 � �

similarity computationwhich is very
inef�cient when � is a large database.To expeditethepro-
cess,we employ a samplingtechniqueandrestrictthescope
of seedselectionto thesetof samplesequences.At thebegin-
ning, a setof

Q

sequences:
. �

:

�

�202010��

:�� areselectedran-
domlyfrom thesequencedatabase� where

Q

� � . For each
samplesequence:

K

, an IPST �D��: �

K

is constructed.From
these

Q

IPSTs, � treeswill be chosenas the initial seeds.
The following heuristicscanbe usedto choosethe optimal
seeds.Let � bethesetof seeds.� is initialized to beempty.
A greedyalgorithmis carriedout,which consistsof � steps.
At eachstep,eachremainingsamplesequenceis examinedto
calculatethehighestsimilarity to any seedin � , andamong
them, the sequencewith the leastsimilarity to all seedsin

� is selectedandput in � . At theendof this procedure,�

wouldconsistsof � seeds.

One questionthat may be raisedat this point is how to
set the valueof

Q

. A very large valueof
Q

would assure
a promisingquality of thegeneratedseedsbut incur signi�-
cantcomputation,while a very small

Q

would generateless
optimalseeds,which in turnmaycausethealgorithmto con-
sumelonger time to reachthe terminationcondition. (This
canbe observed from the experimentalresult in Section6.)
Thebestscenariois thata sequencein eachof the � clusters
is selectedasa seed. To make it possible,at leastonese-
quencein eachclustershouldbe in the sampleset. For the
sake of simpleexplanation,let's assumethatall clustersare
of the samesize and a randomlydrawn sequencehas

��


�

probabilityto belongto eachcluster. Theprobabilitythatno
sequencehasbeendrawn from agivenclusterafter

Q

trialsis
���

GI.

���

�

. Thentheprobabilitythatthereexistsaclusterfrom
whichnosequencehasbeendrawn in thesampleis lessthan

�

�

�
�

GI.

�
�

�

. Thustheprobabilitythatat leastonesequence
is drawn from eachclusteris greaterthan

� �

�

�

�
�

GI.

�
�

�

.
As we canseefrom theplot in Figure2, this probabilityap-
proaches

�

quickly with increasingvalueof
Q

andtheprob-
ability is suf�ciently high when

Q 	 �

� . (The x-axis in
Figure2 representstheratio �

� .) Notethatthecurvesin Fig-
ure2 are(conservative) lowerboundsof theactualprobabil-
ities. (The actualprobabilitiesshouldbe muchhigher.) In
theremainderof this paper, we set

Q 	 �

� unlessotherwise
speci�ed. Thecomputationalcomplexity of theseedgener-
ation processis

����Q � � 	�� � 	 ���

�

� � 	����

where � and
	

arethenumberof clustersandtheaveragesequencelength,
respectively.

Duringthecourseof clustering,it maybenecessaryto ini-
tiateadditionalclusters.In thiscase,additionalseed(s)(Line
42 in Algorithm A.1) canbegeneratedin asimilar fashionto
thegenerationof initial seedswith oneexception: theaddi-
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Figure 2. The Probability of Drawing at least
one Sequence from each Cluster

tional seed(s)(chosenfrom thesetof outliers)needto have
low similarities not only to eachother but also to existing
clusters.

4.3 Impr eciseProbabilistic Suf�x Tree Construc­
tion for a Sequence

Givenasequence�

	 ,
.

,

�

02010/,
>HG�.

,
>

, animpreciseprob-
abilistic suf�x treecanbeconstructedby in a similar way to
build a probabilisticsuf�x tree(Bejerano&Yona,1999).The
only differenceis that,in anIPST, eachprobabilityentryas-
sociateswith a pair of lower andupperprobability bounds.
Thevaluesof theselower andupperprobabilitiesareinitial-
izedto be0 and1 respectively. Thecomputationalcomplex-
ity of building an impreciseprobabilisticsuf�x tree is lin-
earlyproportionalto the lengthof thesequence.Due to the
spacelimitations,we will not elaborateon thesealgorithms.
Interestedreaderspleaserefer to the individual papersfor a
detaileddescription.

4.4 Updating the Impr ecise Probabilistic Suf�x
Tree

Every time a sequenceis consideredsimilar to a cluster,
the impreciseprobabilisticsuf�x tree of the clustershould
beupdatedaccordingly(Line 13 in Algorithm A.1). Instead
of insertingtheentiresequenceto theimpreciseprobabilistic
suf�x tree,only the portion that producesthe high similar-
ity scoreswill be used. This procedureis exactly the same
asmaintaininga probabilisticsuf�x treesincethe imprecise
probabilityrangesonly needto berecalculatedoncefor each
iteration and can be performed(Line 26 to 27) during the
clustervalidation.Thecomputationalcomplexity of updating

theprobabilisticsuf�x tree(s)to re�ect thechangeregarding
asequence� is

����	����

where
	

is thelengthof � .

4.5 Cluster Convergenceand Split

A validationprocess(Line 20 to 38 in Algorithm A.1) is
carriedout to oneachclusterto checkwhethertheimprecise
probabilisticsuf�x treeconvergesandwhethera clustersplit
needsto beperformed.Theconvergenceof an IPSTcanbe
testedvia a traversalof the IPST. For eachnodein the tree,
thelowerandupperprobabilitiesof eachsymbol � is updated
accordingto Equation1 (Line 26,27). Here,weassumethat
theprior probabilityandempiricalprobabilityof thecurrent
iterationhave the sameweight towardsthe posteriorproba-
bility for the sake of simplicity. If the nodeis a signi�cant
nodeandthesetwo probabilitiesdiffer morethan � for any
symbol,thenthenodeis considerednot converged(Line 32
to 34). If any signi�cant nodedoesnot converge, then the
IPSTis considerednotconverged.It is possiblethatanIPST
will neverconverge.ThismayhappenwhentheIPSTindeed
representsa mixtureof multiple CPDs. To addressthis sce-
nario, during the convergencetest, if the averagedegreeof
imprecision

�

of signi�cant nodesfails to improve from pre-
vious iteration(s)(Line 34), a split procedure(Line 37) will
be invoked. Two sequencesof this cluster, which have (rel-
atively) low similarity to eachother, arechosenastheseeds
of thenew clusters.

Finally, if a largenumberof sequencesarelabeledasout-
liers at theendof aniteration,thereis a chancethatsomeof
theseoutliersmayactuallybelongto someclusterthatfailsto
beidenti�ed. This scenariomayhappenduringthe�rst sev-
eraliterationsof theminingprocesssincetheinitially picked

� clustersmay be inadequateto representall clustersin the
database.A new clusterseedwill thenbe picked from out-
liers. Consequently, thenumberof clustersincreases.

4.6 Complexity Analysis

The entire processterminateswhen all IPSTsconverge.
Theoverall computationaltime greatlydependson thenum-
berof iterations(Line 4 to 43 in Algorithm A.1) actuallyex-
ecuted. The computationalcomplexity of eachiteration is

���
� � �

�

�

	�� � 	���� � 	 ����� �

�

�

� 	
���

where
�

, �

� , and
	

are the numberof sequencesin the database,the number
of clusters,andtheaveragesequencelength,respectively. If
the numberof iterationsusedis

�

, then the overall com-
putationalcomplexity is

���

�

�

� 	
�&� � � � �

�

�

� 	���� 	

����� � � �

�

�

� 	�� �

since �

���

�

.

� By de�nition in Section2, theaveragedegreeof imprecisionis equalto
theaverageof thegapsbetweenlower andupperprobabilities.
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5 Discussion

In this section,we discusssomeissuesthat in�uence the
accuracy andef�ciency of CLUSEQ.

5.1 Limited Memory Space

In practice,the memoryspaceis usually limited andthe
size of eachimpreciseprobabilistic suf�x tree is also re-
strictedby theavailablememory. In CLUSEQ, � treesneed
to bemaintainedthroughouttheentireprocess,onefor each
cluster. Eachtree can occupy up to

.

� of the entire mem-
ory. Eventhoughthesigni�cant nodesplayadecisiverole in
similarity estimation,bothsigni�cant andinsigni�cant nodes
arekeptuntil thesizeof the treereachesthe memorylimit.
This is becauseaninsigni�cant nodein a treemayturn into
a signi�cant one if more sequencesjoin the corresponding
cluster. Oncethesizeof a treegrowsbeyondthis limit, some
nodeshave to bepruned.Severalstrategiescanbeemployed
to conductthenodepruningsothattheremainingportionof
thetreekeepsasmuchinformationaspossible.

1. Prunenodewith smallestcount �r st. Intuitively, node
with smallercountwould have lesschanceto become
signi�cant node.Therefore,thepruningof suchnode(s)
will be lesslikely to impactaccuracy of similarity esti-
mation.

2. Prune nodewith longest path label �r st. This is in-
spired by the short memoryproperty that exhibits in
many applications.Thispropertyimpliesthattheempir-
ical probabilitydistributiononthenext symbolgiventhe
precedingsegmentsof length � haslesschanceto dif-
fer substantiallyfrom theprobabilitydistributioncondi-
tioning on precedingsegmentsof lengthgreaterthan �

as � increases.Therefore,the pruningof a nodewith
longerpathlabel is expectedto have lessimpactto the
similarity estimation(than the pruningof a nodewith
shorterpathlabel).

3. Prunenodewith expectedprobability vector�r st. This
strategy only appliesto thescenariowhereall insigni�-
cantnodeshavebeenprunedalready. Considertwo sig-
ni�cant nodes� and �

� where � is a child of �

� in the
impreciseprobabilisticsuf�x tree. Let � and �

� be the
pathlabelsof � and �

� , respectively. By de�nition, �

� is
a suf�x of � . The probability vector �

�',

K

7

�

�

(of node
� ) is consideredasexpectedif it doesnotdiffer substan-
tially from theprobabilityvector �

�B,

K

7

�

�

�

(of node�

� ).
If thenode � is pruned,thenode �

� will beusedasthe
substitutein the future similarity estimation. The less
thedifferencebetween�

�B,

K

7

�

�

and �

�B,

K

7

�

�

�

, themore
accuratetheestimatedsimilarity.

With theabovethreestrategies,little degradationof theaccu-
racy of thesimilarity estimationcanbeobservedin practice,
eventhougha largenumberof nodesarepruned.

5.2 Probability Smoothing

Theproblemof “undersampling”hasbeenobservedanda
smoothingprocesswasproposedin Bejerano&Yona(1999).
The purposeof the smoothingprocessis to assurethat no
symbolis predictedto haveazeroprobability, nomatterwhat
suf�x is observedbeforeit, eventhoughtheempiricalcount
may be zero. This can achieved by enforcing a minimal
probability � �

K

3

for all symbolsandeachnonzeroempiri-
cal probability is decreasedsuchthat a total of �

�

� �

K

3

is
“collected” to be latersharedby all symbols,where � is the
numberof distinct symbols. The decrementof eachempir-
ical probability is donein proportionto its value. Formally,
theprobabilityafter smoothingcanbe obtainedthroughthe
formula ��

	 � � �

�

�

� �

K

3
�

�

�

� �

K

3

. Thepropervalueof
� �

K

3

canbe determinedaccordingto somedomainknowl-
edge. We shall mentionthat this smoothingtechniquecan
alsobeappliedto theIPSTmodelto addresstheundersam-
pling problem.

5.3 Incr ementalClustering

If we alreadyhave a setof clusteredsequences,thecom-
putationof clusteringnew sequenceswould be ef�cient. In
suchacase,wewouldcomparethesequencewith theproba-
bility suf�x treeof eachcluster. If thenew sequenceis sim-
ilar to a clusterbasedon thesimilarity estimation,thenthis
sequenceis groupedto thatcluster. On theotherhand,if no
group is similar to the new sequence,the new sequenceis
classi�edasanoutlier. To take into accountof theexistence
of new clusters,we generatenew seedfrom all outliersaf-
terasigni�cant numberof new sequenceshasbeenclassi�ed
asoutliers. Thenwe employ theclusteringalgorithmon the
setof outliersto determinewhetherthereexistsanew cluster.
Dueto spacelimitations,wewill omit thedetaileddiscussion
of thisaspectof CLUSEQ.

6 Results

We implementedthe CLUSEQalgorithmin C program-
ming language.All experimentswere run on a SunUltra-
Sparc10 machinewith 128 MB main memoryand a 300
MHz CPU.

6.1 Corr ectnessof CLUSEQ Model

The real datasetwe applied the CLUSEQ algorithm is
a databaseof 8000 well documentedprotein randomlyse-
quencesselectedfrom the SWISS-PROT databank. These
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proteinsequencesbelongto 30 differentbiological families,
singledomainandmulti-domainfamilies. The sizeof each
family rangesfrom 140 to 900. The sequencelengthis be-
tween285and895.In thisexperiment,wewantto �nd there-
sultsproducedby ouralgorithmvia thelabelprovidedby the
SWISS-PROT database.The resultproducedby CLUSEQ
with parameters�

	 �

, �

	 �

� , 	

	 �D0

�

�

, �

	

�

0

� �

�

was
comparedwith thestandardproteinfamily labelandtheav-
eragelengthof a signi�cant segmentin the probabilisticis
13.8. Table1 shows the falsepositivesand falsenegatives
of ninefamiliesdueto spacelimitations. In this experiment,
we treat all these8000 protein sequencesas unlabeledse-
quences,i.e.,nopriori knowledgeof thenumberof families,
etc..

For all proteinfamilies,thecorrectedlabeledproteinsare
over

�

��� . It is easyto seethat theCLUSEQalgorithmper-
formswell consistentlyfor clustersof diversesizes.Further-
more,sincewe initially set �

	 �

(which is muchlessthat
the actualnumberof clusters),the CLUSEQalgorithmstill
cansuccessfullyidentify all clusterswith highaccuracy, own
to the clustervalidationprocedure. This is very important
becausethenumberof clustersis oftenunknown in advance.

We also comparethe resultsof CLUSEQwith that pro-
ducedby maximumalignmentmethod(e.g.,ProtoMap)for
thesetof proteinsequencesin Table1. We canseethat the
numberof falsepositivesand negatives is very similar be-
tweenthe two approaches.However, CLUSEQtakesmuch
lesstime (about420 seonds)than the maximumalignment
approach(5600 seonds),which makes CLUSEQ a better
choice.

6.2 Effectsof �

In our CLUSEQalgorithm, � playsan importantrole. It
doesnot only effect the resultsof our algorithm, but also
effect the responsetime of our algorithm,i.e., how fast the
resultsare returned. With larger � , the quality of results
degrades,but the responsetime shortens. Figure 3(a) and
(b) shows the averageaccuracy and responsetime of the
CLUSEQalgorithmwith respectto � . Sincetheaverageac-
curacy andaveragerecallover all familiesarethesame,we
omit thecurve correspondingto theaveragerecall. Thetest
datasetis the same8000 protein sequences.From the �g-
ures,we canseethat whenthe � is suf�ciently small, e.g.,

�

�

G��

, the improvementof the resultsquality is diminished
with smaller� while theresponsetimeincreasesdramatically
becausemoreiterationsareneededfor theconvergenceof the
upperandlower probabilities.Basedon this result,if we set

�

	

�

0

� � �

�

, the resultswill besuf�ciently goodandthere-
sponsetime is relatively fast.

6.3 Sensitivity Analysis

To understandthesensitivity of theCLUSEQalgorithmto
thesamplesize

Q

, weexperimentwith various
Q

onthedata
set. Theconvergencethresholdis setto �

	 �

�

G��

. Figure4
shows the effect of the initial samplesize

Q

to the quality
and responsetime of the CLUSEQ algorithm. The results
con�rm with our previousdiscussion.Thequality (i.e.,aver-
ageaccuracy) of theCLUSEQalgorithmimproveswith the
increaseof

Q

dueto thefactthatbetterinitial clusteringcan
beobtained.Theimprovementslowsdown when

Q 	 � �

�

where � is the numberof clusters. On the other hand,the
responsetime of the CLUSEQfalls into a valley asshown
in Figure4(b). When

Q 	�� �

� , the responsetime grows
alongwith the increaseof

Q

in general,while the response
time presentsan oppositetrend

Q ��� �

� . After further
investigation,we found that, with a small samplesize, the
quality of theinitial clusteris verypoorandit takesa longer
coursefor CLUSEQto reachthe�nal clustering.

In addition,we alsoanalyzethe sensitivity of CLUSEQ
with respectto the signi�cant threshold� . As long as it is
within a reasonablerange,both the clusterquality and the
performanceof CLUSEQshow stability to thevarianceof � .
Theparameter	 controlshow similarasequenceshouldbeto
its peersin a clusterandits appropriatevalueis application-
dependentandshouldbe speci�ed by an expert. A further
studyregardingtheparameters� and 	 is left to the full ver-
sionof thepaper.

7 Conclusions

In this paper, we investigatedin the problem of auto-
maticclusteringof proteinsequences.A novel modelis pro-
posedfor sequenceclusterby exploring signi�cant statisti-
cal propertiespossessedby the sequences.The imprecise
probabilitiesare introducedto monitor the convergenceof
the empirical statistics. This clusteringframework can ei-
ther (1) be applieddirectly to partitionunlabeledsequences
into meaningfamilies/groups(without �rst building models
onlabeledsequences),or (2)becoupledwith someclassi�ca-
tion toolsto re�ne theclassi�cation.An importantadvantage
is that the clusteringmodelcanpotentiallydetectunknown
(sub)family/(sub)groupor evenoutliers(perhapsdueto some
unexpectedmutations). Biological considerations(suchas
the a-priori probability distribution of amino acidsand the
probabilitiesof aminoacidsmutation)canalsobeeasilyin-
corporatedinto the clusteringmodelin a similar manneras
discussedin Bejerano&Yona(1999).
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A The CLUSEQ Algorithm

Algorithm A.1 Algorithmfor SequenceClustering

CLUSEQ(� , � , � , � , � )
�

/* � is a databaseof sequences;
� is theminimumnumberof clusters;

� is thesigni�cancethreshold;
� is thesimilarity threshold;

� is theconvergencethreshold.*/
1: ���
	���
���
������������������ ���!��" /* Generate� seedsfrom � */
2: �$#%���&
���'��(� true
3: �

�

�
� /* �

� trackstheactualnumberof clusters*/
4: while �)#*����
���'�� do

�

5: �)#*���&
��+',�-� false
6: #%'.���/
���0213�54 �-4

7: for eachsequence6879� do
�

/* clustertraining*/
8: 6�: �;�/'�1)����0-�=<

/* >?:@: �

� denoteclusterIDs while 0 representsoutlier */
9: for AB�C> to �

� do
10: 1;
�DE�=�F
�DG
��/�H0%
��&I+�J�BK A%L��!6+����"

11: if 1;
�DNMO�

12: then
/* Only thesegmentin 6 whichdeliverssimilarity

1;
�D is usedin updating�BK A%L */
13: PRQ,����� ���J�BK A%L�� 6F"

14: 6�: �)�/'�1)� ��0S�TA

15: if 6�: �;�/'�1;����0UMO< /* 6 is similar to at leastonecluster*/
16: then #*'.���/
���0?13�
#*'.� �/
���0?1WVX>

Y

20: for AB�C> to �

� do
�

/*clustervalidation*/
21: ZH��Q[�
<

22: ZH��Q,��',D\�]< /* tracksthenumberof gapsaccumulated*/
23: �$#%��^H��0*Z������;��� true
24: for eachnode_ in �BK A%L do
25: for eachsymbol � do

26: _`: Q,0*#%a K �2L��cb?d e�f gih j kilnm�b?d e�f gih j kil

�

/* updatelower probability*/

27: _`: Q,0*#%a%K �2L��

b?d e�f gih�j kilnm�b?d e�f gih j kil

�

11



/* updateupperprobability*/
28: if _ : �$#%'.���

�

�

29: then /* _ is asigni�cant node*/
30: ZH��Q[� ZH��Q�� _`: Q,0*#*a%K �2L,V8_`: Q,0*#%a K �2L

31: ZH��Q,��',DE� ZH��Q,��',D���>

32: if _ : Q.0%#*a%K �2L,V8_`: Q,0*#*a K �2L M �

33: then /* _ doesnotconvergeon symbol � */
34: �$#%��^H��0�Z������)�(� false
35: �$#%���&
���'��(� true
34: if �)#*�+^H��0�Z����+�)��� falseand �	�

e

�	�

e�

���

�

�BK A%L�: ZH��Q

/* �BK A%L doesnotconvergeyetandthedegree
of imprecisiondoesnot improve */

35: then /* split cluster�BK A%L */
36: �

�

�]�

�

��>

37: �,Q��/
��;�����&� K A%L�� �BK �

�

L��!��"

38: else�BK A%L�: ZH��Q � �	�

e

���

e�
����

Y

39: if #*'.� �/
���0?1 M 4 �-4��8>�<��

40: then /* A largenumberof outliersexist */
41: �

�

�]�

�

��>

42: �BK �

�

L���������
��&
�#*���������*���������&��"

/* A new clusteris initiated*/
43: �$#%���&
���'��(� true

Y

44: return � /* � contains�

� clusters*/
Y
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