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Abstract—Finding latent patterns in high dimensional data
is an important reseach problem with numerous applications.
Existing approachescan be summarizedinto 3 categories:feature
selection, feature transformation (or feature projection) and
projected clustering. Being widely used in many applications,
these methods aim to capture global patterns and are typically
performed in the full feature space.In many emerging bio-
medical applications, however, scientistsare interestedin the local
latent patterns held by feature subsets,which may be invisible
via any global transformation. In this paper, we investigatethe
problem of nding local linear correlationsin high dimensional
data. Our goalis to nd the latent pattern structuresthat may
exist only in some subspaces.We formalize this problem as
nding strongly correlated feature subsetswhich are supported
by a large portion of the data points. Due to the combinatorial
nature of the problem and lack of monotonicity of the correlation
measurement, it is prohibiti vely expensve to exhaustively explore
the whole search space.In our algorithm, CARE, we utilize
spectrum properties and effective heuristic to prune the search
space. Extensive experimental results showv that our approach
is effective in nding local linear correlations that may not be
identied by existing methods.

I. INTRODUCTION

Many real life applicationsinvolve the analysisof high
dimensionaldata. For example,in bio-medicaldomains,ad-
vanced microarray techniques[1], [2] allow to monitor the
expressionlevels of hundredsto thousandf genessimulta-
neously By mappingeachgeneto a feature,geneexpression
datacanberepresentedly pointsin a high dimensionafeature
space.To make senseof suchhigh dimensionabata,extensive
researchhasbeendonein nding the latent structureamong
the large numberof features.In general,existing approaches
in analyzinghigh dimensionaldata can be summarizednto
3 catgyories[3]: featureselection,featuretransformation(or
featureprojection)and projectedclustering.

The goal of feature selection methods([4], [5], [6], [7]
is to nd a single representatie subsetof featuresthat are
mostrelevant for the task at hand,suchas classi cation. The
selectedfeaturesgenerally have low correlation with each
otherbut have strongcorrelationwith the target feature.

Featuretransformationmethodssummarizethe datasetby
creatinglinearcombinationof featuredn orderto uncover the
latent structure. The commonly used feature transformation
methods include principal componentanalysis (PCA) [8],

linear discriminant analysis (LDA), and their variants (see
[9] for an overvien). PCA is one of the most widely used
feature transformationmethods.It seeksan optimal linear
transformationof the original feature spacesuch that most
variancein the datais representedby a small number of
orthogonalderived featuresin the transformedspace.PCA
performsoneandthe samefeaturetransformatioron the entire
datasetlt aimsto modelthe globallatentstructureof the data
andhencedoesnot separateheimpactof ary original features
nor identify local latent patternsin somefeaturesubspaces.
Recently proposedprojected clustering methods,such as
[10], [11], [12], canbe viewed as combinationsof clustering
algorithmsand PCA. Thesemethodscan be appliedto nd
clustersof datapointsthat may not exist in the axis parallel
subspaceshut only exist in the projected subspacesThe
projectedsubspaceareusuallyfoundby applyingthe standard
PCAin thefull dimensionakpaceLike otherclusteringmeth-
ods, projectedclusteringalgorithms nd the clustersof points
that are spatially closeto eachotherin the projectedspace.
However, a subsetof featurescan be strongly correlatedeven
thoughthe datapointsdo not form ary clusteringstructure.

A. Motivation

PCA is an effective way to determinewhethera set of
features,F = fx;,; ;Xi,0, shov strong correlation[8].
The generalidea is as follows. If the featuresin F are
indeed strongly correlated,then a few eigervectors of the
covariance matrix with the largest variance will describe
most variancein the whole datasetOnly a small amountof
varianceis representedy the remaining eigervectors. The
varianceon eacheigervector is its correspondingeigervalue
of the covariancematrix Ce of F. Therefore,if the sum of
the smallesteigervalues (i.e., the varianceon the last few
eigervectors)is a small fraction of the sumof all eigervalues
(i.e., the variancein the original data),thenthe featuresin F
are strongly correlated.

In mary real life applications,however, it is desirableto
nd the subsetsf featules having stronglinear correlations.
For example, in gene expressiondata analysis,a group of
geneshaving stronglinear correlationis of high intereststo
biologistssinceit helpsto infer unknavn functionsof genes
and givesrise to hypothesegegarding the mechanismof the



Fig. 1. An exampledataset

Fig. 2. Eigervaluesof the exampledataset

Fig. 3. Hyperplanedeterminedby vector[1; 1;1]"

transcriptionalregulatory network [1], [2]. We refer to such
correlationamonga subsebf featuresn the datasefsa local
linear correlation in contrastto the global correlationfound
by the full dimensionalfeaturetransformatiormethods.

For example, Figure 1 shavs a datasetconsistingof 9
featuresand 15 datapoints.Amongthe 9 featuresf x;; X7; Xog
have local linear correlation2x; + 6x7 + 3xg = 0 on point set
fp1iP2; PP, andfXy; Xs; Xe; Xgg have local linear corre-
lation X1 + 3x5 + 2Xg + 5xg = 0 on pointsetf p;;pg; ;P59
with i.i.d. gaussiannoise of mean0 and variance0.01. The
eigevaluesof the exampledatasets shovn in Figure 2.

Figure2 tells usthatthe featuresin the exampledatasetare
somehav correlated sincethe smallesteigervaluesare much
smallerthanthe largestones.

Eigervectors | Linear correlationsreestablished

V1 0:4775x1 + 0:4311xp + 0:1018x3  0:1516x4
0:1185xs + 0:1318xg + 0:6215x7  0:3437xg

0:1312x9 = 0
Vo 0:4503x1  0:3533x>  0:0432x3 + 0:1931x4
0:0460xs  0:2823xg  0:1219x7  0:4577xg

0:5703x9 = 0
V3 0:2072x1 + 0:3259x,  0:0742x3 + 0:4307x4
0:5181xs 0:2438xg 0:4166x; 0:0333xg

+0:3966x9 = 0

TABLE |

LINEAR CORRELATIONS REESTABLISHED BY FULL DIMENSIONAL PCA

To get the linear correlationidenti ed by PCA, we can
apply the following approach.Note that this approachhas
beenadoptedin [12] to derive the quantitatve descriptions
for projectedclusters.As a basic conceptof linear algebra,
a hyperplaneis a subspaceof co-dimensionl [8]. Each
vectora = [a; a; :a,]" in ann-dimensionalinear space
uniquelydetermines hyperplanea; x; + apxa+ +apx, = 0
throughthe origin and orthogonalto a. For example, Figure
3 shaws the hyperplanex; x» + x3 = 0 thatis orthogonal
to vector[1; 1;1]". Thereforea straightforvard way to dis-
cover the correlationsby full dimensionalPCA is to compute
the hyperplaneghat are orthogonalto the eigervectorswith
smallesteigervalues(variances).

Using the example dataset,Table | shawvs the hyperplanes
(linear correlations)determinedby the 3 eigervectors with
the smallesteigervalues.Clearly, none of them capturesthe
embeddedorrelationsThis is becausd®CA doesnot separate
the impact of different featuresubsetshat are correlatedon
differentsubsetsf points.

Recently mary methods[1], [13] have beenproposedfor
nding clustersof featuresthat are pairwisely correlated.
However, a set of featuresmay have strong correlation but
eachpair of featuresonly weakly correlated.

For example, Figure 4 shavs 4 genesthat are strongly
correlatedin the mouse gene expressiondata collected by
the biologistsin the Schoolof Public Healthat UNC. All of
these4 geneshave sameGeneOntology (GO) [14] annotation
cell part, and three of which, Myh7, Histlh2bk,and Arntl,
sharethe sameGO annotationintracelluar part. The linear
relationshipidentied by our algorithm is 0:4(Nrg4) +
0:21(Myh7) + 0:7(Hist1h2bk)  O:5(Arntl) = 0. As we
can seefrom the gure, all datapoints almostperfectly lay
on the samehyperplane,which shawvs that the 4 genesare
strong correlated.(In order to visualize this 3-dimensional
hyperplane we combinetwo features,Nrg4 and Myh7, into
asingleaxisas 0:4(Nrg4) + 0:1(M yh7) to reduceit to a
2-dimensionahyperplane.)if we projectthe hyperplaneonto
2 dimensionalspacedormed by eachpair of geneswe nd
noneof them shawv strongcorrelation,as depictedin Figures
5(a)to 5(c).

Projectedclustering algorithms[10], [11] have beenpro-
posedto nd the clustersof datapointsin projectedfeature
spaces.This is driven by the obsenation that clustersmay
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Fig. 5. Pair-wise correlationsof a strongly correlatedgenesubset

exist in arbitrarily oriented subspacesLike other clustering
methodsthesemethodstendto nd the clustersof pointsthat
arespatiallycloseto eachotherin the featurespace However,

as shavn in Figure 4, a subsetof features(genesin this
example)canstill be stronglycorrelatedevenif the datapoints
arefar away from eachother.This propertymakessuchstrong
correlationsinvisible to the projected clustering methods.
Moreover, to nd theprojectionsof original featuresprojected
clusteringmethodsapply PCA in the full dimensionalspace.
Thereforethey cannotdecouplethe local correlationshidden
in the high dimensionaldata.

B. Challengesand Contributions

In orderto nd the local linear correlations,a straightfor
ward approachis to apply PCA to all possible subsetsof
featuresto seeif they are strongly correlated.This approach
is infeasible due to the large number of possible feature
combinations For example,given a 100-dimensionatataset,
the numberof featuresubsetseedto be checled is 2109,

Reallife datasetften containnoisesand outliers. There-
fore, afeaturesubsemaybe correlatedonly on a subsebf the
datapoints. In orderto handlethis situation,it is reasonable
to allow the algorithmto nd thelocal linearcorrelationson a
large portion of the datapoints. This makesthe problemeven
hardersincefor a x ed subsebf featuresadding(or deleting)
data points can either increaseor decreasethe correlation
amongthem.More detailsaboutthe computationathallenges
of nding local linear correlationscanbe foundin Sectionlll.

In this paper we investicate the problem of nding local
linear correlationsin high dimensionaldata. This problem
is formalizedas nding strongly correlated feature subsets
Suchfeaturesubsetshaw stronglinear correlationson a large
portion of the data points. We examine the computational
challengef the problemanddevelop an ef cient algorithm,

CARE!, for nding local linear correlations.CARE utilizes
spectrumpropertiesabout the eigevaluesof the covariance
matrix, and incorporateseffective heuristic to improve the
efciency. Extensve experimentalresults shav that CARE
can effectively identify local linear correlationsin high di-
mensionaldata, which cannotbe found by applying existing
methods.

Il. RELATED WORK

The goal of featuretransformation(or projection)methods,
such as PCA, is to nd linear combinationsof original
featuresin orderto uncover the latentstructureshiddenin the
data. Featuretransformationmethodscan be further divided
into supervisednethodsand unsuperviseanethods Principal
componentanalysis (PCA) is a representatie unsupervised
projectionmethod PCA nds theeigervectorswhichrepresent
the directionswith maximalvariancesf the databy perform-
ing singularvaluedecompositio{SVD) to the datamatrix [8].
Supervisednethodstake the target featureinto consideration.
Existing supervisednethodsncludelinearregressioranalysis
(LRA) [15], lineardiscriminantanalysis(LDA) [16], principal
componentegressionPCR)[17], supervisgrobabilisticPCA
(SPPCA)[18] and mary others[9]. LRA and LDA nd the
linearcombinationof theinput (predictor)featuresvhich best
explain the target (dependentfeature.In thesemethods,the
input featuresaregenerallyassumedo be non-redundant,e.,
they arelinearly independentlf thereare correlationsin the
inputfeaturesPCR rst appliesPCAto theinputfeaturesThe
principal componentsare then usedas predictorsin standard
LRA. SPPCAextendsPCA to incorporatelabel information.
Thesefeature transformationmethodsperform one and the
samefeaturetransformatiorfor the entire datasetlt doesnot
separatehe impactof ary original featuresnor identify local
correlationsin featuresubspaces.

Featureselectionmethods[4], [5], [6], [7] try to nd a
subsebf featureghataremostrelevantfor certaindatamining
task,suchasclassi cation. The selectedeaturesubsetusually
containsthe featureghat have low correlationwith eachother
but have strongcorrelationwith the target feature.In orderto
nd therelevantfeaturesubsetthesemethodssearchthrough
varioussubsetof featuresand evaluatethesesubsetsaccord-
ing to certaincriteria. Featureselectionmethodscanbe further
divided into two groups basedon their evaluation criteria:
wrapperand lter. Wrapper models evaluate feature subsets
by their predictve accurag using statistical re-samplingor
cross-alidation. In lter techniquesthe feature subsetsare
evaluatedby their informationcontent,typically statisticalde-
pendencer information-theoretieneasuresSimilar to feature
transformation featureselection nds one feature subsetfor
the entire dataset.

Subspacelusteringis basedon the obserationthatclusters
of points may exist in different subspacesMany methods
[19], [20], [21] have beendevelopedto nd clustersin axes
paralleling subspacesRecently the projectedclusteringwas

1CARE standsfor nding loCAl lineaR corrHations.



studiedin [10], [11], inspiredby the obsenation that clusters
may exist in arbitrarily oriented subspacesThese methods
can be treatedas combinationsof clusteringalgorithmsand
PCA. Similar to otherclusteringmethodsthesemethodstend
to nd the clustersof points that are closeto eachotherin

the projectedspace.However, asshowvn in Figure 4, a subset
of featuresstill can be strongly correlatedeven if the data
pointsarefar away from eachother Patternbasedi-clustering
algorithmshave beenstudiedin [1], [13]. Thesealgorithms
nd theclustersin which the datapointssharepairwise linear
correlationswhichis only a specialcaseof linear correlation.

I1l. STRONGLY CORRELATED FEATURE SUBSET

In this section, we formalize the problem and study its
computationakhallenges.

A. ProblemDe nition

Let D = A B be a datamatrix consistingof M N -

dimensionaldatapoints, wherethe featureset A = fxz;X»;
;XN g andthe pointsetB = fpy;p,;  ;pu 9. Figurel
shavs an exampledatasetwith 15 pointsand 9 features.

A strongly correlatedfeaturesubsetis a subsetof features
that shav stronglinear correlationin a large portion of data
points.

De nition 1: LetF = fx;,; X, g fpy,s ;P 9 be
asubmatrixof D, wherel i;<is< <i, N andl
j1<j2< <jm M. Cg is the covariancematrix of F.
Letf ;g(1 | n) betheeigewaluesof Cr andarranged
in increasingorde?, i.e., i 2; ; n. The features
fxi,; X, gis astrongly correlated featuIEe subsetif the
value of the objective function f (F;k) = —=1*
m=M , Wherek, and areuserspeci etd_ba;ameters.

Eigervalue | is the varianceon eigervectorv, [8]. The set
of eigervaluesf g of matrix Cg is alsocalledthe spectrum
of Cg [22].

Geometricallyeachm n submatrixof D representann-
dimensionalspacewith m pointsin it. This n-dimensional
spacecan be partitioned into two subspacesS; and S,
which are orthogonalto eachother S; is spannedby the k
eigervectorswith smallesteigervaluesand S, is spannecdby
the remainingn  k eigervectors.Intuitively, if the variance
in subspaceS; is small (equivalently the variancein S, is
large), then the feature subsetis strongly correlated. The
input paramelzersk andthreshold for the objective function

f(Fk) = =1

n

correlationarﬁ(_)lng{hefeaturesubset.T he default valueof k is
1. Thelargerthe valueof k, the strongerthelinear correlation.

The reasonfor requiring m=M is becausea feature
subsetcan be strongly correlatedonly in a subsetof data
points. In our de nition, we allow the strongly correlated
featuresubsetgo exist in a large portion of the datapointsin
order to handlethis situation. Note that it is possiblethat a

and

are usedto control the strengthof the

2In this paper we assumethat the eigervalues are always arrangedin
increasingorder Their correspondingeigervectorsarefvy; va; iVn 0.

Featuresubset
Eigervaluesof Cg

Input parameters
Objectwve function value

fX2;X7;Xog
1 = 0:001; 2= 0:931, 3= 2:.067
k=1 = 0:004and = 60%
f (F; k) = 0:0003
TABLE I
AN EXAMPLE OF STRONGLY CORRELATED FEATURE SUBSET

datapoint may participatein multiple local correlationsheld
by differentfeaturesubsetsThis makesthe local correlations
more dif cult to detect. Pleasealso note that for a given
stronglycorrelatedeaturesubsetijt is possiblethatthereexist
multiple linear correlationson different subsetsof points. In
this paper we focus on the scenariowhere there exists only
onelinear correlationfor a strongly correlatedfeaturesubset.

For example,in the dataseshawvn in Figure 1, the features
in submatrixF = fXx2;X7;X9g fpq;Ps;  ;Podis astrongly
correlatedfeaturesubsetwhenk = 1, = 0:004 and =
60% The eigervaluesof the covariancematrix, Cg , the input
parametersand the value of the objective function are shavn
in Tablell.

In real world applications,it is typical that mary local
correlationsco-exist, eachof which involves a small number
of features.Thus, it is reasonabldo setthe maximumsize,
maxsg, of the featuresubsetgo be consideredor eachlocal
correlatiorf. The co-occurrenceof multiple local correlations
posesseriouschallenge since neitherthe featuresubsetaor
the supportingdata points of thesecorrelationsare indepen-
dent.lt is crucialto decouplehe compoundeffectsof different
local correlations.

Our goalis to nd all stronglycorrelatedfeaturesubsetsn
the databasd® . This problemis computationallychallenging.
In the following subsectionwe studythe propertiesconcern-
ing the monotonicityof the objective function with respecto
the featuresubsetsand point subsetseparately

B. Monotonicityof the ObjectiveFunction

1) Monotonicity with respectto featue subsets: The fol-
lowing theoremconcerningthe spectrumof covariancematrix
developedin the matrix theory communityis often calledthe
interlacing eigervaluestheoent [22].

Theoem3.1: Let F = fx,; X, 0 fpjl; P9
and F’ = fxis XX, 9 fR, 5P, 9 betwo
submatriceof D. Cg and CFO o aretheir covariancematrices
with eigervaluesf ;g andf g. We have

0 0 0 0 .
1 1 2 2 n 1 n n n+l -

Theorem 3.1 tells us that the spectraof Cr and Cpo
interleave eachother with the eigervaluesof the larger matrix
bracleting thoseof the smallerone.

By applying the interlacing eigervaluestheorem,we have
the following property for the strongly correlated feature
subsets.

3Settingthe maximumsizeof the featuresubsetss alsousedin mary other
featureselectionand featuretransformatiormethods[5], [8].

4This theoremalsoappliesto Hermitian matrix [22]. Herewe focuson the
covariancematrix, which is semi-positve de nite and symmetric.



PointsubsetP; = fp;;  ;p150
FeaturesubsetX 1 f(F1;k) = 0:1698
FeaturesubsetX ; [ fxgg f (F7; k) = 0:0707
FeaturesubsetX1 [ fxa;xog | f(F{°k) = 0:0463

TABLE 11l

MONOTONICITY WITH RESPECT TO FEATURE SUBSETS

FeaturesubsetX ; = fx2;X7; Xo0

Point subsetP; f (F2;k) = 0:0041

PointsubsetP, [ fpypg | F(FJ k) = 0:0111

PointsubsetP, [ fp,,9 | f(F;°k) = 0:0038
TABLE IV

NO MONOTONICITY WITH RESPECT TO POINT SUBSETS

Property 3.2: (Upward closurepropertyof strongly corre-
lated featuresubsets)L.et F = X P andF%= X% P
be two submatricesof D with X X C If X is a strongly
correlatedfeaturesubsetthen X % is alsoa strongly correlated
featuresubset.

Proof: We shaw the proof for the casewherejX § =
jXj+ 1, i.e., X is a subsetof X° by deleting one feature
from X0 Let C¢ and Cro be the cwarlancematrlcesof F
andF with elgervaluesf 1g andf Ig SinceX |s a strongly

tlt

correlatedfeature subset,we have f (F; k) = -

By applying the mterlacmg elgervaluesotheorem we have
k. rand N, ntto L Thusf (F%k) =

xT

t=1 t
t=1 t
n+l ©

feE’:\_tluretsubsetBy inductionwe canprove for the casesvhere

X is a subsetof X ° by deletingmorethanonefeature. m
The following example shavs the monotonicity of the

objective function with respectto the featuresubsetsUsing

the datasetshawvn in Figure 1, let F; = X; P, =
fxa;%79  fpy; ;P59 FP = (Xa[ fxeg) P1, and

FO = (X;[ fx4;%9) Pi. The valuesof the objective
funct|on, when k = 1, are shovn in Table lll. It can be
seenfrom the table that the value of the objective function
monotonicallydecreasesvhen addingnew features.

Property3.2 shavs thatfor a x ed setof points,if a subset
of featuresare strongly correlatedthenall of its supersetsre
also strongly correlated.Therefore,in our algorithm, we can
focus on nding the minimum strongly correlated feature
subsetsof which no subsetis strongly correlated.

2) Ladk of monotonicitywith respecto point subsets:For a

x edfeaturesubsetadding(or deleting)datapointsmaycause

. Therefore,X © is also a strongly correlated

the correlationof the featuresto eitherincreaseor decrease.

Thatis, the objective function is non-monotoniowith respect
to the point subsetsThe following propertystatesthis fact.
Property3.3: Let F = fxi;; ;x,9 fp,; :p,9
andF’ = fXi,; Xin g fpy,s ;pjm;pj(mﬂ)gbetwo
submatricesof D. f (F;k) canbe equalto, or lessthan, or
greaterthanf (F% k).
We usethefollowing exampleto shav thenon-monotonicity

of the objective function with respectto the point subsets.

Using the datasetshawvn in Figurel, let F, = X, Py =
fxa;x7;%00 P Pe;P1G F2 = X2 (P2 fpyog),
andF%= X, (P2[ fpy,0). The valuesof their objective

functions,whenk = 1, areshowvn in TablelV. It canbe seen
from the table that the value of the objective functionf can
eitherincreaseor decreasevhenaddingmore points.

In summarythe value of the objective function will mono-
tonically decreasewvhen adding new features.On the other
hand,adding new points can either increaseor decreasehe
value of the objective function.

IV. CARE

In this section,we presentthe algorithm CARE for nding
the minimum strongly correlatedfeaturesubsetsCARE enu-
meratesthe combinationsof featuresto generatecandidate
feature subsets.To examine if a candidateis a strongly
correlatedfeaturesubset,CARE adoptsa 2-stepapproach it

rst checksif the featuresubsetis strongly correlatedon all
datapoints. If not, CARE then apply point deletionheuristic
to nd the appropriatesubsetof pointson which the current
feature subsetmay becomestrongly correlated.In Section
IV-A, we rst discussthe overall procedureof enumerating
candidatefeature subsets.In Section IV-B, we presentthe
heuristicsfor choosingthe point subsetsfor the candidates
that are not strongly correlatedon all datapoints.

A. Featue SubsetsSelection

For ary submatrixF = X fp;;  ;py 9 of D, in order
to checkwhetherfeaturesubsetX is strongly correlated we
canperform PCA on F to seeif its objective function value
t 1t

is lower thanthe threshold,i.e., if f (F;k) =

Starting from feature subsetscontaininga smglé feature,
CARE adoptsdepth rst searchto enumeratecombinations
of featuresto generatecandidatefeaturesubsetsin the enu-
merationprocessjf we nd thata candidatefeaturesubsets
strongly correlatedby evaluatingits objective function value,
thenall its supersetganbe prunedaccordingto Property3.2.

Next, we presentan upper bound on the value of the
objective function, which can help to speedup the evalua-
tion process.The following theoremshaws the relationship
betweenthe diagonalentriesof a covariancematrix and its
eigevalues[22].

Property4.1: LetF beasubmatrixof D andCg bethen
n covariancematrix of F. Let f a g be the diagonalentriesof
Ce arrangedn increasingorder andf ;g be the eigervalues
of Cg arrangedin increasingorder Then ?_; &
foralls= 1;2; ;n, with equalityheld for s = n.

Applying Property4.1, we can get the following proposi-
tion.

Proposition4.2: Let F beasubmatrixof D andCg bethe
n n covariancematrix of F. Let f a; g bethe diagonalentries

t=1 &

n

S
t=1 t

of C¢ andarrangedn increasingorder If , then

=1 &
we have f (F; k) , .e., the featuresubsebf F is a strongly
correlatedfeaturesubset.



The proof of Propositior4.2 is straightforvard and omitted
here.This propositiongivesusan upperboundof the objective
function valuefor a given submatrixof D. For ary submatrix
F=X fp;; ;pw9of D, wecanexaminethe diagonal
entriesof the covariancematrix Cc of F to get the upper
bound of the objective function. The computationalcost of
calculatingof this upperboundis muchlessthanthat of eval-
uatingthe objective functionvaluedirectly by PCA. Therefore,
before evaluating the objective function value of a candidate
featuresubsetwe can checkthe upperboundin Proposition
4.2.1f theupperboundis no greaterthanthe threshold , then
we know that the candidateis a strongly correlatedfeature
subsetwithout performingPCA on its covariancematrix.

B. Choosingthe Subsetof Points

In the previous subsectionwe discussedhe procedureof
generatingcandidatefeaturesubsetsA featuresubsetmay be
strongly correlatedonly on a subsetof the data points. As
discussedn Sectionlll-B.2, the monotonicity property does
not hold for the point subsetsTherefore someheuristicmust
be usedin order to avoid performing PCA on all possible
subsetsof points for each candidatefeature subset.In this
subsection,we discussthe heuristicsthat can be used for
choosingthe subsetof points.

1) A successiv@oint deletionheuristic: For a given candi-
datefeaturesubset;f it is not strongly correlatedon all data
points,we candeletethe points successiely in the following
way.

Supposethat F fxi,; %,9 fpy; ;pwgisa
submatrixof D andf (F;k) > , i.e., the featuresof F is
not strongly correlatedon all data points. Let F,, be the
submatrixof F by deleting point p, (p, 2 fp;; i Pm 9)
from F. This heuristicdeletesthe point p, from F suchthat
f (Fnp,; K) hasthe smallestvalue comparingto deletingary
otherpoint. We keepdeletingpointsuntil the numberof points
in the submatrixreacheshe ratio m=M = or the feature
subsetof F turnsoutto be strongly correlatedon the current
point subset.

This is a successie greedypoint deletionheuristic.In each
iteration,it deleteghe point thatleadsto the mostreductionin
the objective functionvalue. This heuristicis time consuming,
sincein orderto deleteonepoint from a submatrixcontaining
m points,we needto calculatethe objective functionvaluem
timesin orderto nd the smallestvalue.

2) A distance-basegboint deletion heuristic: In this sub-
section, we discussthe heuristic used by CARE. It avoids
calculating objective function value m times for deleting a
single point from a submatrixcontainingm points.

Supposethat F = fx;,; ;x,9 fp;; ;pwgis a
submatrixof D and f (F;k) > , i.e., the featuresof F
is not strongly correlatedon all data points. As discussed
in Sectionlll-A, let S; be the subspacespannedby the k
eigervectors with the smallest eigervalues and the S, be
the subspacespannedby the remainingn  k eigervectors.
For eachpoint p, (p, 2 fp;;  :pm 9), we calculatetwo
distancesd,, andd,,. d,, is thedistancebetweerp, andthe

(a) Successie point deletion

(b) Distance-basegoint deletion

Fig. 6. Pointsdeletedusingdifferentheuristics

origin in sub-eigenspac&; andd,, is the distancebetween
p, andthe origin in sub-eigenspacs,. Let the distanceratio
rp, = da,=0h,. We sortthe pointsaccordingto their distance
ratiosanddelete(l )M pointsthathave thelargestdistance
ratios.

Theintuition behindthis heuristicis thatwe try to reducethe
variancein subspaces; as much as possiblewhile retaining
the variancein S,.

Using the running datasetshavn in Figure 1, for feature
subsetf x2; X7; X9g, the deletedpoints are shavn asred stars
in Figures 6(a) and 6(b) using the two different heuristics
describedabore. The reestablishedlinear correlations are
22+ 5:9%7+ 3:8Xg = 0 (successie),and2x,+ 6:5x7+ 2:9xg =
0 (distance-basedNote that the embeddedinear correlation
is 2x, + 6x7 + 3Xg = 0. As we canseefrom the gures, both
methodschoosealmostthe samepoint subsetsand correctly
reestablistthe embeddedinear correlation.

The distance-basedeuristic is more efcient than the
successie approachsince it doesnot have to evaluate the
value of the objective function mary times for eachdeleted
point.

As a summaryof SectionlV, CARE adoptsthe depth- rst
searchstrat@y to enumeratdhe candidatefeaturesubsets!f
a candidatdieaturesubseis not stronglycorrelatedon all data
points, then CARE appliesthe distance-baseg@oint deletion
heuristicto nd the subsetof points on which the candidate
feature subsetmay have strongercorrelation.If a candidate
turnsout to be a strongly correlatedfeaturesubsetthenall its
supersetgan be pruned.



Point subsets Local linear correlations

fpg; i Peod Xso X20 + 0:5xg0 = O

fP3g; P90l X40  Xgzo + 0:8xgp  0:5x10 = O

fPsp;  1P1109 | X15  Xos + 1:5Xg5  0:3Xgs = O
TABLE V

LOCAL LINEAR CORRELATIONS EMBEDDED IN THE DATASET

Eigervectors Linear correlationsreestablished

V1 ( 1= 0:0077) 0:23X22 0125X32 0126X59 0
V2 ( 2= 0:0116) 0:21X34 0126X52 0
vz ( 3 = 0:0174) 0:22xg  0:29xg + 0:22x39

0:23x72 + 0:26x93 O

TABLE VI
LINEAR CORRELATIONS IDENTIFIED BY FULL DIMENSIONAL PCA

Xs0  0:99%20 + 0:42Xgp = O
X40 0:97x30 + 0:83xgp  0:47x10 = 0
X15 0:9X25 + 1:49X45 0:33X95 =0

TABLE VII
LOCAL LINEAR CORRELATIONS IDENTIFIED BY CARE

V. EXPERIMENTS

To evaluate CARE, we apply it on both syntheticdatasets
and real life datasetsCARE is implementedusing Matlab
7.0.4.The experimentsare performedon a 2.4 GHz PC with
1G memoryrunning WindowsXP system.

A. SyntheticDatasets

1) Effectivenessvaluation: To evaluatethe effectiveness
of the CARE, we generatea syntheticdatasef 100 features
and 120 points in the following way. The datasetis rst
populatedwith randomlygenerategointsfor eachone of the
100featuresThenwe embeddedhreelocal linearcorrelations
into thedatasetisdescribedn TableV. For example,on points
fpi;  ;PspQd We createlocal linear correlationxsp X0 +
0:5xg0 = 0. Gaussiamoisewith mean0 andvariance0.01is
addedinto the dataset.

a) Comparisorwith full dimensionaPCA: We rst shav
the comparisonof CARE and full dimensional PCA. We
perform PCA on the synthetic datasetdescribedabore. To
presentthe linear correlationdiscorered by PCA, we shav
theresultinghyperplanegieterminedby thethreeeigervectors
with the smallesteigevalues Eachsuchhyperplanerepresents
a linear correlationof all the featuresin the datasetDue to
the large numberof featureswe only shawv the featureswith
coefcients with absolutevaluesgreaterthan 0.2. The linear
correlationsreestablishedby full dimensionalPCA areshavn
in TableVI. Clearly thesearenot thelocal linear correlations
embeddedn the dataset.

Table VIl shaws the local linear correlationsreestablished
by CARE, with k = 1, = 0:006 = 50% andmaxs = 4.
As canbe seenfrom the table, CARE correctlyidenti es the
correlationsembeddedn the dataset.

Fig. 7. The hyperplanerepresentatiomf a local linear correlationreestab-
lishedby CARE

0.83*X80+0.47*X10
- 0.83*X80+0.47%X10

(b)

Fig. 8. Pair-wise correlationsof a local linear correlation

b) Comparisonwith projectedclusteringmethods: Fig-
ure 7 shaws the hyperplanerepresentatiorof the local linear
correlation,xgg  0:97x3p + 0:83xgg  0:47x10 = O, reestab-
lished by CARE. Since this is a 3-dimensionalhyperplane
in 4-dimensionalspace,we visualize it as a 2-dimensional
hyperplanein 3-dimensionakpaceby creatinga new feature
( 0:83xgp + 0:47x10). As we canseefrom the gure, thedata
points are not clusteredon the hyperplaneeven though the
featuresubsetsare strongly correlated.The existing projected
clusteringalgorithms[10], [11], [12] try to nd the pointsthat
arecloseto eachotherin the projectedspace.Therefore they
cannot nd thestronglycorrelatedfeaturesubsetasshavn in
this gure. In SectionV-B.3, we further compareCARE with
projectedclusteringmethodon real dataset.

c) Pair-wise correlations of strongly correlated featuie
subsets: In Figures 8(a) to 8(c), we shav the pairwise
correlationdetweerthe featuresof thelocal linear correlation
Xa0 0:97x30+ 0:83gy 0:47x10 = 0. These gures demon-
stratethat althoughthe feature subsetis strongly correlated,
the pairwise correlationsof the featuresmay still be very
weak. The clusteringmethods[1], [13] focusingon pairwise
correlationscannot nd suchlocal linear correlations.

d) Sensitivitywith respecto parametes: We run CARE
underdifferentparametesettings.Table VIII shows the local
linear correlationsreestablishedy CARE for the embedded
correlationxsyg  X3p + 0:8xgg  0:5x10 = 0. As we cansee
from the table, CARE is not very sensitve to the parameters.
Similar resultshave also beenobsered for other embedded
correlations.

2) Efciency evaluation: To evaluate the efciency of
CARE, we generatesyntheticdatasetsas follows. Eachsyn-
thetic datasehasup to 500K pointsand60 featuresjn which



Linear correlationsreestablished 2000
0.006 | 50% | x40 0:97x30 + 0:83xgg 0:47x10 =
0.006 | 40% | x40 0:98x39 + 0:78xgg  0:47x10
0.006 | 30% | x40 0:98x39 + 0:78xgg  0:48x1g
0.009 | 50% | x40 0:96x30 + 0:82xgg  0:53x19
0.012 | 50% | x40 1:06x39 + 0:85xgg  0:47x10
0.03 | 55% | x40 0:79x3p + 1:05xgp  0:33x10
0.006 | 50% | x40 0:97x30 + 0:85xgg  0:47Xx10
0.02 | 50% | x40 0:95x3p + 0:86xg9  0:55x10

TABLE VI
LOCAL LINEAR CORRELATIONS REESTABLISHED UNDER DIFFERENT
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(a) Varying numberof features

30000

PARAMETER SETTINGS S 25000 -
& 20000
‘o 15000 /
% 10000
D§: 5000
40linearcorrelationsareembeddedGaussiamoisewith mean o eaoo > Eros 2 Eros o 05
0 and variance0.01 is addedinto the dataset.The default Number o f Poin ts

dataseffor ef ciency evaluationcontains5000 points and 60

- f . b) Varying numberof datapoints
featuresif not speci ed otherwise.The default valuesfor the (b) Vaiying P

parameterare:k = 1, = 0:006 = 50% andmaxg = 4.

Figures9(a) to 9(f) shav the efciency evaluationresults. _ 200 /
Figure 9(a) shaws that the runningtime of CARE is roughly % —
quadraticto the numberof featuresin the datasetNote that £ o ————
the theoreticalworst case should be exponential when the o
algorithm hasto checkevery subsetof the featuresand data - 0.00s o001 oois o002 ooz
points.Figure9(b) shavs the scalabilityof CARE with respect spelon
to the numberof pointswhenthe datasetontains30 features. (c) Varying
The running time of CARE is linear to the numberof data
points in the datasetas shovn in the gure. This is dueto
the distance-basegboint deletion heuristic. As we can see T °
from the gure, CARE nishes within reasonableamountof » 100 N
time for large datasetsHowever, since CARE scalesroughly 5
quadraticallyto the number of features,the actual runtime
of CARE mostly dependson the numberof featuresin the SO A
dataset. _

Figure 9(c) shavs that the runtime of CARE increases (d) Varying
steadilyuntil reachescertainthreshold.This is becausehe
higher the value of , the wealer the correlationsidenti ed. _ aoe
After certainpoint, too mary weak correlationsmeetthe cri- g o /
teriawill beidenti ed. Figure9(d) demonstratethat CARE's § —
runtime whenvarying . Figure 9(e) shavs CARE's runtime = 200 —
with respectto different maxs when the datasetontain 20 °, " . . . . .
features. e

Figure 9(f) shavs the number of patternsevaluated by (e) Varying max s
CARE before and after applying the upper bound of the
objectie function value discussedn SectionlV-A. E cocooo

§ =ooa0o —

B. Reallife Datasets § soocoo —

1) Geneexpressiondata: We apply CARE on the mouse é rococe ,d,.%-//
geneexpressiondataprovided by the Schoolof Public Health 2 ® e s se a0 s a0 s

at UNC. The datasetcontainsthe expressionvaluesof 220 e
genesin 42 mousestrains.CARE nd 8 strongly correlated _ -
genesubsetswith parametersetting:k = 1, = 0:002 = Egnzggr??gﬁgw of the upperbound of the objectie
50% and maxs = 4. Due to the spacelimit, we shav 4 of

these8 genesubsetsn Table IX with their symbolsand the Fig. 9. Efciency evaluation
correspondingG0 annotationsAs shavn in the table, genes

in eachgenesubsethave consistenannotationsWe also plot

the hyperplanesof thesestrongly correlatedgene subsetsin




(a) Genesubsetl (b) Genesubset2

(c) Genesubset3 (d) Genesubset4

Fig. 10. Hyperplanerepresentationsf strongly correlatedgenesubsets

[ Subsets| GenelDs [[ GO annotations ]
1 Nrg4 cell part
Myh7 cell part; intracelluarpart
Histlh2bk cell part; intracelluarpart
Arntl cell part; intracelluarpart
2 Nrg4 integral to membrane
Olfr281 integral to membrane
Slcolal integral to membrane
P196867 N/A
3 Oazin catalyticactiity
Ctse catalytic actiity
Mgst3 catalytic actiity
4 Hspb2 cellular physiological process
2810453L12Rik || cellular physiological process
1010001DO01RIik|| cellular physiological process
P213651 N/A
TABLE IX
STRONGLY CORRELATED GENE SUBSETS
Local linear correlations
1| TOT = 0.990FF+ DEF
2 | GP=0.21(2P%)+ 0.86(FT%)
3 | 3PM = 0.99(3P%)
4 | FGM = 0.17(2P%)+ 0.89(3R)
5 | GS=0.380FF+0.74FTM
TABLE X
LOCAL LINEAR CORRELATIONS IDENTIFIED BY CARE IN THE NBA
DATASET

3-dimensionakpacein Figures10(a)to 10(d). As we cansee
from the gures, the datapointsaresparselydistributedin the
hyperplaneswhich again demonstrates€CARE can nd the
groupsof highly similar geneswhich cannotbe identi ed by
the existing projectedclusteringalgorithms.

2) NBA dataset: We apply CARE on the NBA statistics
dataset This datasetcontainsthe statisticsof 28 featuresfor
200 players of season2006-2007.Since the featureshave
different value scales,we normalized each feature by its
variance before applying CARE. The parametersetting is:
k =2 = 0003 = 50% and maxs = 4. We report
someinterestinglocal linear correlationsfound by CARE in
Table X.

Fig. 11. A local linear correlationin NBA dataset

Correlation1 saysthat the total numberof reboundsis
equalto the sum of defensie and offensive rebounds.
This is an obvious correlationthat one would expect.
The meaningof correlation2 is thatthe numberof games
played is highly correlatedwith the 2-point shooting
percentagendfree throw percentagef the player
Correlation3 saysthat playershaving high 3-pointshoot-
ing percentagéendto getmore3-point eld goalsin the
game.

Correlation4 tells us that the total numberof eld goals
madeby a playeris correlatedwith his 2-point shooting
percentag@andthe numberof timeshe attemptedo shoot
3-point.

Correlation5 shavs the numberof gamesstarteddepends
on how goodthe playeris at offensive reboundsandfree
throws.

We plot Correlation5 in Figure 11. This correlationholds
on 3 differentgroupsof players.The pointsin circle 1 shav
that the playersnot good at both offensive reboundand free
throw getlow gamestart.Circle 2 shaws that playersgoodat
free throw gethigh gamestartandcircle 3 shav playersgood
at offensive reboundget high gamestart. The pointsin circle
1 are closeto eachother but other points are far away from
eachother Thereforethis local linear correlationis invisible
to the existing projectedclusteringalgorithms.

3) Wage dataset: We further compare CARE with the
projected clustering method CORAC [12], which has been
demonstratetb be more effective thanORCLUS[10] and4C
[11]. We apply CARE on the wage dataset, which also has

Shttp://sports.espn.go.com/nba/teams/stats ?team=Bos&year=2007&s@asofihttp://lib.stat.cmu.edu/datasets/CBS Wages



(@ YE+YW A=
and CARE)

6 (identi ed by both CORAC

(b) 4:25YW + W  45A = 80 (identied by

CARE only)
Fig. 12. The hyperplanerepresentationsf local linear correlationsin the
wagedataset

beenusedin [12]. CARE successfullyidenti es both linear
correlationsreportedin [12], i.e., YE+ YW A= 6and
YW 1:.03A = 17:.4. Furthermore, CARE identi es two
new linearcorrelationswhichare4:25Y W+W 4:5A = 80
and2:4YE + 0:34YW W = 284. Thesetwo linearcorrela-
tions shav the relationshipamongwage,working experience,
age, and education,which are not discorered by COFRAC.
Figure 12(a)shaws the hyperplaneof linear correlationY E +
YW A = 6, whichis found by both methods.In this
gure, the pointsin the red circle form a density connected
cluster Therefore,the projectedclustering methodcan nd
the correlationby rst identifying this cluster However, as
shawvn in the gure, this correlationis alsosupportedoy other
points outsidethe cluster We also plot, in Figure 12(b), the
hyperplaneof correlation4:25Y W + W 4:5A = 80, which
is only found by CARE. Clearly, suchcorrelationcannotbe
found by projectedclusteringmethodsbecausehe pointsare
sparselydistributed on the plane.

VI. CONCLUSION

In this paper we investigate the problem of nding local
linear correlationsin high dimensionaldatasets.The local
linear correlationamay be invisible to the globalfeaturetrans-
formation methods suchas PCA. We formalize this problem
as nding the featuresubsetghat are strongly correlatedon
a large number of data points. We use spectrumtheory to
studythe monotonicitypropertiesof the problem.An ef cient
and effective algorithm, CARE, for nding suchstrongly cor-
relatedfeaturesubsetds presentedThe experimentalresults

showv that CARE can nd theseinterestingocal linearcorrela-
tionsthatcannotbeidenti ed by the existing algorithms,such
as full dimensionalPCA, and projectedclustering methods.
The experimentalresultsalso demonstratéhat CARE scales
well to large datasets.

Our work reportedin this paperfocuseson the casewhere
thereis onelinear correlationfor a strongly correlatedfeature
subset.For future work, one interestingdirectionis to extend
currentwork to nd multiple linear correlationsin a feature
subsetThisis morechallengingsinceto nd suchcorrelations
we have to decoupleboth featuresand points.
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