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Abstract— Finding latent patterns in high dimensional data
is an important research problem with numerous applications.
Existing approachescan be summarizedinto 3 categories:feature
selection, feature transformation (or feature projection) and
projected clustering. Being widely used in many applications,
thesemethods aim to capture global patterns and are typically
performed in the full feature space. In many emerging bio-
medicalapplications,however, scientistsare interestedin the local
latent patterns held by feature subsets,which may be invisible
via any global transformation. In this paper, we investigate the
problem of �nding local linear correlations in high dimensional
data. Our goal is to �nd the latent pattern structur es that may
exist only in some subspaces.We formalize this problem as
�nding strongly correlated feature subsetswhich are supported
by a large portion of the data points. Due to the combinatorial
nature of the problem and lack of monotonicity of the correlation
measurement,it is prohibiti vely expensive to exhaustively explore
the whole search space. In our algorithm, CARE, we utilize
spectrum properties and effective heuristic to prune the search
space.Extensive experimental results show that our approach
is effective in �nding local linear correlations that may not be
identi�ed by existing methods.

I . INTRODUCTION

Many real life applicationsinvolve the analysisof high
dimensionaldata.For example, in bio-medicaldomains,ad-
vancedmicroarray techniques[1], [2] allow to monitor the
expressionlevels of hundredsto thousandsof genessimulta-
neously. By mappingeachgeneto a feature,geneexpression
datacanberepresentedby pointsin ahighdimensionalfeature
space.To make senseof suchhigh dimensionaldata,extensive
researchhasbeendonein �nding the latent structureamong
the large numberof features.In general,existing approaches
in analyzinghigh dimensionaldata can be summarizedinto
3 categories [3]: featureselection,featuretransformation(or
featureprojection)andprojectedclustering.

The goal of feature selection methods[4], [5], [6], [7]
is to �nd a single representative subsetof featuresthat are
most relevant for the taskat hand,suchasclassi�cation.The
selectedfeaturesgenerally have low correlation with each
otherbut have strongcorrelationwith the target feature.

Featuretransformationmethodssummarizethe datasetby
creatinglinearcombinationsof featuresin orderto uncover the
latent structure.The commonly used feature transformation
methods include principal componentanalysis (PCA) [8],

linear discriminant analysis (LDA), and their variants (see
[9] for an overview). PCA is one of the most widely used
feature transformationmethods.It seeksan optimal linear
transformationof the original feature spacesuch that most
variance in the data is representedby a small number of
orthogonalderived featuresin the transformedspace.PCA
performsoneandthesamefeaturetransformationon theentire
dataset.It aimsto modeltheglobal latentstructureof thedata
andhencedoesnot separatetheimpactof any original features
nor identify local latentpatternsin somefeaturesubspaces.

Recently proposedprojectedclustering methods,such as
[10], [11], [12], canbe viewed ascombinationsof clustering
algorithmsand PCA. Thesemethodscan be applied to �nd
clustersof datapoints that may not exist in the axis parallel
subspacesbut only exist in the projected subspaces.The
projectedsubspacesareusuallyfoundby applyingthestandard
PCA in thefull dimensionalspace.Like otherclusteringmeth-
ods,projectedclusteringalgorithms�nd the clustersof points
that are spatially close to eachother in the projectedspace.
However, a subsetof featurescanbe stronglycorrelatedeven
thoughthe datapointsdo not form any clusteringstructure.

A. Motivation

PCA is an effective way to determinewhether a set of
features,F = f xi 1 ; � � � ; xi n g, show strong correlation [8].
The general idea is as follows. If the features in F are
indeed strongly correlated,then a few eigenvectors of the
covariance matrix with the largest variance will describe
most variancein the whole dataset.Only a small amountof
varianceis representedby the remaining eigenvectors.The
varianceon eacheigenvector is its correspondingeigenvalue
of the covariancematrix CF of F . Therefore,if the sum of
the smallesteigenvalues (i.e., the varianceon the last few
eigenvectors)is a small fraction of the sumof all eigenvalues
(i.e., the variancein the original data),thenthe featuresin F
arestronglycorrelated.

In many real life applications,however, it is desirableto
�nd the subsetsof features having stronglinear correlations.
For example, in gene expressiondata analysis,a group of
geneshaving strong linear correlationis of high intereststo
biologistssinceit helpsto infer unknown functionsof genes
and gives rise to hypothesesregarding the mechanismof the



Fig. 1. An exampledataset

Fig. 2. Eigenvaluesof the exampledataset

Fig. 3. Hyperplanedeterminedby vector [1; � 1; 1]T

transcriptionalregulatory network [1], [2]. We refer to such
correlationamonga subsetof featuresin thedatasetasa local
linear correlation in contrastto the global correlationfound
by the full dimensionalfeaturetransformationmethods.

For example, Figure 1 shows a datasetconsisting of 9
featuresand15 datapoints.Amongthe9 features,f x2; x7; x9g
have local linear correlation2x2 + 6x7 + 3x9 = 0 on point set
f p1; p2; � � � ; p9g, andf x1; x5; x6; x8g have local linear corre-
lation x1 + 3x5 + 2x6 + 5x8 = 0 on point setf p7; p8; � � � ; p15g
with i.i.d. gaussiannoiseof mean0 and variance0.01. The
eigenvaluesof the exampledatasetis shown in Figure2.

Figure2 tells us that the featuresin theexampledatasetare
somehow correlated,sincethe smallesteigenvaluesaremuch
smallerthan the largestones.

Eigenvectors Linear correlationsreestablished
v1 � 0:4775x1 + 0:4311x2 + 0:1018x3 � 0:1516x4

� 0:1185x5 + 0:1318x6 + 0:6215x7 � 0:3437x8
� 0:1312x9 = 0

v2 � 0:4503x1 � 0:3533x2 � 0:0432x3 + 0:1931x4
� 0:0460x5 � 0:2823x6 � 0:1219x7 � 0:4577x8
� 0:5703x9 = 0

v3 � 0:2072x1 + 0:3259x2 � 0:0742x3 + 0:4307x4
� 0:5181x5 � 0:2438x6 � 0:4166x7 � 0:0333x8
+0 :3966x9 = 0

TABLE I

L INEAR CORRELATIONS REESTABLISHED BY FULL DIMENSIONAL PCA

To get the linear correlation identi�ed by PCA, we can
apply the following approach.Note that this approachhas
beenadoptedin [12] to derive the quantitative descriptions
for projectedclusters.As a basic conceptof linear algebra,
a hyperplane is a subspaceof co-dimension1 [8]. Each
vectora = [a1; a2; � � � ; an ]T in ann-dimensionallinearspace
uniquelydeterminesahyperplanea1x1+ a2x2+ � � �+ an xn = 0
throughthe origin and orthogonalto a. For example,Figure
3 shows the hyperplanex1 � x2 + x3 = 0 that is orthogonal
to vector[1; � 1; 1]T . Therefore,a straightforward way to dis-
cover the correlationsby full dimensionalPCA is to compute
the hyperplanesthat are orthogonalto the eigenvectorswith
smallesteigenvalues(variances).

Using the exampledataset,Table I shows the hyperplanes
(linear correlations)determinedby the 3 eigenvectors with
the smallesteigenvalues.Clearly, noneof them capturesthe
embeddedcorrelations.This is becausePCA doesnot separate
the impact of different featuresubsetsthat are correlatedon
differentsubsetsof points.

Recently, many methods[1], [13] have beenproposedfor
�nding clusters of featuresthat are pair-wisely correlated.
However, a set of featuresmay have strong correlationbut
eachpair of featuresonly weakly correlated.

For example, Figure 4 shows 4 genesthat are strongly
correlatedin the mousegene expressiondata collected by
the biologistsin the Schoolof Public Health at UNC. All of
these4 geneshave sameGeneOntology(GO) [14] annotation
cell part, and three of which, Myh7, Hist1h2bk,and Arntl,
sharethe sameGO annotationintracelluar part. The linear
relationship identi�ed by our algorithm is � 0:4(N r g4) +
0:1(M yh7) + 0:7(H ist 1h2bk) � 0:5(Ar ntl ) = 0. As we
can seefrom the �gure, all data points almost perfectly lay
on the samehyperplane,which shows that the 4 genesare
strong correlated.(In order to visualize this 3-dimensional
hyperplane,we combinetwo features,Nrg4 and Myh7, into
a single axis as � 0:4(N r g4) + 0:1(M yh7) to reduceit to a
2-dimensionalhyperplane.)If we project the hyperplaneonto
2 dimensionalspacesformed by eachpair of genes,we �nd
noneof themshow strongcorrelation,asdepictedin Figures
5(a) to 5(c).

Projectedclusteringalgorithms[10], [11] have beenpro-
posedto �nd the clustersof datapoints in projectedfeature
spaces.This is driven by the observation that clustersmay



Fig. 4. A stronglycorrelatedgenesubset
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(a) (Hist1h2bk,Arntl)
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(b) (Arntl, Nrg4&Myh7)
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(c)
(Hist1h2bk,Nrg4&Myh7)

Fig. 5. Pair-wise correlationsof a stronglycorrelatedgenesubset

exist in arbitrarily orientedsubspaces.Like other clustering
methods,thesemethodstendto �nd theclustersof pointsthat
arespatiallycloseto eachotherin thefeaturespace.However,
as shown in Figure 4, a subsetof features(genesin this
example)canstill bestronglycorrelatedevenif thedatapoints
arefar away from eachother.This propertymakessuchstrong
correlations invisible to the projected clustering methods.
Moreover, to �nd theprojectionsof original features,projected
clusteringmethodsapply PCA in the full dimensionalspace.
Thereforethey cannotdecouplethe local correlationshidden
in the high dimensionaldata.

B. Challengesand Contributions

In order to �nd the local linear correlations,a straightfor-
ward approachis to apply PCA to all possiblesubsetsof
featuresto seeif they are strongly correlated.This approach
is infeasible due to the large number of possible feature
combinations.For example,given a 100-dimensionaldataset,
the numberof featuresubsetsneedto be checked is 2100.

Real life datasetsoften containnoisesand outliers.There-
fore,a featuresubsetmaybecorrelatedonly on a subsetof the
datapoints. In order to handlethis situation,it is reasonable
to allow thealgorithmto �nd the local linearcorrelationson a
large portion of the datapoints.This makesthe problemeven
hardersincefor a �x edsubsetof features,adding(or deleting)
data points can either increaseor decreasethe correlation
amongthem.More detailsaboutthecomputationalchallenges
of �nding local linearcorrelationscanbefound in SectionIII.

In this paper, we investigate the problem of �nding local
linear correlationsin high dimensionaldata. This problem
is formalizedas �nding strongly correlated feature subsets.
Suchfeaturesubsetsshow stronglinearcorrelationson a large
portion of the data points. We examine the computational
challengesof the problemanddevelop an ef�cient algorithm,

CARE1, for �nding local linear correlations.CARE utilizes
spectrumpropertiesabout the eigenvaluesof the covariance
matrix, and incorporateseffective heuristic to improve the
ef�ciency. Extensive experimental results show that CARE
can effectively identify local linear correlationsin high di-
mensionaldata,which cannotbe found by applying existing
methods.

I I . RELATED WORK

The goal of featuretransformation(or projection)methods,
such as PCA, is to �nd linear combinationsof original
featuresin orderto uncover the latentstructureshiddenin the
data.Featuretransformationmethodscan be further divided
into supervisedmethodsandunsupervisedmethods.Principal
componentanalysis(PCA) is a representative unsupervised
projectionmethod.PCA�nds theeigenvectorswhichrepresent
thedirectionswith maximalvariancesof thedataby perform-
ing singularvaluedecomposition(SVD) to thedatamatrix [8].
Supervisedmethodstake the target featureinto consideration.
Existingsupervisedmethodsincludelinearregressionanalysis
(LRA) [15], lineardiscriminantanalysis(LDA) [16], principal
componentregression(PCR)[17], superviseprobabilisticPCA
(SPPCA)[18] and many others[9]. LRA and LDA �nd the
linearcombinationsof theinput (predictor)featureswhichbest
explain the target (dependent)feature.In thesemethods,the
input featuresaregenerallyassumedto benon-redundant,i.e.,
they are linearly independent.If thereare correlationsin the
input features,PCR�rst appliesPCAto theinput features.The
principal componentsare then usedas predictorsin standard
LRA. SPPCAextendsPCA to incorporatelabel information.
Thesefeature transformationmethodsperform one and the
samefeaturetransformationfor the entiredataset.It doesnot
separatethe impactof any original featuresnor identify local
correlationsin featuresubspaces.

Featureselectionmethods[4], [5], [6], [7] try to �nd a
subsetof featuresthataremostrelevantfor certaindatamining
task,suchasclassi�cation.Theselectedfeaturesubsetusually
containsthe featuresthathave low correlationwith eachother
but have strongcorrelationwith the target feature.In orderto
�nd the relevant featuresubset,thesemethodssearchthrough
varioussubsetsof featuresandevaluatethesesubsetsaccord-
ing to certaincriteria.Featureselectionmethodscanbefurther
divided into two groups basedon their evaluation criteria:
wrapperand �lter . Wrappermodelsevaluatefeaturesubsets
by their predictive accuracy using statistical re-samplingor
cross-validation. In �lter techniques,the featuresubsetsare
evaluatedby their informationcontent,typically statisticalde-
pendenceor information-theoreticmeasures.Similar to feature
transformation,featureselection�nds one featuresubsetfor
the entiredataset.

Subspaceclusteringis basedon theobservationthatclusters
of points may exist in different subspaces.Many methods
[19], [20], [21] have beendevelopedto �nd clustersin axes
parallelingsubspaces.Recently, the projectedclusteringwas

1CARE standsfor �nding loCAl lineaRcorrElations.



studiedin [10], [11], inspiredby the observation that clusters
may exist in arbitrarily oriented subspaces.Thesemethods
can be treatedas combinationsof clusteringalgorithmsand
PCA. Similar to otherclusteringmethods,thesemethodstend
to �nd the clustersof points that are close to eachother in
the projectedspace.However, asshown in Figure4, a subset
of featuresstill can be strongly correlatedeven if the data
pointsarefaraway from eachother. Patternbasedbi-clustering
algorithmshave beenstudiedin [1], [13]. Thesealgorithms
�nd theclustersin which thedatapointssharepair-wiselinear
correlations,which is only a specialcaseof linearcorrelation.

I I I . STRONGLY CORRELATED FEATURE SUBSET

In this section, we formalize the problem and study its
computationalchallenges.

A. ProblemDe�nition

Let D = A � B be a data matrix consistingof M N -
dimensionaldatapoints,wherethe featuresetA = f x1; x2;
� � � ; xN g and the point set B = f p1; p2; � � � ; pM g. Figure 1
shows an exampledatasetwith 15 pointsand9 features.

A strongly correlatedfeaturesubsetis a subsetof features
that show stronglinear correlationin a large portion of data
points.

De�nition 1: Let F = f xi 1 ; � � � ; xi n g � f pj 1
; � � � ; pj m

g be
asubmatrixof D , where1 � i 1 < i 2 < � � � < i n � N and1 �
j 1 < j 2 < � � � < j m � M . CF is the covariancematrix of F .
Let f � l g (1 � l � n) be the eigenvaluesof CF andarranged
in increasingorder2, i.e., � 1 � � 2; � � � ; � � n . The features
f xi 1 ; � � � ; xi n g is a strongly correlated feature subsetif the

value of the objective function f (F; k) =
� k

t =1 � t

� n
t =1 � t

� � and

m=M � � , wherek, � and � areuserspeci�ed parameters.
Eigenvalue� l is the varianceon eigenvectorvl [8]. The set

of eigenvaluesf � l g of matrix CF is alsocalled the spectrum
of CF [22].

Geometrically, eachm � n submatrixof D representsann-
dimensionalspacewith m points in it. This n-dimensional
spacecan be partitioned into two subspaces,S1 and S2,
which are orthogonalto eachother. S1 is spannedby the k
eigenvectorswith smallesteigenvaluesand S2 is spannedby
the remainingn � k eigenvectors.Intuitively, if the variance
in subspaceS1 is small (equivalently the variancein S2 is
large), then the feature subset is strongly correlated.The
input parametersk and threshold� for the objective function

f (F; k) =
� k

t =1 � t

� n
t =1 � t

are used to control the strengthof the

correlationamongthefeaturesubset.Thedefault valueof k is
1. Thelargerthevalueof k, thestrongerthelinearcorrelation.

The reasonfor requiring m=M � � is becausea feature
subsetcan be strongly correlatedonly in a subsetof data
points. In our de�nition, we allow the strongly correlated
featuresubsetsto exist in a large portion of the datapointsin
order to handlethis situation.Note that it is possiblethat a

2In this paper, we assumethat the eigenvalues are always arrangedin
increasingorder. Their correspondingeigenvectorsare f v1 ; v2 ; � � � ; vn g.

Featuresubset f x2 ; x7 ; x9g
Eigenvaluesof CF � 1 = 0:001; � 2 = 0:931; � 3 = 2:067
Input parameters k = 1, � = 0:004 and � = 60%
Objective function value f (F; k) = 0:0003

TABLE II

AN EXAMPLE OF STRONGLY CORRELATED FEATURE SUBSET

datapoint may participatein multiple local correlationsheld
by different featuresubsets.This makesthe local correlations
more dif�cult to detect. Pleasealso note that for a given
stronglycorrelatedfeaturesubset,it is possiblethat thereexist
multiple linear correlationson different subsetsof points. In
this paper, we focus on the scenariowherethereexists only
one linear correlationfor a stronglycorrelatedfeaturesubset.

For example,in the datasetshown in Figure1, the features
in submatrixF = f x2; x7; x9g� f p1; p2; � � � ; p9g is a strongly
correlatedfeaturesubsetwhen k = 1, � = 0:004 and � =
60%. The eigenvaluesof the covariancematrix, CF , the input
parametersand the valueof the objective function areshown
in Table II.

In real world applications,it is typical that many local
correlationsco-exist, eachof which involves a small number
of features.Thus, it is reasonableto set the maximum size,
maxs, of the featuresubsetsto be consideredfor eachlocal
correlation3. The co-occurrenceof multiple local correlations
posesseriouschallenge,sinceneitherthe featuresubsetsnor
the supportingdatapoints of thesecorrelationsare indepen-
dent.It is crucialto decouplethecompoundeffectsof different
local correlations.

Our goal is to �nd all stronglycorrelatedfeaturesubsetsin
the databaseD. This problemis computationallychallenging.
In the following subsection,we study the propertiesconcern-
ing the monotonicityof the objective function with respectto
the featuresubsetsandpoint subsetsseparately.

B. Monotonicityof the ObjectiveFunction

1) Monotonicity with respectto feature subsets:The fol-
lowing theoremconcerningthespectrumof covariancematrix
developedin the matrix theorycommunityis often calledthe
interlacing eigenvaluestheorem4 [22].

Theorem3.1: Let F = f xi 1 ; � � � ; xi n g � f pj 1
; � � � ; pj m

g
and F

0
= f xi 1 ; � � � ; xi n ; xi ( n +1) g � f pj 1

; � � � ; pj m
g be two

submatricesof D . CF andCF 0 are their covariancematrices
with eigenvaluesf � l g andf �

0

l g. We have

�
0

1 � � 1 � �
0

2 � � 2 � � � � � � n � 1 � �
0

n � � n � �
0

n +1 :
Theorem 3.1 tells us that the spectraof CF and CF 0

interleave eachother, with theeigenvaluesof the largermatrix
bracketing thoseof the smallerone.

By applying the interlacingeigenvaluestheorem,we have
the following property for the strongly correlated feature
subsets.

3Settingthemaximumsizeof thefeaturesubsetsis alsousedin many other
featureselectionand featuretransformationmethods[5], [8].

4This theoremalsoappliesto Hermitianmatrix [22]. Herewe focuson the
covariancematrix, which is semi-positive de�nite andsymmetric.



Point subsetP1 = f p1 ; � � � ; p15 g
FeaturesubsetX 1 f (F1 ; k) = 0:1698
FeaturesubsetX 1 [ f x9g f (F 0

1 ; k) = 0:0707
FeaturesubsetX 1 [ f x4 ; x9g f (F 00

1 ; k) = 0:0463

TABLE III

MONOTONICITY WITH RESPECT TO FEATURE SUBSETS

FeaturesubsetX 2 = f x2 ; x7 ; x9g
Point subsetP2 f (F2 ; k) = 0:0041
Point subsetP2 [ f p10 g f (F 0

2 ; k) = 0:0111
Point subsetP2 [ f p14 g f (F 00

2 ; k) = 0:0038

TABLE IV

NO MONOTONICITY WITH RESPECT TO POINT SUBSETS

Property3.2: (Upward closurepropertyof strongly corre-
lated featuresubsets)Let F = X � P and F 0 = X 0 � P
be two submatricesof D with X � X 0. If X is a strongly
correlatedfeaturesubset,thenX 0 is alsoa stronglycorrelated
featuresubset.

Proof: We show the proof for the casewhere jX 0j =
jX j + 1, i.e., X is a subsetof X 0 by deleting one feature
from X 0. Let CF and CF 0 be the covariancematricesof F
andF 0 with eigenvaluesf � l g andf �

0

l g. SinceX is a strongly

correlatedfeaturesubset,we have f (F; k) =
� k

t =1 � t

� n
t =1 � t

� � .

By applying the interlacing eigenvalues theorem,we have
� k

t =1 � t � � k
t =1 �

0

t and � n
t =1 � t � � n +1

t =1 �
0

t . Thus f (F 0; k) =
� k

t =1 �
0

t

� n +1
t =1 � 0

t

� � . Therefore,X 0 is also a strongly correlated

featuresubset.By inductionwe canprove for thecaseswhere
X is a subsetof X 0 by deletingmore thanonefeature.

The following example shows the monotonicity of the
objective function with respectto the featuresubsets.Using
the datasetshown in Figure 1, let F1 = X 1 � P1 =
f x2; x7g � f p1; � � � ; p15g, F 0

1 = (X 1 [ f x9g) � P1, and
F 00

1 = (X 1 [ f x4; x9g) � P1. The values of the objective
function, when k = 1, are shown in Table III. It can be
seenfrom the table that the value of the objective function
monotonicallydecreaseswhenaddingnew features.

Property3.2 shows that for a �x ed setof points,if a subset
of featuresarestronglycorrelated,thenall of its supersetsare
also strongly correlated.Therefore,in our algorithm,we can
focus on �nding the minimum strongly correlated feature
subsets, of which no subsetis stronglycorrelated.

2) Lack of monotonicitywith respectto point subsets:For a
�x edfeaturesubset,adding(or deleting)datapointsmaycause
the correlationof the featuresto either increaseor decrease.
That is, the objective function is non-monotonicwith respect
to the point subsets.The following propertystatesthis fact.

Property3.3: Let F = f xi 1 ; � � � ; xi n g � f pj 1
; � � � ; pj m

g
and F

0
= f xi 1 ; � � � ; xi n g � f pj 1

; � � � ; pj m
; pj ( m +1)

g be two
submatricesof D . f (F; k) can be equal to, or less than, or
greaterthan f (F 0; k).

Weusethefollowing exampleto show thenon-monotonicity
of the objective function with respectto the point subsets.

Using the datasetshown in Figure 1, let F2 = X 2 � P2 =
f x2; x7; x9g � f p1; � � � ; p9; p11g, F 0

2 = X 2 � (P2 [ f p10g),
and F 00

2 = X 2 � (P2 [ f p14g). The valuesof their objective
functions,whenk = 1, areshown in TableIV. It canbe seen
from the table that the value of the objective function f can
either increaseor decreasewhenaddingmorepoints.

In summary, the valueof the objective function will mono-
tonically decreasewhen adding new features.On the other
hand,addingnew points can either increaseor decreasethe
valueof the objective function.

IV. CARE

In this section,we presentthe algorithmCARE for �nding
the minimum stronglycorrelatedfeaturesubsets.CARE enu-
meratesthe combinationsof featuresto generatecandidate
feature subsets.To examine if a candidate is a strongly
correlatedfeaturesubset,CARE adoptsa 2-stepapproach.It
�rst checksif the featuresubsetis strongly correlatedon all
datapoints. If not, CARE then apply point deletionheuristic
to �nd the appropriatesubsetof points on which the current
feature subsetmay becomestrongly correlated.In Section
IV-A, we �rst discussthe overall procedureof enumerating
candidatefeature subsets.In Section IV-B, we presentthe
heuristicsfor choosingthe point subsetsfor the candidates
that arenot stronglycorrelatedon all datapoints.

A. Feature SubsetsSelection

For any submatrixF = X � f p1; � � � ; pM g of D , in order
to checkwhetherfeaturesubsetX is strongly correlated,we
can perform PCA on F to seeif its objective function value

is lower than the threshold,i.e., if f (F; k) =
� k

t =1 � t

� n
t =1 � t

� � .

Starting from featuresubsetscontaininga single feature,
CARE adoptsdepth �rst searchto enumeratecombinations
of featuresto generatecandidatefeaturesubsets.In the enu-
merationprocess,if we �nd that a candidatefeaturesubsetis
stronglycorrelatedby evaluatingits objective function value,
thenall its supersetscanbe prunedaccordingto Property3.2.

Next, we presentan upper bound on the value of the
objective function, which can help to speedup the evalua-
tion process.The following theoremshows the relationship
betweenthe diagonalentriesof a covariancematrix and its
eigenvalues[22].

Property4.1: Let F beasubmatrixof D andCF bethen�
n covariancematrix of F . Let f ai g be the diagonalentriesof
CF arrangedin increasingorder, andf � i g be the eigenvalues
of CF arrangedin increasingorder. Then � s

t =1 at � � s
t =1 � t

for all s = 1; 2; � � � ; n, with equalityheld for s = n.
Applying Property4.1, we can get the following proposi-

tion.
Proposition4.2: Let F bea submatrixof D andCF bethe

n � n covariancematrix of F . Let f ai g bethediagonalentries

of CF andarrangedin increasingorder. If
� k

t =1 at

� n
t =1 at

� � , then

we have f (F; k) � � , i.e., the featuresubsetof F is a strongly
correlatedfeaturesubset.



Theproof of Proposition4.2 is straightforwardandomitted
here.This propositiongivesusanupperboundof theobjective
function valuefor a given submatrixof D . For any submatrix
F = X � f p1; � � � ; pM g of D , we canexaminethe diagonal
entriesof the covariancematrix CF of F to get the upper
bound of the objective function. The computationalcost of
calculatingof this upperboundis muchlessthanthatof eval-
uatingtheobjective functionvaluedirectlyby PCA.Therefore,
beforeevaluatingthe objective function value of a candidate
featuresubset,we can checkthe upperboundin Proposition
4.2. If theupperboundis no greaterthanthe threshold� , then
we know that the candidateis a strongly correlatedfeature
subsetwithout performingPCA on its covariancematrix.

B. Choosingthe Subsetsof Points

In the previous subsection,we discussedthe procedureof
generatingcandidatefeaturesubsets.A featuresubsetmay be
strongly correlatedonly on a subsetof the data points. As
discussedin SectionIII-B.2, the monotonicitypropertydoes
not hold for the point subsets.Therefore,someheuristicmust
be used in order to avoid performing PCA on all possible
subsetsof points for each candidatefeature subset.In this
subsection,we discussthe heuristics that can be used for
choosingthe subsetof points.

1) A successivepoint deletionheuristic: For a givencandi-
datefeaturesubset,if it is not stronglycorrelatedon all data
points,we candeletethe pointssuccessively in the following
way.

Supposethat F = f xi 1 ; � � � ; xi n g � f p1; � � � ; pM g is a
submatrixof D and f (F; k) > � , i.e., the featuresof F is
not strongly correlatedon all data points. Let Fnpa

be the
submatrixof F by deleting point pa (pa 2 f p1; � � � ; pM g)
from F . This heuristicdeletesthe point pa from F suchthat
f (Fnpa

; k) has the smallestvalue comparingto deletingany
otherpoint.We keepdeletingpointsuntil thenumberof points
in the submatrixreachesthe ratio m=M = � or the feature
subsetof F turnsout to be stronglycorrelatedon the current
point subset.

This is a successive greedypoint deletionheuristic.In each
iteration,it deletesthepoint that leadsto themostreductionin
theobjective functionvalue.This heuristicis time consuming,
sincein orderto deleteonepoint from a submatrixcontaining
m points,we needto calculatetheobjective functionvaluem
times in order to �nd the smallestvalue.

2) A distance-basedpoint deletion heuristic: In this sub-
section,we discussthe heuristic used by CARE. It avoids
calculatingobjective function value m times for deleting a
singlepoint from a submatrixcontainingm points.

Supposethat F = f xi 1 ; � � � ; xi n g � f p1; � � � ; pM g is a
submatrix of D and f (F; k) > � , i.e., the featuresof F
is not strongly correlatedon all data points. As discussed
in Section III-A, let S1 be the subspacespannedby the k
eigenvectors with the smallest eigenvalues and the S2 be
the subspacespannedby the remainingn � k eigenvectors.
For eachpoint pa (pa 2 f p1; � � � ; pM g), we calculatetwo
distances:da1 andda2 . da1 is thedistancebetweenpa andthe

(a) Successive point deletion

(b) Distance-basedpoint deletion

Fig. 6. Pointsdeletedusingdifferentheuristics

origin in sub-eigenspaceS1 and da2 is the distancebetween
pa andthe origin in sub-eigenspaceS2. Let the distanceratio
r pa

= da1 =da2 . We sort the pointsaccordingto their distance
ratiosanddelete(1� � )M pointsthathave thelargestdistance
ratios.

Theintuition behindthisheuristicis thatwetry to reducethe
variancein subspaceS1 as much as possiblewhile retaining
the variancein S2.

Using the running datasetshown in Figure 1, for feature
subsetf x2; x7; x9g, the deletedpoints are shown as red stars
in Figures 6(a) and 6(b) using the two different heuristics
describedabove. The reestablishedlinear correlations are
2x2+ 5:9x7+ 3:8x9 = 0 (successive),and2x2+ 6:5x7+ 2:9x9 =
0 (distance-based).Note that the embeddedlinear correlation
is 2x2 + 6x7 + 3x9 = 0. As we canseefrom the �gures, both
methodschoosealmost the samepoint subsetsand correctly
reestablishthe embeddedlinear correlation.

The distance-basedheuristic is more ef�cient than the
successive approachsince it does not have to evaluate the
value of the objective function many times for eachdeleted
point.

As a summaryof SectionIV, CARE adoptsthe depth-�rst
searchstrategy to enumeratethe candidatefeaturesubsets.If
a candidatefeaturesubsetis not stronglycorrelatedon all data
points, then CARE appliesthe distance-basedpoint deletion
heuristic to �nd the subsetof points on which the candidate
featuresubsetmay have strongercorrelation.If a candidate
turnsout to bea stronglycorrelatedfeaturesubset,thenall its
supersetscanbe pruned.



Point subsets Local linear correlations
f p1 ; � � � ; p60 g x50 � x20 + 0:5x60 = 0
f p30 ; � � � ; p90 g x40 � x30 + 0:8x80 � 0:5x10 = 0
f p50 ; � � � ; p110 g x15 � x25 + 1:5x45 � 0:3x95 = 0

TABLE V

LOCAL LINEAR CORRELATIONS EMBEDDED IN THE DATASET

Eigenvectors Linear correlationsreestablished
v1 (� 1 = 0:0077) 0:23x22 � 0:25x32 � 0:26x59 � 0
v2 (� 2 = 0:0116) 0:21x34 � 0:26x52 � 0
v3 (� 3 = 0:0174) � 0:22x6 � 0:29x8 + 0:22x39

� 0:23x72 + 0:26x93 � 0

TABLE VI

L INEAR CORRELATIONS IDENTIFIED BY FULL DIMENSIONAL PCA

x50 � 0:99x20 + 0:42x60 = 0
x40 � 0:97x30 + 0:83x80 � 0:47x10 = 0
x15 � 0:9x25 + 1:49x45 � 0:33x95 = 0

TABLE VII

LOCAL LINEAR CORRELATIONS IDENTIFIED BY CARE

V. EXPERIMENTS

To evaluateCARE, we apply it on both syntheticdatasets
and real life datasets.CARE is implementedusing Matlab
7.0.4.The experimentsareperformedon a 2.4 GHz PC with
1G memoryrunningWindowsXP system.

A. SyntheticDatasets

1) Effectivenessevaluation: To evaluate the effectiveness
of the CARE, we generatea syntheticdatasetof 100 features
and 120 points in the following way. The datasetis �rst
populatedwith randomlygeneratedpointsfor eachoneof the
100features.Thenweembeddedthreelocal linearcorrelations
into thedatasetasdescribedin TableV. For example,onpoints
f p1; � � � ; p60g we createlocal linear correlationx50 � x20 +
0:5x60 = 0. Gaussiannoisewith mean0 andvariance0.01 is
addedinto the dataset.

a) Comparisonwith full dimensionalPCA: We�rst show
the comparisonof CARE and full dimensionalPCA. We
perform PCA on the synthetic datasetdescribedabove. To
presentthe linear correlationdiscovered by PCA, we show
theresultinghyperplanesdeterminedby thethreeeigenvectors
with thesmallesteigenvalues.Eachsuchhyperplanerepresents
a linear correlationof all the featuresin the dataset.Due to
the large numberof features,we only show the featureswith
coef�cients with absolutevaluesgreaterthan 0.2. The linear
correlationsreestablishedby full dimensionalPCA areshown
in TableVI. Clearly, thesearenot the local linearcorrelations
embeddedin the dataset.

Table VII shows the local linear correlationsreestablished
by CARE, with k = 1, � = 0:006, � = 50%, andmax s = 4.
As canbe seenfrom the table,CARE correctly identi�es the
correlationsembeddedin the dataset.

Fig. 7. The hyperplanerepresentationof a local linear correlationreestab-
lishedby CARE
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(c)

Fig. 8. Pair-wise correlationsof a local linear correlation

b) Comparisonwith projectedclusteringmethods:Fig-
ure 7 shows the hyperplanerepresentationof the local linear
correlation,x40 � 0:97x30 + 0:83x80 � 0:47x10 = 0, reestab-
lished by CARE. Since this is a 3-dimensionalhyperplane
in 4-dimensionalspace,we visualize it as a 2-dimensional
hyperplanein 3-dimensionalspaceby creatinga new feature
(� 0:83x80 + 0:47x10). As we canseefrom the�gure, thedata
points are not clusteredon the hyperplaneeven though the
featuresubsetsarestronglycorrelated.The existing projected
clusteringalgorithms[10], [11], [12] try to �nd thepointsthat
arecloseto eachotherin the projectedspace.Therefore,they
cannot �nd thestronglycorrelatedfeaturesubsetasshown in
this �gure. In SectionV-B.3, we further compareCARE with
projectedclusteringmethodon real dataset.

c) Pair-wise correlations of strongly correlated feature
subsets: In Figures 8(a) to 8(c), we show the pair-wise
correlationsbetweenthefeaturesof thelocal linearcorrelation
x40 � 0:97x30 + 0:83x80 � 0:47x10 = 0. These�gures demon-
stratethat althoughthe featuresubsetis strongly correlated,
the pair-wise correlationsof the featuresmay still be very
weak.The clusteringmethods[1], [13] focusingon pair-wise
correlationscannot�nd suchlocal linear correlations.

d) Sensitivitywith respectto parameters: We run CARE
underdifferentparametersettings.TableVIII shows the local
linear correlationsreestablishedby CARE for the embedded
correlationx40 � x30 + 0:8x80 � 0:5x10 = 0. As we can see
from the table,CARE is not very sensitive to the parameters.
Similar resultshave also beenobserved for other embedded
correlations.

2) Ef�ciency evaluation: To evaluate the ef�ciency of
CARE, we generatesyntheticdatasetsas follows. Eachsyn-
theticdatasethasup to 500K pointsand60 features,in which



k � � Linear correlationsreestablished
1 0.006 50% x40 � 0:97x30 + 0:83x80 � 0:47x10 = 0
1 0.006 40% x40 � 0:98x30 + 0:78x80 � 0:47x10 = 0
1 0.006 30% x40 � 0:98x30 + 0:78x80 � 0:48x10 = 0
1 0.009 50% x40 � 0:96x30 + 0:82x80 � 0:53x10 = 0
1 0.012 50% x40 � 1:06x30 + 0:85x80 � 0:47x10 = 0
1 0.03 55% x40 � 0:79x30 + 1:05x80 � 0:33x10 = 0
2 0.006 50% x40 � 0:97x30 + 0:85x80 � 0:47x10 = 0
3 0.02 50% x40 � 0:95x30 + 0:86x80 � 0:55x10 = 0

TABLE VIII

LOCAL LINEAR CORRELATIONS REESTABLISHED UNDER DIFFERENT

PARAMETER SETTINGS

40 linearcorrelationsareembedded.Gaussiannoisewith mean
0 and variance0.01 is addedinto the dataset.The default
datasetfor ef�ciency evaluationcontains5000 points and 60
featuresif not speci�ed otherwise.The default valuesfor the
parametersare:k = 1, � = 0:006, � = 50%, andmax s = 4.

Figures9(a) to 9(f) show the ef�ciency evaluationresults.
Figure9(a) shows that the running time of CARE is roughly
quadraticto the numberof featuresin the dataset.Note that
the theoreticalworst caseshould be exponential when the
algorithm hasto checkevery subsetof the featuresand data
points.Figure9(b) shows thescalabilityof CARE with respect
to thenumberof pointswhenthedatasetcontains30 features.
The running time of CARE is linear to the numberof data
points in the datasetas shown in the �gure. This is due to
the distance-basedpoint deletion heuristic. As we can see
from the �gure, CARE �nishes within reasonableamountof
time for large datasets.However, sinceCARE scalesroughly
quadraticallyto the number of features,the actual runtime
of CARE mostly dependson the numberof featuresin the
dataset.

Figure 9(c) shows that the runtime of CARE increases
steadilyuntil � reachescertainthreshold.This is becausethe
higher the value of � , the weaker the correlationsidenti�ed.
After certainpoint, too many weakcorrelationsmeetthe cri-
teria will be identi�ed. Figure9(d) demonstratesthat CARE's
runtime when varying � . Figure 9(e) shows CARE's runtime
with respectto different maxs when the datasetscontain20
features.

Figure 9(f) shows the number of patternsevaluated by
CARE before and after applying the upper bound of the
objective function valuediscussedin SectionIV-A.

B. RealLife Datasets

1) Geneexpressiondata: We apply CARE on the mouse
geneexpressiondataprovided by the Schoolof Public Health
at UNC. The datasetcontainsthe expressionvaluesof 220
genesin 42 mousestrains.CARE �nd 8 strongly correlated
genesubsetswith parametersetting:k = 1, � = 0:002, � =
50%, and maxs = 4. Due to the spacelimit, we show 4 of
these8 genesubsetsin Table IX with their symbolsand the
correspondingGO annotations.As shown in the table,genes
in eachgenesubsethave consistentannotations.We alsoplot
the hyperplanesof thesestrongly correlatedgenesubsetsin
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Fig. 9. Ef�ciency evaluation



(a) Genesubset1 (b) Genesubset2 (c) Genesubset3 (d) Genesubset4

Fig. 10. Hyperplanerepresentationsof stronglycorrelatedgenesubsets

Subsets Gene IDs GO annotations
1 Nrg4 cell part

Myh7 cell part; intracelluarpart
Hist1h2bk cell part; intracelluarpart
Arntl cell part; intracelluarpart

2 Nrg4 integral to membrane
Olfr281 integral to membrane
Slco1a1 integral to membrane
P196867 N/A

3 Oazin catalyticactivity
Ctse catalyticactivity
Mgst3 catalyticactivity

4 Hspb2 cellular physiologicalprocess
2810453L12Rik cellular physiologicalprocess
1010001D01Rik cellular physiologicalprocess
P213651 N/A

TABLE IX

STRONGLY CORRELATED GENE SUBSETS

Local linear correlations
1 TOT = 0.99OFF+ DEF
2 GP = 0.21(2P%)+ 0.86(FT%)
3 3PM = 0.99(3P%)
4 FGM = 0.17(2P%)+ 0.89(3PA)
5 GS= 0.38OFF+0.74FTM

TABLE X

LOCAL LINEAR CORRELATIONS IDENTIFIED BY CARE IN THE NBA

DATASET

3-dimensionalspacein Figures10(a)to 10(d).As we cansee
from the �gures, thedatapointsaresparselydistributedin the
hyperplanes,which again demonstratesCARE can �nd the
groupsof highly similar geneswhich cannotbe identi�ed by
the existing projectedclusteringalgorithms.

2) NBA dataset: We apply CARE on the NBA statistics
dataset5. This datasetcontainsthe statisticsof 28 featuresfor
200 players of season2006-2007.Since the featureshave
different value scales,we normalized each feature by its
variancebefore applying CARE. The parametersetting is:
k = 2, � = 0:003, � = 50% and maxs = 4. We report
someinterestinglocal linear correlationsfound by CARE in
TableX.

5http://sports.espn.go.com/nba/teams/stats?team=Bos&year=2007&season=2

Fig. 11. A local linear correlationin NBA dataset

� Correlation1 saysthat the total numberof reboundsis
equal to the sum of defensive and offensive rebounds.
This is an obvious correlationthat onewould expect.

� Themeaningof correlation2 is thatthenumberof games
played is highly correlatedwith the 2-point shooting
percentageandfree throw percentageof the player.

� Correlation3 saysthatplayershaving high 3-pointshoot-
ing percentagetendto getmore3-point �eld goalsin the
game.

� Correlation4 tells us that the total numberof �eld goals
madeby a player is correlatedwith his 2-point shooting
percentageandthenumberof timesheattemptedto shoot
3-point.

� Correlation5 shows thenumberof gamesstarteddepends
on how goodtheplayeris at offensive reboundsandfree
throws.

We plot Correlation5 in Figure 11. This correlationholds
on 3 differentgroupsof players.The points in circle 1 show
that the playersnot good at both offensive reboundand free
throw get low gamestart.Circle 2 shows that playersgoodat
free throw gethigh gamestartandcircle 3 show playersgood
at offensive reboundget high gamestart.The points in circle
1 are closeto eachother but other points are far away from
eachother. Thereforethis local linear correlationis invisible
to the existing projectedclusteringalgorithms.

3) Wage dataset: We further compare CARE with the
projected clustering method COPAC [12], which has been
demonstratedto bemoreeffective thanORCLUS[10] and4C
[11]. We apply CARE on the wagedataset6, which also has

6http://lib.stat.cmu.edu/datasets/CPS85 Wages



(a) Y E + Y W � A = � 6 (identi�ed by bothCOPAC
andCARE)

(b) 4:25Y W + W � 4:5A = � 80 (identi�ed by
CARE only)

Fig. 12. The hyperplanerepresentationsof local linear correlationsin the
wagedataset

beenusedin [12]. CARE successfullyidenti�es both linear
correlationsreportedin [12], i.e., YE + YW � A = � 6 and
YW � 1:03A = � 17:4. Furthermore, CARE identi�es two
new linearcorrelations,whichare4:25YW + W � 4:5A = � 80
and2:4YE + 0:34YW � W = 28:4. Thesetwo linearcorrela-
tions show the relationshipamongwage,working experience,
age, and education,which are not discovered by COPAC.
Figure12(a)shows thehyperplaneof linearcorrelationYE +
YW � A = � 6, which is found by both methods.In this
�gure, the points in the red circle form a densityconnected
cluster. Therefore,the projectedclusteringmethodcan �nd
the correlationby �rst identifying this cluster. However, as
shown in the �gure, this correlationis alsosupportedby other
points outsidethe cluster. We also plot, in Figure 12(b), the
hyperplaneof correlation4:25YW + W � 4:5A = � 80, which
is only found by CARE. Clearly, suchcorrelationcannotbe
found by projectedclusteringmethodsbecausethe pointsare
sparselydistributedon the plane.

VI . CONCLUSION

In this paper, we investigate the problem of �nding local
linear correlationsin high dimensionaldatasets.The local
linearcorrelationsmaybe invisible to theglobal featuretrans-
formationmethods,suchasPCA. We formalize this problem
as �nding the featuresubsetsthat are strongly correlatedon
a large number of data points. We use spectrumtheory to
studythemonotonicitypropertiesof theproblem.An ef�cient
andeffective algorithm,CARE, for �nding suchstronglycor-
relatedfeaturesubsetsis presented.The experimentalresults

show thatCARE can�nd theseinterestinglocal linearcorrela-
tions thatcannotbe identi�ed by theexisting algorithms,such
as full dimensionalPCA, and projectedclusteringmethods.
The experimentalresultsalso demonstratethat CARE scales
well to large datasets.

Our work reportedin this paperfocuseson the casewhere
thereis onelinear correlationfor a stronglycorrelatedfeature
subset.For future work, one interestingdirection is to extend
currentwork to �nd multiple linear correlationsin a feature
subset.This is morechallenging,sinceto �nd suchcorrelations
we have to decoupleboth featuresandpoints.
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