Lecture 22:
Perfect Phylogeny

Not in textbook
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* Character states and the perfect Phylogeny
problem

* Binary Character states
* Compatibility is NP Complete
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Character State Matrix

. A character has a fmlte number of states
e Taxonomical units for which we want to create
phylogeny are called Objects
— e.g. species, population
* Every object has a state vector & inherit the same
characters but not the same states!
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Character State Matr1x M

* M has n rows (Objects) ——

* M has m columns (characters) U AGGGCAT
* Mj denotes the state object i V: TAGCCCA
has for character j < W: TAGACTT

X: TGCACAA

\_Y: TGCGCTT

11/13/2008 Comp 590/ Comp 790-90 Fall 2008 4




Phylogeny Tree

AGGGCAT TAGCCCA TAGACTT TGCACAA TGCGCTT

v o e

W
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Problems while constructmg

. Convergence or Parallel evolutlon

— e.g. Presence of Wings in Birds and Bats

e Reversals
— e.g. Snakes

e Unordered characters
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Assumpt1ons

2 There is no Convergence

* There is no Reversal

e (Characters will be ordered
—0to1

— Our Character state Matrix will be Binary
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Perfect Phylogeny Tree

Defn A tree has perfect phylogeny 1f
— For each state s of each character c, the set of all nodes
u for which the state is s with respect to ¢ must form a
sub tree of T. In Particular, the edge e leading to this

sub tree is uniquely associated with a transition from
some state w to state s

— OBEY OUR ASSUMPTIONS
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Ex Perfect Phylogeny tree

cl c4
c5
c2
c3 c6
@ @
B D E A
C
Charvcter
Chject el | e2 | 3 | e | €5 | 6

Fiy 0 0 0 1 1 0

E 1 1 0 0 0 0

55! 0 0 0 1 1 1

D 1 0 1 0 0 0

E 0 0 0 1 0 0
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Perfect Phylogeny Problem

* Instance: A set O with n objects, a set C of m
characters, each character having at most r states (n,
m, r are positive integers)

* Question: Is there a perfect phylogeny for O?

e If the character state matrix admits a perfect
phylogeny we say that the defining characters are
compatible
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Perfect Phylogeny Problem

— Can we determine for every problem (input) the root?

— No, we may not have enough information
Tree will be unrooted !
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Ex: Unrooted Bmary Tree

. Unrooted Bmary tree do
not imply a known
ancestral root. A

* This Tree has 3 possible
rooted binary Trees with
one common ancestor
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Ex Unrooted Bmary Tree
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Bmary Character States

* Defn: For each Column j of M, let O; be the
set of objects whose state is 1 for j. Let Ojbe
the set of objects whose state is 0 for ;.

Ocl =?

OCl = ? Charvecter
Ohject el |2 | 3 | ed | eF | et
& ] ] ] 1 1 0
B 1 1 0 0 0 0
o ] ] ] 1 1 1
D 1 ] 1 0 0 0
E 0 0 0 1 0 0
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Bmary Character States

* Defn: For each Column j of M, let O; be the
set of objects whose state is 1 for j. Let Ojbe
the set of objects whose state is 0 for ;.

Oa={B, D)
OCl = ? Charvecter
Ohject el |e2 | e | ed | eF | et
& ] ] ] 1 1 0
B 1 1 0 0 0 0
i 0 0 0 1 1 1
D 1 ] 1 0 0 0
E 0 0 0 1 0 0
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Bmary Character States

* Defn: For each Column j of M, let O; be the
set of objects whose state is 1 for j. Let Ojbe
the set of objects whose state is 0 for ;.

Oa ={B, D}

OCl:{AI CI E} Charicter
Object cl |2 |3 | ed | &5 | b
¥y ] 0 0 1 1 0
E 1 1 0 0 0 0
Z ] 0 0 1 1 1
N 1 0 1 ] ] 0
E 0 0 0 1 0 0
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. A bmary Matrlx M admlts a perfect phylogeny
if and only if, for each pair of characters i and j,
the sets Oi and O;

— are disjoint or

— one of them contains the other.
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Sketch

* We will show the “only it” part of lemma by
inductively building a rooted perfect
phylogeny.

— Assume that we have only 1 character as shown in the
matrix

Chorcecter
O ject cl

O Q|W|*
ol=lo|=|e
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Sketch cont

* According to the given matrix OC1 ={B,D}and O, ={ A,
G E}

— Create a root and nodes O, O,4

— Link node O to the root by labeling
the edge with c; and O, w/o
labeling

Ocl DOcl
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Sketch cont

* According to the given matrix O, = {B,D}
and O, ={ A, C, E} -

—Create a root and nodes O, O 4

—Link node O to the root by labeling

the edge with ¢; and O, w/c

labeling i
—Split each child of the root ool
into as many leaves as there

are objects in the nodes
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Sketch cont.

. Con51der we have bullt a tree T for k characters
— There are no leaves, nodes still contain object sets
— process character k + 1

* Case 1: character k + 1 partitions only object sets
belonging to the same node

— It does not hurt our perfect phylogeny property
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Ou={A C,D,F}

OCZ:{B,E}
k=2
OC3Z{A,C}
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Sketch cont.

Case 2 character k+1 partltlons ob]ect sets
belonging to different nodes
— THIS CANNOT HAPPEN

* Assume it did, it can only happen if there exists
a character i such that O, and O,,; are neither
disjoint nor one is contained by the other.
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Ok+ 1
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Al gor1thms

. For 51mpl1c1ty we assume that the Phylogenetlc
tree construction works in 2 phases

— Decision
— Construction
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Algonthms for Dec1310ns

2 The very ba51c Algorlthm
— Check if the input Matrix obeys Lemma

— How would you do that?

Cherccter
Chjeck cf |2 | e | e | &5 | et
i 0 0 0 1 1 0
E 1 1 0 0 0 0
iz 8] 0 0 1 1 1
B 1 0 1 0 0 0
E 0 0 0 1 0 0
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Ba31c Dec151on Algonthm

e Check every column
pair of being disjoint
or if one is a subset of

the other
Character
[ ]

One Of these CheCkS Chhject cl |e2 |3 |cd|c5|ch
costs us O (n) we A oJofol1]1]o
have m? column pairs B tj1jojojojo
= O (nmz) iZ glofop 111
D 11010010
E glofof1fofao0
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Dec131on Algonthms

e Improvement
— Visit every column only once to have Complexity
O(nm)
* Process first characters for which the maximum number
of objects has state 1
— All other characters are either subsets of it or are
disjoint from it.
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Algorithms Perfect Phylogeny

g Input Bmary Matrlx M B eC]_Son
* Output: True if M admits

perfect phylogeny false M Character
Otherwise Chiect cl |e2 |3 |ed | 5 | e
A 1lol1|lofo]o
!
/ /Sort column based on #1's 5 o1 T T o 5
/ /Initialize auxiliary matrix L z 1|lo{1]o]o]1
for each L, do 2 OLtLoL0 &) 0
/ E 1Jololo]o]o
Li]- —0
L Charvecier
Chject cl |c2 | e |ed |5 | et
A ofofoloflo]o
B ololololo]o
C ololololo]o
D ofofofoflo]o
E ololololo]o
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Algorithms Perfect Phylogeny
- “Decision B

i Chervecter
Ohject el | e2 | e |ed | e5 | b
2 1 0 1 0 0 0
e fori<—1tondo - eslalaleliela
k «— _1 C 1 0 1 0 0 1
. 2 0 1 0 0 1 0
fOl'] —1tomdo E 1lolololaolo
if M;;=1then
Lij — k I: Charccter
k «— ]' Object el |c2 | |ed |5 | e
iy -1 0 1 0 0 0
B o] -1 0 2 0 0
c 1o f1]o|o|F
D] ol -1 0 0 2 0
E -1 0 0 0 0 0
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Algorithms Perfect Phylogeny

* for each columnj of L do
- If

* L, ;é L _.for some I and

mj
m and

* bothL;and L, are
both non-zero

— then return false

* return true
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L Character
Object | cl |2 |c? |ed | b | ch
A A{oj1|0j0]0
E g|-1|0(2]0]0
C dfoflt1{ojo|]g
D 0|-1]0(10]2|0
E o O I IV I R A
ok ok ok ok ok ok
Fall 2008
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Perfect Phylogeny tree

OOOOOO

010% 100000
101000

B
c6
A

010100 010010 100000
101000 101001
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I Charvcier
Object cf |c2 | e |ed |5 | b
A 1 0 1 ol a 0
E 0 1 0 1 0 0
e 1 0 1 ol a 1
e 0 1 0 0 1 0
E 1 0 0 ol a 0
L Charvcier
Ohject cl |2 |3 |ed | €5 | cO
A 1|0 1 o0 0
E ol]-1]0 2 | a0 0
< 1|0 1 ol a |
D ol-1]0 0| 2 0
E -1 0 0 ol 0 0
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AlgonthmsPerfect Phylogen ]

onstruction

* Input: binary matrix M with Columns sorted in
decreasing order

* Output: perfect phylogeny for M
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Algorithms Perfect Phylogeny

onstruction

e (Create root
— for each object i do
— curNode < root

— For1to m do
» If Mi]' =1 then
» If there already exits edge (curNode, #) labeled j then curNode « u
» else Create node u, Create edge( curNode, u) labeled j, curNode«— u

— Place i in curNode
— for each node u except root do
* Create as many leaves linked to u as there are objects in u

11/13/2008 Comp 590/ Comp 790-90 Fall 2008 34




Compat1b111ty In Phylogemes

. Recall that we Vlolate the evolutlon process by
not allowing convergence and reversals

* One Approach is to insist on avoiding reversals
and convergence and trying to exclude a few
characters that causes them.
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Compat1b111ty In Phylogemes

— Find a maximum set of characters such that we can find a perfect
phylogeny

* Problem: Compatibility
— Instance: A character state Matrix M with n objects and m binary
characters, and a positive integer B <m

— Question: Is there a subset L of characters that satisfies for each
pair of characters i and j that the sets Oi and Oj are disjoint or
one of them contains each other and | L | > B?
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Compat1b111ty In Phylogemes

. Problem Cltque
— Instance: Graph G = (V,E), and positive integer K<
VI
— Question: Does G contain a subset V' of V with
| V'| 2K such that every pair of vertices in V' is linked
by an edge in E?

* Clique is NP Complete
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Ex Chque

* Which nodes build a clique with K = 3?
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Compatibility is NP Complete

. roof Create an Instance for Compatibllityfrom the |
Instance of Clique as follows:

— Given G =(V,E), letm = | V|, so we create for every vertex v;in V
we create character i in M

— The number of objects of M is n=3m(m-1)/2

— For every pair (v, v)) such that it is not an edge in E we create
three objects r,5,t in M such that M, =0, M;=1, M,=1, M,;=1, M =1,
M,=0

j

— The remaining elements of M should be zero
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Example

L., Cheervecter
OBfect cf 2 3 e @ @
1 o] o] 4] 4]
2 [u] o] u] u]
3 o] o] 4] 4]
4 o o 0 0 @ @
5 lu] [u] 6] 1
& 1 o] a] 1
7 1 0] 0] 0]
2 (o] lu] 4] 1
2 o] o] 1 1
10 o] [u] 1 6]
11 lu] o] 4] 4]
1z o] o] a] a]
13 o] o] 4] 4]
14 a a 4] 4]
15 o] o] 6] 6]
1a o] o] 6] 6]
17 0] a 0] 0]
18 (0] [u] u] u]
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Compat1b111ty is NP Complete Cont

e G Contams a Chque V' W1th | V' | >K 1ff M contams a
compatible character subset L with |L|>K

— If such a clique exists, then to every edge of this clique there
corresponds a pair of characters in M, such that whenever one of
them has state 1 for an object, the other has state 0 or both have 0.

— If L exists, then to every pair of characters of L there corresponds
a pair of vertices in V linked by an edge. All thess pairs together
form a clique >K
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