
AcceleratingPro�le Queriesin Elevation Maps

FengPan,Wei Wang,LeonardMcMillan
Universityof NorthCarolinaatChapelHill
f panfeng,weiwang,mcmillang@cs.unc.edu

Abstract

Elevationmapsare a widelyusedspatial data represen-
tation in geographical informationsystems(GIS).Pathson
elevation mapscan be characterizedby pro�les, which de-
scribe relative elevation as a function of distance. In this
research, we addressthe inverse of this mapping— given
a pro�le , how to ef�ciently �nd pathsthat could havegen-
eratedit. This is called the pro�le queryproblem. Pro�les
havea wide variety of usesthat include registering track-
ing information, or even other maps,to a given map. We
describea probabilistic modelto characterizethe maximal
likelihood that a point lying on a path matchesthe query
pro�le . Propagation of such probabilities to neighboring
points can effectivelyprune the search space. This model
enablesusto ef�ciently answerqueriesof arbitrary pro�les
with user-speci�ederror tolerances.Whencomparedto ex-
isting spatial index methods,our approach supportsmore
�exiblequerieswith orders of magnitudespeedup.

1 Intr oduction
In geographicalinformation systems(GIS) systemsa

commonproblemis to align a given path to its properpo-
sition on a map. Pathscanbespeci�ed in a varietyof ways
rangingfrom full geospatialcoordinates(longitude,latitude,
andreferenceto ageodeticmodel)to compassbearingswith
odometry. While it is simpleto generatepathsfrom elevation
maps,the inverseproblemof �nding a compatibleembed-
ding for a particularpath,is moredif�cult. We addressthis
problemfor a particularform of pathspeci�cationcalleda
pro�le . A pro�le assumesonly that therelative altitudeand
distancesalong the path are known. The goal of a pro�le
queryis to �nd a setof potentialalignmentson anelevation
map(paths)whichareconsistentwith agivenpro�le.

Pro�les have awidevarietyof usesincluding

� Hydrologystudies
� Registeringtrackinginformationto agivenmap
� Estimatingtruedistancestravelled
� Roadplanningandtransportationengineering
� Designof roadracecourses(e.g.marathons)

In a typical Digital ElevationMap (DEM), elevationdata
is regularly sampledon a uniform grid. Our approachmaps
a DEM to a graphconsistingof segmentsbetweentheir 8

neighboringelevationmeasurements.In a DEM containing
n � m points, the total numberof pathscontainingk seg-
mentswould beO(n � m � 8k ). Evenfor a small100� 100
map,thereareO(1010) 8-segmentpaths.This hugesearch
spaceposessigni�cant challengesfor existing spatialindex
structuresand queryingalgorithms. Currentspatial index
structurescanstoretrajectories.However, thehugenumber
of pathsin anelevationmappreventsthespatialindex struc-
turefrom handlingthepro�le-query problemef�ciently . Al-
lowing for variablelengthqueriesmakesthe problemeven
harderfor typical spatialindex structures.

In this paper, we develop a probabilisticmodel to solve
thepro�le queryproblem.Ourmodelcharacterizestheprob-
ability thata givenmappoint matchesa querypro�le. The
propagation of joint probabilitiesto neighboringpointsef-
fectively prunesthe searchspace. This model enablesus
to ef�ciently supportqueriesof arbitrarypro�les with user-
speci�ederrortolerances.

Our query algorithm operatesin two steps. In the �rst
step,the probabilisticmodel quickly locatespossibleend-
points of the query. Then, in the secondstep,the search-
ing focuseson the neighborhoodsaroundtheseendpoints.
We alsodescribeseveral optimizationsto handlelarge ele-
vationmapsef�ciently . Experimentsshow thatourapproach
supportsmore�e xible querieswith ordersof magnitudebet-
ter performancethanapproachesbasedon existing spatial-
indexing methods.

2 Preliminaries
In this section,we discusstheterminology, notation,and

assumptionsof our approach. We de�ne elevation maps,
paths,andelevationpro�les, which we will henceforthrefer
to assimplypro�les. Wewill alsogiveaformalspeci�cation
of thepro�le queryproblem.

A digital elevationmapapproximatesa height�eld func-
tion, z = h(x; y). Eachpoint is characterizedby a tuple
(x; y; z). A commonpracticeis to sampletheelevationmap
at regularintervalsin bothx andy. This leadsto asampling
lattice,givenanelevationmapof sizen � m, its pointsetcan
berepresentedastuplesf (i; j ; h(i; j )) j1 � i � n; 1 � j �
m; i; j 2 N g. Furthermore,anelevationmapcanberepre-
sentedasa matrix M , whereM ij = h(i; j ). An example
elevationmapmatrix is shown in Figure1.

For eachpoint (i; j ; h(i; j )) of amap,wede�ne its neigh-
borhoodpointsastheeightneighboringpointsaroundit.
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Figure 1. An elevation map of size 5 � 5

A pathstartsat a point in theelevationmap. Fromeach
point, the pathcango to any of its eightneighbors.There-
fore,apathcanberepresentedby a list of points

path= f (x1; y1; z1); :::; (xn ; yn ; zn )g
jx i � x i � 1j � 1; jyi � yi � 1j � 1; x i ; yi 2 N

For example,apathin Figure1 canbe

path1 = f (1; 2; 6:7); (2; 2; 135:3); (3; 2; 367:9); (3; 3; 1000)g
which is shown astheboldcurve.

A pro�le describesrelative elevationasa functionof dis-
tance. A pro�le canalsobe representedassegmentson a
pathcharacterizedby theslopeandprojectedEuclidiandis-
tanceonxy planeof eachsegment,

pro�le (path) = f (s1; l1); :::(sk ; lk )g
l i = dis((x i ; yi ); (x i +1 ; yi +1 ))
si = (zi � zi +1 )=li

If the xy projecteddistanceis unavailble it canbe derived
from thegeodesicdistance,g, asfollows:

l i = sqr t(g2 � (zi � zi +1 )2)

A pathconsistingof n pointsgeneratesa pro�le with n � 1
segments.Wecall apro�le of sizek if it hask segments.

Givenapro�le of sizek, its pro�le pre�xesare:

pro�le ( i ) = f (s1; l1); :::(si ; l i )g; 1 � i � k

Whereprof il e(k ) = prof il e.
In laterdiscussions,wewill denotethequerypro�le as

Q = f (sq
1; lq

1); :::(sq
k ; lq

k )g
We alsode�ne two distancemeasurementsbetweenpro-

�les of samesize,D s andD l , for the slopeandprojected
distancerespectively.

Ds(prof il eu ; prof il ev ) =
kX

i =1

jsu
i � sv

i j

Dl (prof il eu ; prof il ev ) =
kX

i =1

jlu
i � lv

i j

In orderto enablea user-speci�ederrortolerance,wede-
�ne two error toleranceparameters,� s and � l , for the two
distancemeasurementsrespectively.

Problem De�nition of Pro�le Query: Given a query
pro�le, Q, �nd all the pathsin the elevation map that can
generatepro�les satisfying(1) and(2).

Ds(prof il e;Q) � � s (1)
Dl (prof il e;Q) � � l (2)

A pathmatchesthequerypro�le if it satis�es(1) and(2).

3 RelatedWork
The pro�le query problem is closely related to other

spatial-indexing andspatial-queryproblems. Indeed,some
previouslydevelopedmethodssupportpro�le queries.How-
ever, previousmethodstendnot to scalewell asthemapsize
increasesor asthelengthof thepro�le grows. Furthermore,
thesemethodsdo not, in general,enablethespeci�cationof
errorbounds.

Spatial indexing structureslike the R-tree [5, 10] or
MVR-tree [7, 11] can be usedto index pathsby mapping
theminto points in a higherdimensionalspace. However,
thetotalnumberof possiblepathsis anexponentialfunction
of thesizeof themap,evenfor pathsof �x edlength.There-
fore,directly indexing all possiblepathsis intractable.

To avoid the explosion in the numberof paths,a tradi-
tional indexing structurelike B + treecanbe usedto index
all the segmentsin the map accordingto their length and
slope.By queryingthepro�le segmentby segment,B + tree
can�nd the bestcandidatesfor eachsegment,andthe best
matchingpathscanbegeneratedby concatenatingthosecan-
didates.However, sincepro�le queryallows user-speci�ed
errortolerance,B + treecantypically �nd thousandsof can-
didatesfor eachsegmentof thepro�le. During theconcate-
natingprocedure,the total numberof candidatepathsgen-
eratedwill becombinatoriallylarger. Sincecandidatepaths
areprunedoncethey exceedthe error tolerance,the proce-
durehasto testahugenumberof candidatepaths.

A relatedproblemfrom the �eld of motion planningis
to estimatea robot's positionaccordingto theworld model
(map)basedon sensordata. Markov Localization[3, 1, 8]
is a probability framework which estimatesthepossiblepo-
sition of a moving robotconditionedon thesensordata.By
consideringthequerypro�le asthesensordata,Markov Lo-
calizationcan estimatethe end point of a matchingpath.
However, its probability model doesnot re�ect the good-
nessof amatchingpath,for example,theendpointof abest
matchingpathmaynot have thehighestprobabilityvaluein
Markov Localization.Therefore,it is unableto �nd match-
ing pathscorrectly.

Queriesover moving objecttrajectorieshave beenexten-
sively studiedin [6, 2, 4]. In theseprojects,trajectoriesare
consideredasspatial-temporalcurvesandthequeriesdiffer
from ours.Insteadof searchingtrajectoriesof speci�c shape,
they want to �nd trajectoriespassingobjective regionsdur-
ing speci�c time intervalsor following sometemporalorder.
Sincethe object trajectoriesare given, spatial index struc-
turesareemployed andperformwell. In contrast,only an
elevationmapis givenin our problemwhich implicitly con-
tainsahugenumberof possiblepaths,exponentialto thesize
of themap.It is infeasibleto computeandindex all possible
pathsfrom anelevationmap.

4 Probabilistic Model
In thissection,wedeveloptheprobabilisticmodelusedto

solve thepro�le queryproblem.Theobjective is to estimate
theprobability thata point is at theendof a matchingpath.
The compositionof high probability end points leadsto a



list of pathcandidates.Let L k bethecorrespondingrandom
variablegivenquerypro�le Q of sizek andlet p beapoint in
themap.Our modelestablishesa posteriordistribution over
L k conditionedon thequerypro�le.

P(L k = pjQ) = P(L k = pjf (sq
1 ; lq

1 ); :::(sq
k ; lq

k )g) (3)

In our algorithm,the probabilisticmodelactsasa scoring
functionmodelwhichmeasuresthequalityof pathendpoints
accordingto their similarity with the query pro�le. Other
scoringfunctions(distancefunctions)can also be usedin
placeof ouralgorithm'sprobabilisticmodel.Weexplain the
reasoningbehindourmodelin Section5.

First, we introducean importantmodelpropertyneces-
saryto solvepro�le queryproblem.

Property 4.1 A point having higher P(L k = pjQ) value
correspondsto a betterpath.

We will saypathu is betterthanpathv if their pro�les,
prof il eu andprof il ev , satisfythefollowing relation:

Ds (prof il eu ; Q)=bs + Dl (prof il eu ; Q)=bl

� Ds (prof il ev ; Q)=bs + Dl (prof il ev ; Q)=bl (4)
bs andbl arenormalizingfactorsusedto weight the slope

anddistancemetrics,D s andD l . The valuesof bs andbl

areset to be proportionalto the error tolerances� s and � l

respectively. In our implementation,we setbs = 10� � s and
bl = 10� � l .

Equation 4 is a necessarycondition for Equations1
and 2 to be satis�ed if Ds(prof il ev ; Q) = � s and
Dl (prof il ev ; Q) = � l . The probabilisticmodel must sat-
isfy Property4.1, in orderto relatetheprobabilityvaluesto
thetwo distancemeasurementsD s andD l . By choosingan
appropriatefunction, we canconvert the error toleranceof
D s andD l to anequivalenterror toleranceof theprobabil-
ity, whichcanthenbeusedto prunepointsin themap.

In orderto estimatethe maximumlikelihoodpathwhile
consideringthat pathscanonly be extendedto neighboring
points,weusethefollowing equation:
P(L k = pjQk )

= � k �max p0f P (L k = pj(sq
k ; lq

k ); L k � 1 = p0)P (L k � 1 = p0jQ( k � 1) )g
(5)

whereP(L k � 1 = p0jQ(k � 1) ) is thedistributionconditioned
on the pro�le pre�x Q(k � 1) . The constant� k is usedasa
normalizingfactorto make

P
p P(L k = pjQ) = 1.

Equation5 illustratesthepropagationof theprobabilities.
Conditionedonthepro�le pre�x Q(k � 1) , themodel�nds the
most probablepoint to extend the currentpro�le, Q(k � 1) .
Thepro�le is extendedwith theadditionof segment(sq

k ; lq
k ),

achoicethat1) is adjacentto thepreviousbestendpoint,and
2) maximizestheprobabilityof thepro�le-path match. We
show later in this sectionthat Equation5 satis�esProperty
4.1.

The term P(L k = pj(sq
k ; lq

k ); L k � 1 = p0) in Equation
5 describeshow the probability is propagated. In Equation
5, p0 representsall pointsin the map. They canbe divided
into two parts,pointsthatareneighborsof p andpointsthat
arenot neighborsof p. As we de�ned in Section2, a path
canonly beextendedto theneighboringpointsof a current

endpoint.Therefore,for thepointsthatarenot neighborsof
p, wehave

P(L k = pj(sq
k ; lq

k ); L k � 1 = p0) = 0;

jxp0 � xp j > 1 j jyp0 � yp j > 1 (6)

For thoseneighborsof p, we assumetwo independent
Laplaciandistributionsfor P(L k = pj(sq

k ; lq
k ); L k � 1 = p0).

Let s betheslopeof thesegmentbetweenp andp0 andl be
its projecteddistanceonxy plane.

P(L k = pj(sq
k ; lq

k ); L k � 1 = p0)

= (
1

2bs
)(

1
2bl

)e�j s� sq
k

j =bs e�j l � l q
k

j =bl ; jxp0� xp j � 1&jyp0� yp j � 1

(7)

Assuming a Laplacian distribution for P(L k =
pj(sq

k ; lq
k ); L k � 1 = p0) assignshighervaluesif (s; l ) is closer

to (sq
k ; lq

k ). As a simpli�cation, we will setbl = bs = b in
thelaterparts.It is easyto seethatthevaluesof bl andbs do
not affect the key propertiesof the probabilisticmodelnor
thecorrectnessof ouralgorithm.

Equation5 suggeststhat the probability is propagated
throughneighboringpoints,andthe�nal probabilityof point
p correspondsto oneof thepathsendingat p which canbe
found by linking p and the maximalp0 in eachstepof re-
cursion. According to Equation5, we get the relationship
betweentheprobabilityof p andits correspondingpath.

P(L k = pjQ)

= P0 � (
kY

i =1

� i )(
1
2b

)2k e� (
P k

i =1
j s i � sq

i j +
P k

i =1
j l i � l q

i j ) =b

= P0 � (
kY

i =1

� i )(
1
2b

)2k e� ( D s ( pr of ile; Q)+ D l ( pr of ile; Q)) =b (8)

Theorem1 Theprobabilisticmodelsatis�esProperty4.1.

Proof: We know that theprobabilityP(L k = pjQ) of point
p correspondsto a path endingat p. The theoremcan be
proven by applying Equation8. Interestedreadersshould
referto [9] for adetailedproof.

In fact, the probability P(L k = pjQ) of point p corre-
spondsto thebestpathamongthepathsendingatp.

Theorem2 Theprobability P(L k = pjQ) of point p corre-
spondsto thebestpathamongthosepathsendingat p.

Proof: The theoremcanbe proven by inductionbasedon
Equation5. Referto [9] for adetailedproof.

To demonstrateTheorems1 and2, supposewe aregiven
themapin Figure1, andquerypro�le

Q = f (� 11:1; 1); (� 81:7;
p

2)g

and � s = 10; � l = 0:5; bs = 100; bl = 5. According to
Equation5, the probability P(L 2 = (2; 2)jQ) = 0:0824.
And other variablescalculatedfrom Equation5 is P0 =
0:04, � 1 = 2491:7 and � 2 = 3353:7. Supposewe have
two pathsendingatpoint (2,2):

pathu = f (1; 4; 6:7); (1; 3; 18:3); (2; 2; 135:3)g

pathv = f (1; 1; 0:3); (1; 2; 6:7); (2; 2; 135:3)g



Comparing the paths with the query pro�le, we can
have D s(pathu ; Q) = 1:5, D l (pathu ; Q) = 0 and
D s(pathv ; Q) = 51:6, D l (pathv ; Q) = 0:414. According
to Equation4, pathu is betterthanpathv . Also, from the
mapwe canknow thatpathu is thebestmatchingpathend-
ing atpoint (2,2).

If P(L 2 = (2; 2)jQ) correspondsto pathv , wehave

P(L 2 = (2; 2)jQ) = P0 � � 0 � � 1 � (
1

200
)2 � (

1
10

)2 � e� 51 : 6
100 � e� 0: 414

5

= 0:0459
While if probability P(L 2 = (2; 2)jQ) correspondsto

pathu , wehave

P(L 2 = (2; 2)jQ) = P0 � � 0 � � 1 � (
1

200
)2 � (

1
10

)2 � e� 1: 5
100 � e� 0

5

= 0:0824

As we cansee,pathu hasa higherprobability value than
pathv . Thismatchesthefactthatpathu is betterthanpathv

asillustratedby the distancemeasurements.And the prob-
ability P(L 2 = (2; 2)jQ) correspondsto pathu sincethe
valuecalculatedfrom Equation5 equalsthevaluecalculated
by pathu . This alsomatchesthe fact thatpathu is thebest
matchingpathendingatpoint (2,2).

Also, after the two recursions,point (2,2) hasprobabil-
ity 0.0824andpoint (1,2)hasprobability0.0352.We know
point (2,2)correspondsto path

pathu = f (1; 4; 6:7); (1; 3; 18:3); (2; 2; 135:3)g

And point (1,2)correspondsto path

pathv = f (1; 1; 0:3); (2; 1; 6:7); (1; 2; 6:7)g

Comparedwith thequerypro�le, D s(pathu ; Q) = 1:5,
D l (pathu ; Q) = 0 and D s(pathv ; Q) = 88:2,
D l (pathv ; Q) = 0 . Obviously pathu is a betterpaththan
pathv .

We have shown that our probabilistic model satis�es
Property4.1 and that the probability of eachpoint corre-
spondsto its appearanceon thebestpath. In orderto allow
user-speci�ed error tolerances,we convert the error thresh-
olds� s and� l into asingleprobabilitythreshold.

In the worst case,a path hasexactly the distancemea-
surementsequalto theerrorthresholdsandit startsatapoint
having thelowestinitial probabilityvalue,P0min .

D s (prof il e;Q) = � s ; D l (prof il e;Q) = � l

Assumethatthereis apointp in themapwhichcorresponds
to thisworst-casepath,thenits probabilityvalueshouldbe

P(L k = pjQ)

= P0min � (
kY

i =1

� i )(
1
2b

)2k e� ( D s ( pr of ile; Q)+ D l ( pr of ile; Q)) =b

= P0min � (
kY

i =1

� i )(
1
2b

)2k e� ( � s + � l ) =b

Therefore,theprobabilitythresholdP (k )
min shouldbe

P ( k )
min = P0min � (

kY

i =1

� i )(
1
2b

)2k e� ( � s + � l ) =b (9)

whereP0min is theminimalvalueof theinitial distribution.

Theorem3 Any point that has probability P(L k = pjQ)
lower than P (k )

min cannotbe an endpointof any matching
path.

Proof: If a point p hasP(L k = pjQ) lower than P (k )
min ,

its correspondingpath must have at least one of its dis-
tancemeasurementsexceedingthethreshold.Sincethecor-
respondingpath is the bestpath endingat p, all the other
pathsendingat p areworse,so at leastoneof the distance
measurementsalsoexceedsthe correspondingerror thresh-
old and,therefore,cannotbematchingpaths.Thus,point p
is notanendpointof any matchingpath.

On theotherhand,accordingto Equation9, a point hav-
ing probabilityhigherthanP (k )

min alsomaynotbeaendpoint
of any matchingpath, becauseits correspondingpath can
have D s + D l < � s + � l while eitherD s > � s or D l > � l .

And similarly, for eachpro�le pre�x Q( i ) , wecanalsoget
its probabilitythresholdP ( i )

min

P ( i )
min = P0 � (

iY

j =1

� j )(
1
2b

)2i e� ( � s + � l ) =b (10)

Theorem4 Anypoint that hasprobability P(L i = pjQ( i ) )
lowerthanP ( i )

min cannotbeanendpointof anymatchingpath
of Q( i ) , which alsomeansthat thepoint cannotbe the(i +
1)th pointona matchingpathof Q.
Proof: Theproof is similar to theoneof Theorem3.

From Theorems2 and 3, we can know that if point p
hasprobabilitylargerthanP (k )

min , its correspondingbestpath
may be a matchingpath. However, Theorem3 also illus-
tratesthatamongall theotherpathsendingat point p, there
mayalsobematchingpathsaslongassomeotherneighbor-
ing pointsof p canpropagateaprobabilityvaluenolessthan
P (k )

min to p. Therefore,for eachpointp, wede�ne its ancestor
point set.
De�nition 4.1 Theancestorpoint setof p, A(p), is the set
of neighboringpointsof p that canpropagatea probability
valueno lessthanP (k )

min to p.

A(p) = f p0j� k � f (p; p0) � P ( k )
min g;

f (p; p0) = P(L k = pj(sq
k ; lq

k ); L k � 1 = p0)P (L k � 1 = p0jQ( k � 1) )

For point p, eachpoint in A(p) correspondsto a possible
matchingpathendingatp includingthebestone.It is trivial
to show that whenpoint p hasprobability valuelower than
P (k )

min , thesetA(p) will beempty.

5 Algorithm
In thissection,weexplainourqueryprocessingalgorithm

basedon the probabilisticmodel. Later, several optimiza-
tionsarepresentedto improve theperformance.

Our queryalgorithmis deterministiceven thoughit em-
ploys a probabilisticmodel. As we discussedin Section4,
the probabilisticmodelworks asa scoringfunction. There
areseveral reasonsfor us to usethis probabilisticmodelin-
steadof otherscore(distance)functionmodelsin thedeter-
ministic form.



� Theprobabilisticmodelis well-established,i.e., all re-
sultingvaluesarewithin therage[0; 1] regardlessof the
data.It scoresthepointandpathsin anaturalandeasy-
to-understandway.

� The probabilisticmodel is more generalthan scoring
functionsandcouldpotentiallysupportarbitrarypaths
(insteadof pathsrestrictedto grid segmentsasassumed
here).

Also our algorithmusesdynamicprogrammingto com-
puteprobabilitypropagationbetweenneighborsin ourprob-
abilisticmodelasdiscussedin Section4.

5.1 Basic Algorithm
Our algorithm consistsof two phases. The �rst phase

identi�es endpointsof possiblematchingpathsin the map.
This would allow us to constrainthe searchto regionssur-
roundingtheseendpoints. Thenthesecondphasesearches
for matchingpathsin reversestartingfrom theseendpoints.

Given a query pro�le Q of size k, in the �rst phase,
the algorithm employs the probabilistic model to �nd all
pointshaving probabilityvalueno lessthanP (k )

min . Accord-
ing to Theorem3, thesepointsmaybetheendpointsof some
matchingpaths. We useI(0) to denotethis setof points—
the initial candidatepoint set. By doing so, the algorithm
reducesthesearchspace.

In thesecondphase,thequerypro�le is reversedandthe
algorithmstartsfrom thepointsin setI(0) to searchmatch-
ing paths. The probabilisticmodel is usedagain. In each
iteration, points having probability no less than P ( i )

min are
recordedin I( i ) — thei th candidatepoint set.Accordingto
Theorem4, I( i ) containsall pointsthatmaybethe(i + 1)th

point of somematchingpath.After computingall candidate
point sets,I(1) to I(k ) , thealgorithmconcatenatesthepoints
from eachsetto form asetof candidatepaths,whichwill be
validatedandreturned.Note that sincethe querypro�le is
reversedin the secondphase,the matchingpathsalsoneed
to be reversedto matchthe original querypro�le. In both
the �rst and secondphase,the calculationof probabilities
employs dynamicprogrammingbecauseof thepropagation
featureof themodel.

In fact, if in the �rst phasewe recordthe intermediate
candidatepoint setsI( i ) besidesthe last one, we can also
get thecandidatepathsetat theendanddo not needto run
thesecondphase.However, this only worksfor smallmaps.
For largemaps,the intermediatecandidatepoint setsI ( i ) in
phase1 canbecomelarge, which makes the concatenation
intractable. The reasonis that in the �rst phase,sincewe
do not have any idea aboutthe endpointsof the matching
paths,we assumethatall pointshave thesameinitial proba-
bility P0. Therefore,theintermediatecandidatepoint setsin
the �rst phasewill containmany falsepositives(i.e., points
on mismatchingpaths).While in thesecondphase,with the
information of possibleendpointsof matchingpaths,only
points in I(0) can get a non-zeroinitial probability and all
otherpointshave P0 = 0. Therefore,the candidatepoint
setsin thesecondphasetendto bemuchsmallerandcontain

Phase1
Input:

� ElevationmapM
� Querypro�le Q of sizek
� errorthresholds� s , � l

Output: Initial candidatesetI(0)

Method:
1. for all p 2 M , P(L 0 = pjQ(0) ) = P0 = 1=jM j.
2. bs = � s � 10, bl = � l � 10.
3. P (0)

min = P0 � e� ( � s =bs + � l =bl ) .
4. for i=1 to k

5. Propagate(i)
6. I(0) = f pjp 2 M ; P(L k = pjQ) � P ( k )

min g.

Phase2
Input:

� ElevationmapM
� Reversedquerypro�le Q0 of sizek
� errorthresholds� s , � l

� Initial candidatepoint setI (0)

Output: Matchingpaths
Method:

1. for p 2 I(0) , P0 = 1=jI(0) j, otherwiseP0 = 0.
2. bs = � s � 10, bl = � l � 10
3. P (0)

min = 1

j I (0) j
� e� ( � s =bs + � l =bl ) .

4. for i=1 to k

5. Propagate(i)
6. I( i ) = f pjp 2 M ; P(L i = pjQ0( i ) ) � P ( i )

min g.
7. Matchingpaths=Concatenate().

Propagate(i)

1. � i = 0.

2. for eachpointp 2 M
3. CalculateP(L i = pjQ( i ) ) accordingto Equation11
4. � i = � i + P(L i = pjQ( i ) ).
5. for eachpointp 2 M
6. P(L i = pjQ( i ) ) = 1

� i
P(L i = pjQ( i ) ).

7. P ( i )
min = P ( i )

min � 1
2bs

� 1
2bl

� 1
� i

Figure 2. Basic Algorithm

fewermismatches.By avoidingmaterializingthelargeinter-
mediatecandidatepoint setsin the�rst phase,thealgorithm
performswork ef�ciently on largemaps.

In the algorithm, we use Equation11 to calculatethe
probability recursively. The calculationis implementedvia
a dynamicprogrammingapproach.Equation11 is modi�ed
from Equation5 by omitting � i . Becausewe canonly cal-
culatethevalueof � i afterwegettheupdatedvaluefor each
point,wecalculateit at theendof eachiteration.

P(L i = pjQ( i ) )

= max p0f P (L i = pj(sq
i ; lq

i ); L i � 1 = p0)P (L i � 1 = p0jQ( i � 1) )g
(11)

Thedetailsof thebasicalgorithmareshown in Figure2.
In phase1, theprobabilitydistribution is initialized to be

uniform in step1. P (0)
min is setaccordingto the lowest ini-

tial probability andthe error tolerancein step3 in orderto
estimatetheworstcase.FunctionPr opagate(i ) updatesthe
probability distribution and P ( i )

min recursively accordingto



eachpro�le pre�x. Note that Step3 of Pr opagate(i ) uses
dynamicprogramming. In step6, the points of I (0) is se-
lectedaccordingto theirprobabilityvalueandP (k )

min .
In phase2, themainstructureis similar with a few small

differences.In step1, the initial probability is setaccord-
ing to I(0) , so that only points in I(0) get a non-zeroinitial
probability. In step6, the candidatepoint set I ( i ) for each
iterationis recorded.In step7, thefunctionConcatenate()
concatenatesall candidatepointsand returnsthe matching
paths.

In thealgorithm,whencandidatepoint setsaregenerated
in step6 of phase1 and2, theancestorpoint setsA(p) of all
candidatesarealsorecorded.In step7 of thesecondphase,
Concatenate() appendscandidatepointsaccordingto their
ancestorpoint setsandprunesmismatchingpaths. The de-
tailsof Concatenate() areshown in Figure3.

function Concatenate()
Input:

� Candidatepoint setsf I(0) ; :::; I( k ) g
� Ancestorpoint setA(p) for eachcandidatepoint.
� � s ,� l .

Output: MatchingpathssetMPath
Method:

1. MPath = ; .
2. Insertall pointsp 2 I(0) into MPathastheinitial paths.
3. for i = 1 to k

4. for eachpointp in I( i )

5. for eachpathin MPath
6. if thelastpointof thepath,pl , belongsto A(p)
7. Concatenatepointp with thepath.
8. Removepathsin MPathnotextendedin this turn.
9. Removepathsin MPathwhoseD s , D l exceed� s or � l

Figure 3. function Concatenate()

Thecomplexity of thebasicalgorithmis O(jM j � k + R),
whereR is the numberof matchingpaths. Now we will
prove thecorrectnessof ouralgorithm.

Theorem5 Givena querypro�le Q, theerror tolerance� s

and� l , all matchingpathscanbefoundby thealgorithm.

Proof: For any matching path consisting of points
f p0; :::; pk g, sinceits pro�le satis�esEquation1 and2, we
know that

D s (prof il e;Q) + D l (prof il e;Q) � � s + � l (12)

1. We prove that pk is includedin setI(0) . Accordingto
Theorem2, Equations8 and12,weknow that
P(L k = pk jQ)

� P0 � (
kY

i =1

� i )(
1
2b

)2k e� ( D s ( pr of ile; Q)+ D l ( pr of ile; Q)) =b

� P0 � (
kY

i =1

� i )(
1
2b

)2k e� ( � s + � l ) =b = P ( k )
min

Sothatpointpk hasprobabilityvaluenolessthanP (k )
min

andis includedin I(0) .

2. We prove thateachremainingpoint on thepathis also
includedin thecorrespondingcandidatepointset.Since
thequerypro�le is reversedin thesecondphaseof the

algorithm, we also reversepath f p0; :::; pk g for con-
venience. Let Q0 be the reversedquery pro�le. Let
f p0

0; :::; p0
k g be the reversedpath, p0

i = pk � i , and
prof il e0beits reversedpro�le. Wehavealreadyproved
thatp0

0 is includedin I(0) . By thesametoken,for each
pointp0

i , wehave
P(L i = p0

i jQ
0( i ) )

� P0 � (
iY

j =1

� j )(
1
2b

)2i e
� (

P i

j =1
j s0

j � s0q
j j +

P i

j =1
j l 0

j � l 0q
j j ) =b

� P0 � (
iY

j =1

� j )(
1
2b

)2i e� ( D s ( pr of ile 0;Q0
)+ D l ( pr of ile 0;Q0

)) =b

� P0 � (
iY

j =1

� j )(
1
2b

)2i e� ( � s + � l ) =b = P ( i )
min

So eachpoint p0
i has probability value no less than

P ( i )
min andis includedin I( i ) .

3. We prove thateachpoint p0
i is includedin theancestor

point setof p0
i +1 .

� i +1 � P (L i +1 = p0
i +1 j(s0q

i +1 ; l0q
i +1 ); L i = p0

i )P (L i = p0
i jQ

0( i ) )

� � i +1 � (
1
2b

)2 � e� ( j s0
i +1 � s0q

i +1 j + j l 0
i +1 � l 0q

i +1 j ) =b

�P0 � (
iY

j =1

� j )(
1
2b

)2i e
� (

P i

j =1
j s0

j � s0q
j j +

P i

j =1
j l 0

j � l 0q
j j ) =b

= P0 � (
i +1Y

j =1

� j )(
1
2b

)2( i +1) e
� (

P i +1

j =1
j s0

j � s0q
j j +

P i +1

j =1
j l 0

j � l 0q
j j ) =b

� P0 � (
i +1Y

j =1

� j )(
1
2b

)2( i +1) e� ( D s ( pr of ile 0;Q0
)+ D l ( pr of ile 0;Q0

)) =b

� P0 � (
i +1Y

j =1

� j )(
1
2b

)2( i +1) e� ( � s + � l ) =b = P ( i +1)
min

Accordingto De�nition 4.1,for eachpointp0
i , 0 � i <

k, wehave p0
i 2 A(p0

i +1 ).

Therefore,pathf p0; :::; pk g mustbe ableto be concate-
natedby the Concatenate() function andbe returnedasa
matchingpath.

5.2 Optimizations
In this section,we discussseveral optimizationsto the

basicalgorithm.

5.2.1 SelectiveCalculation
In thebasicalgorithm,amajoroverheadis to calculatethe

probabilityvaluesfor eachpoint. For largeelevationmaps,
it takesa long time to dosofor all points.

According to the propagation relationshipbetweencan-
didatepointsin thealgorithm,a point in candidatepoint set
I( i ) mustbetheneighboringpointof apoint in I ( i � 1) . There-
fore, if we know thatpoint p is a candidatepoint of I ( i ) , we
only needto focuson the small areasurroundingp to �nd
candidatepointsp0 in subsequentsteps.

To expeditethe computation,we can partition the map
into smallerregionsandonly for pointsin regionscontaining
candidatepoints,thealgorithmwill calculatetheir probabil-
ity valuerecursively. For example,in our experiments,we



partitiona 2000� 2000mapinto a list of 50 � 50 regions.
In orderto handlecandidatepointsnearboundaryof regions,
weenlargeeachregionslightly accordingto thesizeof query
pro�le, thusincludingasmalloverlap.

The ef�ciency of this selectivecalculation dependson
the distribution and numberof candidatepoints. If most
small regions containcandidatepoints, therewill be little
improvementover thebasicalgorithm.Therefore,beforeus-
ing selective calculation,we checkthenumberof candidate
points. If thenumberof candidatepointsis small,thereis a
highchancethatthenumberof regionscontainingcandidate
pointsis alsosmallandselectivecalculationwouldbelikely
to beeffective.

Selectivecalculationcanbeappliedto bothphasesin dif-
ferentways. In phase1, a checkstepwill be insertedafter
step5. If the numberof pointshaving probability no less
thanP ( i )

min is small, the algorithmwill turn to useselective
calculation.Notethat thealgorithmonly needsto know the
numberof points, the actualcandidatesetsarenot materi-
alized. Whenthe pro�le is long, the last several candidate
pointsetswill usuallycontainfew points.In thiscase,selec-
tivecalculationcanshow its ef�ciency in phase1.

And in phase2, a checkstepis insertedafter step3. If
thenumberof initial candidatepointsis small,thealgorithm
turns to useselective calculation. Whenthe user-speci�ed
error toleranceis tight, the initial candidatesetwould con-
tain few points. In this case,it is ef�cient to useselective
calculation.We show theperformanceof selective calcula-
tion in theexperimentsection.

5.2.2 ReversedConcatenation
In Concatenate() , candidatepoints are concatenated

from I(0) to I(k ) . However, we observe thatmany candidate
pointsin early candidatesetcannot be extendedto form a
completematchingpathwhenthe concatenationcontinues.
The reasonis that an intermediatepath endingat an early
candidatepoint may have alreadyreachedthe maximaler-
ror toleranceto the querypro�le andany further stepwill
make it a mismatchingpath.While pointsin latercandidate
setshaveahigherchanceto form acompletematchingpath.
Also thelatercandidatesetsareusuallyof smallersize.

Therefore,insteadof startingconcatenationfrom I (0) , we
reversetheconcatenationandstartfrom I (k ) , the lastcandi-
dateset.By doingso,thenumberof candidatepathstestedin
the intermediatestepsdecreasesdramatically. We compare
the performanceof reversedconcatenationwith the normal
concatenationin theexperiments.

5.2.3 Pre-processing
In the algorithm, the slopesand distancesof segments

betweenpointsandtheir neighboringpointsare frequently
used. It is inef�cient to calculatethesevalueseachtime
whena new querycomes.Therefore,for eachmap,we con-
duct a pre-processingto calculatethe slopesanddistances
aroundeachpoint andstorethemin matrix. Thenin theal-
gorithm,thesevaluescanbequickly loadedfrom thematrix.
Thecomputationtime canbereducedto about60%by pre-
processingaccordingto experimentperformance.

6 Experiments
In this section,we compareour algorithmwith an alter-

native methodbasedon a traditionalindexing structure.We
demonstratethe ef�ciency andscalabilityof our algorithm
andtheeffectivenessof theproposedoptimizationmethods.

Dataset
We useda 2000� 2000elevationmapdownloadedfrom

theNorth CarolinaFloodplainMappingProgram1. Thexy
view of the mapis shown in Figure4(a). We alsogenerate
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Figure 4. xy view of theelevationmap(a)andthematch-
ing paths(b) of thepro�le in Figure5 Left

several smallermapsthat are regions of the 2000� 2000
map.

An examplequerypro�le of sizek = 7 is shown in Figure
5. We set � s = 0:5, � l = 0:5. A total of 763 matching
pathsarereturned,andtheir spatialdistribution is plottedin
Figure4(b). Thepathin thecircle is exactly thepathusedto
generatethe querypro�le. The shapesof the the matching
pathsareshown in Figure5. As we cansee,the matching
pathsexhibit pro�les similar to thequerypro�le.
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Figure 5. Left: shapeof thequerypro�le. Right: shapeof
thematchingpaths

Alternativ e Metho d
We implementedanalternative methodbasedon the tra-

ditional index structureB+ tree.
Eachsegmentin the map(including horizontal,vertical

anddiagonalsegments)is indexedby aB+treewith its slope
valueas the index key. The segmentlength is not usedas
the key sinceit is either1 (for horizontalandvertical seg-
ments)or

p
2 (for diagonalsegments)in an grid format el-

evation map. A pro�le querywith error tolerance� s is de-
composedinto a setof k segmentqueriesusingtheir slope
values,wherek is thepro�le size. � s=k is usedastheerror
tolerancein eachsegmentquery. Thereturnedmatchingseg-
mentswill thenbeassembledinto matchingpaths.Notethat

1http : ==www:ncf loodmaps:com=def aul t swf :asp



thealternativemethodcanonly �nd asubsetof all matching
paths. It would entailmuchlongercomputationin orderto
�nd all matchingpathsandareintractablefor evenshortpro-
�le andmoderateerror tolerance.Therefore,we only com-
paredthe performanceof the describedalgorithmwith our
approach.In thefollowing discussion,we referto this alter-
native methodastheB + segment method.

Otherspatialindex structureslike R-treecanstoreeach
possiblepathsin the mapasa high dimensionalpoint and
performthequery. However, this is only feasiblewhenboth
the mapandthe sizeof querypro�le arevery small. With
a 2000� 2000mapanda pro�le of size7, the numberof
possiblepathsin themapcanbeup to O(1012).

Parameters
We evaluatedthe performanceof our algorithmwith re-

spectto four parameters:mapsizem, querypro�le sizek
anderrortolerance� s, � l . Theprototypewasimplementedin
MATLAB andall experimentswereconductedonaPCwith
P4 3GHz and1G main memory. In Section6.1, we com-
pareour methodwith theB + segment methodon a smaller
map because,with reasonablerunning time, B + segment
can only answerquerieson small mapswith limited error
tolerance.In Section6.2,we testtheperformanceof our al-
gorithm with variousparameters.In Section6.3, we show
theef�ciency of theoptimizationmethods.

6.1 Comparison with alternativ e metho d
As we mentionedin the previous section,B + segment

canonly handleerror tolerancesegmentby segment,sowe
evenlydistribute� s amongk segments.It is obviousthatthe
setof matchingpathsfound by B + segment is a subsetof
thematchingpaths.We usea mapof size500� 500, since
B + segment is unableto handlelargemaps.We variedthe
valueof � s to comparetheruntimeperformanceandnumber
of pathsfound.Weset� l = 0 andk = 7.

As shown in Figure6, our approachis ordersof magni-
tudefasterexceptwhen� s = 0. Thenumberof pathsfound
by the two methodsis also provided in the �gure. As we
expected,B + segment is notableto �nd all matchingpaths.

Figure 6. Runtimeof our algorithmremainsalmostcon-
stantwhile runtimeof B + segment increasesexponentially
when increasing� s , and k=7, � l =0:5,m=2:5 � 105 . And
B + segment cannot�nd all thematchingpaths.

The reasonfor the poor performanceof B + segment is
that data structureslike B+tree only contain information
about the segment's length and slope, while the connec-
tion (adjacency) informationof thesegmentsis not included.
Lots of mismatchingsegmentscan only be prunedduring
concatenation,afterthey arereturnedby B+tree.Thismakes
themethodveryinef�cient onlargemapsandwith higherror
tolerance.

6.2 Algorithm Performance
In this section,we vary the valuesof four parametersto

testouralgorithm.Table1 lists theparameters.

Table 1. Parameter rang e and default value
parameter range default value

k f 7; 11; 15; 19; 23g 7
� s f 0:1; 0:2; 0:3; 0:4; 0:5; 0:6g 0:5
� l f 0; 0:5g 0:5
m f 2:5 � 105; 5 � 105; 1 � 106g 4 � 106

f 2 � 106; 4 � 106g

We test two kinds of query pro�les: pro�le generated
from an actualpath in the map and pro�le randomlygen-
erated. Unlessotherwisenoted,we usea pro�le from the
mapasthequerypro�le.

6.2.1 Varying � s and � l

The valuesof m andk areset to their default valuesin
theseexperiments.Sincea segmentin the mapis eitherof
length1 or

p
2, we only settwo valuesfor � l : 0 and0.5and

vary � s from 0.1to 0.6.
The runtimeandnumberof matchingpathsfor different

� s and� l settingsareshown in Figure7.

Figure 7. Runtime and number of matching paths of
sampledpro�les increaseexponentiallywhenincreasing� s ,
� l =f 0; 0:5g, m=4 � 106 , k=7.
As we canseein Figure7, with larger � s and � l , more

pathsmaymatchthequerypro�le andthequerytakeslonger
time to run. In fact, the runtimeis linear to the numberof
pathsreturnedasshown in Figure8.

Figure 8. Runtimeof ouralgorithmincreaseslinearlywith
theincreaseof numberof matchingpathsof sampledpro�les
by increasing� s , m = 4 � 106 , k = 7

6.2.2 Varying m
We appliedthe probabilisticmodel to mapsof different

size.Parametersk, � s and� l aresetto their default values.
The runtimeandnumberof matchingpathson mapsof

increasingsizesareshown in Figure9. Both theruntimeand
numberof matchingpathsarelinearto themapsize.

6.2.3 Varying k
We next variedthe querypro�le sizeandtestedthe per-

formance.We selecteda pathconsistingof 24 pointsin the
mapanduseits pro�le asthequerypro�le. Thepro�les of



Figure 9. Runtimeandnumberof matchingpathsof sam-
pledpro�les increaselinearly whenincreasingmapsizem,
� s=� l =0.5,k=7.

smallersizeareits correspondingpro�le pre�xes. Parame-
tersm, � s and� l aresetto their default values.

Theruntimeandnumberof matchingpathsfor eachquery
pro�le areshown in Figure10. Exceptwhenk = 7, therun-
time is linearto thesizeof querypro�le. Thereasonthatthe
algorithmtakesmuchmoretimewhenk = 7 is thatthereare
many morematchingpaths,which takeslongertime to pro-
cess. Accordingto the complexity of our algorithm,when
the numberof matchingpathsis relatively small, the map
sizeandpro�le sizewill play dominantrolesin theruntime.
As we canseein Figure10, whenk = 11; 15; 19; 23, the
numberof matchingpathsis less than 10, and the corre-
spondingruntimeis linearto pro�le sizek.

Figure 10. Runtime increaseslinearly when increasing
pro�le sizek, and� s=� l =0.5,m=4 � 106 , exceptwhenthere
are large numberof matchingpaths. Numberof matching
pathsdecreasesdramaticallywhenincreasingk.

Insteadof usingthe pro�le generatedfrom a pathin the
map,we alsotestedit with randomquerypro�le, andvar-
iedtheparameter� s to evaluatethealgorithm'sperformance.
All otherparametersweresetto their default values.

Theruntimeandnumberof matchingpathsareshown in
Figure11. As weincreased� s, thenumberof matchingpaths
increasedexponentiallyandsodoestheruntime.Compared
to samplesqueries,underthe sameparametersetting,ran-
dompro�les havesimilarruntimeperformance.As shown in
Figure12, the runtimeis alsolinear to thenumberof paths
returned.

Figure 11. Runtime and numberof matchingpathsof
randompro�les increaseexponentiallywhenincreasing� s ,
� l =0:5, m=4 � 106 , k=7

6.3 E�ciency of Optimizations
In thissection,weshow theef�ciency of theoptimization

methods.Eachof theoptimizationmethodswill beaddedto
thebasicalgorithmseparatelyandtheir performancewill be
comparedwith thebasicalgorithm.

Figure 12. Runtimeof our algorithm increaseslinearly
with the increaseof numberof matchingpathsof random
pro�les by increasing� s , � l = 0:5, m = 4 � 106 , k=7

As discussedin Section5, addingselective calculation
in phase1 is mostef�cient whenthe querypro�le is large.
Thereforewevariedthevalueof k andcomparedtheruntime
of phase1 only. For theotherparameters,� s = 0:5, � l = 0,
andm = 106. As we canseein Figure13(a),theoptimiza-
tion cansave about50%runtimeof phase1 whenthequery
pro�le hask = 23. Whenthe pro�le is of very small size,
theoptimizationdoesnot improve theruntimeperformance
substantially.

Figure 13. Comparingtheruntimeof basicalgorithmand
selectivecalculation

Adding selective calculationto phase2 is ef�cient when
theerror toleranceis relatively small. Therefore,we varied
� s to show the ef�ciency of selective calculationon phase
2. We set� l =0, k = 7, andm = 106. We only compared
theruntimeof phase2 asshown in Figure13(b). Thebasic
algorithmalwaystakesthesameamountof time in phase2
nomatterwhat� s is given.With thisoptimization,phase2 is
spedupby ordersof magnitude,especiallywhen� s is small.

Next, weaddedthereversedconcatenationfunctionto the
basicalgorithmin placeof normalconcatenation.In orderto
show the ef�ciency of reversedconcatenation,we compare
thenumberof pathsgeneratedin eachintermediateiteration
by normalandreversedconcatenation.The parametersare
setas follows, � s = � l = 0:5, k = 7 andm = 2:5 � 105

andthequerypro�le is random.Thecomparisonof number
of pathsis shown in Figure14. As we cansee,thenumber
of pathsgeneratedis dramaticallyreducedespeciallyin the
earlyiterations.

Figure 14. Numberof pathsgeneratedin intermediateit-
erationsis dramaticallyreducedby usingreserved concate-
nationcomparedto normalconcatenation,k = 7, � s = � l =
0:5, m = 2:5 � 105

From the experimentsshown in this section,we cansee



thatourprobabilisticmodelandalgorithmcanhandlepro�le
queryef�ciently andaremuchbetterthanalternative meth-
odsbasedon traditionalindexing structures.

7 Application of Pro�le Query
In this section,we usethealgorithmto solve a Map Reg-

istrationproblem.Supposewe have two rastermaps,oneis
of size1000� 1000andtheotheris of size20� 20asshown
in Figure15(a)and(b). Thesmallmapis asub-regionof the
big one,thereforewe want to �nd the locationof thesmall
mapin thebig map(thelocationsof its left-bottomandright-
upcorners).

(a ) a 1000x1 000 map
 (b ) a 20x2 0 su b- re gi on o f map in  ( a)

(c ) many  mat ch in g path s of
th e bold  p at h in  ( b)

(d ) a lo nger  p at h


(e ) 3 matc hi ng p at hs  o f

th e bold  p at h in  ( d)

(f ) 3 matc hi ng p at hs  o f

th e bold  p at h in  ( d)

Figure 15. Example of Map Registration
To solve this mapregistrationproblemby pro�le query

algorithm,weselectapathin thesmallmap,generateits pro-
�le andthensearchthepro�le in thebig map.If theselected
pathis long enough,its pro�le will probablybeuniqueand
thequeryalgorithmcanreturntheonly correspondingpath
whichhelpsusto locatethesub-region.

A pathconsistingof 20points,whichis shown asthebold
curve in Figure15(b), wasselected.The queryresultsare
shown in Figure15(c). Sincethe selectedpath is not long
enough,several pathsin the big maphave the similar pro-
�le so thatwe cannot locatethesmallmap. Therefore,we
selecta longerpathwhich consistsof 40 pointsasshown in
Figure 15(d). This time, the query algorithm only returns
threepathsin Figure 15(e) and (f). According to the re-
turnedpaths,thesmallmapsis locatedat points(811; 201)
and(830; 220) or points(812; 202) and(831; 221) (the lo-
cationsof its left-bottomandright-upcorners).In fact, the
small map in 15(b) is locatedat points (811:5; 201:5) and
(830:5; 220:5). Sincethequeryalgorithmonly returnspaths
consistingof grid segments,it locatesthe sub-region at the
closestgrid points.

We testedthe algorithmwith moresub-regionsselected
randomlyfrom the big map. For most of the sub-regions,

a pathconsistingof 40 points is enoughto uniquely locate
themin thebig mapnomatterthesizesof thesub-regions.

A brute-forcesearchof thesub-regionby comparingeach
possiblepath(consideringx-y shape)with theselectedpath
from the sub-region canhave similar runtimeperformance
with our basicalgorithm. However, with the optimization
methodsin Section5.2,ourqueryalgorithmcanbeordersof
magnitudefaster.

8 Conclusion
In this paper, we introducethe problemof pro�le query

on elevationmap. Givena querypro�le, theobjective is to
�nd matchingpathsin themapwithin someerrortolerance.
We developeda probabilisticmodelwhich hasbeendemon-
stratedto bevery ef�cient via realexperiments.Comparing
to alternative methodbasedon traditional index structure,
our algorithmis ordersof magnitudefaster. Futurework in-
cludessupportingquery pro�le expressedin more general
format (thana list of segmentsof standardsizes),applying
the probabilisticmodel to other typesof terrain mapslike
TriangulatedIrregular Network (TIN), andhandlingmulti-
resolutionmapsin ahierarchicalstructureto furtherspeedup
performanceonhugemaps.
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