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Abstract

Elevation mapsare a widely usedspatial datarepresen-
tation in geagraphicalinformationsystemgGlIS). Pathson
elevation mapscan be characterizedby pro les, which de-
scribe relative elevation as a function of distance In this
reseach, we addressthe inverse of this mapping— given
a pro le, howto efciently nd pathsthat could havegen-
eratedit. Thisis calledthe pro le queryproblem. Pro les
havea wide variety of usesthat include registering track-
ing information, or even other maps,to a givenmap. \We
describea probabilistic modelto characterizethe maximal
likelihood that a point lying on a path mathesthe query
pro le. Propagation of suc probabilities to neighboring
points can effectively prune the seach space This model
enablesusto efciently answerqueriesof arbitrary pro les
with userspeci ederror tolerances.Whencompaedto ex-
isting spatial index methods,our approac supportsmore

e xible querieswith orders of magnitudespeedup.

1 Intr oduction

In geographicalinformation systems(GIS) systemsa
commonproblemis to align a given pathto its properpo-
sition on a map. Pathscanbe speci edin a variety of ways
rangingfrom full geospatiatoordinateglongitude latitude,
andreferencdo ageodetianodel)to compasbearingswith
odometry Whileit is simpleto generatgathsfrom elevation
maps,the inverseproblemof nding a compatibleembed-
ding for a particularpath,is moredif cult. We addresshis
problemfor a particularform of pathspeci cation calleda
pro le. A pro le assumesnly thattherelative altitudeand
distancesalong the path are known. The goal of a pro le
gueryisto nd asetof potentialalignmentson anelevation
map(paths)which areconsistentvith a givenpro le.

Pro les have awide variety of usesincluding

Hydrology studies
Ragisteringtrackinginformationto a givenmap
Estimatingtrue distancedravelled
Roadplanningandtransportatiorengineering
Designof roadracecoursege.g. marathons)

In atypical Digital ElevationMap (DEM), elevationdata
is regularly sampledon a uniform grid. Our approachmaps
a DEM to a graphconsistingof sggmentsbetweentheir 8

neighboringelevation measurementdn a DEM containing
n m points, the total numberof pathscontainingk seg-
mentswouldbeO(n m 8%). Evenfor asmall100 100
map, thereare O(10'°) 8-sgmentpaths. This hugesearch
spaceposessigni cant challengedor existing spatialindex
structuresand querying algorithms. Currentspatialindex
structurescanstoretrajectories.However, the hugenumber
of pathsin anelevationmappreventsthe spatialindex struc-
turefrom handlingthe pro le-query problemef ciently . Al-
lowing for variablelength queriesmakesthe problemeven
harderfor typical spatialindex structures.

In this paper we develop a probabilisticmodelto solve
thepro le queryproblem.Ourmodelcharacterizetheprob-
ability thata given map point matchesa querypro le. The
propagtion of joint probabilitiesto neighboringpoints ef-
fectively prunesthe searchspace. This model enablesus
to ef ciently supportqueriesof arbitrarypro les with user
speci ederrortolerances.

Our query algorithm operatesn two steps. In the rst
step, the probabilisticmodel quickly locatespossibleend-
points of the query Then,in the secondstep,the search-
ing focuseson the neighborhoodsroundtheseendpoints.
We also describesereral optimizationsto handlelarge ele-
vationmapsef ciently . Experimentshaw thatourapproach
supportanore e xible querieswith ordersof magnitudebet-
ter performanceghan approached®asedon existing spatial-
indexing methods.

2 Preliminaries

In this section,we discusghe terminology notation,and
assumption®f our approach. We de ne elevation maps,
paths,andelevationpro les, whichwe will hencefortirefer
toassimplypro les. Wewill alsogive aformalspeci cation
of thepro le queryproblem.

A digital elevation mapapproximates height eld func-
tion, z = h(x;y). Eachpointis characterizedy a tuple
(x;y; z). A commonpracticeis to samplethe elevationmap
atregularintervalsin bothx andy. Thisleadsto asampling
lattice,givenanelevationmapof sizen m, its pointsetcan
berepresentedstuplesf (i; j; h(i; j))j1 i n;1
m;i;j 2 Ng. Furthermoreanelevation mapcanberepre-
sentedasa matrix M, whereMj = h(i;j). An example
elevationmapmatrix is shovn in Figurel.

Foreachpoint(i; j; h(i; j)) of amap,wede ne its neigh-
borhoodpointsasthe eightneighboringpointsaroundit.



Figure 1. An elevation map of size5 5

A pathstartsat a pointin the elevation map. From each
point, the pathcango to ary of its eight neighbors.There-
fore, apathcanberepresentedy alist of points

~path= f(X1;¥1;21); 5 (Xn s YniZn)g
Xiooxioal Liyioyioal Lixisyi 2N
For example,a pathin Figurel canbe
path, = f(1;2;6:7); (2; 2; 1353); (3; 2, 367:9); (3; 3; 1000y
whichis shavn asthebold curve.

A pro le describeselative elevationasa functionof dis-
tance. A pro le canalsobe represente@ds segmentson a
pathcharacterizedtby the slopeandprojectedEuclidiandis-
tanceonxy planeof eachsegment,

pro le (path) = f(s1;11); ::(sk; k)9

li = dis((Xi;Yi); (Xi+1;Yi+1))

Si=(z  Z)=h
If the xy projecteddistanceis unavailble it canbe derived
from the geodesidistanceg, asfollows:

i = sart(d® (z zi4)?)

A pathconsistingof n pointsgeneratespro le withn 1
segments.We call apro le of sizek if it hask segments.
Givenapro le of sizek, its pro le pre xesare:

prole® = f(sy;lh); (s gl ik

Whereprof il k) = profile.
In laterdiscussionswe will denotethequerypro le as
Q= f(sf;19); (s 1)
We alsode ne two distancemeasurementsetweernpro-
les of samesize,Ds andD,, for the slopeand projected
distancerespectiely.

\J

X
Ds(profile,;profile,) = isi s
i=1

Xk
D (profiley;profile,) = it
i=1
In orderto enablea userspeci ed errortolerancewe de-
ne two errortoleranceparameters,s and |, for the two
distancemeasurementespectiely.
Problem De nition of Prole Query: Given a query
prole, Q, nd all the pathsin the elevation mapthat can
generategro les satisfying(1) and(2).

Ds(profile;Q) s @
Di(profile;Q) | 2
A pathmatcheghequerypro le if it satis es(1) and(2).

3 RelatedWork

The prole query problemis closely relatedto other
spatial-indeing and spatial-queryproblems. Indeed,some
previously developedmethodssupportpro le queries.How-
ever, previousmethodgendnotto scalewell asthemapsize
increase®r asthelengthof thepro le grows. Furthermore,
thesemethodsdo not, in general genablethe speci cationof
errorbounds.

Spatial indexing structureslike the R-tree [5, 10] or
MVR-tree [7, 11] canbe usedto index pathsby mapping
theminto pointsin a higher dimensionalspace. However,
thetotal numberof possiblepathsis anexponentiafunction
of the sizeof themap,evenfor pathsof x edlength. There-
fore, directly indexing all possiblepathsis intractable.

To avoid the explosionin the numberof paths,a tradi-
tional indexing structurelike B + tree can be usedto index
all the sggmentsin the map accordingto their length and
slope.By queryingthepro le segmentby segment,B + tree
can nd the bestcandidatedor eachsegment,andthe best
matchingpathscanbegeneratedthy concatenatinghosecan-
didates. However, sincepro le queryallows userspeci ed
errortoleranceB + treecantypically nd thousand®f can-
didatesfor eachsegmentof the pro le. During the concate-
nating procedurethe total numberof candidatepathsgen-
eratedwill be combinatoriallylarger Sincecandidatepaths
areprunedoncethey exceedthe errortolerancethe proce-
durehasto testa hugenumberof candidatepaths.

A relatedproblemfrom the eld of motion planningis
to estimatea robot's positionaccordingto the world model
(map) basedon sensordata. Markov Localization[3, 1, 8]
is a probability framewnork which estimateghe possiblepo-
sition of a moving robotconditionedon the sensodata. By
consideringhequerypro le asthesensodata,Markov Lo-
calization can estimatethe end point of a matchingpath.
However, its probability model doesnot re ect the good-
nessof amatchingpath,for exampletheendpoint of abest
matchingpathmay not have the highestprobability valuein
Markov Localization. Therefore,jt is unableto nd match-
ing pathscorrectly

Queriesover moving objecttrajectorieshave beenexten-
sively studiedin [6, 2, 4]. In theseprojects,trajectoriesare
consideredasspatial-temporaturvesandthe queriesdiffer
from ours.Insteadbf searchindrajectorief speci ¢ shape,
they wantto nd trajectoriespassingobjective regionsdur-
ing speci ¢ timeintervalsor following sometemporalordet
Sincethe objecttrajectoriesare given, spatialindex struc-
turesare employed and performwell. In contrast,only an
elevation mapis givenin our problemwhich implicitly con-
tainsahugenumberof possiblepaths gxponentiako thesize
of themap.lt is infeasibleto computeandindex all possible
pathsfrom anelevationmap.

4 Probabilistic Model

In thissectionwe developtheprobabilisticmodelusedto
solvethepro le queryproblem.Theobjectiveis to estimate
the probability thata pointis at the endof a matchingpath.
The compositionof high probability end points leadsto a



list of pathcandidatesLet Ly bethecorrespondingandom
variablegivenquerypro le Q of sizek andlet p beapointin

themap. Our modelestablishes posteriordistribution over
Lk conditionedonthequerypro le.

P(Lk = pjQ) = P(Lx = pif (s;11); (s 1H)e) - (3)

In our algorithm, the probabilisticmodelactsasa scoring
functionmodelwhichmeasureghequality of pathendpoints
accordingto their similarity with the query pro le. Other
scoring functions (distancefunctions) can also be usedin
placeof our algorithm’s probabilisticmodel. We explain the
reasoningpbehindour modelin Section5.

First, we introducean importantmodel propertyneces-
saryto solve pro le queryproblem.

Property 4.1 A point having higher P(Lx = pjQ) value
correspondgo a betterpath.

We will saypath, is betterthanpath, if their pro les,
profil e, andprofil e,, satisfythefollowing relation:

Ds(profiley; Q)=h + Di(profiles; Q)=h
Ds(profile,;Q)=h + Di(profile,; Q)=h (4)
bs andb arenormalizingfactorsusedto weightthe slope
anddistancemetrics,Ds andD,. The valuesof bs andh
are setto be proportionalto the error tolerances s and |
respectrely. In ourimplementationwe setb; = 10 ¢ and
h =10 |-

Equation 4 is a necessarycondition for Equations1
and 2 to be satised if Dg(profile,;;Q) = s and
Di(profile,;Q) = . The probabilisticmodel must sat-
isfy Property4.1,in orderto relatethe probability valuesto
thetwo distancemeasurement® ¢ andD,. By choosingan
appropriatefunction, we can corvert the error toleranceof
Ds andD, to anequialenterrortoleranceof the probabil-
ity, which canthenbeusedto prunepointsin themap.

In orderto estimatethe maximumlikelihood pathwhile
consideringthat pathscanonly be extendedto neighboring
points,we usethefollowing equation:

P(L« = piQ")

« maxpof P(Lic = pi(si )i Lk 1= PIP (L 1= pIQ" V)g

(5)
whereP (L, 1 = p3Q* V) is thedistribution conditioned
ontheprole pre x Q¥ Y5 Theconstant \ is usedasa
normalizingfactorto make D P(Lx = pQ) = 1.

Equations illustratesthepropagtionof the probabilities.
Conditionecbnthepro le pre x Q ¥ themodel nds the
most probablepoint to extend the currentpro le, Q& V.
Thepro le is extendedwith theadditionof segment(sy; 1),
achoicethatl) is adjacento thepreviousbestendpointand
2) maximizesthe probability of the pro le-path match. We
show laterin this sectionthat Equation5 satis es Property
4.1.

ThetermP(Lx = pj(sy;1);Lk 1 = p% in Equation
5 describeshow the probability is propagted. In Equation
5, p° representsll pointsin the map. They canbe divided
into two parts,pointsthatareneighborsof p andpointsthat
arenot neighborsof p. As we de ned in Section2, a path
canonly be extendedto the neighboringpointsof a current

endpoint.Therefore for the pointsthatarenot neighborsof
p, we have

P(Lk = pi(s: 1)Lk 1=P) =0
Xpo Xp] > 1jjype VYpi>1 (6)
For thoseneighborsof p, we assumetwo independent
Laplaciandistributionsfor P (L = pj(s;1});Lkx 1= p9.
Let s bethe slopeof the segmentbetweerp andp® andl be
its projecteddistanceon xy plane.

P(Lk = pi(sd;19);Lk 1= p%

= (i)(%)e" S sTeel Ko o) 1&jype Ypi 1
@)

Assuming a Laplacian distribution for P(Lx =
pi(sy;1); Lk 1= p9) assignsighervaluesf (s; ) is closer
to (s¢;1{). As asimpli cation, we will seth = by = bin
thelaterparts.It is easyto seethatthevaluesof iy andbs do
not affect the key propertiesof the probabilisticmodelnor
the correctnessf our algorithm.

Equation5 suggestghat the probability is propagted
throughneighboringpoints,andthe nal probabilityof point
p corresponds$o oneof the pathsendingat p which canbe
found by linking p andthe maximalp® in eachstepof re-
cursion. Accordingto Equation5, we get the relationship
betweerthe probability of p andits correspondingpath.

P(Lx = piQ)
¥ Po P o
- Po ( i)(zi-b)zke € dsiosfis i 1fi=b
i=1
1 r of ile; + r of ile; =
= Po ( i)(zTg)Zke (s (prof ile; Qv Dy(profiles Q)=o gy

Theorem 1 Theprobabilisticmodelsatis esProperty4.1.

Proof: We know thatthe probability P (L = pjQ) of point
p corresponddo a pathendingat p. The theoremcan be
proven by applying Equation8. Interestedreadersshould

referto [9] for adetailedproof. .

In fact, the probability P(Lx = pjQ) of point p corre-
spondsgo the bestpathamongthe pathsendingat p.

Theorem 2 Theprobability P(Lx = pjQ) of point p corre-
spondgo thebestpathamongthosepathsendingat p.

Proof: The theoremcan be proven by induction basedon

Equation5. Referto [9] for a detailedproof. -

To demonstratd heoremsl and2, supposeve aregiven
themapin Figurel, andquerypro le

Q= f( 11:1;1);( 81:7;p§)g

and ¢ = 10, | = 0:55;b; = 100 b = 5. Accordingto
Equation5, the probability P(L, = (2;2)jQ) = 0:0824
And other variablescalculatedfrom Equation5 is Py =
0:04, 1 = 24917 and , = 33537. Supposewe have
two pathsendingat point(2,2):

path, = f(1;4;6:7);(1; 3;18:3);(2; 2; 135.3)g
pathy = f(1;1;0:3);(1;2;6:7); (2; 2;1353)g



Comparing the paths with the query prole, we can
have Ds(path,;Q) = 15 Dj(path,;Q) = 0 and
Ds(pathy,; Q) = 516, D|(pathy; Q) = 0:414 According
to Equation4, path, is betterthanpath,. Also, from the
mapwe canknow thatpath,, is the bestmatchingpathend-
ing at point(2,2).

If P(L2 = (2;2)jQ) correspondso path,,, we have

. 1
P(L2=(2,2jQ =Po o 1 (ﬂ)
= 0:0459
While if probability P(L, =
path,, we have

P(Le= @2IQ=Po o 1 (555)°

0:414

7 ()7 e B e

(2;2)jQ) correspondgo

glo

1 2 %75
(E) e 10 e
= 0:0824

As we cansee,path, hasa higherprobability value than
path, . Thismatcheghefactthatpath, is betterthanpath,
asillustratedby the distancemeasurementsAnd the prob-
ability P(L, = (2;2)jQ) correspondgo path, sincethe
valuecalculatedrom Equation5 equalghevaluecalculated
by path,. This alsomatcheghe factthatpath, is the best
matchingpathendingat point (2,2).

Also, after the two recursionspoint (2,2) hasprobabil-
ity 0.0824andpoint (1,2) hasprobability 0.0352.We know
point(2,2) corresponds$o path

path, = f(1;4;6:7);(1;3;18.3);(2;2;135.3)g
And point(1,2) corresponds$o path
pathy = f(1;1;0:3);(2;1;6:7); (1;2;6:7)g

Comparedvith thequerypro le, Ds(path,; Q) = 1.5,
D|(pathy;Q) = 0 and Dg(path,;Q) = 882,
D,(pathy; Q) = 0. Obviously path,, is a betterpaththan
path,.

We have shawvn that our probabilistic model satis es
Property4.1 and that the probability of eachpoint corre-
spondgo its appearancen the bestpath. In orderto allow
userspeci ed error toleranceswe corvert the error thresh-
olds s and | into asingleprobabilitythreshold.

In the worst case,a path hasexactly the distancemea-
surementgqualto theerrorthresholdsandit startsata point
having the lowestinitial probabilityvalue,Pomin -

Ds(profile;Q) = s;Di(profile;Q) = |

Assumethatthereis apointp in themapwhich corresponds
to thisworst-casepath,thenits probability valueshouldbe

P(Lx = piQ)

¥
= Pomin  ( i)( i)Zke (D s(prof ile; Q)+ D (pr of ile; Q)) =b
2b
i=1
12k (s+ 1)=b
= Pomi Y= s+
omin  ( i) Zb) e

i=1

Thereforethe probabilitythresholdP k)

min

shouldbe

PY = Pomin  (
i=1

wherePomin is theminimal valueof theinitial distribution.

Lk, s+ )=
')(Zb) e )

Theorem 3 Any point that has probability P(Lx = pjQ)

lower than Pr(,:fg cannotbe an endpointof any matding
path.
(k)

Proof: If apointp hasP(Lx = pjQ) lower thanP/ ,
its correspondingpath must have at leastone of its dis-
tancemeasurementxxceedingthe threshold.Sincethe cor
respondingpathis the bestpath endingat p, all the other
pathsendingat p areworse,so at leastone of the distance
measurementslso exceedsthe correspondingerror thresh-
old and,therefore cannotbe matchingpaths. Thus,point p

is notanendpointof any matchingpath. -

Onthe otherhand,accordingto Equation9, a point hav-
ing probabilityhigherthanP(k) alsomaynotbeaendpoint

min

of ary matchingpath, becausdts correspondingpath can

haveDs+ D; < s+ | whileeitherDs> sorD; > .
And similarly, for eachpro le pre x Q"), we canalsoget

its probability thresholdP ()

Y 1

j)(ﬂ))Zie (st |)=b

PU =Py ( (10)
j=1

Theorem4 Any point that hasprobability P(L; = pjQ{")

Iowe_rthan P,ﬂ% cannotbeanendpointfanymatdingpath
of Q) which also meansthat the point cannotbe the (i +
1) pointona matding pathof Q.

Proof: Theproofis similarto theoneof Theorem3.

From Theorems2 and 3, we can know that if point p
hasprobabilitylargerthanP(k) its correspondingpestpath

min
may be a matchingpath. However, Theorem3 alsoillus-
tratesthatamongall the otherpathsendingat point p, there
may alsobe matchingpathsaslong assomeotherneighbor

ing pointsof p canpropagtea probabilityvaluenolessthan

Prfn',‘% to p. Thereforefor eachpointp, we de ne its ancestor
pointset.

De nition 4.1 Theancestorpoint setof p, A(p), is the set

of neighboringpointsof p that can propagatea probability

valuenolessthan Prfqlfrz top.
AP =% « f(pY P g
f(p;p%) = P(Lk = pi(sl )il 1= PIP(Lk 1= p4Q% )

For point p, eachpointin A(p) correspondso a possible
matchingpathendingat p includingthe bestone. It is trivial
to shav thatwhenpoint p hasprobability value lower than

p k) thesetA(p) will beempty

5 Algorithm

In this sectionwe explain ourqueryprocessinglgorithm
basedon the probabilisticmodel. Later, several optimiza-
tionsarepresentedo improve the performance.

Our queryalgorithmis deterministiceven thoughit em-
ploys a probabilisticmodel. As we discussedn Section4,
the probabilisticmodelworks asa scoringfunction. There
areseveralreasongor usto usethis probabilisticmodelin-
steadof otherscore(distancefunctionmodelsin the deter
ministic form.



The probabilisticmodelis well-establishedi.e., all re-
sultingvaluesarewithin therage[0; 1] regardlesof the
data.It scoreghepointandpathsin anaturalandeasy-
to-understanavay.

The probabilisticmodelis more generalthan scoring

functionsand could potentially supportarbitrary paths

(insteadof pathsrestrictedto grid sgmentsasassumed
here).

Also our algorithm usesdynamicprogrammingto com-
puteprobability propagtionbetweemeighborsn our prob-
abilistic modelasdiscussedn Sectiord.

5.1 Basic Algorithm

Our algorithm consistsof two phases. The rst phase
identi es endpointsof possiblematchingpathsin the map.
This would allow usto constrainthe searchto regions sur
roundingtheseendpoints. Thenthe secondohasesearches
for matchingpathsin reversestartingfrom theseendpoints.

Given a query prole Q of size k, in the rst phase,
the algorithm employs the probabilisticmodelto nd all

pointshaving probability valueno lessthan Pr(nlfg . Accord-
ing to Theorenm3, thesepointsmaybetheendpointof some
matchingpaths. We usel© to denotethis setof points—
the initial candidatepoint set. By doing so, the algorithm
reduceghesearctspace.

In thesecondphasethe querypro le is reversedandthe
algorithmstartsfrom the pointsin setl© to searchmatch-

ing paths. The probabilisticmodelis usedagain. In each

iteration, points having probability no lessthan P,ﬂ% are
recordedn |) — thei™ candidatepoint set. Accordingto
Theorem4, I containsall pointsthatmaybethe (i + 1)1
point of somematchingpath. After computingall candidate
pointsets,|® to 1K), thealgorithmconcatenatethe points
from eachsetto form a setof candidatepathswhichwill be
validatedandreturned. Note that sincethe querypro le is
reversedin the secondphase the matchingpathsalsoneed
to be reversedto matchthe original querypro le. In both
the rst and secondphase,the calculationof probabilities
employs dynamicprogrammingoecausef the propagtion
featureof themodel.

In fact, if in the rst phasewe recordthe intermediate
candidatepoint sets|(") besidesthe last one, we can also
getthe candidatepathsetat the endanddo not needto run
the secondohase However, this only worksfor smallmaps.
For large maps the intermediatecandidatepoint setsl () in
phasel canbecomelarge, which makesthe concatenation
intractable. The reasonis thatin the rst phase,sincewe
do not have ary ideaaboutthe endpointsof the matching
pathswe assumehatall pointshave the sameinitial proba-
bility Po. Thereforetheintermediatecandidatepoint setsin
the rst phasewill containmary falsepositives(i.e., points
on mismatchingpaths).While in the secondphasewith the
information of possibleendpointsof matchingpaths,only
pointsin 19 can get a non-zeroinitial probability and all
otherpointshave P, = 0. Therefore,the candidatepoint
setsin thesecondgohasdaendto bemuchsmallerandcontain

Phasel

Input:
ElevationmapM
Querypro le Q of sizek
errorthresholds s, |

Output: Initial candidateset!©

Method:
1. forallp2 M,P(Lo = pjQ?) = Py = 15Mj.
2. = s 10bh = ;| 10
3. prigz] = Py e (s¥s* 1=b)
4. fori=1tok
5. Propagate(i)
6. 19 = fpp2 M;P(Lv = piQ) P g.
Phase2
Input:

ElevationmapM
Reversedquerypro le Q°of sizek
errorthresholds s, |

Initial candidatepointset!©®

Output: Matchingpaths

Method:
1. forp2 19, Py = 1519 j, otherwisePy = 0.
2. (0:) s 10bh = 10
3. Pmin = ”(3)] ( s=bs+ I—bl)'
4. fori=1tok
5. Propagate(i) _ _
6. 10 =fpp2 M;P(L; = pig™)  PL) o
7. Matchingpaths=Concatenate().
Propagate(i)
1. i = 0.
2. for eachpointp2 M _
3 CalculateP (L = pjQ™")) accordingo Equationl1
4. i= i+ P(Li = ij(')).
5. for eachpointp 2 M .
6 P(Li = piQ") = LP(Li = piQ").
7 P(i) = P(i) 1 1 1

min min 2bs  2b i

Figure 2. Basic Algorithm

fewermismatchesBy avoiding materializingthelargeinter
mediatecandidatgoint setsin the rst phasethealgorithm
performswork ef ciently onlargemaps.

In the algorithm, we use Equation11 to calculatethe
probability recursvely. The calculationis implementedvia
adynamicprogrammingapproach Equationl1is modi ed
from Equation5 by omitting ;. Becausewve canonly cal-
culatethevalueof ; afterwe gettheupdatedvaluefor each
point, we calculateit atthe endof eachiteration.

P(Li = piQ™)
= maxpof P(Li = pi(sf;I7);Li 1= p)P(Li 1= piQ" Y)g
(11)

Thedetailsof the basicalgorithmareshavn in Figure2.
In phasel, the probability distribution is initialized to be

uniformin stepl. Prfqo% is setaccordingto the lowestini-

tial probability andthe error tolerancein step3 in orderto
estimateheworstcase FunctionP r opagate(i) updateshe

probability distribution and P,ﬂi)n recursvely accordingto



eachpro le pre x. NotethatStep3 of Propagate(i) uses
dynamicprogramming. In step6, the pointsof 1 is se-
lectedaccordingto theirprobabilityvalueandP,fq'i‘g .

In phase?, the main structureis similar with a few small
differences.In stepl, theinitial probability is setaccord-
ing to 19, sothatonly pointsin I geta non-zeroinitial
probability In step6, the candidatepoint set!!!) for each
iterationis recorded.n step7, thefunction Concatenate()
concatenateall candidatepoints and returnsthe matching
paths.

In thealgorithm,whencandidatgoint setsaregenerated

in step6 of phasel and2, theancestopoint setsA(p) of all

candidatesrealsorecorded.In step7 of the secondphase,

Concatenate() appendsandidatgointsaccordingto their
ancestompoint setsand prunesmismatchingpaths. The de-
tails of Concatenate() areshavnin Figure3.

function Concatenate()

Input:
Candidatepointsetsf 1© ; ;1K) g
AncestorpointsetA(p) for eachcandidatepoint.

sy |-

Output: MatchingpathssetMPath

Method:
1. MPath= ;.
. Insertall pointsp 2 1© into MPath astheinitial paths.
. fori = 1tok

2

3

4. for eachpointpin ItV

5. for eachpathin MPath

6 if thelastpointof thepath,p;, belongsto A(p)

7 Concatenateoint p with the path.

8. Remaoe pathsin MPath notextendedn thisturn.

9. Remaoe pathsin MPathwhoseDs, D, exceed s or |
Figure 3. function Concatenate()

Thecompleity of thebasicalgorithmisO(jM | k+ R),
whereR is the numberof matchingpaths. Now we will
prove the correctnessf our algorithm.

Theorem5 Givena querypro le Q, the error tolerance ¢
and |, all matdiing pathscanbefoundby the algorithm.

Proof: For ary matching path consisting of points
fpo;:::; pkg, sinceits pro le satis esEquationl and2, we
know that

Ds(profile;Q) + Di(profile;Q) s+ | (12)

1. We prove thatpy is includedin setl© . Accordingto
Theorenm2, Equations8 and12, we know that
P(Lx = pjQ)
P ¥ v L2k (Ds(profile; Qe+ Dy (prof ile; Q) =b
0 (i_1 (5 e

Po ( )(
i=1
Sothatpointpy hasprobabilityvaluenoIessthanPr(n',‘,i
andis includedin 1© .

)2ke (s*+ 1)=b _ P(k)

min

2. We prove thateachremainingpoint on the pathis also
includedin thecorrespondingandidatgointset.Since
thequerypro le is reversedin the secondphaseof the

algorithm, we also reversepath f po; :::; pkg for con-
venience. Let Q° be the reversedquerypro le. Let
fpd; = pdg be the reversedpath, p° = px i, and
prof il e’beits reversedoro le. Wehavealreadyproved
thatp0 is includedin 1© . By the sametoken, for each
pointp?, we have

P(Li = pjQ™) b

Po (1) )2|e( iSSP i =
j=1

P (Y _)(i)zie (D s (pr of ile Q%+ D (pr of ile % Q%) =b

ot 1 R%p
j=1
Y 2i, (s*+ 1)=b _ p(i)

Po ( J)(2 € I:)mln

So eachpoint p? has probability value no less than

P andis includedin 1M,

3. We provethateachpomtp, is includedin the ancestor
pointsetof pP,; .

s P(Lis = p.+11(s.+1: .+1) Li = p.)P(L. = pijQ™")
1

o (e O it 0
P i i
Po (Y J)(—)Z'e e 157 ST P
j=1
1 P i+ ) i+ )
=Py ( O 21b)2(|+1) e i1 js) X i i 1M)=b
j=1
}Y(l 1 0.0 0.N)%
Po ( .)(Zb)Z(Hl) e (Ds(profile Q%+ D (pr of ile %Q%) =b
j=t
|
Po (g™ e (om0 = P
=1
Accordmgto De nition 4.1,for eachpointp®, 0 i <

k, wehavep? 2 A(p?,;).

Therefore,pathf po; ::;; pk g mustbe ableto be concate-
natedby the Concatenate() functionandbe returnedasa
matchingpath. a

5.2 Optimizations

In this section,we discussseveral optimizationsto the
basicalgorithm.

5.2.1 Selectve Calculation

In thebasicalgorithm,amajoroverheadsto calculatethe
probability valuesfor eachpoint. For large elevation maps,
it takesalongtime to do sofor all points.

Accordingto the propagtion relationshipbetweencan-
didatepointsin the algorithm,a pointin candidateoint set
1) mustbetheneighboringpointof apointin 11 ). There-
fore, if we know thatpoint p is a candidatepoint of 11V, we
only needto focuson the small areasurroundingp to nd
candidatepointsp®in subsequersteps.

To expeditethe computation,we can partition the map
into smallerregionsandonly for pointsin regionscontaining
candidatepoints,the algorithmwill calculatetheir probabil-
ity valuerecursvely. For example,in our experimentswe



partitiona 2000 2000mapinto alist of 50 50 regions.
In orderto handlecandidatgointsnearboundaryof regions,
weenlageeachregionslightly accordingo thesizeof query
pro le, thusincludinga smalloverlap.

The ef ciency of this selectivecalculation dependson
the distribution and numberof candidatepoints. If most
small regions contain candidatepoints, therewill be little
improvementover thebasicalgorithm. Therefore peforeus-
ing selectve calculation we checkthe numberof candidate
points. If the numberof candidatepointsis small,thereis a
high chancehatthe numberof regionscontainingcandidate
pointsis alsosmallandselectve calculationwould belikely
to beeffective.

Selectve calculationcanbeappliedto bothphasesn dif-
ferentways. In phasel, a checkstepwill be insertedafter
step5. If the numberof points having probability no less

than P,fq'i)n is small, the algorithmwill turn to useselectve

calculation.Note thatthe algorithmonly needgo know the

numberof points,the actualcandidatesetsare not materi-

alized. Whenthe pro le is long, the last several candidate
pointsetswill usuallycontainfew points.In this caseselec-
tive calculationcanshaw its ef ciency in phasel.

And in phase2, a checkstepis insertedafter step3. If
thenumberof initial candidateointsis small,thealgorithm
turnsto useselectve calculation. Whenthe userspeci ed
error toleranceis tight, the initial candidatesetwould con-
tain few points. In this case,it is ef cient to useselectve
calculation. We shawv the performanceof selectve calcula-
tion in theexperimentsection.

5.2.2 ReversedConcatenation

In Concatenate(), candidatepoints are concatenated
from 19 to 1X), However, we obsenre thatmary candidate
pointsin early candidatesetcannot be extendedto form a
completematchingpathwhenthe concatenatiortontinues.
The reasonis that an intermediatepath endingat an early
candidatepoint may have alreadyreachedhe maximaler-
ror toleranceto the query pro le andary further stepwill
male it a mismatchingpath. While pointsin later candidate
setshave a higherchanceo form a completematchingpath.
Also thelatercandidatesetsareusuallyof smallersize.

Thereforejnsteadof startingconcatenatiofrom 19, we
reversethe concatenatiomndstartfrom 1) the lastcandi-
dateset.By doingso,thenumberof candidatepathstestedn
the intermediatestepsdecreasedramatically We compare
the performanceof reversedconcatenationvith the normal
concatenatioin theexperiments.

5.2.3 Pre-processing

In the algorithm, the slopesand distancesof segments
betweenpoints and their neighboringpoints are frequently
used. It is inefcient to calculatethesevalueseachtime
whenanewn querycomes.Therefore for eachmap,we con-
duct a pre-processindo calculatethe slopesand distances
aroundeachpoint andstorethemin matrix. Thenin the al-
gorithm,thesevaluescanbe quickly loadedfrom the matrix.
The computatiortime canbe reducedo about60% by pre-
processingccordingto experimentperformance.

6 Experiments

In this section,we compareour algorithmwith an alter
native methodbasedon a traditionalindexing structure.We
demonstrateéhe ef ciency and scalability of our algorithm
andthe effectivenesf the proposedptimizationmethods.

Dataset

We useda 2000 2000elevationmapdownloadedfrom
the North CarolinaFloodplainMappingProgram*. Thexy
view of the mapis showvn in Figure4(a). We alsogenerate

2000
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Figure 4. xy view of theelevationmap(a) andthe match-
ing paths(b) of thepro le in Figure5 Left

several smaller mapsthat are regions of the 2000 2000
map.

An examplequerypro le of sizek = 7isshavnin Figure
5. Weset s = 0.5 | = 0:5. A total of 763 matching
pathsarereturned.andtheir spatialdistribution is plottedin
Figure4(b). The pathin thecircleis exactly the pathusedto
generatehe querypro le. The shapeof the the matching
pathsareshavn in Figure5. As we cansee,the matching
pathsexhibit pro les similarto thequerypro le.

Relative Elevati
IS
//
\
Relative Elevation

Figure 5. Left: shapeof thequerypro le. Right: shapeof
thematchingpaths

Alternativ. e Metho d

We implementedan alternatve methodbasedon the tra-
ditional index structureB+ tree.

Eachsgymentin the map (including horizontal, vertical
anddiagonalsggments)s indexed by a B+treewith its slope
valueasthe index key. The seggmentlengthis not usedas
the key sinceit is either1 (for horizontaland vertical seg-
ments)or 2 (for diagonalsegments)in angrid format el-
evationmap. A pro le querywith errortolerance s is de-
composednto a setof k segmentqueriesusingtheir slope
values,wherek is thepro le size. s=k is usedastheerror
tolerancen eachsegmentquery Thereturnedmatchingseg-
mentswill thenbeassembleihto matchingpaths.Notethat

http : ==www:ncf loodmaps:com=def aul t_swf :asp



thealternatve methodcanonly nd asubsebf all matching
paths. It would entail muchlongercomputationin orderto
nd all matchingpathsandareintractablefor evenshortpro-
le andmoderateerrortolerance.Therefore we only com-
paredthe performanceof the describedalgorithmwith our
approachln thefollowing discussionyve referto this alter
native methodasthe B * segment method.
Otherspatialindex structuredike R-treecanstoreeach
possiblepathsin the map asa high dimensionalpoint and
performthe query However, thisis only feasiblewhenboth
the mapandthe size of querypro le arevery small. With
a2000 2000mapandapro le of size7, the numberof
possiblepathsin themapcanbeupto O(10%?).

Parameters

We evaluatedthe performanceof our algorithmwith re-
spectto four parametersmapsizem, querypro le sizek
anderrortolerance 5, . Theprototypewasimplementedn
MATLAB andall experimentavereconductednaPCwith
P4 3GHz and 1G main memory In Section6.1, we com-
pareour methodwith the B* segment methodon a smaller
map becausewith reasonableunning time, B* segment
can only answerquerieson small mapswith limited error
tolerance.n Section6.2, we testthe performancef our al-
gorithm with variousparameters.n Section6.3, we shov
theefciency of theoptimizationmethods.

6.1 Comparison with alternativ e metho d

As we mentionedin the previous section,B* segment
canonly handleerrortolerancesggmentby sggment,sowe
evenly distribute s amongk segments.lt is obviousthatthe
setof matchingpathsfound by B* segment is a subsetof
the matchingpaths.We usea mapof size500 500, since
B * segment is unableto handlelarge maps.We variedthe
valueof ¢ tocompareheruntimeperformanceandnumber
of pathsfound.Weset | = Oandk = 7.

As showvn in Figure 6, our approachs ordersof magni-
tudefasterexceptwhen ¢ = 0. Thenumberof pathsfound
by the two methodsis also provided in the gure. As we
expectedB * segment is notableto nd all matchingpaths.

Figure 6. Runtimeof our algorithmremainsalmostcon-
stantwhile runtimeof B * segment increasegxponentially
whenincreasing s, and k=7, ;=0:5,m=2:5 10°. And
B* segment cannotnd all thematchingpaths.

The reasonfor the poor performanceof B * segment is
that data structureslike B+tree only contain information
about the segments length and slope, while the connec-
tion (adjaceng) informationof thesegmentss notincluded.
Lots of mismatchingsegmentscan only be prunedduring
concatenatiorgfterthey arereturnedoy B+tree. Thismakes
themethodveryinef cient onlargemapsandwith higherror
tolerance.

6.2 Algorithm Performance

In this section,we vary the valuesof four parameterso
testour algorithm. Tablel lists the parameters.

Table 1. Parameter range and default value

parameter range defaultvalue
k f7;,11,15,19 239 7
s f0:1;0:2; 0:3; 0:4; 0:5; 0:69 0:5
| f0; 0:59 0:5
m f2.5 1°;5 10°;1 10°g 4 1P
f2 10°;4 10°g

We testtwo kinds of query pro les: prole generated
from an actual pathin the mapandpro le randomlygen-
erated. Unlessotherwisenoted,we usea pro le from the
mapasthequerypro le.

6.2.1 Varying sand |

The valuesof m andk are setto their default valuesin
theseaperﬁrlents.smcea segmentin the mapis eitherof
lengthlor 2, we only settwo valuesfor |: 0 and0.5and
vary s from0.1t00.6.

The runtimeand numberof matchingpathsfor different

s and | settingsareshavn in Figure?.

Figure 7. Runtime and numberof matching paths of

sampledpro les increaseexponentiallywhenincreasing s,

1=f0; 0:5g, m=4 10°, k=7.

As we canseein Figure7, with larger ¢ and |, more
pathsmaymatchthequerypro le andthequerytakeslonger
time to run. In fact, the runtimeis linear to the numberof
pathsreturnedasshavn in Figure8.

Figure 8. Runtimeof ouralgorithmincreasesinearlywith
theincreasef numberof matchingpathsof sampledoro les
byincreasings,m = 4 10°, k=7

6.2.2 Varying m

We appliedthe probabilisticmodelto mapsof different
size.Parameterk, ¢ and | aresetto their defaultvalues.

The runtime and numberof matchingpathson mapsof
increasingsizesareshavn in Figure9. Boththeruntimeand
numberof matchingpathsarelinearto the mapsize.

6.2.3 Varying k

We next variedthe querypro le sizeandtestedthe per
formance.We selectech pathconsistingof 24 pointsin the
mapanduseits pro le asthe querypro le. Thepro les of



Figure 9. Runtimeandnumberof matchingpathsof sam-
pledpro les increasdinearly whenincreasingnapsizem,
s= 1=0.5,k=7.

smallersizeareits correspondingro le pre xes. Parame-
tersm, s and | aresetto their defaultvalues.
Theruntimeandnumberof matchingpathsfor eachquery
pro le areshavnin Figure10. Exceptwhenk = 7, therun-
timeis linearto the sizeof querypro le. Thereasorthatthe
algorithmtakesmuchmoretimewhenk = 7 isthatthereare
mary morematchingpaths which takeslongertime to pro-
cess. Accordingto the complity of our algorithm, when
the numberof matchingpathsis relatively small, the map
sizeandpro le sizewill play dominantrolesin theruntime.
As we canseein Figure10, whenk = 11;15;19; 23, the
numberof matchingpathsis lessthan 10, and the corre-
spondingruntimeis linearto pro le sizek.

Figure 10. Runtimeincreasedinearly when increasing
pro le sizek, and s= ;=0.5,m=4 10°, exceptwhenthere
are large numberof matchingpaths. Numberof matching
pathsdecreasedramaticallywhenincreasing.

Insteadof usingthe pro le generatedrom a pathin the
map, we alsotestedit with randomquerypro le, andvar

iedtheparameter ¢ to evaluatethealgorithm's performance.

All otherparametersveresetto their default values.

Theruntimeandnumberof matchingpathsareshowvn in
Figurell. Asweincreaseds, thenumberof matchingpaths
increasedxponentiallyandso doesthe runtime. Compared
to samplegqueries,underthe sameparametesetting, ran-
dompro les have similarruntimeperformanceAs shovnin
Figure12, the runtimeis alsolinearto the numberof paths
returned.

Figure 11. Runtime and numberof matchingpaths of
randompro les increasesxponentiallywhenincreasing s,
1=0:5, m=4 10°, k=7

6.3 Eciency of Optimizations

In this sectionwe shav theef ciency of theoptimization
methods Eachof the optimizationmethodswill beaddedo
thebasicalgorithmseparatelyandtheir performancewill be
comparedvith the basicalgorithm.

Figure 12. Runtimeof our algorithmincreasedinearly
with the increaseof numberof matchingpathsof random
pro les byincreasings, | = 0:5,m = 4 108, k=7

As discussedn Section5, addingselectve calculation
in phasel is mostef cient whenthe querypro le is large.
Thereforewe variedthevalueof k andcomparedheruntime
of phasel only. For the otherparameters,s = 0:5, | = 0,
andm = 10°. As we canseein Figure13(a),the optimiza-
tion cansave about50% runtimeof phasel whenthe query
pro le hask = 23. Whenthepro le is of very smallsize,
the optimizationdoesnot improve the runtimeperformance
substantially

Figure 13. Comparingheruntimeof basicalgorithmand
selectve calculation

Adding selectve calculationto phase? is ef cient when
the errortoleranceis relatively small. Therefore we varied
s to shaw the ef ciency of selectve calculationon phase
2. Weset =0,k = 7, andm = 10°. We only compared
the runtime of phase2 asshowvn in Figure13(b). The basic
algorithmalwaystakesthe sameamountof time in phase2
nomatterwhat ¢ is given. With thisoptimization,phase? is
spedupby ordersof magnitudegspeciallywhen ¢ is small.
Next, we addedhereversedconcatenatiofunctionto the
basicalgorithmin placeof normalconcatenationln orderto
shav the ef ciency of reversedconcatenationywe compare
the numberof pathsgeneratedn eachintermediatéteration
by normalandreversedconcatenation.The parametersre
setasfollows, ¢ = | = 05, k = 7andm = 25 10°
andthequerypro le is random.The comparisorof number
of pathsis shavn in Figure14. As we cansee,the number
of pathsgenerateds dramaticallyreducedespeciallyin the
earlyiterations.

Figure 14. Numberof pathsgeneratedn intermediatet-

erationsis dramaticallyreducedby usingresered concate-
nationcomparedo normalconcatenatiork = 7, s = | =

0:5,m = 25 10°

From the experimentsshavn in this section,we cansee



thatour probabilisticmodelandalgorithmcanhandlepro le
queryefciently andaremuchbetterthanalternative meth-
odsbasedn traditionalindexing structures.

7 Application of Pro le Query

In this section we usethealgorithmto solve aMap Rey-
istrationproblem. Supposeve have two rastermaps,oneis
of size1000 1000andtheotheris of size20 20asshavn
in Figure15(a)and(b). Thesmallmapis a sub-rgionof the
big one,thereforewe wantto nd thelocationof the small
mapin thebig map(thelocationsof its left-bottomandright-
up corners).

(@) a 1000x1000 mep (b) a 20x20 sub-regionof mag in ( a)

(c) many mat chin g path s of
the bold path in ( b)

(d) a longer path

(e) 3 machingpathsof (f) 3 machingpathsof
the bold path in ( d) the bold path in ( d)

Figure 15. Example of Map Registration

To solve this map registrationproblemby pro le query

algorithm,we selectapathin thesmallmap,generatéts pro-

le andthensearchthepro le in thebig map.If theselected
pathis long enoughiits pro le will probablybe uniqueand
the queryalgorithmcanreturnthe only correspondingpath
which helpsusto locatethe sub-reyion.

A pathconsistingof 20 points,whichis shavn asthebold
cune in Figure 15(b), was selected. The queryresultsare
shavn in Figure 15(c). Sincethe selectedpathis not long
enough,several pathsin the big map have the similar pro-

le sothatwe cannotlocatethe smallmap. Thereforewe
selecta longerpathwhich consistof 40 pointsasshowvn in

Figure 15(d). This time, the query algorithm only returns
three pathsin Figure 15(e) and (f). Accordingto the re-
turnedpaths,the small mapsis locatedat points(811; 201)

and(830; 220) or points (812, 202) and (831; 221) (the lo-

cationsof its left-bottomandright-up corners).In fact, the
smallmapin 15(b) is locatedat points (811:5; 201:5) and
(830:5; 220:5). Sincethe queryalgorithmonly returnspaths
consistingof grid sggments,it locatesthe sub-regyion at the
closesfgrid points.

We testedthe algorithmwith more sub-rgions selected
randomlyfrom the big map. For mostof the sub-rgions,

a path consistingof 40 pointsis enoughto uniquelylocate
themin the big mapno matterthe sizesof the sub-rgions.

A brute-forcesearchof thesub-rgjion by comparingeach
possiblepath(consideringx-y shape)with the selectecpath
from the sub-region can have similar runtime performance
with our basicalgorithm. However, with the optimization
methodsn Section5.2,our queryalgorithmcanbeordersof
magnitudeaster

8 Conclusion

In this paper we introducethe problemof pro le query
on elevation map. Givena querypro le, the objectve is to
nd matchingpathsin the mapwithin someerrortolerance.
We developeda probabilisticmodelwhich hasbeendemon-
stratedto be very ef cient via real experiments.Comparing
to alternatve methodbasedon traditional index structure,
our algorithmis ordersof magnitudefaster Futurework in-
cludessupportingquery pro le expressedn more general
format (thana list of segmentsof standardsizes),applying
the probabilisticmodelto othertypesof terrain mapslike
Triangulatedirregular Network (TIN), and handlingmulti-
resolutionmapsin ahierarchicabtructureto furtherspeedup
performancen hugemaps.
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