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Abstract

The topic of this dissertation is medical image analysis with focus on multi-scale methods and
the task of segmemation. The main theme is how to move from explicity non-committed
approadesto methods that incorporate prior knowledge and thereby becomespecializedto the
giventask. The presered work exploresa path from a non-committed multi-scale segmenmation
method towards more committed methods for segmemation and shape modeling.

The multi-scale watershed segmemation method by Fogh Olsen is the starting point for much
of the work in this dissertation. In this non-committed method, the segmemation problem is
addressedwith the only assumption that there should be somecortrast acrossthe boundaries
of the desired objects.

The rst body of work is focusedon specializing the multi-scale segmemation method through

the useof non-linear di usion. We presern a Genemlized Anisotropic Non-linear di usion scheme
with methods for optimizing the parametersand evaluating the performance. The results apply
for segmemation of both 2D and 3D objects and show considerableperformanceimprovemers
through the use of GAN. Upper limits for this performance gain are empirically established
through experimerts on arti cial ideal objects. The methodology is evaluated on segmetation

of brain structures in both 2D and 3D and shaws signi cant improvemerts in segmemation

e ciency .

Non-linear di usion is then analyzedin more detail via the introduction of the Di usion Echo
that allows explicit analysis of the local lters in non-linear di usion sthemes. We use this
approad to investigate the connection between linear and non-linear di usion given by scale
selection.

While non-linear di usion allows a large degreeof incorporation of prior knowledgeand thereby
facilitates specialization towards a speci ¢ task, the work shows that for the multi-scale seg-
mertation program, the possible performance improvemen due to non-linear di usion is not
unlimited. Speci cally, near-automatic segmetmation seemsunfeasiblewithout further commit-
ment of the method. The most promising way of incorporating additional prior knowledge is
through the use of a shape model.

The nal body of work is focusedon shape modeling via the medial shape represenation known
as the m-rep. We present an essetially automatic method for generating a statistical shape
model from a training collection. We demonstrate the method for constructing a prostate shape
model.
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Chapter 1

In tro duction

The topic of this dissertation is medicalimageanalysiswith focuson multi-scale methods and the
task of segmetation. However, most of the results are generally applicable to other computer
vision areasand other tasks than segmemation.

The main theme is how to move from explicitly non-committed approadcesto methods that
incorporate prior knowledge and thereby becomespecializedto the given task.

1.1 The Big Picture

A complete understanding of the eld of medical image analysis requires perfect models of the
anatomy, the image formation process,and especially the variation within these depending on
inter and intra patient variability, imaging macinery, and choices made by the radiologist.
Explicit modeling of all these factors is not feasible. Even though some of the variations can
be modeled with a su cient accuracy others can still only be modeled through simplifying
approades. This is in particular the casefor the modeling of patient variabilit y.

Even so, impressiwe results have beenadhieved through modelsthat ignore the underlying cause
for the image or shape formation and simply model the data. One ohvious exampleis the Active
Shame Model [Cooteset al., 1999.

Howewer, these models are still somewhat naive. Admittedly, in many casesthe active shape
model provides a model of shape variation that allows generalization from training shapesto
other organs of the sametype. Howeer, these models often su er from a lack of specicity in
the sensethat they allow the formation of illegal shapes. Either these shapesare illegal in the
sensethat they are not realistic examplesfor the given object | or alternativ ely mathematically
illegal (i.e. objects with unsuitable topology or self-intersecting surfaces).

More realistic models are possible through modeling of the actual physical properties of the
anatomical structures. Using this approad, nice results have beenadieved, for instancethrough
the useof Finite Element Models [Crouch et al., 2003. Howeer, researd is neededbeforethese
methods are fully matured.



Currently afull model that explainsthe ertire data formation processincluding patient variabil-
ity and image aquisitioning is not realistic. Modelsthat approximate the obsened image data
directly and ignore the underlying image formation processdo in many casesprovide su cien tly
accurate modeling and help solwve the task at hand. The work in this dissertation is focusedon
this last approad.

1.1.1 Non-Committed Metho ds

When facing a speci ¢ task, a full model would allow incorporation of this understanding of the
patient variability and image aquisition processas prior knowledgein a probabilistic framework.
The lack of a model suggestsnon-committed methods. Ad hoc methods typically have implicit
assumptionsabout the data, and therefore commit the methods to speci ¢ problem classes.A
non-committed method explicitly enforcesa minimal set of assumptions.

Perhapssurprisingly, making a method non-committed is not atrivial task| most methods are
committed in implicit and undesiredways. Sale-smace theory [Koenderink, 1984 Witkin, 1983
ljima, 1963 provides one viewpoint on how to obsene and analyze data in the absenceof an
explicit model of the image formation process.

An example of a method that follows this paradigm is the Multi-scale Watershad Segmentation
method [Olsen, 1997 that is the starting point for much of the work is this dissertation. In

this method, the segmemation problem is addressedwith the only assumptionthat there should
be somecortrast acrossthe boundaries of the desired objects. Size, shape, texture, and other

features are assumedunknown. Without knowledge of the desired objects, automatic segmen-
tation is obviously impossible. The method usesthe approac where the useris preseried with

3D building blocks that canthen be usedto interactively sculpt the desiredobjects. Even with

this few assumptions on the obsened data and the desired objects, the method allows good

performanceon complicated tasks such as segmemation of the mandible [Dam et al., 200Q and
brain tumors [Letteboer et al., 200] (see gure 1.1).

While following an appealingtheoretical paradigm, non-committed methods alsosu er from this
very principle. They will not perform worsethan averagefor any problem, but unfortunately they
will not o er superior performanceon many problemseither. Eventhough the full understanding
of most problems is not feasible, often even a limited modeling of the obsened data allows a
certain degreeof specialization of a method.

The work in this dissertation investigatesthe path from non-committed towards more specialized
methods.

1.1.2 Implicit Commitmen t via Evaluation

Incorporation of prior knowledge allows commitment of a method to the given task. Simple
as this sounds, it is often problematic due to lack of ability to quartitativ ely model the prior
knowledge. In caseswhere there is ground truth available, that describesthe desired output of
the method, this problem can be overcome. If a method has a number of free parametersto
allow specialization, these can be optimized through ewaluation against the ground truth.



Figure 1.1: Segmentation of a brain tumor using the r Vision segmentation program basel on
multi-scale watershe segmentation [Dam et al., 20033 Olsen, 1997]. Left: The building blacks
that the user can selet and deselet to sculpt the desired object. In this case the tumor at the
top of the brain. Right: The segmental tumor. The il lustration is from [Lettelper et al., 2003.

We use this approad to designthe Genermlized Anisotropic Non-linear di usion sdemesfor
usein the multi-scale watershedsegmemation method. Committing the building blocks through
optimization of the parameters adds prior knowledge of the ground truth objects and thereby
allow construction of building blocks better suited for the given task [Dam & Nielsen, 200Q
Dam & Letteboer, 2003.

The analysis and optimization of non-linear di usion sdemesinspires the dewvelopmert of the
Diusion Echo [Dam & Nielsen,200]. This leadsto better understanding of the non-linear
di usion schemesand in particular to the connection between non-linear and linear di usion.
The practical outcome of the work could be e cien t implementation of simpler approximations
of non-linear schemes[Dam et al., 20034.

These approadies have little explicit represenation of the actual prior knowledge that allows
them to be specializedtowards a speci ¢ task. The non-linear di usion schemeshave parameters
that are optimized through ewaluation. These optimal parametersdo reveal someinformation

about the anatomical objects. For instance, the soft edgethreshold in the Edge Enhancing dif-
fusion scheme[Weidkert, 19984 givesan explicit measurefor the object boundary cortrast, that
the method is specializedtowards. The specialization implied by the other optimal parameters
is lessobvious. For instance, boundary curvature and overall object elongation are implicitly

adressed but this specialization is quite intangible.

1.1.3 Explicit Commitmen t via Shape Mo deling

The work on committing the multi-scale watershed segmemation method through the use of
non-linear di usion scdhemesshaws that the performance can be signi cantly improved. How-
ever, adhieving esseftially automatic segmetation is not possiblefor most tasks. The implicit
specialization doesnot allow su cien t commitment to the given segmetation task.



Specialization through a shape model of the desired anatomical objects is more explicit. In
this approad, the shape model is trained on a database of example organs. For parametric
shape models with probabilisticly de ned variations (such as the active shape model or the
m-rep [Pizer et al., 20039) this is actually very similar to commitment through optimization of
parametersvia evaluation against ground truth data. However, a major di erence is the ability
to sample from parametric shape models. This allows visualization of the shape classthat the
method is committed to. Thereby the commitment becomesmore explicit.

Extending the multi-scale watershedsegmemation method with an explicit shape modelis a non-
trivial problem. The segmemations are achieved through adding and remaoving regionsat di er-
ent scales. This correspndsto selectingand deselecingnodesin the multi-scale linking struc-
ture. Thereby the shape of the resulting object is implicitly represenied as an attributed graph.
For similar but di erent objects, the size and topology of this graph will dier. Even though
promising preliminary results exist for related shape represerations [Shokoufandehet al., 2002
Demirci et al., 2003 Siddiqgi et al., 1999, no shape model hasyet beenpresered for an implicit
shape represeration of this kind. The main problem comparedto the cited approacesis that
the multi-scale watershedlinking tree represeits the ertire imageand not only the desiredobject.

Another shape model, that is also basedon an underlying graph represenation with varying
topology, is the m-rep. A sampled medial axis will in generaldier in topology and size for
di erent objects. The approac chosenin the m-rep is to make it a generative model with xed
topology and sampling for a given object class. A similar approach could be relevant in the
multi-scale watershed method.

The concluding work presenied in this dissertation presens a shape modeling method that
automatically generatesan m-rep shape model with corresponding probabilistic variations from
a training collection of shapes. The method is usedto create a prostate shape model.

1.2 The Contributions In this Dissertation

The contributions of this dissertation fall in three main categories:

Non-linear Diusion in Multi-Scale Watershed Segmentation in 2D & 3D
The generalizedanistropic non-linear di usion sdemeis intro duced and evaluated for the
purp oseof feedingprior knowledgeof the desiredanatomical structures into the interactive
multi-scale watershed segmemation method. This work is concerrated on segmeration
of brain structures in 2D and 3D.

The Diusion Echo
The di usion edo isintroducedand o ers intuitiv e visualization and analysisof non-linear
diusion schemes.In particular, the analysisis focusedon the feasibility of approximating
non-linear di usion schemeswith simpler, local Gaussian lters.

Shape Mo deling via a Medial Represen tation
A bootstrapping method for automatic construction of a medial shape model from a train-
ing set of anatomical structures is introduced. The method is applied for building a
prostate shape model.



1.3 Reading this Dissertation

The following chapters assumebasicknowledgeof standard medicalimageanalysismethods. The
preseration is kept short and concise. A more elaborate introduction to the speci c concepts
required to read this dissertation can be found in [Dam, 200Q.

The majority of the following chapters are basedon edited versionsof the publications listed in
the preface. Each publication is assigneda separatechapter. These chapters have beenslightly
re-written in order to presert the work cohererly. Howeer, the main contents and results are
left untouched. Where later work improves earlier published results, the original results are
therefore included in order to faithfully preser the published work. The improved results are
then addedin a following chapter.

Chapter 2 intro ducesthe multi-scale watershed segmemation method. The work on the use of
non-linear di usion in the multi-scale watershedsegmemation is presened in chapters 3, 4, and
5. The di usion edo and its usesare preseried in chapter 6 and 7. The work on shape modeling
is presered in chapters 8, 9, and 10. Finally, the concluding summary is in chapter 11.



Chapter 2

Multi-scale Watershed Segmentation

As announcedin the introductory chapter, the multi-scale watershed segmetation (MSWS)
method acts asthe starting point for much of the work in this dissertation. In this chapter, the
method and an implementation of it is presered.

2.1 Intro duction

In many medical segmetation tasks, the imagesdo not su cien tly clearly outline the relevant
anatomical structures for making simple automated segmetations. The counter-example is
simple thresholding of bone structures in CT images|[Lorensen& Cline, 1987. Howewer, sud
techniguesdo not work for most anatomical structures sud as soft tissuein CT (due to varying
and indistinguishable attenuation [Webb, 1988), most structures in MR (due to the image in-
homogeneitiegWebb, 1988), and most structures in PET/SPECT (due to noise[Webb, 1988).
Here, the alternativesare either performing a tedious manual outline slice per slice, or creating
specialisedalgorithms heavily supported by prior information [Cooteset al., 1999.

The interactive 3D multi-scale watershed segmemation tool, r Vision, may successfullybe
applied in these situations [Dam et al., 200QJ. The image scale-spacds created by Gaussian
convolution [ljima, 1962 Witkin, 1983 Koenderink, 1984. The watersheds of the gradient
magnitude are computed independertly at all scales. A linking procedure gives the simpler
large scalewatershedsthe small scalelocalization [Olsen, 1996 Lindeberg, 1994 Gaudh, 1999
Lifshitz & Pizer, 199Q Grin & Colchester,1995. The linked watershed regions constitute a
multi-scale partitioning of the images.

Ideally, a given anatomical structure may be outlined by a single region. Howewer in most
situations, the linked watershedsdo not directly compareto the anatomical structures. r Vision
lets the user arbitrarily change scale and select and deselectregions, and thereby sculpt the
anatomical structure. All interaction is geometrical and thereby intuitiv e to the clinician. The
speed-upcomparedto manual segmemation dependson the interactions required to outline the
anatomical structure.



The Gaussianscale-spacés a leastcommitted scale-space A number of other scale-spacejualify
asbeingleastcommitted sincethey posessimilar axiomatic foundations. Among thesearealpha
scale-spacdDuits, 2003, total variation minimizing di usion [Rudin et al., 1993, mean curva-
ture motion [Gage, 1983, and a ne morphological scale-space.A certain measureof personal
preferenceguidesour choice of Gaussianscale-spacasthe elewated least committed scale-space.
Furthermore, the seperability property of Gaussianscale-spaceallows simple and fast implemen-
tations. Though the useof a least committed scale-spacdhe resulting segmetation method is
consideredgeneralwith no speci ¢ task in mind.

2.2 MSWS Basics

During rain the drops gatherin pools. The topology of alandscape de nes the regionsof support
for eat pool | the catchmentbasins The boundariesbetweenthe catchment basinsare termed
watersha&s. On large scale,the watershedsof a landscape are a particular kind of ridges and
the catchment basins are the dales. The geographical concept watershal was introduced to
mathematicians in [Maxwell, 1870Q.

The watershedsallow a simple partitioning of an image. Howewer, for segmemation purposes
the regionsborder should be de ned asthe watershedsof a dissimilarity measureinstead of the
original image. A simple, non-committed dissimilarity measureis the gradiert magnitude.

The structures that are outlined by this partitioning are de ned with respectto the scaleat which
the gradient is calculated. Di erent scalesare therefore neededto locate objects of di erent sizes.
The theory of scale-spacsuggestdooking at the deep structure [Koenderink, 1984 Witkin, 1983
Sporring et al., 1997 | how the catchment basinsdewelop over scale.

Each catchment basin correspondsto a local minimum for the gradient magnitude. The generic
events for the gradient magnitude minima have been derived with the conclusion that fold
annihilation, fold creation, cusp annihilation, and cusp creation catastrophes are stable and
therefore to be expected for typical images. For the catchment basins, this correspondsto the
annihilation, creation, merge and split events [Olsen, 1996 Olsen & Nielsen, 1997. Theseare
illustrated in gure 2.1.

Linking of the catchment basins acrossscaleconmbines the simpli cation at the detection scale
with the ne scaleprecisionat the localization scale(see gure 2.2). The segmetation method
preseried in [Olsen, 1994 usesthese localized basins as building blocks for the segmemation.

The usercanshift the detection scaleand thereby selectbuilding blocks appropriate for sculpting
the desiredobjects. As scaleincreasesregionsmergewith no movemern of the boundariesdue
to the linking to localization scale.

Approachesrelated to the multi-scale watershed segmemation of [Olsen, 1994 are presenred in
[Lifshitz & Pizer, 1990, [Gauch & Pizer, 1993, [Jackway, 19964, and [Gauch, 1999. Howewer,
important contributions of [Olsen, 1994 are the robust linking of regionsusing maximum overlap
and that an intuitiv e interfaceis presered that allows the userto interact directly with the three-
dimensional building blocks. This forms the basis for an implementation that is presered in
the following section.



oG oo
>
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Figure 2.1: Linking of catchment basins as sale increases. The ve possiblelinking types of
watershel regions between two adjacent sale levels[Olsen, 199€. From low sale to high sale,
eachregion is linked to the region at high sale with maximum area/volume overlap. This creates
a linking tree (as opposeal to a graph) since creations and split are implicitly ignored.

Original example Watershedsat Watershedsat Linked to
image localization scale detection scale localization scale

Figure 2.2: Linking of watershel regions down to localization sale. The catchment basins at
detection sale is linked down to the localization scale and thereby get ne sale precision.

2.3 r Vision

The segmetation program does not attempt automatic segmemation | rather the goal is to
provide the expert user with an intuitiv e interaction that aids the segmemation processand
thereby reduceinteraction time and increasereproducability.

The philosophy of the segmemation methods of r Vision is to provide e ective meansfor simpli-
fying the segmetmation task | in a non-committed fashion that allows the expert userto reac
the desired segmetation.

Segmentation using Building Blo cks

The userselectsand deselectsamongthe generatedbuilding blocks in order to sculpt the desired
anatomical objects. The segmemation processis illustrated in gure 2.3.

The choice of scaleis essetial for the selectionof building blocks. If the scaleis too small, many
building blocks must be added in order to reac the desired object. A typical processstarts
with the selectionof somelarge building blocks followed by re nement at a smaller scalethrough
addition and removal of smaller building blocks. It is possibleto reach any desiredsegmetation
sincethe smallest building blocks are voxel-sized.
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Figure 2.3: The building blocks geneated in the preprocessing step are usead for segmenting the
kidney. Left: A single building black have been seleted. The size of the building blacks is
controlled by the sale/resolution slider (at 21 in the gure). Right: An additional building
black is selested by clicking on the partial kidney wher the top is missing. The object is a
sgymentation of the kidney.

A key point is that the actions are 3D actions. Even though the building blocks are only
displayed in terms of the boundarieson the planes,an action will add/remove a 3D shape.

Furthermore, actions are donein 3D. A selectionon top of an object will add the neighboring
building block | even though the boundariesfor this building block are not displayed on any
plane. An example of this e ect is illustrated in gure 2.3 where the top half of the kidney is
added without moving the planesto the slicesthat cortain that part.

Prepro cessing using Intensit y Transformation

The preprocessingstep generating the building blocks can be customized using an intensity
transformation. This changesthe cortrast betweenthe intensities that correspondsto specic
anatomical structures. Sincethe construction of the building blocks are basedon the contrast,
a suitable intensity transformation can ensurethat the building blocks are better suited for
segmetation of a given object. This is a simple, interactive commitment of the method to a
speci ¢ segmemation task.

Segmentation using Histrogram Thresholding

Some structures are easily distinguishable from their intensity valuesin a scan. The generic
exampleis bonestructure in CT scans.For easysegmeration r Vision hasasimplethresholding
segmetation method.

This method is illustrated in gure 2.4. Note that a threshold segmetation will generally not
o er a perfect segmetation due to noiseand other artifacts (contrast enhancemeh agerts, for
example). Morphological operations can sometimese ectiv ely be usedto cleanthe small noisy
segmets but are lessuseful for the larger segmets due to artifacts. In both cases,deselection
of building blocks o ers an e ectiv e way of cleaning up the segmemation.



Figure 2.4: Seggmentation using histogram thresholding. Left: An intensity interval has been
speci e d (from a histogram of the intensities) that selets the higher intensities. As a result the
bone structure is seleted. However, a spongy kidney and some blood vesselpieces are selested
as well (their high intensity values are due to a contrast agent) together with small sections
with noisy values. Relatively large building blacks can now be applied to deselet the undesired
structure in approximately 20 mouseclicks. Right: The nal seymentation resultis achievel.

Segmentation using Flo oding

Someanatomical structures appear to be \easy" to segmen due to a high degreeof contrast.
An example could be a rib from the abdominal CT scan shown previously. Howewer, range
segmetation is not applicable sincethe ertire bone structure will be selected. While it is quite
easyto segmen the rib by simply selectedall the corresponding building blocks, this is somewhat
tedious. In order to simplify this the program supports \ 0 oding" of the building blocks.

The o oding processhelps selectthe neighboring building blocks that are similar to the rst
selected. The processis illustrated in gure 2.5. The procedureis de ned by a region merging
processwhere neighboring building blocks are sorted by di erence between mean grey value
from the ead building block to the starting block.

2.4 Applications of r Vision

The program r Vision has been applied for segmemation of the masseter (chewing muscle)
in MR. This is a highly complicated task. The evaluation showvs a speed up factor of two
compared to manual segmemation, which is the only available alternative [Dam et al., 200Q
Murakami, 1998.

The program has also beenevaluated for segmemation of brain tumors [Letteboer et al., 2001,
Letteboer et al., 2003. The ewaluation comparedthe segmemation program with manual out-
lining with respect to accuracy and reproducibility (measuredasinter- and intra-observer vari-
ability). The results shaved that the two segmemation methods are interchangeablein terms of
accuracy Furthermore, r Vision had higher reproducibility than manual segmetation.

Finally, the interaction time for the MSWS program was on average one third of the time
usedfor manual outlining. The evaluation data setis illustrated in gure 2.6 and an example
segmetation is showvn in gure 1.1 (chapter 1, page 3).
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Figure 2.5: Segmentation using o oding. Top left: Flooding is initiated on a building black
at the lower part of the Aorta. This also selets the sale usel for the entire o oding process.
Top right: By scrolling the horizontal \wheel" in the Flooding controls window more building
blocks are added until the o oding spills into undesirable segments. Bottom left: Rewinding the
wheel removesthe spilled segments. The partial ly segmental aorta is the result of one o oding
operation (using 25 building blacks). Bottom right: A few selestions add the remaining part at
the top. Note that the bumpson the middle of the aorta are where smaller blood vesselsbranch.

Figure 2.6: The data set consists of 20 sans with brain tumors. These are divided into 7 full-
enhancingtumors (typel), 6 ring-enhancing tumors (type Il), and 7 non-enhancingtumors (type
lII). Eachtumor has been manually segmental twice by three operators by slice-wise outlining.
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Recycling in this Chapter

The introduction and section 2.2 are edited parts of [Dam & Nielsen, 200Q and [Dam, 200Q.

The segmemation program r Vision was dewveloped by Andreas Thomsen, Erik Dam, and Ole
Fogh Olsen [Johansenet al., 1999 Dam et al., 20033 Olsen et al., 200d.

The brain segmetation gures in section 2.4 are from [Letteboer et al., 2003.
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Chapter 3

Evaluating Non-linear Diusion In
MSWS

In this chapter we evaluate a broad classof non-linear di usion schemesin the setting of the
multi-scale watershedmethod presened in the previous chapter. Through a new scheme GAN,
we shaw that di usion similar to the non-linear Perona-Malik scheme is superior to the other
evaluated di usion scemes. This specialization of the segmemation method provides a speed
up factor of two for the task of interactively segmeting gray and white matter of the brain.

3.1 Intro duction

The Gaussianscale-spaces a least committed scale-space.A non-linear scale-spacecommits
itself to certain intensity variations through the non-linear function and to certain local edge
shapesthrough the di usion structure. This is formalisedthrough the connectionbetweenenergy
minimization methods[Mumford & Shah, 1989 and non-linear di usion in the biasednon-linear
di usion [Nordstrom, 199Q. In this light, one may arguethat the useof the non-linear di usion

schemesis the rst stepin commitment towards using prior shape and intensity knowledgeasin
the active cortour and core-basedsegmetation methods [Cootes et al., 1995 Pizer et al., 1994
Cremerset al., 20024.

In this work, we evaluate a number of non-linear di usion schemesfor the multi-scale watershed
segmetation method in 2D: non-linear isotropic Perona-Malik [Perona & Malik, 1997, Weick-
ert's non-linear image enhancinganisotropic schemes[Weidkert, 19984, and a generalization of
these. In section 3.2.4, we argue that these schemesin a natural way span a spaceof di usion

schemessupporting segmetation.

The avor of our work is closeto the comparisonof di usion schemesfor segmemation performed
on the hyper-stack [Vincken, 1995 Koster, 1995 Niessenet al., 1997. The major di erences
are that the hyper-stak is based on isophote linking and that it constitutes an automated
segmemation algorithm.
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Another related work is the evaluation of the useof non-linear di usion as preprocessingbefore
watershed segmetmation [Weidkert, 1998H. In this work we speci cally ewaluate how the desp
structure of the various scale-spacesupport the segmetation.

In section 3.2 the evaluated di usion schemesare preseried. The evaluation method is outlined
in section 3.3 with results in section 3.4.

3.2 Diusion Schemes for Multi-scale Watershed Segmentation

The original multi-scale watershed segmetation method relies on the linear Gaussian scale-
spaceto simplify the image. This simpli cation determines how the catchment basins group
into gradually larger building blocks corresponding to image structures at a given scale.

The linear scale-spacdor an image | (%) is described by the PDE

@ (%t
(@ ) - L(x;t) = Lj (%;1)
with the initial condition: L(3¢;0) = | (). The Laplaceoperator is written usingthe Einsteins
summation coB\/Ertion: Li = Lxx + Lyy::: The Gaussiancorvolution kernel with standard
deviation = 2t is the Green's function for the PDE.

The Linear Gaussiandi usion stheme (here denoted LG) has extremely nice theoretical proper-
ties [Lindeberg, 1994 Weidkert, 19984. In particular, the causality property, the averagegray
level invariance property, and the fact that the image gets uniform intensity for scaletending to
in nit y ensuresthat the linear scale-spaces applicable for the multi-scale watershed segmeta-
tion method. However, these properties do not ensurethat it is an optimal di usion schemefor
the method. Speci cally the isotropy property will tend to favor roundish objects.

In [Olsen, 1996 Olsen & Nielsen, 1997 the generic everts for the gradient magnitude minima
are derived. When the diusion scheme is replaced by non-linear schemes, the analysis of
the genericevents for the watershedregionsis no longer applicable. Some of these non-linear
sthemeshave been analyzed [Damon, 1997. Howewer, from a practical viewpoint, the linking
of the discrete scalelevels can handle nearly any di usion scheme with suitable simpli cation

properties due to robust matching of regions [Dam, 200J. The linking of watershed regions
are done by linking a region a low scaleto the region at the next, higher scalelevel with the
largest area overlap. Thereby, the catastrophesare not detected and no information regarding
the speci ¢ catastrophetypeis applied in the linking procedure. Furthermore, no extrapolation
and matching of singularity strings in scale-spacdn necessary

3.2.1 Regularised Perona-Malik
The classical Perona-Malik di usion sthemeis designedto presene edgesduring the di usion
[Perona & Malik, 1990. The regularisation due to [Catte et al., 1997 is denoted RPM:

@ (x;1)
@]

1

=div(p@r L j5rL) where p(rL j?)= ————
14 L]

(3.1)
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The parameter is athreshold for the gradient magnitude required to make the schemepresene
an area (an edge). The determinesthe Gaussianregularisation scaleat which the gradient
r L isewaluated. The divergenceoperator is de ned div = @@ + @@ +

3.2.2 Anisotropic Non-linear Di usion

Weidkert [Weidkert, 19984 de nes the anisotropic non-linear di usion equation for a 2D image
| by the PDE:

% =div(D@ (rL ))rL) where L(%0)=1(x) (3.2)
The diusion tensor D 2 C! (R? %;R? ?) is assumedto be symmetric and uniform positive
de nite. The structure tensor J is evaluated at integration sale , and the gradient r L at
sampling sale

Throughout this dissertation we will ignore the structure tensor (implicitly setting it to identit y)
in the explored di usion sdemes.

The di usion equation possessethe samesimpli cation properties mentioned for linear Gaussian
di usion above (obviously not including the isotropy property) [Weickert, 19984 that ensures
that the diusion schemesare applicable for the segmetation method.

For the following di usion sdcemes,the di usion tensor is de ned in terms of the eigervectors
vi krL ,vy,? rL andthe corresponding eigervalues ; and ». Furthermore, Weidert
preseris a di usivit y function wy, designedto presene edgesmore aggressiely than the Perona-
Malik di usivit y function p.

8
> 1 | rLj=0
Wm(r L j9) = > 1 exp — 3o jrLj>0 (33)

ir L j2

Here m determinesthe aggressienessof the di usivit y function, and C, is derived from m suc
that the ux magnitude function jr Lj wy(jr L j?) is increasingfor jr Lj> < and decreasing
forjr Lj2> [Weidkert, 19983 Dam, 200d. In the following the di usivit y function wy, is used
to de ne the eigervalues ; and ».

Isotropic Non-linear Di usion

Weidkert [Weidkert, 19984 designsan isotropic non-linear di usion stheme (here denoted IND)
by the following eigervalues 1 = 2= wn(jr L j?). Form = 0:75this is qualitativ ely equivalert
to Perona-Malik di usion (this can be seenby comparing the respective di usivit y functions).
Intuitiv ely, this is an increasingly aggressie version of the Perona-Malik schemefor m > 0:75.
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Edge Enhancing Di usion

The anisotropic versionis termed edge enhaned di usion and de ned by the eigervalues 1 =
wm(jr L j3) and » = 1. The choicem = 4 (which implies Cy, = 3:31488)is usedwith visually
appealing results in [Weidkert, 19984. Here, we also exploit m = 2 (C, = 2:33666)and m = 3
(Cm = 2:9183) for the edgeenhancingdi usion sdeme.

The isotropic non-linear scheme enhancesedgesso aggressiely that noiseis presened around
edgesfor a long scaleinterval. The anisotropic schemes (here denoted EE2, EE3, and EE4
depending on the choice of m) remedy this by smoothing along the edges.

3.2.3 Maximally Anisotropic Di usion

Inspired by Weidkert's anisotropic di usion equation we de ne the maximally anisotropic di u-
sion schemeby de ning the eigervalues 1 = 0and , = 1. Thereby the di usion is completely
restricted acrossthe potential edgewhile beingallowedto o w alongthe isophotes. The di usion
is similar in spirit to Mean curvature motion | however the schemesare not identical.

Since one eigervalue is zero, the di usion tensor is not positive de nite. Therefore we cannot
assumethat this schemewill ful ll the properties proven for the anisotropic non-linear di usion
equation (equation 3.2).

3.2.4 Generalized Anisotropic Non-linear Di usion

The di usion schemespreviously presenied are de ned by the di usivit y functions in the gradient
direction and the isophotedirection. Figure 3.1lillustrates this \space of di usion schemes". This
inspires the new Genemlized Anisotropic Non-linear di usion sdeme (denoted GAN) de ned
by the following di usivit y functions ; and »:

1 = w(m;;jrL j?
+@1 ) 1 (3.4)
The Weidkert di usivit y function (equation 3.3) is written w(m; ; s2) instead of wm ( ; s?) since

m is to be perceived as a regular parameter of the di usivit y function. The parameter deter-
mines the degreeof anisotropy.

2

The GAN sthemeis namedGenenlized Anisotropic Non-linear di usion sinceit o ers astraigth-
forward generalization of the previously preseried di usion sctemes. The choice of the param-
eters, in particular the aggressienessparameter m and the anisotropy parameter , allows the
sthemeto cover the white areain gure 3.1. The speci c schemesare realisedby the following:

LG Linear Gaussiandi usion isdened by ! 1.

IND Isotropic Non-linear Di usion is achivedfor = 0.

RPM RegularisedPerona-Malik schemeis approximated by

= 0and m = 0:75.

EEx The Edge Enhancing schemesEE2, EE3, and EE4 are
de ned by = 1 and the corresponding m.

MAD Maximal Anisotropic Di usion is achieved for = 1
and ! O.
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3.3 Evaluation

An obvious ewvaluation is to let clinicians test the segmemation method on real segmetation
tasks with the di erent di usion sthemes.Howevwer, this is not objective and requires extensive
work by the clinicians. The alternative is to measurethe quality of the segmemations with
respect to a \correct segmemation" | the ground truth.

The quality measureshould be general, objective, and quartitativ e. For speci ¢ segmeiation

tasks, the quality measurecould be de ned in terms of speci ¢ features of the desired segmen-
tations (shape, topology, etc.) or even ultimately by the ability to facilitate a correct diagnosis.
Howewer, for a generalevaluation method, the measuremust be simple and geometric. This al-
lows areaor boundary oriented measuressuch asthe areaoverlap or the meanminimal boundary
distance betweenthe ground truth segmemation and the segmemation being evaluated.

Volume overlap is the simplest measureto compute for segmetations represerned by pixels.
Howewer, even the normalized volume overlap is not an optimal measure since the measure
is increasingwith the compactnessof the objects (the areato boundary ratio). Therefore the
normalized volume overlap doesnot o er a good objective absolute evaluation of a segmemation.

It doeshowewer allow fair relative evaluation of competing segmemations on the same object.

Evaluation on a collection of objects can alsoimposeproblems if the compactnessvary greatly
acrossthe collection. This would bias the importance of ead object in the overall evaluation.

If the objects in the ground truth collection are similar in size and compactness.this is not a
problem. Therefore we choosethe simpler quality measurebasedon normalized area overlap.
The discussionis equivalent for 3D segmemation using volume, surface,and voxels asthe basic
represertations.

In this chapter, ground truth segmetmations of white and gray matter for both real and sim-
ulated MRI brain scans are used (gures 3.2 and 3.3). The real data is from the Inter-
net Brain Segmentation Repository [ibs, 1999. The simulated data is from the BrainWeb
[Cocoscoet al., 1997, Kwan et al., 1996 Collins et al., 199§.
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Figure 3.2: Simulated T1 MR brain san Figure 3.3: Real T1 MR brain san of a
with ground truth white and gray mat- 55 year old male. The set contains 60
ter. The volume is 181x217x181with coro-  256x256 slices with slice thickness 3:0mm.
nal slice thickness 1 mm, intensity non- The slices are coronal with a ip an-
uniformity level 20%, noise level 9%. From gle of 40 deagrees. From http://neur o-
http://www.bic.mni.mc gill.ca/brainweb www.mgh.harvad.edu/cma/ ibsr

The quality measureis de ned via the relative error (misclassi ed pixels relative to number of
pixels in ground truth object, wherea pixel is uncorrectly segmeted if it is included only in the
segmetmation or only in the ground truth). From ead data source5 slicesare usedfor training
and another 5 slicesare usedfor evaluation.

The pixel-sized building blocks allow the userto reach an arbitrary segmemation | therefore
any di usion sthemeallows perfect segmetation. The evaluation of the semi-automatic method
measuresthe user e ort required to reach a speci ¢ quality threshold In an evaluation with
clinicians, the usere ort could be measuredasthe time needed. For this evaluation, the e ort is
naturally measuredasthe minimal number of basic useractions required. The canonicalactions
are seletion and deseletion of the building blocks.

In order to usethe minimal number of user actions neededas a measureof the user e ort, this
minimal count must be established. This is done e cien tly by algorithm 1 described in section
3.3.1. Oncethe usere ort is quanti able, this measurecan be usedto optimize the parameters
for the non-linear schemesto minimize the user e ort. This optimization method is described
in section 3.3.2.

3.3.1 Optimal User Actions

The linking tree determineshow the building blocks merge as scaleincreases. Each node cor-
responds to a single region at the given scale| and corresponds to a set of regions at the
localization scale. The leavesin the tree are the single voxel/pixel building blocks. A simple
heuristic for reading the optimal segmetation is to start at the largest scale,and then visit
all nodesin the linking tree in a top down order. At ead node, the subtreeis either marked as
selectedor deselecteddepending on whether the corresponding regionsare mostly inside or out-
side the ground truth segmetiation. During this traversal, actual user actions are only needed
where the attribute changesfor a node (if a region is selectedas part of a large scaleregion, it
neednot be selectedagain at low scale). This simple top-down heuristic yields reasonableuser
actions that yield the ground truth segmemation | but it doesnot o er the optimal actions.
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In algorithm 1 (on page20) we de ne the setof possibleactions as Selet, Deselet, and Ignore in
order to be ableto perform an action at ead node in the tree. Obviously only Selet and Deselet
correspond to user actions. Furthermore, we de ne the node states In and Out depending on
whether the node is selectedor deselectedby its predecessorsFinally, we add an arti cial root
node that correspondsto the ertire image. This node has state Out by de nition.

The algorithm is a bottom up traversal of a linking tree. At ead node the minimal action court
is determined both if the node is assumedto have state In and Out. This is trivial at the leaf
node, since a single action is neededonly if the state and the actual position comparedto the
ground truth segmetation di ers. Moving up through the linking both minimal actions courts
are determined| assumingthe node have In or Out. When the root node is reached the state
is Out by de nition, and the overall minimal action court is determined.

Note that we do not have to create the leaves explicitly. For ead leaf-parert (corresponding to
the regionsat the localization scalelevel) the In-count and Out-court can simply be calculated
from a count of the number of pixels inside and outside of the ground truth for ead region.

Algorithm 1 determinesthe minimal count of actions it requiresto achieve the perfect segmen-
tation accordingto the ground truth segmemation. This number can obviously be established
by exhaustive seart of all conmbinations of the possibleactions Selet, Deselet, and Ignore at

ead node. Howevwer, the computational complexity of this approad is not appealing. It is quite

simple to seethat algorithm 1 providesthe minimal processingcost by structural induction. At

the leaf nodesthe minimal processingis trivially performed. At an inner node, the minimal

processingcost is obtained since the minimal of the two possibilities (corresponding to Ignore
or Selet/ Deselet) is chosen.

Let p be the number of pixels/voxels and n be the number of inner nodesin the tree. The
algorithm hasa complexity of O(p+ n). Eadch inner node is inspectedoncefrom its parert. This
is optimal sincean algorithm hasto visit every node in the tree (or cornvert the tree into some
other data structure | which would require a visit at ead node anyway).

In [Dam, 200qQ an extended algorithm is preseried that nds the minimal error given a limited
number of useractions.

3.3.2 Optimization of Parameters

The diusion schemeshave a number of parameters that determine the performance for the
given segmemation task in the multi-scale segmemation method. The quartitativ e measurefor
usere ort allows automatic optimization of the parameters.

The optimization method is treated in more detail in chapter 5. Here we simply presen the
very naive double-scalegradient descem method in algorithm 2.

For additional details on the evaluation method, the algorithms for establishing the optimal
combinations of building blocks, the optimization method, and the optimal parameter sets, see
the technical report [Dam, 2000.
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Algorithm 1 Optimal User Actions

Input: The localization scalewatershedregions,the multi-scale watershedlinking tree, and the
ground truth segmetation.

Output: The minimal count of useraction required to reac the ground truth segmemation.

1. For ead leaf:

Determine whether the leaf pixel is inside or outside the ground truth.

Determine In -count (cost of reacing optimal segmemation if parent has state In):
If the leafis outside, it is necessaryto Desele&t it and the action court is one.
If the leaf is inside, no action is necessaryand the action count is zero.

Determine Out-count (cost of reaching optimal segmemation if parent hasstate Out):
If the leafis outside, no action is hecessaryand the action court is zero.
If the leafis inside, it is necessaryto Selet it and the action cournt is one.

Keep both of these conditional courts | denoted In-court and Out-court | as
attributes for the leaf.

2. Visit ead inner node in the tree in a bottom up order:

Determine In-count (assumingthe parent has state In):

We can either chooseto keepthe default state In or chooseto Deselet the node.

If we keepthe state, we can simply add the In-courts of the children in order to get
anIn-court |' for the node. If we Deselet the node we get an In-court | A by adding
oneto the sum of the Out-counts of the children. In order to get the optimal court
In-count | we choosea smallest of thesetwo possiblecourts:

xXn xn
g where |'= i and 1A =1+ o}
i=1 i=1

| = minfl':1A

The superscriptsin ' and |” are short for Ignore and Action.

Determine Out-court (assumingthe parent has state Out):
The Out-court O is achieved in the samemanner:

xn
O=minfO';0%g where O* =1+ ;i and O'= O
i=1 i=1
3. At the root:

Sincethe root state is Out by de nition, the optimal action court is the Out-court
for the root node.
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Algorithm 2 Optimization of Di usion SchemeParameters
Input: The collection of image data with corresponding ground truth segmemations.
Output: The optimal parametersfor the given di usion scheme.

1. De ne inital value and suitable step valuesfor eat parameter.

2. Evaluate the performanceof the initial parametersetasthe averagefor the ertire collection
of a quarti able measure. This could be the minimal number of user action required to
reach the ground truth segmemation or the minimal error given 50 user actions.

3. Repeat until no more improvemert is found:

Inspect eadh parameterin turn.

Evaluate the performance of the parameter setswhere the current parameter value
is added and subtracted three times the corresponding parameter step (as de ned in
step 1).

If either of the added or subtracted parameter values provide improvemert, usethis
parameter set as the current.

Try next parameter.
4. Repeat the previous step where single parameter stepsare attempted.

5. The resulting parametersare denoted the optimal parameters.

3.4 Results

The performanceis illustrated by the error as a function of the number of actions for eath

scheme (with parameters optimized to the speci c data set). This is put into perspective by

the performanceof a Quad tree linking scheme [Samet, 1984 (here denoted QT). The number
of quad tree blocks required has a closerelation to the box-counting dimension of the ground
truth objects | also denotedthe Hausdor dimension [Ott, 1993. Furthermore, the building

blocks of the quad tree are not adapted to the geometry of the image. Thereby the performance
of the quad tree linking givesa frame of referencefor the performancesof the di usion schemes
de ned in terms of the complexity of the ground truth objects.

Figures 3.4 and 3.5 display the performanceon the simulated and the real data, respectively.
The best of the existing schemesis the regularisedPerona-Malik scheme. The new GAN scheme
is slightly better than this. Howewer, the graphs do not give a clear notion of the quartitativ e
di erences in performance. Figure 3.6 delivers the desired relative performance indicator on
averagefor all data sets. The relative performanceis determined both for the training set used
for optimization of the parametersfor the di usion schemesand for an independen data set.
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Figure 3.4: Evaluation on simulated data from gure 3.2. Left: white matter. Right: gray
matter. Slices 60, 80, 100, 120, and 140 from the data set are used.
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Figure 3.5: Evaluation on real data from gure 3.3. Left: white matter. Right: gray matter.
Slices 10, 20, 30, 40, and 50 from the data set are usel.

Sdcheme Performance

Training | Evaluation

" Relative Performances QT 383 334
2 MAD 1.18 1.19
5 LG 1.00 1.00
& IND 1.20 1.17
3 EE4 0.66 0.66
Z EE3 0.59 0.63
EE2 0.58 0.62
< RPM 051 051
T mabyosme & © GAN 0.46 0.49

Figure 3.6: Averageperformanceswith the Gaussianschemeas reference. For a given numkber of

actions the performance of the LG schemeis noted | for each schemeis measured the actions

required to get equal quality. The incline of a curve determinesthe number of actions required

to obtain a given segmentation quality relative to the performance of the Gaussianscheme. This

performance indicator is displayed in the table for each di usion scheme.The new GAN scheme
requires lessthan half as many actions compared to the Gaussian schemefor both the training

set and an independent data set.
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The results shav that Perona-Malik is superior among the existing di usion sthemes| some-
what surprising, the anisotropic schemesshow inferior performance. Furthermore, the optimal

parameter setsfor the GAN scheme reveal the optimal degreesof anisotropy and edge preser-
vation aggressieness. The anisotropy parameter is closeto zero for all data sets(0.06, 0.12,
0.0, and 0.0). The improved performancecomparedto RPM is due to slightly increasedaggres-
sivenessin the di usivit y function (the parameter m is 1.4, 1.0, 1.1, and 1.0 comparedto the

approximate value of 0.75for RPM).

In the technical report [Dam, 2000, a number of other results are documerted as well:

With atoleranceareal pixel wide around the borders of the ground truth segmeits, 97%
of the ground truth pixels can be segmemed without the useof pixel-sizedbuilding blocks.

The simple top-down heuristic for user actions preseried in section 3.3.1requires around
one third more user actions than the optimal actions usedby the evaluation method for
all di usion sthemes.

The di usion schemesrequire up to 30 scalelevelsfor the discretelinking to be su cien tly
closely discretised.

Similar results are measuredfor higher number of actions, from simulated data with less
noiseand from real data of a schizophrenic brain.

It is worth noting that the improved performance between RPM and GAN is achieved at the
expenseof introducing two additional parameters(m and ). Additional parametersincrease
the complexity of the optimization processand thereby require a larger training data set in

order to attain a performancethat generalizesto use on an evaluation data set (or evertually

real data). Therefore, in situations with limited training data it can actually be advantageous
to stick with the simpler RPM scheme.

3.5 Conclusion

We present a generalizedanisotropic di usion scheme GAN capturing many known di usion
schemes. Specializing this for interactive multi-scale watershed segmemation of white/gray
matter in T1-weighted MR slicesof the brain shows that di usion similar to regularisedPerona-
Malik is superior to the other di usion schemes. Furthermore, the aggressienessn the di usion
cut-o is more important than the degreeof anisotropy.

The best among the tested di usion schemesyields a decreasein interaction time with more
than a factor two comparedto linear Gaussianscale-space.Our expectation is that the gain
is even higher in a 3D implementation | this is explored further in chapters 4 and 5. The
conclusionis linked to the segmemation task of white/gray matter in the brain. For caseslike
vesselsor abdominal organs, other di usion schemesmay be optimal.
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Chapter 4

Evaluating Non-linear Diusion In
MSWS in 3D

The previous chapter on segmemation of brain tissue from 2D slicesshows that the watershed
building blocks that forms the basis for the interaction method improve signi cantly through
non-linear di usion.

Furthermore, the results from [Letteboer et al., 2001, Letteboer et al., 2003 briey introduced
in section 2.4 shaw that the r Vision implementation of the MSWS method is e ective for
segmeting brain tumors in 3D.

Thesetwo results inspire the obvious attempt of extending the non-linear scheme GAN to 3D
in order to improve the segmemation of brain tumors.

In addition to the direct implications for segmetation of brain tumors, it is certainly also
theoretically interesting whether the results on specialization through the use of non-linear
di usion carry over from 2D to 3D.

4.1 Non-linear Diusion in 3D for Interactiv e Segmentation of
Brain Tissue

In this chapter we addressthe task of segmemation for anatomical structures where the use of
statistical shape modelsis unfeasibledue to the large variabilit y in shape and appearanceof the
desiredobjects.

Often pathologiesleadto this situation | herewe investigate segmemation of brain tumors. For
sometypesof brain tumors, automatic methods show great potential (one such exampleconmbines
tissue statistics with an asymmetry measureto detect the tumors [Lorenzenet al., 20017).

Howewer, in many casesautomatic segmemation is unattainable and interactive methods must
be used. We investigate the interactive segmemation method basedon multi-scale watersheds.
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The method has showvn good performanceon segmemation of the mandible [Dam et al., 2000
and of brain tumors [Letteboer et al., 200]. In both casesthe quality of the segmemations are
as good as manual outlining while the interaction time is greatly reduced.

In demonstrated in chapter 3, the performanceof this method can be improved by using non-
linear di usion asbasisfor the multi-scale method [Dam & Nielsen, 200(J. Howewer, this previ-
ouswork only addresssegmetation in 2D.

Here we investigate the use of non-linear di usion in 3D for the multi-scale watershed method.
Furthermore, we qualitativ ely categorizethe anatomical structures where non-linear di usion
can be expected to improve the performanceof the segmemation method.

The performanceis evaluated on three typesof brain tumors (non-enhancing, ring-enhancing,
and full-enhancing) and on white matter brain tissue. The results conrm the categoriesof
anatomical structures that can benet from the useon non-linear di usion. Unfortunately, this
implies that the performanceis only moderately improved for segmemation of the brain tumors.
Surprisingly, the evaluation shows that a more geometrically complicated anatomical objects
sudh as white matter brain tissue also only allow moderate improvemern.

We briey re-introduce the multi-scale watershed segmemation method using segmemation of
a brain tumors usedfor the evaluation as example. Then the use of non-linear di usion in the
method is described with the de nition of the classof the evaluated non-linear di usion schemes
in 3D. Finally we show results of the evaluation on brain tumors and white matter tissue.

4.2 Interactiv e Segmentation of Brain Tumors

The multi-scale watershed segmemation method described above has beenimplemerted in the
program r Vision [Dam et al., 20034. Evaluation of this implementation has shavn good per-
formance for segmemation of brain tumors [Letteboer et al., 2001].

The evaluation comparedthe segmetation program with manual outlining with respectto accu-
racy and reproducibility (measuredasinter- and intra-observer variabilit y). The results shoved
that the two segmemation methods are interchangeablein terms of accuracy Furthermore, the
interactive MSWS program had higher reproducibilit y than manual segmemation.

Finally, the interaction time for the MSWS program was on average one third of the time
usedfor manual outlining. The evaluation data setis illustrated in gure 4.1 and an example
segmemation in gure 4.2.

In the following, we evaluate whether the use of non-linear di usion in the MSWS method
improvestheseresults.
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Figure 4.1: The data set consists of 20 sans with brain tumors. These are divided into 7 full-
enhancing tumors (type 1), 6 ring-enhancing tumors (type 1l), and 7 non-enhancing tumors
(type lIl). Each tumor has been manually sgmentel twice by three operators by slice-wise out-
lining. The MR sans are aquired with T1-weighted post-contrast acquisition, sanned with a
slice thicknessof 2.2 mm and reconstructed at 1.1 mm. The datasetsconsist of 120 to 150 slices
of 256 x 256 voxelswith voxelssizeis 1.0 x 1.0 x 1.1 mm.

Figure 4.2: Segmentation of a brain tumor using the program r Vision [Dam et al., 20034.
Left: A visualization of the san. Right: The segmental tumor. Repeated from gure 1.1.
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Slice from Groundtruth Segmers from Segmers from
BrainWeb scan white matter linear di usion GAN di usion

Figure 4.3: Sggmentation of white matter in 2D slice: Linear di usion makesthe building blocks
merge acrossbrain structures before reasonablylarge segmentsare formed. The useof non-linear
di usion allows the building blacks to grow within the tissue boundaries. The implication is that
whete 18 action are required to selest 70% of the white matter using building block created using
linear di usion, only 5 are necessarywith GAN di usion. For 80% the action counts are 39 and
11, resyectively.

4.3 Non-linear Diusion in MSWS

The original MSWS method relies on linear Gaussianscale-spacdo simplify the image. This
simpli cation determineshow the watershedregionsgroup into gradually larger building blocks
corresponding to image structures at a given scale.

4.3.1 Reuvisiting Segmentation of White Matter in 2D Slices

In chapter 3 (and [Dam & Nielsen,200Q) the use of non-linear di usion in MSWS is explored
for the task of segmeting grey and white matter from 2D slicesfrom the BrainWeb collection
[Collins et al., 1999. Figure 4.3 illustrates how the building blocks resulting from non-linear
di usion are better suited to the task at hand.

The useof non-linear di usion is evaluated basedon a count of the minimal number of selections
and deselectionsof building blocks in the segmetation. The parameters for the non-linear
schemesare determined suc that this count is minimized. The evaluation results are preserted
by normalizing the performance(of the building blocks resulting from a non-linear scheme) with

respect to the performance of linear di usion. A good descriptor is then the ratio of actions
required comparedto linear di usion.

In chapter 3 the evaluation is basedon both real and arti cial brain scansand with the task
of segmeting both white and grey matter. Here we include only segmemation of white matter
and only use data from the BrainWeb collection. The ewaluation data set is 9 slices evenly
distributed from this arti cial brain scan. For RPM and GAN are we use the parameter sets
resulting from the optimization in chapter 3.

The table below shawnsthat for ead action usedon building blocks resulting from linear di usion,
it is on averageonly necessaryto use0.42or 0.32whenthe building blocks resulted from Perona-
Malik or GAN (where the optimal parameters give very little anisotropy, 0.06, and relatively
low aggressienessat 1.2 | seesection4.3.2for de nition of theseterms).
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Di usion Scheme \ Ratio Std. Dev.

Linear Gaussian 1.00 0.00
Regularized Perona-Malik 0.42 0.15
GeneralizedAnisotropic Non-linear 0.32 0.07

These number are relative and does not state whether any of the schemes produce build-
ings blocks that are actually usable for the task at hand. Furthermore, they only compare
the performance of the rst 50 actions for ead diusion sceme. So the evaluation from
[Dam & Nielsen, 200Q is only to be considereda feasibility study on the use of non-linear dif-
fusion in the method.

4.3.2 Non-linear Diusion in 3D

The Genemlized Anistropic Non-linear di usion scheme (GAN) is presened in chapter 3 (and
introduced in [Dam & Nielsen,200Q) as a generalization of a number of prominent 2D dif-
fusion sthemes| among these linear Gaussian di usion, the classical Perona-Malik scheme
[Perona & Malik, 1994, and Weidkert's edgeenhancingdi usion scheme [Weidkert, 19984.

Here we de ne the extension of GAN to 3D. It is basedon the anisotropic di usion equation
[Weidkert, 19984 in equation 4.1. The diusion on the image U is de ned by the eigervalues

1, 2,and 3 for the diusion tensorD | wherethe corresponding eigervectorsv; are de ned
fromr U (the gradiert at scale ) such that v; kr U and vy;vs are chosenastwo orthogonal
vectors both orthogonal to v1. The di usivit y function w givesthe eigervalues.

@Jg X) _ div(D(r U)r U) where U(0;x) = 1(x) (4.1)
1= w(m; ;s jr U j?) (42)
5 = +(1 )
3 = 8+ T )
> 1 I ruj=o0
w(m; ; jr U j?) = >1 ep — Sy jrUj>0

The parameter determinesthe degreeof anisotropy and m the aggressienesswith which the
edgesare presened (where edgesare de ned by the soft threshold , and C, is calculated from
m such that w is increasingfor jr U j2 < and decreasingfor jr U j2 > ). Weidkert's edge
enhancingdi usion sdhemeis a special case( = 1 and m = 4), the regularized Perona-Malik
scheme can be approximated ( = 0 and m = 0:75) [Dam & Nielsen, 2004, and for ! 1
GAN becomedinear Gaussiandi usion.
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In equation 4.2, the eigervalues , and 3 are de ned as being equal. This implies equivalert
local di usion in all directions perpendicular to the gradient. Another possibility would be to
choosethe two corresponding eigervectors accordingto the main isophote curvature directions
and then limit di usion in the direction with large curvature. Preliminary experimerts with this
approad show high sensitivity to noise (similar to the behavior for the CED stheme preserted
in section 6.2.2 as mentioned in chapter 8).

It should further be noted that this choice doesnot imply isotropic di usion perpendicular to
the gradient | just like the Perona-Malik schemedoesnot o er isotropic di usion eventhough
the di usion tensor hastwo equal eigervalues (seesection 6.3.2 for an illustration of this).

The diusion scemeis implemented using a simple explicit numerical discretization sdheme.
This imposesse\ere time step restrictions in order to ensure stability. In the 2D version the
time stepis required to be below 0.25[Weidkert, 19984. In the 3D version above the time steps
should be below 0.16 (in 2D %, in 3D 3).

4.3.3 When does Non-linear Diusion Impro ve Performance?

The potential gain via the use of non-linear di usion is due to the ability to incorporate task-
speci ¢ prior knowledgeinto the di usion process| typically by optimizing parametersto the
task at hand. In the multi-scale watershed method this changesthe rate of region merging
as scaleincreasesin dierent area of the data. Thereby regionsinside the desired anatomical
structures can be allowed to grow larger beforethe boundariesare blurred away and the regions
merge with regionsoutside the object.

We can qualitativ ely describe the categoriesof objects that will benet from the use of non-
linear di usion in this framework. The categoriesare cascadingsud that objects have higher
potertial the more requiremerts they ful Il

1. The boundaries of the object are quarti able. This allows prevention of early di usion
acrossthe boundary.

2. The interior of the object has few placeswhich have the sameproperties that de ne the
boundaries. This allows full diusion inside the object and thereby large building blocks
can be formed.

3. The geometry of the object is non-sphere-lile. Linear di usion favours sphere-like object
| potatoes| due to the isotropy. Non-linear di usion can allow regionsto merge and
form more complicated shapes.
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4.4 Evaluating GAN for Segmentation of Brain Tumors

The three typesof tumors (see gure 4.1) fall into two of the categoriesabove:

Ring-enhanced: The boundariesare quarti able. Howewer, due to ring e ect, the object has
the inner edgeof the ring inside the object, sothis tumor classfall in category 1.

Non-enhanced & Full-enhanced: The boundariesare quanti able. The inside hasno edges,
and the tumor classfall in category 2.

The tumors are generally \p otato-shaped" so none of them qualify for category 3. Therefore
we can expect little improvemen for ring-enhancedwhile non- and full-enhanced should allow
someimprovemert.

The evaluation for the white matter tissuein 2D reviewed above measuresthe e ciency of the
rst 50actions| normalizedwith respectto the performancefor linear di usion building blocks.
Here we evaluate both accuracyand e ciency of the optimally selectedbuilding blocks compared
to the obseners segmetmation. The accuracy measureis the error measuredby the normalized
volume overlap also usedin section 3.3 (so high accuracyis a low number). The e ciency is
the cournt of actions neededto read the optimal accuracy The algorithm for determining the
optimal building block actions is described in section 3.3.1.

The evaluation results are as summarizedin the table.

Tumor class Accuracy E ciency

Linear GAN Linear GAN
Full-enhancing 0.12 0.03 0.12 0.04 45 31 37 26
Non-enhancing 0.16 0.05 0.16 0.05 76 67 62 59
Ring-enhancing 0.14 0.05 0.14 0.04 57 57 61 57

The ewaluation number for ead classis average and standard deviation of the results for all
tumors and all obseners (i.e. full-enhancing covers 6 manual segmemations on ead of 7 tu-
mors). The results shawv that no improvemern is gained for ring-enhancing while the reduction
is approximately 18% for non- and full-enhancing.

The problem with the ring-enhancing tumors is the inner edge of the ring boundary pro le.
Therefore it could be advantageousto simply segmem the outside instead. Howewer, this is
exactly what the optimal actions selectedby algorithm 1 will do| if it is actually advantageous.

It should be stressedthat the same20 tumor data setsare usedfor training and evaluation |
thereby potentially allowing over tting to the data. Sinceonly 6 or 7 data setsfrom ead class
are avaliable, we decided not to split the data set into a training and an evaluation collection.
The parametersusedfor linear and GAN di usion are obtained through the heuristic gradient
descem method described in section 3.3.2. Due to the computation time neededto generate
scale-spacesor ead of the tumors in order to evaluate a parameter set, a proper optimization
method requiresmore computational resourceghan were available. Thereby the optimization is
fragile with respectto local minima | asseenby the fact that GAN performsworsethan linear
di usion for ring-enhancingtumors even though linear di usion is a special casefor GAN.
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4.4.1 Majorit y Standard Segmentations

The results above are simply averagesof the individual results for evaluation versusead obsener
on ead tumor. An ewaluation method that better captures the variability in the obseners
segmetation is by evaluating versusa \ma jority standard" segmemation.

The majority standard segmetation is obtained by letting the obseners \v ote" on the result
for ead voxel. The voxel is then consideredinside or outside depending on the majority. In the
casewhere the vote is a tie the voxel is allowed to be either. Evaluating against the majority
standard gives:

Tumor class Accuracy E ciency

Linear GAN Linear GAN
Full-enhancing 0.08 0.03 0.08 0.04 35 24 29 20
Non-enhancing 0.10 0.03 0.10 0.03 64 63 54 60
Ring-enhancing 0.09 0.03 0.09 0.04 48 56 52 56

The errors and the actions neededare reduced for all tumor classeswhen evaluating against
the majority standard. The overall picture of no improvemer for ring-enhancing tumor, and
moderate improvemert for the other tumor classess the sameas above.

4.5 Evaluating GAN for White Matter Segmentation

The results above are in line with the categoriesgiven in section 4.4: ring-enhancing tumors
allow noimprovemen while the other allow moderateimprovemernt. In orderto con rm category
3, we evaluate the useof non-linear di usion for segmemation of white matter brain tissue. The
geometry is highly complicated, and thereby the potential for improvemert should be larger.

For the evaluation we have usedthe samebrain scanfrom BrainWeb [Collins et al., 1999 asseen
in gure 4.3. In order to reducecomputation resourcesrequired, the evaluation is performed on
half the volume only (split along the certer sagittal slice). The results are:

Tissue Accuracy E ciency
Linear GAN | Linear GAN
White matter | 0.18 0.17 | 1510 1118

The action court can be reducedby 26% through the use of non-linear di usion. The error is
even reducedslightly. This improvemert in performanceis larger than for the brain tumors but
admittedly not quite aslarge as expected.
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4.6 Conclusion

We evaluate the use of GAN diusion in 3D for multi-scale watershed segmemation. The
performanceof GAN comparedto linear di usion dependson the appearanceof the anatomical
structures to be segmened. We proposea categorisationand evaluate a number of signi cantly
di erent anatomical structures in order to investigate ead category

The results con rm the categorisation. The ring-enhancing tumors shov no improvemert since
the property that de nes the boundary of the tumors is also widely presert inside the tumors.
The non-enhancingand full-enhancing tumors allow moderate improvemert. Theseobjects have
quanti able boundaries and interiors di erent from their boundary. The reduction in actions
neededis 18%. White matter brain tissue is an example of the last category with complicated
geometry The reduction in actions neededis here 26%.

While conrming the categorisation, the results are not nearly as good as expected from the
previous work in 2D. While reducing the need for the time-consuming 3D implementation of
GAN in the preprocessingstep this is disappointing.

In the next chapter we addresswhether there is a fundamenal problem with exploring GAN
(or similar stchemes)in 3D, whether the brain tumors are simply a special case,or whether the
method is awed.

As stated in the preface, the reewaluation is kept in a separate chapter in order to keep this
chapter aligned with the publication.

Recycling in this Chapter

This chapter is an edited version of [Dam & Letteboer, 2003.
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Chapter 5

Reevaluating Non-linear Diusion in
MSWS in 3D

Chapter 3 shows how the useon non-linear di usion in 2D multi-scale watershed segmeration
allows a signi cant reduction of the userinteraction needed. This is evaluated for segmenmation of
white matter and grey matter from slicesof brain scans.In chapter 4 this approac is extendedto
3D. Howe\er, the results are lessencouragingsincethe reduction in userinteractions apparertly
is lesssigni cant in 3D.

The explanation for this is to be found in or more of the following possiblecauses:

The object boundariesare harder to quartify consisterly in 3D than in 2D.

The geometry is more complicated in 3D making it harder for the non-linear schemesto
excelcomparedto linear di usion.

The speci ¢ segmemation tasksevaluated simply doesnot o er more improvemert through
the use of non-linear di usion.

The optimization processthat seeksthe optimal parameters for the non-linear scheme
reacdhesa local minimum.

There is someunknown error in the implementation.
In the following the optimization method is scrutinized in order to reveal whether it actually

determinesthe desiredoptimal parameters. This results in the presenation of a more advanced
optimization method.

With the new optimization method, the basic di erence between 2D and 3D in this MSWS
setting is then investigated.
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5.1 Impro ving the Optimization Metho d

Any optimization method that seeksthe optimal parametersfor some objective function will
needto evaluate the function many times. Either directly or indirectly through the evaluation of
the derivatives of this function. With discrete functions the derivatives are approximated using
nite dierences| againrequiring evaluations of the function.

The non-linear di usion scheme GAN (equation 4.2, page 29) has 7 parameters: starting scale,
end scale,number of scalelevels, regularization scale,soft gradient threshold with corresponding
aggressienes,and degreeof anisotropy.

The evaluation objective functions that needto be optimized are rst the Accuracy and then
the E ciency :

Accuracy:
The best possiblesegmemation accuracygiven a set of multi-scale building blocks. This is
de ned to be without the useof the artici cal level with single-voxel building blocks. This
is de ned as the relative volume overlap betweenthe best segmemation and the ground
truth. Only the lowest scalelevel (the localization level) has in uence on the accuracy
Therefore the accuracyfor a given parametersset can be relatively quickly evaluated.

E ciency:

The minimal number of actions neededto obtain a segmemation with a given accuracy
Dierent requiremerts for the sucient accuracy will lead to slightly dierent optimal
parameter sets. Howeer, the parametersare always optimized to give optimal performance
for obtaining the optimal accuracy In order to evaluate a given parameter set the ertire
scale-spaceof building blocks needsto be calculated making this quite time-consuming.
This is particularly problematic when the evaluation is basedon multiple imagesand the
performanceis given by the averageof the individual cases.

In order to obtain optimal accuracyand e ciency simultaneously the optimzation is performed
in two steps. First the parameters are optimized for accuracy This optimal parameter set is
then xed for the rst level in the gradient magnitude watershed linking scale-space.A new
parameter set is then used for the remaining levels in the watershed scale-space. This new
parameter set is then optimized for e ciency . Thereby the scheme actually has 14 parameters,
but they are optimized independertly in groupsof 7.

In the following, the two alternative methods for obtaining optimal parameter setsare presened.
Since optimization methods are not a certral part of this dissertation the presenation focuses
on the overview.
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5.1.1 Naiv e Descent Algorithm

The rationale behind the original optimization method usedis to avoid too many evaluations of
the e ciency function due to the high cost of generating the multi-scale building blocks.

This lead to the naive desent algorithm. Starting from a suitable inital parameter set eah
parameter is tested in turn for values 3step; where step; is somesuitable epsilon step for the
i'th parameters. The bestamongthe alternative valuesfor the i'th parameter is then chosenas
the new value. When none of the parameterso er improvemert a new round is performed with
test values step;. This simple double-scaledescem algorithm is usedto generatethe optimal
parameter setsin 2D in chapter 3 and in 3D in chapter 4.

5.1.2 Multi-scale Conjugate Gradien t Descent Algorithm

Due to the very local nature of the optimization stepsin the naive desce algorithm it is likely
to be sensitive to local minima in the objective function.

As an alternative to this naive algorithm a more advanced algorithm is used as well. This
is a multi-scale version of the conjugate gradient desent algorithm (from Numerical Recipies
[Presset al., 1999). The main di erence between the algorithm used and the original is the
addition of an outer multi-scale layer. This applies the algorithm in a coarseto ne approac
wherethe gradiert that de nes the seard for the minimum are evaluated at large scale rst and
then at smaller scalesas the optimization ceasego improvel. To be specic, 4 levels are used
where the scaleis divided by 4 betweenead level. This appearsto be suitable.

5.1.3 Regularization and lllegal Parameter Values

Figure 5.1 illustrates how the naive optimization algorithm fails to reac optimal parameters
for the GAN sthemefor segmeting white matter in 3D in chapter 4. The plots show that the
large scalestepswork reasonablywell, but the small scalestepsare simply a mess.

The parameter plots shav exactly the behavior that is problematic for the naive optimization
algorithm, namely the presenceof a plethora of local minima.

The more advanced multi-scale conjugate descemn algorithm is less sensitive to local minima.
Howewer, the non-smath objective function potentially causesproblems for this algorithm.
Furthermore, the illegal parameter values (i.e. negative scale values or the edge presenation
aggressienessm in equation 4.2 below 0.5) that are simply implemerted as giving a very high
value in the objective function, are also problematic. Gradients that are evaluated using these
arti cially high values causethe gradient to push away from the bad valuesinstead of pulling
towards the good.

1The multi-scale extension of the conjugate gradient descern algorithm was developed in cooperation with
Thomas Fletcher at UNC, Chapel Hill. The original purposewas for optimization in the m-rep shape modeling
setting in chapter 9.
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Figure 5.1: Optimization of parametersfor GAN using the naive double-sale optimization algo-
rithm. The aim here is to minimize error (maximizing accuracy) when segmenting white matter
tissuein a single half brain s@an. A minimal error around 0.1865is reachel. The plots il lustrate
the e ect on the error of varying the parametersindividually from a reacha minimum | each
curve is the e ect of changing a single paremeter independently of the others. The number of
parameter stepsaway from the minimum are on the abscissaaxis. Top: The situation at the
minimum reacheal after the large sale steps. From this minimum, the errors valuesare plotted
for upto 17 large sale stepsfor each parameter. The parameters are respectively sale, regu-
larization sale, soft gradient threshold, gradient thresholdaggessivenessand glokal anisotropy
(see section 4.3.2). Most curves behavenicely exapt the regularization sale that revels that
only a local minima is reachel. Only a single data set is usel. Bottom : From the large sale
minimum, the optimization is continued using smaller steps (one third the large sale steps).
The plots showthe situation at the minimum that the small sale stepsreach. All curvesfor the
individual parameter are litter ed with local minima.
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The problem with the non-smaoth objective function can be handled through regularization
of the function. Evaluating the gradient at high scaleo ers a simple means of regularization
but doesnot e ectiv ely remove the many local minima. Another simple regularization method
is to average the performance over a number of training data sets. Since this is neededfor
robust determination of the optimal parameter setanyway, this is the simplestand most obvious
regularization.

A reparameterization could be usedto get rid of the illegal parameter values. For instance the
positive-only scalevaluescould be mapped to cover the entire real axis through an exponertial

mapping.

This reparameterization approad is not pursued in this dissertation. In the following, regu-
larization through averagingis investigated. This simple regularization could very well explain
why the work in chapter 3 on segmemation of white matter in 2D slicesfrom brain scangives
good results whereasthe work on 3D scansin chapter 4 shows poor performance. Instead of
being related to dimensionality, the explanation can simply be that the work in 2D is performed
on many sliceswhereasthe work on white matter segmemation in 3D is optimized on a single
brain scan(actually only half a brain split along the certer sagittal slice).

5.2 Segmentation of Elongated Ob jects

In orderto investigatethis further, an evaluation on arti cial shapeswith simple geometryis pre-
sented. The non-linear di usion schemesare expectedto o er better performanceon elongated
objects. This is evaluated in 2D by optimizing the parametersfor performing segmemation of a
very elongatedrectanglein 2D and a very elongatedbox in 3D. Both objects are added random
uniform noiseasillustrated in gure 5.2.

The collections of imagesused is simply produced by repeating the image generation| the
random noisethen di ers betweenthe exampleimages. For completenesspbjects with di erent
orientation with respect to the coordinate axesare also included.

Three collections are evaluated. The rst, denoted Std, has objects with widths 8 and length
480 pixels/v oxels and consist of 10 images. The secondcollection with 5 images, denoted Air,
has equal objects but in a larger image with more spacearound. The third collection with 5
images,denoted Fat, has objects with double width. All three collections exist in both 2D and
3D versions. It should be noted that the samecollections are usedfor parameter optimization
and for evaluation. This is not proper evaluation methodology, but sincethis is just a \pro of of
concept" evaluation on synthetic objects, this sloppy approad is allowed.

The building blocks that the multi-scale watershed method using linear di usion producesare
approximately potato-shape due to the isotropy of the diusion. This meansthat no main
orientation is expected to be drastically larger than the others. Non-linear di usion has the
potertial for making the building blocks more elongated and thereby more e ective for the
segmetation task.
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Figure 5.2: Elongated objects in 2D and 3D. Top: Elongated rectangle in 2D. The ground
truth rectangle is 8 by 480 pixels | only one end is shown. The images are geneated by
adding uniform random noise with a maximum intensity equal to the intensity given the ground
truth object. The red lines showboundaries between building blocks geneated by the multi-scale
watersha methal using linear di usion. Bottom : Elongated box in 3D measuring 8 by 8 by
480 voxels. A single linear di usion building black at the end of the box has been seleted. The
2D rectanglesand 3D boxeswith widths 8 and lengths480 are considered the standard collection
(denoted Std). This collection has 10 2D and 10 3D images where the only dier ence is the
random noise and the orientation of the object. Alternative 2D and 3D objects with more space
around (collection denoted Air with 5 2D and 5 3D images) and with double width (collection
denotal Fat with 5 2D and 5 3D images) are also testeal.
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Std 2D 3D

480 8| Accuracy Eciency Elongation | Accuracy Eciency Elongation
Linear 0.00260 19.9 3.0 | 0.02070 16.8 3.6
GAN 0.00029 7.9 7.6 | 0.00095 8.0 7.5
Air 2D 3D

480 8| Accuracy Eciency Elongation | Accuracy Eciency Elongation
Linear 0.00234 9.4 6.4 | 0.02072 17.2 35
GAN 0.00021 3.6 16.7 | 0.00132 5.6 10.7
Fat 2D 3D

480 16 | Accuracy Eciency Elongation | Accuracy E ciency Elongation
lin 0.00102 10.4 2.9 | 0.00525 8.8 3.4
GAN 0.00005 6.8 4.4 | 0.00025 3.0 10.0

Figure 5.3: Evaluation on synthetic, elongatal objects in 2D and 3D. The non-linear GAN
schemeachievesbuilding blacks that are on average 9.5 times longer than their width. The
elongation of the linear di usion building blacksis only 3.8 on average. The resultsare consistent
for both 2D and 3D.

A simple measureof the e ectiv enessof the building blocks is how elongatedthey are on average.
In 2D, the ground truth rectangle has width w and length I. In 3D, the ground truth box has
to sidesequal to w and one equal to |. When the object can be segmeted in a actions (up
to the optimal accuracy), the average elongation of the building blocks is then # This is an
alternative e ciency measure,denotedelongation that can be usedto comparethe performances
of linear and non-linear di usion for producing elongatedbuilding blocks.

The overall conclusionsfrom the tablesin gure 5.3 arethat the performancesin 2D and 3D are
quite similar. For all collections,the accuracyobtained through the GAN schemeis signi cantly
better comparedto linear di usion | the error is approximately an order of magnitude smaller.

Also the e ciency measuredasthe elongation of the building blocks shaws consistent perfomance
in 2D and 3D. In 2D linear diusion has an average elongation score of 4.1 versus 9.6 for
GAN. In 3D the averageelongation scorefor linear di usion is 3.5 versus9.4 for GAN. These
speci ¢ elongation numbersobviously depend on the level of noisein the images,but the relative
performance when comparing linear di usion and GAN is not expectedto be a ected by this
(within reasonablelimits).

The rule of thumb is that for ead action neededusing linear di usion only approximately 0.4
actions are required for GAN di usion building blocks. This rule of thumb holds for both 2D
and 3D.

This invariance with respect to dimension is exactly the desiredand expected behavior. Both
the 2D rectanglesand the 3D boxesare essetially thin one-dimensionalshapes| thereforethe
corresponding results are to be expected.

The nice consequencds that the disappointing performancein chapter 4 is then most likely
due to the naive optimization algorithms and/or the missingregularization | and not dueto a
fundamertal problem with using non-linear di usion in 3D.
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5.3 Segmentation of Flat Objects

The behavior on the thin, elongated objects is expected to be similar in 2D and 3D. The
di usion processthat mergesthe regionsinto larger building blocks, hasin both 2D and 3D
one free direction where the ow is desirable. The building blocks will mergein this direction
and becomemore elongateduntil somescaleis readhed wherethe di usion causeshe regionsto
mergeacrossthe boundariesof the object and make the building blocks unsuitable for the task.
The contrast acrossthe boundary survives up to some scale and thereby allows the building
blocks to becomeelongated. Non-linear di usion allow this corntrast to survive even longer in
the di usion processand make the building blocks even more elongated.

In 3D there is an extra direction, but for thin, elongated objects, this direction is limited by
an extra object boundary with the samewidth and contrast. Therefore this extra dimension
allows not extra elongation of the building blocks and no additional advantage due to non-linear
di usion.

Howewer, in 3D at objects are also possible. This type of object has two open dimensions
where the di usion can ow while being limited by the single narrow dimension. Thereby the
non-linear schemes| that excelsin allowing extra ow in the open dimensionsbefore running
acrossthe narrow dimension| can possibly be even better comparedto linear di usion. As
demonstratedon the elongatedobjects, with one open dimension, non-linear di usion only needs
approximately 0.4 actions for ead action neededthrough linear di usion. This comparesto an
elongation 2.5 times the elongation for linear di usion building blocks.

With two open dimensions,the non-linear di usion building blocks can then be expectedto be
extended by a factor of 2.5 in ead direction | and thereby only needing approximately 0.16
times the actions required through linear di usion building blocks.

This expectation is evaluated through another simple experimert. Collections of at object
are constructed in the exact same manner as the elongated objects. One collection (denoted
Pancake) has objects with thickness8 and side lengths 480. Another collection has smaller
objects with thickness8 and side lengths 180 (denoted Small). Both collections have 5 images.
Again, the samecollections are usedfor training and evaluation.

For thin, elongated objects, the elongation is a natural descriptor of the building blocks. For
the at objects we keepthe elongation for comparison,but keepin mind that relevant e ciency
measuresshould be volume oriented (and thereby the elongation squared).

We seethe expected qualitative behavior in the results in gure 5.4. The elongation of the
building blocks are comparableto those obsened on the elongated objects (slightly worse for
linear, slightly better for GAN). The consequencas that for at objects, non-linear di usion
can reducethe building blocks neededby more than a factor of ten.
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Pancalke 3D

480° 8| Accuracy Eciency Elongation
Linear 0.00067 436.2 29
GAN 0.00002 28.4 11.3
Small 3D

180% 8 | Accuracy Eciency Elongation
Linear 0.00177 52.6 3.1
GAN 0.00009 3.8 115

Figure 5.4: Evaluation on synthetic, at objects in 3D. The elongation numkbkers are comparable
to thosefrom gur e 5.3 on elongatel objects (slightly worsefor linear, slightly better for GAN).
In the tables, the use of and indicates that, unfortunately, the parameter optimization
methad has not yet reachel the minimum at the time of writing. Possibly the nal valueswill
therefore be evenhetter for GAN. For at objects in 3D, the useof GAN can reduce the number
of actions needed by more than a factor of ten.

5.4 Reevalution of White Matter Segmentation in 3D

Above, the results on synthetic, elongatedand at objects in 3D demonstrate the qualitativ e
behavior that is to be expected from the experiments in 2D. Sothe natural conclusionis that
the disappointing results in chapter 4 are then not due to an inherent problem with the use of
non-linear di usion in 3D.

An appealing explanation is then the use of the naive optimization algorithm and/or the fact
that the optimization is performed on a single data set. Alternativ ely, the problem could be
that the boundariesin the brain scancan not be quanti ed satisfyingly through the parameters
in the GAN di usion sceme.

In order to investigate this, the experiment is repeated with a collection of BrainWeb data
volumes. The BrainWeb site allows generation of data volumeswith varying noise and varying
intensity in-homogeneiy. Combining noise levels 20% and 40% with intensity non-uniformity
levels 5%, 7%, 9% gives a collection of six brain scans. Again, we usethe samedata collection
for training and ewaluation.

It is extremely di cult to predict the reduction in actions that the GAN sdeme can optimally
provide comparedto linear di usion. The geometry of the white matter tissue is a mixture of
small, thin, at lobesand larger \p otato-shaped" regions. The performanceon the synthetic,
at objects above are de nitely not realistic due to the highly curved geometry of the white
matter lobes.

The results shavs that now, GAN allows a reduction of at least 44%in the number of building
blocks used comparedto linear diusion | again meansthat the optimization processhas
not ended at the time of writing. This is a signi cant improvemert comparedto the results
from the previous chapter. The informal rule of thumb seemsto hold in 3D aswell as 2D, that
for segmemation of white matter tissue, the number of actions neededcan at least be halved
through the use of GAN di usion.
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Accuracy E ciency
Linear GAN | Linear GAN Reduction

Naive optimization,
Single volume,
Half brain only,

Chapter 4 0.18 0.17 1510 1118 26%
Advancedoptimization,
Six volumes 0.18 0.18 2742 1548 44%

Figure 5.5: Reevaluation of GAN for white matter sggmentation. The repeated evaluation using
the improveal optimization algorithm and a larger data collection allows GAN the performs sig-
ni ¢ antly better compared to linear di usion. Since the data collection now includes the entire
brain, the absolutenumkber of building blacks needed is higher than for the half brain used in the
previous exgeriment in chapter4. Again, the useof means that the parameter optimization is
not concludel at the time of writing. Therefore GAN possibly performs even better than shown.

For completenessthe improved parameter optimization method should be usedto reewaluate the
results from chapters 3 and 4. This would reveal whether it is the regularization due to larger
data collections, or whether it is the actual optimization algorithm that make the improved
results in 3D possible. Furthermore, it could actually improve the results for segmemation of
brain tumors in chapter 4 signi cantly | possiblyto a degreethat would make the useof non-
linear di usion applicable for this segmemation task. This reewaluation of the previous results
is left for future work.

5.5 Summary: GAN for MSWS in 2D and 3D

This dissertation preseris a number of results on the useof non-linear di usion in the multi-scale
watershed segmemation method. The main results are summarized here.

The objects that will benet from the use of non-linear di usion can be categorizedwith in-
creasingpotertial as follows (with accunulating categories,suc that category 3 assumesthe
properties of the previous two):

1. The boundariesof the object are quarti able.

2. The interior of the object has limited areasthat share the properties that de ne the
boundaries.

3. The geometry of the object is non-sphere-lile.
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The possibleimprovemens in performancetrough using GAN comparedto linear di usion can
be loosely estimated:

For thin, elongatedobjectsin 2D and 3D, the e ciency for GAN is up to 2.5 higher than
for linear di usion.

For at objects in 3D, the e ciency for GAN is up to 10 times higher than for linear
di usion.

For anatomical objects with more complicated geometry, theseupper boundsfor e ciency
improvemerts are un-attainable. For segmetation of white matter tissue in 2D and 3D,
the e ciency for GAN is approximately 2 times the e ciency for linear di usion.

Recycling in this Chapter

This cortents of this chapter are previously unpublished.
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Chapter 6

Exploring Non-linear Diusion: The
Diusion Echo

Chapters 3, 4, and 5 show that designingnon-linear di usion schemesto replacelinear di usion
in multi-scale watershed segmetation is no trivial matter. While the desired behavior of the
non-linear schemescan be eleganly expressedn terms of the desireddi usion acrossand along
boundaries, is it not obvious what a speci c di usion schemeis actually \doing".

This is a fundamenal problem with non-linear di usion processes. For the linear di usion
equation, the Gaussiansenes as Green's function and as a sourcefor intuitiv e understanding
of the linear di usion process. Non-linear di usion equations have in generalno known closed
form solutions and thereby no equally simple description.

This chapter describesa simple, intuitiv e description of these processesn terms of the Di usion
Echo. The focusof the presenation is on the ability of the di usion edo to o er intuitiv e visual-
izations for non-linear di usion processes.The methodology is generalfor arbitrary dimension,
howewer for practical purposeswe return to 2D.

In the next chapter we investigate further how the di usion edo can be usedto describe and
analyzethe di usion.

6.1 Intro duction

Linear scale-spacgKoenderink, 1984 Witkin, 1983 Lindeberg, 1994 is a least committed scale-
spacewith appealingtheoretical properties. Among theseare the existenceof a Green'sfunction
for the PDE (partial di erential equation) in terms of the Gaussian. Besidesproviding a closed
form solution to the PDE, the Gaussianyields a clear, intuitiv e understanding of the local
Itering process.
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Non-linear scale-spacesre appropriate for enhancemen of desiredfeatures and for extraction
of certain deep structure features (in for instance edge detection [Perona & Malik, 19970 and
segmetmation). Thesedi usion schemescan typically be formulated as PDE's where a di usion
tensor determines the non-linear nature [Weidkert, 19984. In general, most PDE's have no
known closed form solutions (exceptions exist such as the analytic solution to TV di usion
[Brox et al., 2003). This necessitatesiterative numerical approximation schemeswhich o er
lessintuition.

Section 6.2 cortains a presenation of the di usion schemesused. Some of the equations are
repetitions from previous chaptersin order to shav the simple extensionto the corner enhancing
scheme. The di usion edo is introducedin section 6.3 with examplesof how the di usion etho
can be used for visualization of the diusion sctemes. Finally, potential applications of the
di usion edo are presened:

Grouping of features, for instance usedfor segmemation (section 6.4).

As a deep structure summary that can serwe as an alternative to multi-scale linking or
o oding techniques (section 6.5).

6.2 Diusion Schemes

A number of diusion sdemesare explored. The notation follows the usein chapter 3. All
sthemesuse a PDE to de ne a scale-spacd.(x;t), where x are spatial coordinates and t the
scaleparameter. The PDE's have an image | asinitial condition: L(x;0) = | ().

Linear di usion [Koenderink, 1984 Witkin, 1983 can be de ned b '_Lt(x;t) = L(%;t), the
heat di usion equation. The Gaussianwith standard deviation = " 2t is Green'sfunction for
the PDE.

The non-linear Perona-Malik scheme [Perona & Malik, 1997 attempts to presene edgesduring
the di usion: L¢(x;t) = div( p(r L j2) r L) wherep(r L j?) = 1=(1 + *51°). The regularisa-
tion parameter is dueto [Catte et al., 1994. The notation r L meansthe gradien evaluated
at scale . The parameter is a soft threshold for the gradient magnitude required to locally
slow the di usion and presene an edge. Following the terminology of Weidkert [Weidkert, 19984,
the schemeis termed \isotropic" sincethe di usivit y function p is scalar-valued.

6.2.1 Generalized Anisotropic Non-linear Di usion

Weidkert [Weidkert, 19989 de nes the anisotropic non-linear di usion equation:

Li(¢;t) =div(D@ (rL ) rL) (6.1)

The diusion tensor D 2 C! (R? %;R? ?) is assumedto be symmetric and uniform positive
de nite. The structure tensor J is evaluated at integration sale , and the gradient r L at
sampling sale . As stated previously we set the structure tensor to identity.
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Di usion schemescan be de ned in terms of the eigervalues 1 and » for the corresponding
eigernvectorsvy kr L , v, ? r L for the diusion tensorD.

A large classof di usion sdemes(including the previous) are generalizedby the Genemlized
Anisotropic Non-linear scheme (GAN) [Dam, 2000 Dam & Nielsen, 200d, where the di usion
tensor eigervalues are de ned:

8 . .
P 1 | rLj=0
w(m; ; s) = > 1 exp szc’“ irLj>0 (6.2)
1 = w(m;;jrLj
2 = +(1 ) 1 (6.3)

The schemeis anisotropic when the eigervalues are not equal (then D can not simply be re-
placedby a scalar-valued function). The global parameter determinesthe degreeof anisotropy
(O is isotropic diusion and 1 is full anisotropic), is the soft edgethreshold, and m is the
\aggressiveness"that the edgesare presened with.

The GAN sdemehasthe following schemesas special cases:

Linear Gaussiandi usion isdened by ! 1.

The regularised Perona-Malik stheme is approximated by = 0 and m = 0:75 (which
implies C, = 0:762689[Dam, 200Q).

Weidkert's Edge Enhancing di usion (EED) isdened by = 1and m = 4 (which implies
Cm = 3:31488[Weidkert, 19983).

6.2.2 Corner Enhancing Di usion

Near\edges" the Perona-Malik schemeslows di usion in all directions. For image enhancemet
EED is appropriate sincedi usion is full along edges.

Howewer, the EED sdeme tends to round corners due to the full diusion along the edge.
Therefore, while full anisotropic di usion is desirableat edge-like structures, a di usion scheme
with a milder degreeof anisotropy is desired at corners. A local steering of the degree of
anisotropy therefore seemssensible.

The following Corner Enhancing Di usion sdeme (CED) is similar to GAN but steersthe
anisotropy locally using a corner measure: the isophote curvature times the gradient to a
power K.

N
1

w(mg; g;jr L j)
w(mi; ;) jir L j%)
+@1 ) 1 (6.4)

2

The Corner Enhancing schemeis similar to the CID schemefrom [Dam, 2000.

The use of the curvature in the de nition of the eigervalue function makes the equation for
corner enhancingdi usion a third-order PDE. Thereby previous results on well-posednessand
scale-spaceproperties are no longer valid.
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6.3 Visualizations

It takes a strong mathematician to get intuition about the di erences between the di usion
schemesabove. A standard way of illustrating the schemesis to visualize the local di usion at
key points in an image like in the following.

The non-linear diusion processesare implemented using iterative numerical approximation
schemes. For ead iteration a di usion tensor is determined for ead point in the scale-space
image. This di usion tensor can be visualized by an ellipse where the orientation and the size
are determined by the eigervectors and corresponding eigervalues.

In gure 6.1EED isillustated likethis. Isolated, the third imageseemdo o er an understanding
of the intensionsof the di usion scheme. However, the illustrated di usion tensorsare deceiving
since they ewlve during the diusion. Furthermore, they fail to capture the interaction with
the surrounding area.

B R R
i s ]

Figure 6.1: Visualizations of di usion tensorsfor EED scheme.Left: testimage (64x64 pixels,
intensities 0-255, SN ratio 2.5). Right thr ee images : the local di usion tensorsillustrated as
ellipsesat ve points for three di er ent iterations (t = 0:4;20;100. An explicit approximation
schemewith a nonneggativity discretisation is useal [Weickert, 19984.

6.3.1 The Diusion Echo

The di usion edo is inspired by the Gaussianthat de nes the local Itering in linear di usion.
The equivalert is obtained for non-linear schemesin two steps:

Diusion Echo: Source

For a ducial point p, construct an auxiliary image with the value 1 at the point p and zero
otherwise: the discrete impulse function.

For ead iteration in a di usion processfor an image |, the valuesare computed by assigning
eadt pixel a weighted average of a neighborhood of pixels.

The auxiliary image is treated with the sameweighting asthe imagel. The result is a distri-
bution that recordsthe ux that propagatesfrom the sourcepixel p. This is the di usion echo
source distribution and is denoted Sp( ).
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Diusion Echo: Drain

The di usion echo drain distribution is the opposite of the source. For a point g, the value for
the drain distribution at a given point p is de ned in terms of the sourceat p. Speci cally, the
drain distribution Dq() is Dg(p) Sp(g). Note that the drain for a point requiresthe sources
for the ertire image.

The di usion eco drain distribution is the local Iter kernelfor the di usion processequivalen
to the Gaussian Iter for the linear di usion process.

The algorithm for computing the di usion edo distributions is included as algorithm 3| just
to show how simple it is. The algorithm appliesto any di usion schemethat can be de ned in
terms of the anisotropic non-linear di usion equation (equation 6.1) | and most other di usion
schemeswith few modi cations. Note that during the di usion, only step4eis addedto the basic
iterativ e di usion algorithm. For more detail on calculating the local weights corresponding to
a di usion tensor, see[Weidkert, 19984.

Algorithm 3 Diusion Echo Distributions
Input: Original imagel, di usion stheme parameters.
Output: Diusion edo sourceSp( ) and drain distributions Dy( ) for all image points p.

1. Initialize diused imageto 1°= 1.

2. Initialize edo sourceto zerosfor all image points p;q: Sg(q) = 0.
In 2D this is a 4D matrix, in 3D a 6D matrix.

3. Set Sg(p) = 1 for all image points p. Each distribution is then a discreteimpulse function.

4. For i = 1 to desireddi usion iterations T do:

For ead image point p do:
(a) Calculate local image geometry as neededusing Gaussianderivatives at desiredreg-
ularization scale.

(b) Calculate diusion tensor eigervectors and eigervalues as de ned by the di usion
scheme..

(c) Calculate local weights w(n) for points n in the neighborhood N of p.
(d) Diuse image:1'(p) =,y W(n) 1" (n)
(e) C_alculatgedwo sourcedistribution for ead image point e
Se(P) = nan W(N) Sg H(n)
5. Diused imageis now | T().

6. Diusion edo sourcedistribution is Sg() for all image points p.

7. Assign edho drain distributions for ead combination of image points p;g: D p(q) = Sg(p).
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Diusion Echo Prop erties

For linear di usion the sourceand the drain distributions are identical Gaussiandistributions.
However, in generalthe distributions are not equal.

The di usign edo drain distribygion is the local corvolution Iter kernelfor the di usion process:
L(x;t) = L(0;0) Dx(q) dg=1(a) Dx(q) dq

The distributions can be interpreted as a nit y measures. Howewer, note that in generalboth
Sp(0) & Sq(p) and Dq(p) 6 Dp(0).

Since both sourceand drain are unity distributions they can also be interpreted as probabilis-
tic distributions. The source distribution Sp(q) (or the drain distribution Dqy(p)) states the
probability for an \atom" originating at point p to end at point q as a result of the di usion.

The maximum for both sourceand drain distributions remain at the origin for the distribution

for most di usion sthemes. Mean and higher order momerts are in generalnot located at the
origin and canbe usedto characterisethe distributions. The de nitions are applicable for images
of arbitrary dimensions.

6.3.2 Diusion Echo Visualizations

The diusion edo is a summary of the di usion processup to a certain time/scale. In the
following we shaow that illustrations using this principle o er signi cantly more information
than the illustrations in the previous section.

Basic Comparison

In gure 6.2weillustrate this for the four di usion schemespresered in section6.2. The gure
displays the di usion eco drain distributions for the v e selectedpoints from gure 6.1. These
are equivalert to the local convolution lter kernelsthat would yield the di usion directly.

The ellipsesin gure 6.2 highlight the properties of the di usion schemes. Linear di usion uses
the samedi usion tensor at all points. The non-linear Perona-Malik reducesthe di usion grad-
ually determined by the gradiert magnitude comparedto a soft threshold value. The anisotropic
EED schemereducesdi usion acrossedgesquite agressiely but maintains full di usion along
the edges.

Finally, the CED scdhemereducesdi usion perpendicular to the gradiert aswell at corner-like
structures. Howe\er, the di usion edo distributions revealthat di erences betweenthe schemes
are not quite as characteristic. Apparently, there is more like a smooth transitition betweenthe
sthemes| like the existence of the GAN sdeme implies. Even though the Perona-Malik
scheme is termed isotropic it has a preferred di usion direction along the edge. This is much
more pronouncedfor the anisotropic EED schemebut not qualitativ ely di erent.
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Figure 6.2: Diusion Echo drain distributions. Top row: Ellipse-illustrations for the four dif-
fusion schemeg(linear, Perona-Malik, EED, and CED). Center row: The correspnding drain
distributions. Note that the distribution is computed serately at each point | the il lustrations
are mosaics of these seprate il lustrations. By de nition, each distribution has the same total
enemgyy (they are unity lters), butthey are saled individually for better visual appearance. Bot-

tom row: Close-upsof the distributions for the point right below the center of the triangle.

An explicit approximation schemewith a nonnegativity discretisation was usal with t = 20
[Weickert, 19984. The edgethresholdparameter is setto 220 for all schemes.This correspnds
to characterising the contour around the triangle as edge and the contour around the rectangle
as non-edge. The regularisation sale is 1.2.

E ects of Discretisation Scheme

Apart from the relative di erences between the schemes, it appears that the Edge Enhanc-
ing scheme s not quite able to enhancethe straight edgesas well asin previous publications
[Weidkert, 19984. This is simply becauseof the numerical approximation scheme. For the pre-
vious illustrations we use the implemertation that ensuresnon-negative weights in the local
di usion stencil ([Weidkert, 19989 page95). This restricts the spectral condition humber of the

di usion tensor to be below 5.8284| meaningthat the local degreeof anisotropy is limited.

The eigervectors are correspondingly limited such that ; < 5:8284 ,. For the edgeenhancing
schemewhere 1 1 this setsa lower limit on , and thereby somedi usion acrossthe edges
is allowed.

In gure 6.3the samedi usion processesre repeatedusingthe non-restricted, standard approx-
imation scheme[Weidkert, 19983 Scharr & Weidkert, 200J. It is apparert that a more e ective
presenation of the edgesis possible. The shapesof the distributions are especially interesting
at the corners. The di erent abilities of the schemeswith respect to supporting di usion along
the edgethrough the corner is evidert.



The illustration clearly revealsthat the change of discretisation scheme has a major e ect on
the di usion for someof the schemes.

Figure 6.3: Diusion Echo drain distributions for the four diusion schemes(linear, Perona-
Malik, Edge Enhancing, and Corner Enhancing) where the nonnegativity approximation scheme
usa in gure 6.2 is replaed with the simpler standad approximation scheme. The standad
schemeallows more pronouncd anisotropy. Bottom row: Close-upsfor the point inside the
left corner of the triangle.

An obvious discretization schemeis to usethe larger nonnegativity stencil| but not enforcethe
upper limit on the condition number. This would o er a better numerical approximation than
the simpler standard discretization scheme while still allowing arbitray local anistropy. This is
not investigatedin this work.

The Visualization Abilit y

The previous illustrations shawv that the diusion edo is able to visualize properties of the
di usion scdemesthat are not otherwise apparert. Extended experimerts with the di usion
sthemes allows similar intuition but the diusion edo illustrations o er this understanding
directly.

In the following sectionswe o er a few appetisersindicating that the di usion edo can be used
for more than just illustrations.
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6.4 Diusion Echo Application: Grouping

The di usion edo expressesa nit y between points in an image. This a nit y measurecan be
usedfor grouping of pixels into regionsor grouping of feature points in general.

Sincethe anit y measureis de ned in terms of the underlying di usion, the diusion sdeme
needsto be appropriate for the speci ¢ grouping task.

Edge detectors often produce edge pieceswith small gaps in-between. The di usion edo for
the Edge Enhancing di usion schemewould be a very appropriate measurefor determining the
connectivity of the edgepieces.

Attributes of the di usion edo can be usedfor determining grouping aswell. An examplecould
be using the shape of the distribution to guide grouping of pixels into regions. This is illustrated
by the distributions in gure 6.4.

The di erences in di usivit y from the low di usivit y near-edgeareasto the high di usivit y areas
away from the edgescausesa ux away from the edges.Thereby the meansof the distributions
move away from their origins in a direction away from the edgeg(if any edgesare within \striking
distance" depending on di usion parameters, especially regularisation and di usion time). This
can be usedto create a drift eld that can be usedto group the pixels. The eld will createa
sink in ead region that the pixels drift towards.

Figure 6.4: Di usion Echo groupingdrift elds. For the ve points a vector from the point to the
mean for the drain distribution givesa drift eld that can be usal for grouping. For visualization
purposes, the vectors have been saled to 10 times their actual lengths. The vectors from the
points just inside the corners aim towards the center of the triangle. The vector for the point
just below the triangle (it is a single pixel outside) aims away from the triangle. The remaining
vectors are practically zer-vectors since the parameters for the Edge Enhancing schemedictate
that there are no edgesnear them | their distributions are approximately Gaussianwith means
at their origins.
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6.5 Diusion Echo Application: Deep Structure Summary

Instead of grouping the pixels individually , the di usion eto canalsobe usedfor grouping image
regions. This could be an alternative to existing multi-scale linking schemes. An example of
this is showvn in gure 6.5where grouping basedon the di usion edo is comparedto multi-scale
watershed segmetmation.

The diusion edo grouping usesa simple threshold to determine whether two neighboring
regionsare mergedinto oneregion. This threshold is comparedto the averagea nit y measure
betweenpairs of pixels in the two regionsusing the a nit y measuredirectly from the di usion
edo sourcedistribution. The result is a simple o oding-like algorithm.

Eventhough both examplesare quite simple, they illustrate that the di usion edo distributions
capture what can be considereda deepstructure summary to suc an extent that even simple
attributes o er powerful grouping abilities.
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Figure 6.5: Segmentation by grouping of watershel regions using the Di usion Echo.

Top row: A simple examplewher the segmentation task is to capture the rectangle. First the
test image followad by a watersh@& segmentation at low sale. Third image showsthe multi-scale
linking of the regions where the underlying di usion is 30 levels of the edge enhancing scheme
fromt = 1tot = 600 [Dam, 2000. The rightmost image is the result of o oding with the
threshold0.0025 using the average di usion echo source a nity  between neighloring regions.
Bottom row: Equivalent wher the segmentation task is to capture the ventricles from a data
setfrom the Internet Brain Segmentation Repository [ibs, 1999. Here, the linking uses10 levels
fromt= 0:6tot=80in 10 levels. The o oding thresholdis 0.0059.

The di usion echo o oding methal groups the desired regions for both images.
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6.6 Conclusion

We introduce the di usion edo: the distributions that equip non-linear di usion scemeswith
what correspondsto the Gaussianfor linear di usion.

The di usion edo o ers illustrations of non-linear di usion schemesthat reveal the true local
di usion in an intuitiv e manner.

Furthermore, we argue that the anit y nature of the distributions can be used for grouping.
This is demonstrated through two examples. First, the di usion eco distributions are usedto
generatea drift eld, where ead pixel is equipped with a vector stating the preferred direction
of grouping. Secondly we group regions by the averagea nit y between pixels in the regions.
This provesto be a simple but e ectiv e region grouping scheme.

Computation time and memory requiremert for the computation of the di usion edoes are
quadratic in the number of image pixels | this obviously is problematic for larger images.
Howewer, actual applications will not use the basic de nition directly. Where only linear at-
tributes of the diusion edo distributions are needed,these can be computed directly during
the di usion iterations (in linear time and memory) as shawvn in the following chapter.

Di usion edo based methods imply a shift from the diusion steme being an underlying
information-simplifying stepto beingthe certral information-collecting process.The basic prin-
ciple behind Di usion Echo basedmethods is the di usion knows Future work will reveal the
application tasks where the proper non-linear di usion schemereally is omnipotent.

Recycling in this Chapter

This chapter is an edited version of [Dam & Nielsen, 2001].
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Chapter 7

Appro ximating Non-linear Di usion

Chapters 3, 4, and 5 demonstrate how non-linear di usion o ers superior performancecompared
to linear di usion asa simplifying procesthat retains the relevant information during di usion.
This is due to the ability to specialize non-linear di usion.

Howewer, as illustrated in sections 5.2 and 6.5 the isotropic linear di usion actually allows
clearly elongatedbuilding blocks in the multi-scale setting and thereby exhibits someanisotropic
behavior. This suggestghat linear and non-linear di usion might not be fundamertally di erent
in multi-scale methods.

The resultsin this chapter are generalfor any useof the non-linear schemes,but asthe evaluation
method revealswe have the multi-scale watershed segmetation method in mind.

We assesghe feasibility of approximating non-linear di usion processewith simple local Gaus-
sian lters. Thereby the approac has a certain avor of replacing non-linear di usion with
scale-selectionin linear scale-space.The purposeof doing this is twofold. Firstly, the theoretical
implications are by themselesinteresting. Secondly a successfumethod would reducethe need
for computationally expensive implemertations of non-linear di usion sctemes.

We ewaluate using isotropic and a ne Gaussian lters for the task of approximating the local
di usion for a number of non-linear di usion scemes. The approximations are rst explored
using an information theoretical approact and secondly evaluated basedon their performance
in the multi-scale watershed segmemation method.

The results show that while the approximations do not perform quite aswell asthe original non-
linear schemes,the decreasen performanceis acceptablefor the evaluated task. Furthermore,
the ane approximations perform signi cantly better than the isotropic, as expected.
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7.1 Intro duction

Non-linear di usion have proven extremely usefulin numerousapplications: noise-reduction,en-
hancemen, restoration, and multi-scale segmemation [ter Haar Romery, 1994 Weidkert, 19983
Sapiro, 2001, Dam & Nielsen,2000. This successs due to the ability to incorporate prior task-
speci ¢ knowledge into the di usion process| typically by tuning parametersto the task at
hand.

Howewer, non-linear di usion does also introduce a couple of basic problems. Firstly, the pa-
rameters for the non-linear shemeshave to be determined in somemore or lesswell-founded
manner. This is in itself not a trivial matter as exploredin chapter 5. We do not addressthis
issuein this chapter. Secondly the non-linear schemesare expensiwe in terms of computational
complexity. For applications that usenon-linear di usion for noise-reductionin a pre-processing
step, this is not problematic due to relatively short di usion times. For more demanding ap-
plications the use of non-linear di usion is often un-feasible| e.g. high resolution medical 3D
scanswill often imposesewere computational time problems.

One way to attack this problem of computational complexity is to introduce sophisticated
numerical implementations. One such example is the AOS stheme for anisotropic di usion
[Weidkert, 19984.

The work in this chapter aims at an alternativ e solution where the non-linear di usion schemes
such as anisotropic di usion schemesare replaced by simpler schemesbasedon local Gaussian
Iters. Sincethe goalis to determine the \b est” local Gaussian Iter this has a certain scale-
selection avour and could be inspired by the methods that do this by maximization of scale-
invariant expressiongLindeberg, 1994 or MDL minimization [Gomezet al., 200J. Howewer, we
aim at replacing a given non-linear di usion scdhemeand therefore the scale-selectiormecanism
must have the desireddi usion time asa parameter.

We do not presen sudc a scale-selectiormethod | this is a fundamental feasibility study. How-
ever, we illustrate how sud a method can optimally perform. But the main focusis on the eval-
uation of the performanceof local Gaussian Iters that approximate a given non-linear di usion
schemeoptimally. Sowe answer the question: If we designthe perfect sale-seletion methal for
approximating non-linear di usion, howgaood will it be? An actual scale-selectiormethod could
be inspired by related work on the subject [Nitzb erg & Shiota, 1992 Fischl & Scwartz, 1997.

The approximation method relies heavily on the use of the diusion edo preseried in the
previous chapter. The local Iter kernels extracted in this manner is then approximated by
isotropic and ane Gaussian Iters satisfying maximal enropy constraints. As a secondary
result, these approximations allow us to quartify how non-linear the stchemesare (i.e. how
dierent from linear Gaussiandi usion they are).

Having de ned the approximating Iter kernelsweturn to the evaluation that we perform in two
steps. First we explorethe performanceof the approximating schemesby evaluating them on ran-
dom points in natural imagesfrom the Van Hateren collection [van Hateren & van der Schaaf, 1998.

Secondly we evaluate the approximating Iter kernelsin the multi-scale segmemation setting
where non-linear di usion scdhemeshave beenshowvn to o er superior performancecomparedto
linear di usion.
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7.2 Appro ximating Non-linear Di usion

In order to approximate the non-linear di usion schemeswe rst perform the desirednon-linear
schemeimplemented through a simple explicit iterativ e scheme. This is donewith an augmerted
implementation that recordsthe actual local Iter kernelsthat areimplicitly usedin the di usion
as explained in the previous chapter.

These recorded local non-parametric Iter kernels are approximated with simple, parametric
Gaussian Iters basedon information-theoretic criteria.

7.2.1 The Diusion Echo Momen ts

Most non-linear di usion schemeshave no explicit expressionfor (or represettation of) the local
Iter kernel that determinesthe diusion in ead point (i.e. pixel or voxel, the following works
for arbitrary spatial dimension).

Howewer, a simple method exists for obtaining these local lter kernels. For ead pixel an
auxiliary imageis createdwith the value 1 in this pixel and zero elsewhere.This is the discrete
equivalent of the impulse function. The di usion that is performed on the actual imageis then
performed in parallel on ead auxiliary image. Thereby the impulse responsesfor the di usion

processare acquired. They determine wherethe \mass" in a pixel owsto during di usion. The
local diusion Iter kernel for a pixel is then collected by picking the ow from ead impulse
responsethat owsto the specic pixel. The recordedimpulse responsesand local Iter kernels
are called the Diusion Echo [Dam & Nielsen, 2001].

The downside of this simple method is the computational complexity and the memory require-
merts. Independert of the e ciency of the underlying implemertation of the di usion scheme,
the augmerted method becomesat least O(P?) (where P is the number of pixels in the image,
assuminga xed diusion time) in the straightforward implemertation. This can be lowered to
O(P F) (where F is an upper limit of the number of pixels in a local Iter kernel not being
zero) if the extent of the impulse response can be limited. Nevertheless,this is still a quite
restrictive complexity.

However, for some purposesonly the momerts of the lter kernels are necessaryand not the
actual lters. Many implementations of non-linear di usion sctemesare based on iterativ e
schemeswhere a local stencil is usedto form a weighted averageof someneighborhood for eah
pixel/v oxel. The speci c schemede nes the local stencil.

In this caseit is simple to record the momernts (speci cally meanand variance) of the local Iter
kernel directly without recording the local impulse response. This is done by using the local
stencil to averagethe momerts from the previous iteration for ead iteration step. This process
adds no computational complexity to the di usion method (in the O() sense).
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7.2.2 Maxim um Entrop y Appro ximation Filters

As described above we summarize the diusion processwith a local diusion Iter kernelin
ead point of the domain. The corvolution with the lter kernel and the original imagein that
speci ¢ point will give exactly the sameresult asthe di usion processin the point. The lter
valuesdepend on the chosendi usion sceme (including choice of parameters| e.g. iterations)
and the original image.

We want to approximate this Iter kernel. A straightforward approad is to approximate the
rst few momerts, say the mean and the variance. In order to selectamong the lters with
the samemean and the variance we choosethe Iter with maximum entropy when the Iter is
viewed as a distribution.

A maximum entropy solution is a leastcommitted appoad in the sensehat it treats all locations
as equally as possibleunder the given restrictions (here a speci ed mean and variance). In the
caseof no restrictions, a maximum ertropy solution results in a uniform distribution. In this
way we avoid to introduce a bias towards a speci ¢ (unknown) purposein our approximation.
For a distribution P (x) onthe domain D, the ertropy H(P) is de ned:

z

H(P) = P (x) logP (x) dx
x2D

The maximum entropy solution given a speci ¢ mean and variance is in the cortinuous case
a Gaussiandistribution. To stay in the continuous domain we calculate the variance of the
diusion edto Iter kernel by modelling it as a piecewiseconstart function on a cortinuous
domain. When we apply the resulting approximating Iter kernel we also model the imageasa
piecewiseconstart function on a contin uous domain.

Another possiblemeasurefor de ning the bestapproximating lter kernelisto limit the Kul Iback-
Leibler divergene (or the relative entropy, [Kullback & Leibler, 1951). For a distribution P (x)
and an approximating distribution A(x) on the domain D, the Kullback-Leibler divergenced is
de ned: 7

d(P;A) = - P (x) Iog% dx

By following Jaynes' maximum entropy principle [Jaynes, 2003 we limit the possible approxi-
mating Iter kernelto be Gaussian. It is fairly easyto shaw that a GaussianG(; ) with the
samemean and variance 2 asthe original lter kernel P alsominimizes the Kullback-Leibler
divergenced betweenthe Gaussianand the Iter kernel (donein 1D for simplicity):
z P z inf
P Iog6 dx = arg min P logG dx
) 1
Z inf YA inf (X )2

p
arg min Plog 2 2dx + P>
; 1 1 2

inf

arg min d(P; G) arg min

1

dx

p
argmin log 2 2 + >3 P(x )?dx
) 1
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The last integral minimizes to the variance of P for equal to the mean of P. Then, the
remaining expressionis easily shavn to minimize for 2 equalto the variance of P.

Thus, by following Jaynes' maximum entropy principle we minimize the Kullback-Leibler diver-
gencebetweenthe di usion edo lter kernel and the approximating lter.

Using an information theoretic approad is relevant sincethe lters can be naturally perceived
asprobability distributions. Speci cally they measurethe probability of o w betweentwo points
in the image (the two directions of the ow beingin sourceand drain ecto respectively).

7.2.3 lllustrating Diusion Appro ximations

The non-linear di usion sthemesused in the evaluation are preseried in previous chapters.
We investigate the use of linear di usion, Perona-Malik di usion, Weidkert's edge enhancing
di usion, and nally generalizedanisotropic non-linear di usion. These schemesare described
in the previous chapter (section 6.2).

The approximation method is illustrated by comparing the result with the use of the original
non-linear schemes.

For the illustrations we use the simple image in gure 7.1 where the point of interest is the
certer point. From a di usion approximation point of view, this is a relatively challenging point
sinceit is located just inside a corner.

Figures7.1and 7.2 show that the approximating Iters do a reasonablygood job for this example
point | the quartitativ e di erences are obvious, but the qualitativ e appearanceof the di used
imagesare quite similar.

7.3 Information Theoretical Evaluation

The diusion edo Iter kernelsfrom the diusion processesare approximated by a Gaussian
Iter. We ewaluate both the use of isotropic and a ne Gaussian Iters for the approximations.
The expectation is that in some casesthe ane can give a better approximation than the
isotropic. More advanced lters could be chosen,but that would defeatthe purposeof making
simple, approximating schemes.

The di usion edo dependson the di usion processaswell asthe original image. The in uence of
the original imageis addressedoy 10,000repetitions of randomly selectinga point in a randomly
selectedimage from the Van Hateren databaseof natural images(actually approximately half of
the Van Hateren imagesare discardeddue to poor image quality [Grin et al., 2003). Around
eat selectedpoint, a neigborhood of N N pixels is selectedand the di usion is doneon this
subimage. The neighborhood sizeN is de ned sud that alinear Gaussian Iter at the certer has
three standard deviations inside the subimage. The di usion time t givesthe standard deviation
by 2t = 2| weuselO0iterations with time step 0.2soN = 39.
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Image Dimensions: 15x15

Intensities (min/mean/max): 0.0 / 132.5/ 255.0
Iterations: 15, Time step: 0.2

Echo Approximation Criterium: MaxEntropy
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Figure 7.1: Comparison of the actual di usion echo lIter kernelswith the approximated lters.
Left column : The original image and the result of applying linear Gaussian, Perona-Malik,
and edgeenhancingdi usion. The red dot is the center point whele the Iters are approximated.
Second column : The diusion echo Iter kernels for each diusion scheme. Thir d and
fourth columns : Ane and isotropic approximating lters, respectively. The overlaid contours
in warm colors are iso-curves. The entropy and KL measures showthat EED is clearly more
non-Gaussianthan RPM, and that there is a surprisingly small di er ence between the isotropic
and ane approximations.
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LIN

Center intensity: 93.7
Min/max: 33.5/220.1

RPM

Center intensity: 41.9
Min/max: 33.0/222.0

EED

Center intensity: 36.0
Min/max: 1.8 / 249.7

Affine

Affine

Affine

Center intensity: 93.5
Difference: 0.3

Center intensity: 51.3
Difference: -9.4

Center intensity: 44.9
Difference: -8.9

Isotropic

Isotropic

Isotropic

Center intensity: 93.5
Difference: 0.3

Center intensity: 50.7
Difference: -8.8

Center intensity: 45.1
Difference: -9.0

Figure 7.2: The e ect of applyingthe di usion echo Iter kernel compared to the result of applying
the approximating Iters. The rows are linear Gaussian, Perona-Malik, and edge enhancing
di usion. First column is the di used images, second and third columns are the approximated
di used images. Even though the quantitative di er ences between applying the non-linear lIter

kernelsand the approximated Iters are evident, the qualitative appearena of the resultingimages

are quite similar.
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In order to assesghe correspondencebetweenthe di usion edo lter kernel and the approxi-
mating Iter we compareboth the Iters themselhesand their e ect on the image. The lIters
can be perceived as distributions that govern the ow of massin the image. Thereby a natural
measureof di erence is the Kullback-Leibler divergence.When measuringthe di erence in the
e ect of the diusion on the imageswe measurethe resulting intensity dierence. The local
intensity di erence is the di erence between intensities in the point of interest of the di used
image and the intensity resulting from corvolving the original image with the approximating
Iter in the certer of the subimage.

An alternative measureof the e ect of approximating the Iter kernelscould be the shift of the
isophotesin the resulting images. In somecasesthis will be a more informative measure| for
instanceindicating the expectedfeature detection imprecision resulting from the approximation.

The gures 7.3and 7.4 display the Kullback-Leibler divergenceand the local intensity di erence
respectively with histograms over the 10,000samples. Each sub gure consistsof the histogram
and a smaller gure with the samedata but di erent scaling and bin distribution.

All the large plots in the sub gures have the samescaling and the y-axis (the counts) hasbeen
scaledlogarithmic. The smaller inserted are scaledaccording to the range of the data for that
speci ¢ histogram and with linear y-axis.

In Figure 7.3the histogramsshav meanKullback-Leibler divergencedetweenthe approximation
and the di usion process.Pairs of meanKL divergencefor (a ne, isotropic) approximations for
linear, RPM, and EED are respectively (0.0006,0.0006),(0.0542,0.0663),and (0.2898,0.3566).

First, we seethat linear and Perona-Malik di usion canbe approximated quite well. In the linear
casethat is trivial. If the linear diusion processwas a perfect approximation to convolving
with a Gaussianthe di erence would be zerobut due to the numeric limitation in discretisation
that is not the case.The KL divergenceof 0.0006can beeninterpreted asthe level of precision.
In the caseof edgeenhancingdi usion the di erence is quite high but ascan be seenfrom the
histogram a lot of casescan be approximated well but someapproximations are very poor which
on averagegivesa large di erence.

Secondly the numberso er an ordering of the di usion processesith EED as having behavior
furthest away from linear. As expected, the aggressie anisotropic EED schemeis more non-
Gaussianthan Perona-Malik. Finally the a ne approximations are evidertly signi cantly better
than the isotropic.

In order to put the measuredKullback-Leibler divergencesinto perspective, they can be com-
pared to a simple example. Assumethat we want to approximate a Gaussiandistribution with

another Gaussiandistribution. Then the KL divergenceis a function of the shift in mean and
the changein standard deviation in the approximating distribution. For xed, equal standard
deviations , the KL divergenced as a function of the shift of the mean isd= 2—22 (this

is fairly easyto derive). For a given KL divergenced, the mean shift is then = 2d . The KL

divergencesaround 0.05and 0.3, as measuredfor W(ﬁlpproxinp@s for RPM and EED above,
then correspond to a mean shifts of respectively = 0:1 and 0:6 . Obviously the measured
KL divergencesare due to di erences in shape not in shift of the mean (by de nition this shift

is zero). Even so, the implication is that KL divergencesn this range are de nitely measuring
signi cant di erences betweenthe original and approximating distributions.
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LIN, Affine  Kullbach Leibler Dlvergence LIN, Isotropic KuIIbach Leibler Dlvergence
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Figure 7.3: Measuring Kul Iback-Leibler divergen@ between di usion echo lter kernels and ap-
proximations. The columns showthe a ne and isotropic approximations respectively. The rows
showLinear, RPM and EED. The small plots showsamedata | with dier ent axis, bins and
saling. Note that the large plots are saled logarithmically.
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In gure 7.4 the local intensity di erences are preseried, hencethis plot assesseshe actual
outcome of applying the approximations comparedto the original diusion. The local inten-
sity di erences should be compared to the range of the image (which is zero to one due to
normalization).

Due to the symmetry in the formulation a mean of zerois expected and con rmed within the
precision.

Pairs of standard deviations for (a ne, isotropic) approximations for linear, RPM, and EED
are respectively (0.0002,0.0002),(0.0067,0.0096),and (0.0087,0.0141) This supports the trend
establishedin gure 7.3 which again indicates that the good approximations in the information
theoretical senseactually gives good approximations of the di usion processes.The standard
deviations again support that the a ne approximations give signi cantly better results than the
isotropic as expected.

It should be noted that the evaluation above is speci ¢ to the chosendi usion scdhemesand the
choice of parametersfor these. Especially the choice of di usion time could in uence the results
since non-linear di usion can become\arbitrarily non-linear" with increasing di usion times.
Howewer, the following application evaluation adresseghis issueindirectly sincethe multi-scale
method requires both short and long di usion times.

7.4 Application Evaluation

The ewaluation on natural imagesabove shav that the approximations perform quite well |
especially for the lessnon-GaussianPerona-Malik scheme. However, the lack of a speci ¢ task
makes the interpretation of the results slightly vague. As a courter-part to that we evaluate
the performanceof the approximated non-linear di usion sthemesin the interactive multi-scale
watershed segmemation method usedin the previous chapters.

The chosentask is segmetation of white matter tissue from brain scans. This task is chosen
since the geometry of white matter tissue is quite complicated and therefore challenging for a
non-committed segmemation method that usesno prior knowledgeon the intensity distributions
of brain matter.

The scansand corresponding ground truth segmetations are obtained from the BrainWeb site
[Collins et al., 1999 (we use9 sliceswith 10 slicesbetweenead from a simulated T1 MR brain
scan, intensity non-uniformity level 20%, noiselevel 9%).
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Figure 7.4. Comparing local intensity di er ene between the di usion processand the approx-
imated di usion process. Like gure 7.3 the columns are isotropic and a ne approximations
and the rows are Linear, RPM and EED. The intensities in the imagesare zem to one dueto
normalization.
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Figure 7.5: Linear di usion makesthe building blocks merge across brain structures before rea-
sonably large segments are formed. Therefore smaller building blocks must be seleted in order
to segment the white matter tissue. The use of non-linear di usion allows the building blocks to
grow within the tissue boundaries. The practical implication is that wher 18 action are required
to selet 70% of the white matter using building black created using linear di usion, only 5 are
necessarywith GAN di usion. For 80% the action counts are 39 and 11, resyectively.

7.4.1 Non-linear Diusion in MSWS

The original MSWS (multi-scale watershed segmemation) method relies on linear Gaussian
scale-spacdo simplify the image. This simpli cation determineshow the watershed segmeis
group into gradually larger building blocks corresponding to image structures at a given scale.
In [Dam & Nielsen, 2000 the use of non-linear di usion in MSWS is explored and evaluated
(seechapter 3 for details). Figure 7.5 illustrates how the building blocks are better suited to
the application at hand.

The evaluation is basedon a court of the minimal number of selectionsand deselectionsof
building blocks in the segmemation. The parametersfor the non-linear schemesare determined
such that this court is minimized.

A simple way to presen the evaluation results is to normalize the performance(of the building
blocks resulting from a non-linear scheme) with respect to the performance of linear di usion.
The descriptor is then the ratio of actions required comparedto linear di usion. Table 7.1 shavs
that for ead action usedon building blocks resulting from linear di usion, it is on averageonly
necessaryto use0.42 or 0.32when the building blocks are from Perona-Malik or GAN.

We have chosento disregardthe edgeenhancingdi usion schemeEED for this evaluation sinceit
doesnot perform well (chapter 3 and [Dam & Nielsen, 2004), and therefore is lessinteresting to
approximate. The parametersfor GAN given above produce a di usion schemethat intuitiv ely
is in-betweenRPM and EED with a qualitativ e behavior closerto RPM.
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Figure 7.6: The diusion schemesare evaluatal on the image in gure 7.5 on the number of
actions needed to reach a given segmentation quality where the performance of linear di usion

building blacksis usel as normalization. The graph showsthe actions needed to reach the quality
reachal by a given number of actions using linear di usion.

7.4.2 Appro ximating Non-linear Diusion in MSWS

In section 7.2.1 we present how to approximate the non-linear di usion sdeme using local
isotropic and a ne Gaussian Iters. The approximation method can be useddirectly to gener-
ate lters approximating the non-linear di usion in the segmetation method. For ead scalewe
approximate the di usion using the mean and variancesrecorded for eat pixel. The approx-
imating Gaussian Iters are then applied and the gradient magnitude calculated. From there
the MSWS method is exactly as described above.

The performance of the approximating Iters can then be evaluated in the same manner as
the non-linear schemesare evaluated in chapter 3 [Dam & Nielsen,200q. Figure 7.6 shows the
performanceof the approximating Iters on the imagein gure 7.5.

Table 7.1 shows how the lters perform on averageon the ertire test set consisting of 9 brain
scan slices. As stated above, for ead action used on building blocks resulting from linear
di usion, it is on averageonly necessaryto use 0.42 or 0.32 when the building blocks resulted
from Perona-Malik or GAN.

The approximating schemes perform signi cantly worse than the original non-linear schemes
(they usebetween27% and 73% more actions) but still maintain the main part of the advantage
comparedto linear diusion (the ratios are between 0.50 and 0.65). As expected, the a ne
approximations perform signi cantly better than the isotropic. As a rule of thumb, it can be
stated that for ead 6 actions necessaryto reac a given quality using linear di usion, then only
2 actions are required with GAN di usion, and 3 actions with the approximations of GAN.
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Sdeme Ratio  Std. Dev. Ratio compared
to approx. scheme

Linear Gaussian 1.00 0.00

Regularized Perona-Malik 0.42 0.15

RPM approximated Isotropic 0.65 0.14 1.55

RPM approximated A ne 0.53 0.13 1.27

Generalized Anisotropic Non-linear 0.32 0.07

GAN approximated Isotropic 0.56 0.08 1.73

GAN approximated A ne 0.50 0.10 1.55

Table 7.1: The performance of the approximated non-linear di usion schemeevaluatal by the
usability of the resulting multi-scale watershe&l segmentation building blocks. First  column :
All schemesare compared using the performance of linear di usion building blocks as yardstick.
Last column : The approximating schemesare compared to the schemeghey are approximating
| sothe approximating schemesuse between 27% and 73% more actions than ideally.

Slice from Di used with Local scaleof
BrainWeb scan GAN tot = 114 isotropic Iter

Figure 7.7: The local sale as determined by the approximating isotropic Iter. In areas far
from a edge (as de ned by the parameters for GAN) full di usion is allowed. Around edgesthe
di usion s restricted, thus giving a lower local sale for the di usion.

7.4.3 Multi-scale Scale Selection

In the following we investigate the useof approximating lters in multi-scale watershedsegmen-
tation a bit further. Due to the simpler parameterisation of isotropic Gaussian Iters we restrict
oursehesto those for the analysis.

Implicit Scale Selection

At a given scale,in a given pixel the isotropic approximation Iter implicitly determinesa local
scale. This local scaleis illustrated in gure 7.7. It should be noted that we will implicitly treat
the isotropic local Gaussian lters asif they only have a single parameter in ead pixel. This
is a simpli cation sincethe meanof the Iter kernelis generally not certered at the given pixel
and therefore needsto be represened as well.
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Figure 7.8: The local sale selected on a line acrossthe ventricles in the imagein gure 7.5 for 6
sale levels. The crossingsof the ventricles are evident: at low sale levelswe see dropsin local
sale at each boundary | at high sale levelsthere is a single nose-diveacrossthe entire ridge.

Implicit Multi-scale Scale Selection

In a standard multi-scale setting basedon linear di usion, ead scalelevel is a hyper-planein
scale-spacawith a constart scalevalue. For the approximating isotropic lters, the local scale
is selectedat ead point | thereby the scalelevels becomehyper-surfaces. These surfacesare
boundedupwardsin scaleby the maximal scalethe non-linear di usion canreadc with the given
di usion time (e. g. GAN diusion becomeslinear di usion when usedon a constart starting
image | it then reades this maximal scalein all points). At points where the di usion is
restricted (e.g. due to edgesin the image) the hyper-surfacewill drop down to lower scales.

This local scale selection s illustrated in the multi-scale setting in gure 7.8. Again, the il-
lustration is a simpli cation sincethe local isotropic Gaussian lters can not be parameterized
by a single parameter only. It is this behavior that a scale selection method would have to
approximate in order to implement the approximating di usion sdemesdirectly. Note that the
scalelevel surfacesdo not intersect. The local scaleis monotonically increasingas a function of
the diusion time | provided the di usion scheme meetsa suitable causality principle.
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7.5 Conclusion

We evaluate the feasibility of approximating non-linear di usion schemeswith isotropic and a ne
Gaussian lters. The basisare the local di usion Iter kernelsfrom the non-linear schemesthat
are extracted from the diusion edo. These Iter kernelsare comparedto the approximating
Gaussian lters.

The approximating Iters are evaluated on natural images. Both the measureghat comparethe
Iters directly (Kullback-Leibler divergence)and the measurethat comparethe resulting di used
images (intensity di erence) shaw that especially Perona-Malik di usion can be approximated
quite well. Furthermore, the a ne approximation shows signi cantly better performancethan
the simpler isotropic Gaussian lters.

Secondly the approximating lters are evaluated on their performancein the multi-scale seg-
mentation method for the task of segmeting white matter brain tissue. This ewaluation o ers

more concreteresults due to the speci ¢ task. The results shawv that for ead 6 actions necessary
to reach a given segmemation quality using linear di usion, then only 2 actions are required

with GAN di usion, and 3 actions when the approximations of GAN are used. While the ap-

proximations perform signi cantly worse than the original non-linear scheme, the major part

of the advantage comparedto linear di usion is retained. Again, this ewvaluation show that the

ane lters approximate the non-linear schemessigni cantly better.

It should be noted that the approximating processeshave not been optimized for solving the
task but optimized to mimic the diusion. Henceit is possiblethat another choice from the
sameclassof Iters would give a better performancein the segmemation task.

So, do we needthe original non-linear di usion sdhemes?The somewhatpredictable answer is:
If optimal performanceis neededthen yes| but if a relatively small decreasein performance
is acceptablethen no.

The obvious and necessarydirection for future work is to establish methods for determining the
parametersfor the approximating Iters directly from the desireddi usion processparameters
and the local image structure.

Furthermore, if the approximating Iters are to be used as fast approximations compared to
running the original non-linear schemes,much work is neededin comparing e cien t implemen-
tations of both.

Recycling in this Chapter

This chapter is an edited version of [Dam et al., 20034.

71



Chapter 8

Exploring Shape Mo dels

As stated in the introduction (chapter 1), the interactive multi-scale watershed segmeration
method has provided inspiration for a large part of the work in this dissertation.

The segmemation program r Vision shows good performancealready in the original formulation
basedon linear di usion (seechapter 2). Furthermore, the work in chapters 3 and 5 shaws that
this performance can be signi cantly improved through the use of non-linear diusion. The
use of generalizedanistropic non-linear di usion improvesthe performanceby specializing the
building blocks towards a speci ¢ segmemation task.

The work on the di usion ecdo started as an attempt to visualize and understand non-linear
di usion sdhemesbetter (chapter 6) | with the implied purp oseof designingnon-linear schemes
for improving these building blocks even further. This inspired the corner enhancingdi usion

scheme (preserted in chapter 6). Howewer, experiments show that there is an implicit limit for
how much the di usion schemescan be specializedtowards a speci ¢ segmetation task. Larger
specialization implies more terms and parametersthat determineswhere the local di usion is
loweredin order to presere local structures. This introducestwo fundamental constraints. The
introduction of more terms that lower the di usion locally makesthe schemesmore sensitive to
noise. And the introduction of more parameterscomplicatesthe optimization of the schemefor
the speci c segmenmation task.

The conclusionis therefore that we cannot expect to improve the building blocks in the seg-
mentation method drastically further through better use of non-linear di usion along the lines
projected in the previous chapters.

In particular, it will not be possibleto read near-automatic segmetation for most segmetation
tasks. Experienceshowns that the level of automation is a critical parameter when considering
using the method for actual clinical applications. Therefore higher specialization, committing
the method even further to the given task, is desirable.

Now is a good time to put on our thinking caps.
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8.1 Impro ving User Interaction

One possiblepath for improving the segmemation program is to optimize the interaction. It is
not a problem that 50 building blocks are neededto sculpt the aorta if thesecan be selectedin a
singleinteraction. A simple exampleof this approad is illustrated in section2.3 (seeillustration
pagel1l). This approad is not explored in this dissertation.

8.2 Adding a Shape Mo del

The useof non-linear di usion in the multi-scale watershed approac described in the previous
chapters is basedon a local de nition of object homogeneiy. This allows speci cation of pre-
ferred local boundary behavior (such as a soft gradiernt threshold and curvature information).
Global features of the objects are only indirectly addressedthrough the multi-scale approad.

A way to achieve a higher level of automation of the segmetation processwould be to incorpo-
rate this higher level information. The natural type of information to add to the object model
is shape information that incorporates prior information on the expected shape of the objects
of the given segmemation task.

A simple analogyis the stepfrom a Snake(or Active Contour Model [Kass & Terzopoulos, 1989)
to an Active Shape Model [Cooteset al., 1995. The snake allows speci cation of expectedlocal
boundary behavior in terms of image gradients and boundary curvature | the ASM approac
adds terms specifying the likelihood of the global shape and the preferred deformations in the
optimization process.

The shape information could be incorporated in the non-linear di usion process,asdonein the
Di usion-Snake [Cremerset al., 2002h Cremerset al., 20024d. This approadc is not pursued
here. Alternativ ely, the shape information can be extracted from the watershedlinking tree.

Augmerting the multi-scale watershed segmemation method with a shape model is no simple
task. The multi-scale linking graph models the ertire image with the desired object being
represerted by selectednodesin this graph. The way we handle creations of singularities ensures
that the graph is actually a tree. The object is then implicitly represened through the selected
and deselectednodesin the tree.

Unfortunately the object is in generalnot a single sub-tree| this would meanthat it could be
segmeted using a single action in the interactive method. But is also makesthe represenation
of the object more complicated. Speci cally it meansthat the represetation is a combined
represenmation of both the object and the badkground.

Another complicating factor is that the topology of the tree will vary for dierent, but very
similar objects. This makesthe conceptof correspondencedi cult to de ne.

In the following, a few related shape matching methods are brie y introduced.
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8.3 Related Shape Representation Metho ds

The most mature graph-basedmatching schemesare the methods dewveloped for matching of
shock graphs [Siddigi et al., 1999. The shock graph is generatedby shrinking the boundary of
the shape recording the collapseswhere opposing boundary points meet. A categorization of
these points allows the processto be represeried as a graph. This method has been used for
shape matching and indexing with promising results.

Another promising approad is more related to classicalscale-spacanethods using scale-space
hierarchies of features [Demirci et al., 2003. Here classical scale-spacdeatures suc as blobs
and ridges are linking and grouped into shape represenations for hands.

Worth mentioning is also the curvature scale-spacgAbbasi et al., 1999 that is similar to the
shock graph but generatesthe graph represenation by following zero-crossingfor the boundary
curvature asthe curve ewlves.

Also, promising researt on using shape represenations basedon scale-spacestructures is cur-
rently underway (such as matching of top-points [Kanters et al., 2003 for face recognition).

Common for these shape matching methods is that they have sewere limitations that restrict
them from being the ideal choice for inspiring a shape model in the multi-scale watershed
segmemation method. First, they de ne a represenation of a shape| not an image (except
for the represertation basedon top points in scale-space).Furthermore, the matching schemes
do not provide a measureof probability for the query shape (this problem could be solved).
Furthermore, the methods have no obvious way of providing a shape mean and corresponding
deformations that can steer a segmemation process. Finally, the lack of an explicit statistical
interpretation meansthat it is problematic to generateand sample new shapes.

The last two requiremerts, being able to model shape variations and being able to statistically
sample new shapes, are extremely useful properties for a shape model.

Somepreliminary work exists on achieving this for shape represenations basedon trees. This
statistic method aims at providing the analogy of principal componerts analysisfor trees, and is
termed functional data analysis [Wang, 2003. Howewer, this approac imposesse\ere rescrip-
tions sincethe treesare required to be binary and have correspondencebasedon the level-order
position in the tree.

8.4 Generativ e Representation with Fixed Topology
A certral problem in basing a shape represeration on the multi-scale watershedlinking tree is
that varying topology for similar imagesof the sameobiject class.

A way to attack this problem is to move from a shape represenation derived from the image
to a generative model that is deformedto t the image data as well as possible. Using this
approad, the topology is determined by the generative model and not the image.
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This approadc has beenused successfullyfor a represeniation that is similar to the watershed
linking tree. This medial represenation is basedon the Blum medial axis [Blum & Nagel, 197§.
The medial axis alsoo ers highly varying topology for similar shapes|[Pizer et al., 20034, but in
the m-rep setting the generative approad is usedand the topology is xed [Pizer et al., 20033.

The topology can be xed to the appropriate mean topology using a somewhat complicated
method, where ead shape in corverted into spherial harmonics and then Voronoi skeletons
represemations [Styner & Gerig, 200]]. Howewver, empirical experiments showv that in many
casesa very simple topology is adequate.

The desireto react a shape modeling method for the multi-scale watershedmethod inspiresthe
work on automatic generation of a medial shape model that is preserted in the next chapter.

Recycling in this Chapter

This cortents of this chapter are previously unpublished.
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Chapter 9

Prostate Shape Mo deling based on
Principal Geodesic Analysis
Bo otstrapping

The use of statistical shape models in medical image analysis is growing due to the ability to
incorporate robustly prior organ shape knowledge for tasks such as segmetation, registration,
and classi cation.

Shape models are constructed from collections of segmeted organs. Though interaction can
ensure correspondence,it also introducesbias and ruins reproducibility | so a high degreeof
automation is desirablein the training process.

We presen a novel shape model construction method via a medial shape represenation. The
essetially automatic iterativ e bootstrap method is basedon an iterativ e bootstrap method that
alternates betweenshape represetiation optimization and analysisof shape meanand variations.

The method is usedto create a model from 46 segmered prostates with quarntitativ ely and
intutitiv ely good results.

9.1 Intro duction

Methods based on analysis of shape variation are becoming widespreadin medical imaging.
Thesemethods allow incorporation of statistical prior shape knowledgein tasks wherethe image
information alone often is not strong enoughto solve the task automatically. The obvious
exampleis the use of deformable modelsin segmemation, in which the preferred deformations
are determined by a statistical shape model. Another important task is shape analysis and
classi cation, in which a statistical shape model o ers information for diagnostic methods.
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Most statistical shape models consists of a mean shape with deformations. The mean and
the corresponding deformations are constructed through statistical analysis of shapes from a
collection of training data. Each shape in the training setis represened partially by the chosen
shape represenation, and analysis of the parametersfor the represeration givesthe meanand
variations [Cootes et al., 1995 Cremerset al., 20024.

The best known model from this classis the Active Shag Model (ASM) [Cootes et al., 1995.
Here, the shapes are represeried by a point distribution model (PDM) with given point-wise
correspondence. The mean model is achieved through Procrustes alignment of the shapes fol-
lowed by mean computation of ead point in the model. Principal component analysis (PCA)
is usedto provide the variations.

This work pursuesthe medial shape represemation known asthe m-rep [Pizer et al., 1996. The
m-rep 0 ers an intuitiv e represenation of the shape by means of the sheet of sampled me-
dial atoms. Comparedto PDMs this represenation is lesssimple sincethe parameter spaceis
not Euclidean but consistsof a combination of position, scaling, and orientation parameters.
Standard PCA is therefore not applicable. Howewver, the analogueof PCA has beendeveloped
for a more applicable space of shape represenations. This is the Principal Geodesic Analy-
sis (PGA) that applies to shape represettations that form Lie groups [Fletcher et al., 20033
Fletcher et al., 20034.

A key elemert in constructing shape models is the represenation of the shapesin the training
collection. This should be donein a manner that de nes/preserves correspondenceacrossthe
population. For PDMs the simplest method is manual selection of the boundary points by
an expert of the specic anatomical structure. In 2D this is a time-consuming and tedious
process| in 3D it is even worse. Howewer, this processcan be automated. The approad by
Davies [Davies et al., 2003 starts by generating boundary points from a spherical harmonics
shape represeniation. This set of boundary points and their corresppndencesare then optimized
through a Minimum Description Length (MDL) approad.

This work presens an essetially automatic shape modeling method. The coreis a fully auto-
matic bootstrap processthat iterativ ely optimizes the shape model on a training collection and
then derivesthe PGA mean and modes of deformation. Through the bootstrap iterations, the
PGA meanand variations are optimized to allow automatic tting of all shapesin the training
collection.

The avor of this work resenbles the MDL method in [Davies et al., 2003. The main di er-
enceis that the MDL approac starts the optimization processfrom represerations with good
training shape t and poor correspondence. The MDL processthen keepsthe shape ts while
optimizing the correspondence. The PGA bootstrap starts from a generative model with explicit
correspondencebut with poor t to the individual training shapes. The bootstrap processthen
keepsthe correspondencewhile optimizing the t to the training shapes.

There exists another method for generatingan m-rep mean model from a set of training shapes
[Styner & Gerig, 2007 that usesa spherical harmonicsrepresenation followed by generation of
the mean medial sheetfrom pruned Voronoi skeletons. Our approad is intuitiv ely cleanersince
m-rep is the only shape represettation in play. Furthermore, our approadc provides modes of
variation aswell asthe shape mean.
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We evaluate the preseried PGA bootstrap method for the task of constructing a shape model
for a population of prostates. The training collection consistsof 46 caseswhere the prostates
were segmeted in the courseof prostate cancerexternal-beam radiation treatment. Especially
in CT scanswith slicethickness2mm or larger, the boundariesof the prostate have low conrast
| therefore, prior knowledge in a statistical shape model is essetial to making automatic
segmetation possible. This prostate shape model is a key step towards a pelvis multi-ob ject
shape model that hopefully will achieve this goal.

Furthermore, current researd aims at using the shape model to analyze the prostatesin order
to make a shape classi cation usedfor the radiation treatment planning. This is concenrated
on the problematic sadde-back caseswhere the prostate reaces around the rectum | that
complicatesgiving radiation to the prostate without hitting the rectum.

The cortributions of this work are twofold: a) The preserned PGA bootstrap method that allows
essetially automatic generation of a shape model with meanand corresponding main modes of
variation. b) The resulting prostate model that will be certral in segmemation and analysis of
prostates and evertually allow better radiation treatment planning.

9.2 The UNC Pelvis Collection

In radiation treatment, accurate segmetation of the prostate and surrounding organsis vital.
Low image cortrast acrossthe prostate boundary makesthis a di cult task.

The segmetation programs, MASK [Tracton et al., 1994 and anastruct_editor, from the PLan-
UNC suite of radiotherapy treatment tools developed at UNC-CH Radiation Oncology, have
slice-basedcontour drawing tools and visualization of reconstructed sagittal and coronal views.
Both programs have interactive 12-bit intensity-windowing, which is required to nd and draw
both the prostate boundaries acrossfrom the bladder and the prostate's apex (the superior
tip). The contours are scan-cowerted to labelled images,which introduceslessthan one pixel
of error not signi cant to this shape study. Prostatic fat is included in the prostate's shape, as
is seenin clinical practise, both becauseof the di cult y of nding the border betweentheseand
the prostate and the chancethat thesewill cortain signi cant counts of cancercells. Seminal
vesiclesare excludedfrom the prostate.

Clinical contours are usedbut adjusted when obvious errorswerefound, such asmissingcortours,
overlapping cortours (eg. betweenthe rectum and prostate), or just sloppy contouring { all of
these shortcuts are due to clinical time constraints and are not perceived to a ect clinical care
but cana ect shape studies.

The ungated CT scansare acquired from non-immobilized supine patients at UNC Healthcare
(Chapel Hill, NC, USA) and Western Wake Radiology (Cary, NC, USA) on SiemensSomotom
4+ scannerswithout administering cortrast agers. Note that while the prostate is quite hard,
the multi-ob ject statistics eventually producedwill be sensitive to prostate shifts basedon the
patient's position and the CT coud shape (at vs. rounded) becauseof the surrounding tissues'
malleability. Thesee ects should not a ect this shift-invariant prostate shape analysis.
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Figure 9.1: Sagittal slices of the manual sggmentations of rectum, prostate, and bladder from
two casesin the UNC pelvis collection.

Retrospective patient imagesare selectedfrom the patient archivesbasedon technical criteria,
such as adequateimage quality and anatomical coverage (the ertire bladder down through the
prostate apex), as well as shape and anatomical considerations such as very large bladders,
prosthetic hips, or surgical proceduresproximal to the prostate, yielding \normal cancerous"
prostates.

The collection has 46 sets with manual segmetations for prostate, bladder, and rectum. All
casesare diagnosedwith prostate cancersothe resulting shape model will not necessarilymodel
prostatesin general. For instance, an increaseof the sizeof the prostate is commonfor prostate
cancer patients. Howewer, sincethe shape model is to be usedfor segmemation and analysis of
patients diagnosedwith prostate cancer,this bias towards cancerousprostatesis desirable.

The volumes of the prostates varies from 12cm3 to 144cm?3. Figure 9.1 illustrates the large
variation in shape.

9.3 Medial Shape Representation: m-rep

We use a medial represenation, m-rep, to model shape. Here, we brie y review the geometry
of m-reps and the deformable m-rep framework for image segmetation [Pizer et al., 20033
Joshi et al., 2003.

9.3.1 m-rep Geometry Overview

The shape represenation we useis basedon the medial axis of Blum [Blum & Nagel, 1978. In
this framework, a 3D geometric object is represeried as a set of connected cortinuous medial
sheets,which are formed by the certers of all spheresthat are interior to the object and tangent
to the object's boundary at two or more points. Here we focus on 3D objects that can be
represered by a single medial gure.
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Figure 9.2: Medial atom with a cross-setion of the boundary surface it implies.

We samplethe medial sheetM over a spatially regular lattice. Each samplepoint alsoincludes
rst derivative information of the medial position and radius. The elemerns of this lattice
are called medial atoms A medial atom (gure 9.2) is de ned as a 4-tuple m = fx;r;F; g,
consisting of: x 2 RS, the certer of the inscribed sphere,r 2 R*, the local width de ned as
the radius of the sphere,F 2 SO(3) an orthonormal local frame parameterizedby (b;b?;n),
wheren is the normal to the medial sheet,b is the direction in the tangent plane of the fastest
narrowing of the implied boundary sections,and 2 [0; ) the object angle determining the
angulation of the implied sections of boundary relative to b. The medial atom implies two
opposingboundary points, yo; Y1, with respective boundary normals, ng; ny, which are given by

ng = cogq )b sin( )n; ni; = cos( )b + sin( )n;

Yo = X+ I'Np; Y1 =X+ rng

Given an m-rep gure, we t a smooth boundary surfaceto the model. We use a subdivision
surfacemethod [Thall, 2003 that interpolates the boundary positions and normals implied by
eath atom.

9.3.2 Segmentation using m-reps

Following the deformable models paradigm, an m-rep model M is deformedinto an image| by
optimizing an objective function, which we de ne as
F(IM;1)=L(M;l)+ G(M):

The function L, the image match, measureshow well the model matchesthe imageinformation,
while G, the geometric typicality, givesa prior on the possiblevariation of the geometry of the
model. The relative importance of the two terms is weighted by 0.
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This objective function is optimized in a multiscale fashion. That is, it is optimized over a
sequenceof transformations that are successiely ner in scale. Here we will only be concerned
with two levels of scale: the gural level, and the medial atom level. At the gural level the
transformation we useis a similarity transformation plus an elongation of the entire gure. At
the atom level ead medial atom is independertly transformed by a similarity plus a rotation of
the object angle.

m-rep models are t to binary segmetation imagesof the prostates. Thesebinary imagesare
blurred slightly to smooth the objective function, which is optimized with a conjugate gradiert
method. The image match term of the objective function is computed as a correlation with a
Gaussianderivative kernel in the normal direction to the object boundary:

Z Z

L(M:1) = o) @G(t) | (s+ (t=r)n) dtds;

where s is a parameterization of the boundary B(M ), @G is the Gaussianderivative kernel, r
is the radius function, and n is the boundary normal.

The geometrictypicality term is de ned as
GMM)=(@a )PM)+ N(M); (9.1)

where 2 [0; 1] is a weighting term. The function P measuresthe changein the boundary from
the previous level of scale: 7
. ..2

P(M) = s Soll

2 ds;

B(M)
where sy is the initial position of the boundary at this scalelevel. The function N seeksto keep
medial atoms in the samerelationship with their neighboring atoms. It is de ned as

Z . .
jis sYi?

N(M) = 2 ds;

B(M)

where now s is the boundary surface of the model in which the current medial atom is in the
position predicted by its neighbors. The neighbor term is only usedat the atom scalelevel, i.e.,

= 0 during the gural level. The role of the neigbor penalty term is to keepthe shape nice
locally | comparableto the curvature term in active corntour models.

9.4 Shape Mo deling

The goalis to arrive at a shape model that describesthe shape variation within the population
of prostates. A shape model is a parametric shape represetiation with prede ned rules for
deformation that allow the model to represen the class of shapes encourtered. In medical
image analysis the shape classesare typically de ned by shapesof organsor other anatomical
structures. This intro ducessomebasic modeling trade-o s:
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Compactnessvs Accuracy

The model should be a more compact represetiation than the basic represetation of the
organ (typically a binary image). This introducesa trade-o between compactnessand
precision in the represetiation. The desire for compactnesssuggestscoarsesampling of
the basic elemerts of both the underlying shape represenation (boundary points, medial
points, cortrol points in splines, spherical harmonic coe cien ts etc.), and the possiblede-
formations (similarity transformation, PCA modesetc.). The desirefor accuracy suggests
ner sampling.

Genenlity vs Speci city
The deformations should be exible enoughto allow the shape modelto t the organsup
to the precisionpossiblewith a speci c compactness/sampling. This ensuresthe generality
of the model. The opposing property is speci city, that statesthat the model should not
deform into shapes not encourtered in the organs. This trade-o inspires a statistical
approad that allows a soft transition betweenlikely and un-likely shapes.

Correspndene vs Accuracy

Another key property of shape modelsis the ability to give an explicit or implicit coordinate
system on the shapesthat o ers correspondenceof locations among the shapes. This
intro ducesyet another requiremert on the allowed deformations of the shape model. Being
able to t the individual organs shape is not sucient | the model must also ensure
that anatomically corresponding locations on the organsare equipped with corresponding
locations given by the coordinate systemof the shape model. This suggestthat the shape
model should restrict large deformations that violate correspondence| and thereby the
attainable accuracyis limited.

9.4.1 First Attempt:. The Potato Mo del

The segmemation program Pablo provides a user interface that allows construction of m-rep
modelsand optimization of the parameterssud that the constructed modelis tted to aspecic
training case[Pizer et al., 20034.

The Potato in gure 9.3 is such a handcrafted m-rep model basedon inspection of a subset of
the prostate collection and some experimentation. If we can automatically deform this model
into all the prostatesin the training collection, we actually have the desired shape model.

Batc h Optimization of m-reps

For this shape modeling we deweloped a batch non-interactive badk-end to Pablo. It is of
little theoretical interest, but without this automatic tting program, our results would not be
realistically possible.

The tting program readsm-rep optimization constraints from an options le and performsthe
corresponding m-rep optimization steps. The processis completely free from interaction. The
initial hand placemen of the model is performed automatically by translating to the certer of
gravity and scalingto the volume of the relevant training case(represened as a binary image).

To t the Potato in all the training prostates, the batch optimizer is run with = 0:1 and
= 0:75] high con dence in the segmemations, and low importance of geometric typicality.
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Figure 9.3: The Potato m-rep madel. Left: The medial grid with the implied boundary as
wireframe. Right: The model as a solid surface. The viewmint is from atove, behind the
prostate.

Rating the Potato

In order to determine whether the Potato can be deformed satisfactorily into the training
prostates we look at the image match values for the 46 cases. Recall that the match value
is a normalized correlation measurein the range-1to 1 with approximately 0.95asthe practical
maximal value. Furthermore, heuristic experiencefrom other organs shav that values above
0.80 are quite good.

The Potato match valuesfor the 46 casesare in the range 0.60{ 0.84with a meanof 0.75. This
is not acceptablefor our task. Figure 9.4 illustrates the worst and best case.

The geometric penalty prevents the model from deforming enoughto t the worst casessatisfac-
torily. Thereforethe model certainly is not generalenough,and the Potato cannot be considered
a good prostate prototype.

Howewer, ewven though the batch optimization of the Potato does not give satisfying shape
represenmations of all the prostatesin the training collection, it doesensurea rough t in most
cases.In the following we preser the theory that allows us to usetheserough ts to improve
the Potato.

83



Figure 9.4: Axial slicesfrom the worst (left, image match 0.60, volume 27 cm?) and best (right,
image match 0.84, volume 127 cm?®) tting casesfor the deformel Potato model.

9.5 Principal Geodesic Analysis

Principal geodesic analysis (PGA), introduced in [Fletcher et al., 20030, is a generalization of
principal componert analysis(PCA) to curved manifolds. It is shown in [Fletcher et al., 20033
Fletcher et al., 20034 that m-rep models form a Lie group, and the necessaryalgorithms for
computing the meanand PGA of a collection of m-rep modelsare given. We review theseresults
briey here.

9.5.1 Lie Groups

First we presen a brief overview of Lie groups (see[Duistermaat & Kolk, 200q for a detailed
treatment). A Lie group G is a di erentiable manifold that alsoforms an algebraicgroup, where
the two group operations,

(X y) 7! xy . G G! G Multiplic ation,
x 7 x 1 - G! G Inverse,

are di eren tiable mappings.

Let e denote the identity elemen of a Lie group G. The tangern spaceat e, TG, forms a Lie
algebra, which we will denote by g. The exponertial map, exp:g! G, providesa method for
mapping vectorsin the tangernt spaceTG into G. Given a vector v 2 g, the point exp(v) 2 G
is obtained by owing to time 1 along the unique one-parametersubgroup emanating from e
with initial velocity vector v. When the Lie group is given a compatible Riemannian metric,
this one-parametersubgroupis the unique geadesicat e with velocity v.
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The exponertial map is a di eomorphism on a neighborhood of 0 in g to a neighborhood of e
in G. The inverseof the exponertial map is called the log map. The gealesicdistance between
two points g;h 2 G is given by jjlog(g h)jj.

As shawn in [Fletcher et al., 20034, the set of all medial atoms forms a Lie group M = R3
R* SO(3) SO(2), which we call the medial group. Likewise, the set of all m-rep models
cortaining n medial atoms forms a Lie group M ", i.e., the direct product of n copiesof M.

9.5.2 m-rep Means

The Riemannian distance betweenm-rep modelsM ;M , 2 M " is given by

d(M 1;M ) = jjlog(M ; *M )j (9.2)

sum-of-squaredgealesic distances:

X
=argmin  jjlog(M; *M)jj?
M2M"

As shown in [Fletcher et al., 20034, the meanmodel may be computed by the following iterativ e
gradient descen algorithm (algorithm 4).

Algorithm 4 m-rep Mean

Output: 2 M ", the intrinsic mean
=M 1
Do
Mi= M,
= exp(z i log( M)

While jjlog(  )ji > :

9.5.3 PGA of m-reps

Principal componerts of Gaussiandata in R" are de ned as the projection onto the linear
subspacethrough the meanspannedby the eigervectors of the covariance matrix. If we consider
a general manifold, the courterpart of a line is a geadesic curve, that is, a curve with minimal
length betweentwo points. In the Lie group M " geadesicscan be computed via the exponertial
map. Given a tangert vector v in the Lie algebra m", the gealesic starting at the identity
with initial velocity v is givenby : R! M", where (t) = exp(tv). Similarly, the curve
x (t) = x exp(tv) is a geadesicstarting at the point x 2 M ",
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Algorithm 5 Algorithm: m-rep PGA

Output: Principal directions, u( 2 m"
Variances, ¢ 2 R
= meanof fM g
Xj = |Og,( M i)
— N
S=§ =1 XiX{
ful®: g = eigervectors/eigervalues of S:

As shown in [Fletcher et al., 20034, the covariance structure of a Gaussian distribution on
M"™ may be approximated by a covariance matrix in the Lie algebra m". The eigervec-
tors of this covariance matrix correspond via the exponertial map to geadesicson M ", called
principal geodesics The principal geadesic analysis (PGA) on a population of m-rep gures,

Analogousto linear PCA models, we may choosea subsetof the principal directions u() 2 m"
that is su cien t to describe the variability of the m-rep shape space. New m-rep models may
be generatedwithin this subspaceof typical objects. Given a setof coe cients f 1;:::; |0, we

XI
M= exp uk
k=1

where | is chosento be within [ 3p K 3p Mk

9.6 Shape Mo del Bo otstrapping

The shape model bootstrapping method is now quite simple. The batch tting processis used
to give rough represenations of ead shape. The PGA is usedto generatethe meanmodel from
the 46 tted models. This mean model is then usedas the starting model in the next iteration
to t the shapesusingthe batch tting process,and the bootstrapping method is iterated.

The underlying assumption is that the mean of the roughly tting models will be a better
prototype than the initial Potato. As the bootstrap iterations progressthe generated mean
models will hopefully corvergeto a good prototype.

9.6.1 Bootstrapping the Potato using PGA Mean

The graph in gure 9.5 shows the dewelopmert of the image matches during bootstrapping.
The image matches becomeexcellent as the bootstrap progresses ewven the worst match is
good. The resulting mean model can be deformedautomatically into the shapesin the training
collection, so we now have a prostate shape model as desired. Sincethe allowed deformations
are exactly the sameas in the initial attempt in section 9.4.1, the improved performance is
exclusively due to the resulting mean shape being a better prostate prototype | asexpected.
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Figure 9.5: The evolution of the worst, best, and mean image match for the 46 casesduring
bootstrap starting from the Potato.

Howevwer, the method started from a reasonably good initial model being the manually con-
structed Potato. For the prostate, this is not a problem. Howewer, it is not desirableif we need
to divine a new suitable vegetablefrom which to start the bootstrapping for eaty new organ to
be modeled.

9.6.2 Bootstrapping the Generic using PGA Mean

In order to seehow dependert the bootstrap method is on the initial model, alternative m-rep
modelswith the same4x4 atom grid were used. The Generic is the default 4x4 slab model that
Pablo generatesas a starting model for building handcrafted models. Figure 9.6 shovs how the
bootstrap is virtually independert of the choice of starting model | except for the number of
atoms that re ects the compactnessvs accuracyissue.

9.6.3 Bootstrapping using PGA Mean and Mo des

The principal gedlesic analysis provides the shape mean and well as the principal modes of
variation. Above, we only usethe meanin the bootstrap. Howewer, the batch tting process
can also usethe PGA modesin the gural level transformation in place of the elongation.

The expectation is that thesetrained, global deformations steerthe model to the desiredimage
match in fewer bootstrap iterations. Figure 9.7 shows exactly that expected behavior where the
10 top PGA modesare used.
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Figure 9.6: The Generic initial model and the resulting bootstrap image match evolution.

Figure 9.7: The bootstrap evolution starting from the Generic using glotal PGA modesin the
gur al level optimization.
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9.6.4 Convergence

In this work, we addressthe question of corvergencesuper cially . The image match valuesabove
appear to be cornverging. Convergenceof the PGA mean and modesis consideredfuture work.
Furthermore, we may want to constrain the ewlution of the model such that the converging
model has speci ¢ correspondenceproperties. Our expectation is that eventually the method
will corvergeto the sameresulting mean model independert of the choice of starting model and
optimization options | using dierent paths through model parameter space.

Here we usethe heuristic approad of running the bootstrap until the image match valuescease
to improve signi cantly. We therefore use the resulting model from 10 bootstrap iterations
starting from the Generic using PGA deformationsin the optimization (see gure 9.7).

9.6.5 Exclusion of Outliers

In particular during the early bootstrap iterations, the optimization processreachespoor image
match valuesfor sometraining cases. This is simply due to too much di erence betweenthe
initial model and these training prostate shapes. As a result, the optimized model then does
not correspond to a prostate shape within a reasonableprecision.

Therefore, it can be argued that these non-prostate shapes should be excluded from the cal-
culations of the PGA mean and modes. Much like outliers are often identied and excluded
during statistical methods in general. This identi cation could simply be done by de ning an
image match threshold basedon e.g.the variance of thesevalues. In this work we experimented
super cially with outlier exclusion and concluded that the PGA bootstrap method performs
robustly without this extra step.

9.6.6 Resulting Prostate Shape Mo del

The resulting Prostate shape model then consists of the mean shape and the deformations
illustrated in gure 9.8. The 10 modesof variation include 95% of the variation in the training
collection. This ensureslittle need for atom optimization in the segmemation process. The
automatic tting acievesimage matchesin the range 0.81{0.93 with mean 0.87. That this is
signi cantly better than the original attempt with the Potato model can be seenin gure 9.9.

The shape model is trained on binary images| therefore the resulting model is only evaluated
for segmeting binary images. Howeer, in the full m-rep segmetation framework, the shape
model is combined with prole models for the local boundary instead of the just using the
Gaussianderivative pro le (as donein [Rao, 2003 for instance).

Apart from being directly applicable for segmemation, the shape model | and especially the
condensedPGA parameterization | is alsodirectly applicable for shape classi cation.

Furthermore, the hierarchical m-rep optimization framework also allow easy generalization of
the model building method. The work preseried hereis limited to single- gure m-rep models.
The shape model method could easily be extendedto multi-ob ject multi-ob ject ensenbles due
to the modular optimization method where ead individual step could be modeled using the
PGA bootstrap approad introduced here.
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Mode 1: Sagittal view (from the side) possibly shaving e ects of varying pressurefrom bladder
(is top right).

Mode 2: Coronal view: Laurel/Hardy deformation.

Mode 3: Sagittal: again possibly results of bladder pressure.

Mode 4: Axial view: Saddle-ba& where the prostate curves around the rectum | a known
problematic behavior that complicatesradiation treatment.

Figure 9.8: The four primary modes of deformation in the Prostate model. Each mode is
illustrated by 1.5 standard deviation images.

90



Figure 9.9: The Prostate model on the casesfrom gur e 9.4 with image matches0.85 and 0.91
(was 0.60 and 0.84). Since left is a worst casethis is highly satisfying.

9.7 Conclusion

We presert a novel shape model construction method using a medial shape represertation. The
method is essetially automatic basedon an iterativ e bootstrap method that alternates between
shape represertation optimization and principal geadesicanalysisof shape meanand variations.
The method constructs an m-rep shape model consisting of a mean and corresponding main
modes of variation.

The non-automatic step is the choice of sampling in the medial sheet. We have chosena 4x4
atom grid that appearsto be a suitable compromisebetweencompactnessand accuracy

The method is evaluated through construction of a prostate shape model from a training col-
lection of 46 manually segmened prostates. The resulting model has good quartitativ e perfor-
mance. In addition, the modes of variation shav deformations that corresponds intuitiv ely well
with known prostate behavior. We are especially pleasedwith the presenceof the saddle-bak
variation in the fourth mode.

Future work is certered on ensuring desirable corvergenceof the shape model in the bootstrap
iterations. Furthermore, we plan to evaluate the method against the method that usesthe MDL
approad to generatean ASM [Davies et al., 2003. Certral points to evaluate are compactness,
correspondence,and legality (how likely are illegal models).

Finally, we look forward to applying the method on other anatomical organs (among others
kidneys, hearts and various brain structures).
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Chapter 10

Revisiting Prostate Shape Mo deling

The previous chapter left the question of corvergencefor the iterativ e bootstrap PGA modeling
method as an open problem. Even though the method showved great promise, convergenceis
obviously highly desirablefor such a method.

10.1 Convergence of the Bootstrap PGA Mo del

In section 9.6, we concludethat the match valuesappearto be converging during the bootstrap
iterations. This doesnot imply that the underlying meanmodel is corverging (or the variations
for that matter) | gure 10.1lillustrates that this is actually not the case.The obsened behavior
is highly undesirable not only due to the lack of model corvergence. The medial sheet of the
mean model doesnot stay inside the prostate, sothe model is actually no longer medial. As a
consequenceshape analysis (eg. measuremets of width or bending) is not possible.

10.1.1 Relativ e vs Absolute Geometric Penalties

The force that drivesthe ewlution of the mean model in the bootstrap is minimization of the
objective function in the optimization step. This objective function is composedof the image
match and the geometrictypicality (seesection 9.3 for details). The image match is maximized
until the geometric penalty prevents further deformation of the model. It is important to note
that this geometricrestriction is relative to the current meanmodel in every bootstrap iteration.
This meansthat the geometric penaltiesare only relative | they limit the change of the mean
model in ead bootstrap iterations, but doesnot limit the total deformation. In principle, the
absenceof absolute geometric penalties allows the model to deform arbitrarily given enough
bootstrap iterations.

Therefore, during the bootstrap iterations, the actual driving force is the image match exclu-
sively. The behavior displayed in gure 10.1is then probably simply due to the fact that the
image match to prostate shapesis improving when the end atoms are further away from the
boundary.
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Figure 10.1: The lack of convergene for the mean model during the bootstrap iterations. Above,
the mean resulting from starting the bootstrap from the Generic model using full PGA is displayeal
after 1, 4, 10, 20, 30 40, and 50 iterations. The end atoms appear to be moving away from the
boundary and thereby pass across the center of the model. This implosion leaves the implied
boundary nicely optimized for representing the prostatesbut the medial sheet is not suitable for
shape analysis| and not medial!
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End atoms further away from the boundary allow smaller curvature of the implied boundary,
and sincethe prostatesare not at, the curvature at the crest (the part of the implied boundary
that correspondsto the transition betweentop and bottom of the medial sheet)is quite low?.

The geometry of the medial axis has beenstudied closely There exists a number of theorems
that describe conditions for ensuring legal geometry [Damon, 2003 for a medial axis and the
implied boundary. A relevant exampleis a theoremthat limits the local curvature of the medial
axis given the local radius. Howewer, thesetheoremsare not enforcedin the m-rep optimization.

10.1.2 Constraining the Medial Sheet

In the following the approacd using absolute geometricpenaltiesis investigatedthrough a simple
example. Instead of implemernting the theoremsthat ensurenice properties for the medial axis
and the implied geometry, a more ad hoc approacd is used. The purposeis not to presen a
theoretically solid method, but rather to sketch a simple approad that implements absolute
geometric penaltiesin a simple and intuitiv ely reasonablemanner.

The medial sheetin intended to be a sampled medial axis. This implies that the atoms are
supposedto be approximately evenly spacedon the sheet. Furthermore, the beforemerioned
theoremson medial geometryimplies that the curvature of the medial sheetis limited. A simple
way to interpret curvature in terms of medial atoms is to look at the anglesof the grid vectors
acrossthe atoms.

This results in two simple geometric penalties:

Distance:
The atoms are to be kept approximately evenly spaced. An indirect way of doing this is
to penalizethe atoms from moving too closeto ead other. A simple measureat an atom
is the minimal distanceto a neighbor atom.

Angle:
The curvature is to be limited. A qualitativ e way of enforcing this curvature constraint is
to penalizelarge anglesat the medial grid acrossthe atoms. A simple measureat an atom
is the maximal angle betweenvectors to two opposing neighbor atoms. End atoms must
betreated asa specialcase| eventhough no anglecan be measuredacrossthe boundary
of the sheet,they indirectly causean angleat the neighboring internal atom. This internal
angle is usedasthe measurethat penalizeslarge anglesat the end atoms.

These simple penalties resenble the regularising penalties used for enforcing regular sampling
and smoothnessfor point distribution boundary models.

The speci ¢ geometric penaltiesusedare inversely proportional to the minimal distance squared
and proportional to the maximal angle squared. These penalties are addedto the equation for
the geometrictypicality (equation 9.1) in the optimization of the m-rep models.

YFor those with an eye for the ner details and detailed m-rep knowledge: since the end atom elongation is
kept above 1, low curvature can not be obtained by minimizing the end atom angle.
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The absolute geometric penalty for large anglesand for small inter-atom distances are eah
equipped with a propertionality factor in the equation for the geometric penalty. With Ang
de ned as the maximal angle acrossan atom (as described above) and Dist de ned as the
minimal distanceto a neighboring atom, the full equation for the geometric penalty becomes:

G(M)=@ )PM)+ N(M)+ Ang?+ Dist 2 (10.1)

10.1.3 Bootstrapping using Absolute Geometric Penalties

In the following, some preliminary experimerts on the use of absolute geometric penaliesare
preseried. In order to speed up experimertation, a smaller training collection with only six
prostates is used. Figure 10.2 shanvs how the mean ewlves when the bootstrapping method
is applied without absolute geometric penalties on this smaller training set. The undesirable
implosion e ect is evidert.

The expectation is that the addedgeometricpenaltieswill constrain the model and thereby limit
the undesirableimplosion e ect. Howewer, too high absolute geometric penalties will constrain
the model too much and prevent it from deforming into the given shape. Informal experiments
show that the factors = 0:02and = 0:000005seemreasonable.

Figure 10.3 illustrates how these absolute penalties manageto prevent the implosion e ect in
the ewlution of the model. Howewer, the model still appearsto continue wiggling slightly.
Convergenceis possibly not attained.

This wiggling is believed to be due to an implementation issuein Pablo [Fletcher et al., 2002.
Each medial atom implies two boundary points with corresponding surface normals. However,
in order to ensurea smooth boundary, the actual normals of the surface are only required to
be within a certain angle comparedto the normals given by the medial atoms. This means
that in nitely many atom positions can yield the same boundary. Therefore the question of
convergenceis not only related to the medial model and the model bootstrapping method |
but alsoto the speci c implementation of the m-reps. This is a reasonableexplanation for the
small drift in the model in gures 10.3. Future researt will investigate this further.

Even though the absolute geometric penalties alone possibly do not ensurecorrespondence,the
basic principle do appear to solve the main part of the problem. However, this comeswith a
price. The added geometric penalties constrain the m-rep model. Therefore the image match
valuesare expectedto su er as a results of these extra constraints. Figure 10.4 illustrates this
e ect.

The experiments here demonstate that while absolute geometric penalties succeedin ensuring
a nice medial sheet, they alone do possibly not provide convergenceof the mean model in the
bootstrapping method. Furthermore, the approad intro ducesad hoc choicesof penalty weights
that seeminglykeepthe model nice while not lowering the image match valuestoo much. These
ad hoc penalty weights should be disposedof | and the absolute geometric penalties should be
replaced by expressionsbasedon geometry As an example, any angle above zero is penalized
above | instead only anglesthat implies illegal geometry (as determined by the local radius
[Damon, 2003) should be prevented.
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Figure 10.2: Evolution on training subsetwithout absolutegeometric penalties. The mean models
are visualizad after every 9 bootstrap iterations starting from iteration 1 and ending at 100. The
implosion is presentand the processis obviously not conveming to an acceptablemean model.
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Figure 10.3: Evolution on the training subsetwith absolutegeometric penalties. The mean models
are visualizad after every 9 bootstrap iterations starting from iteration 1 and ending at 100. The
processis not apparently convergent, but obviously more in control than in gure 10.2.
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Figure 10.4: With absolutegeometric penalties the model is constrained from achieving optimal
image match. Top: Evolution of image match values without absolute geometric penalties.
Bottom : Evolution with absolutegeometric penalties constrains the model and resultsin worse
image match values.

99



10.1.4 Proving Convergence

Above, convergenceis treated informally with little mathematical foundation. A proper deriva-
tion of the requiremerts for corvergenceis obviously desirable.

Howewer, proving corvergenceis not trivial. The fact that there is a many-to-one mapping
betweenm-reps and implied boundaries complicates matters. This can meanthat even though
the implied model boundary is converging towards an optimal shape, the underlying meanmodel
is not necessarilydoing the same. As explained above, there are alsoimplementation issuesthat
needto be considered.

Finally, the unknown training collection also complicatesproving convergence.

Therefore a formal proof will probably needto make someassumptions. For instance formulated
like the following: If the optimization of the current mean model to each training shap is
converging, then the mean model will converge to the optimal mean model.

The derivation of a formal proof is left for future work.

10.2 Conclusion

The work in this chapter o ers preliminary results on ensuring corvergencein the principal
gedalesicanalysis bootstrapping method introducedin chapter 9. The approad is somewhatad
hoc, but the introduction of absolute geometric penalties appearsto ensurecortrolled behavior
of the mean model during the bootstrap ewlution.

The formulation of proper absolute geometric constraints basedin geometry is left for future
work.

Another approad on investigating corvergenceindicates that if no atom deformations are al-
lowed during the optimization processin the bootstrap iterations, the mean model is actually
corverging. The global deformationsde ned by the PGA modesduring the gure stagearethen
the only shape deformations that allow the mean model to improve. This preliminary result is
due to Tom Fletcher.

Also, researt shaws that although corvergenceis not yet attained, the method works for kidney
modeling. An ad hoc approad for stopping the bootstrap when the image match seemsto
be converging. Thereby automatic segmemation is achieved [Rao, 2003| this is not possible
without the mean shape obtained through the PGA bootstrap modeling method.

Recycling in this Chapter

This cortents of this chapter are previously unpublished.
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Chapter 11

Summary

The work in this dissertation exploresa path from a non-committed multi-scale segmemation
method towards more committed methods for segmemation and shape modeling.

The rst body of work is focusedon specializing the multi-scale segmetation method through

the useof non-linear di usion. We preseri a Generalized Anisotropic Non-linear di usion stheme
with methods for optimizing the parametersand evaluating the performance. The results apply
for segmemation of both 2D and 3D objects and show considerableperformanceimprovemens
through the use of GAN. Upper limits for this performance gain are empirically established
through experimerts on arti cial ideal objects. The methodology is evaluated on segmetation

of brain structures in both 2D and 3D and shaws signi cant improvemerts in segmemation

e ciency .

Non-linear di usion is then analyzedin more detail via the introduction of the Di usion Echo
that allows explicit analysis of the local lters in non-linear di usion sthemes. We use this
approadc to investigate the connection between linear and non-linear di usion given by scale
selection.

While non-linear di usion allows a large degreeof incorporation of prior knowledgeand thereby
facilitates specialization towards a speci ¢ task, the work shaws that for the multi-segmertation
program, the possible performanceimprovemert due to non-linear di usion is not unlimited.
Speci cally, near-automatic segmermation seemsunfeasiblewithout further commitment of the
method. The most promising way of incorporating additional prior knowledge is through the
use of a shape model.

The nal body of work is focusedon shape modeling via the medial shape represenation known
as the m-rep. We present an essetially automatic method for generating a statistical shape
model from a training collection. We demonstrate the method for constructing a prostate shape
model.
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11.1 Future Work

As is often the casein researt, this dissertation leaves more open endsthan closedchapters.

Ead of the three main bodiesof work provides promising future work asoutlined in the chapter
conclusionsthroughout the dissertation. Here, only future directions that conbine the bodies
of work are mertioned.

The analysis of non-linear di usion made possibleby the di usion edo has obvious potential
in the multi-scale watershedsegmemation framework. A simple, very pragmatic, direction is to
investigate the use of downsampling in non-linear di usion. Downsampling is essetial in order
to reducethe computation time neededfor preprocessingof the building blocks. The di usion
edo directly o ers a way to measuresthe changein the di usion dueto downsampling.

Another more fundamenal path that combines the di usion edo with multi-scale watershed
segmetmation is to pursue the design of the scale-selectionmedcanism outlined in chapter 7.
Apart from the theoretical implications, this would also allow a combination of the best of both
worlds in the multi-scale watershedsegmetation method. The designof a scale-selectiormedh-
anismthat allows multi-scale approximation of non-linear di usion schemeso ers computational
e ciency in the preprocessingstep while providing the interaction e ciency of building blocks
constructed through the use of non-linear di usion.

The best of both worlds is also available through augmertation of the multi-scale watershed
segmemation method with a shape model. Thereby near-automatic segmemation combined
with the intuitiv e direct interaction with the data through building blocks is possible. A typical
problem with near-automatic methods (such assegmetation methods basedon the active shape
model or the m-rep) is how to handlethe, say, 5% problematic caseswvherethe automatic scheme
fails | or alternatively how to interactively re ne an almost correct segmetmation. Selection
and deselectionof low scalebuilding blocks would allow the userto handle this with little e ort.

The incorporation of a shape model could either be independert of the multi-scale watershed
framework | or an integrated componert. A simple integration would be a shape model that
usesthe number of building block actions necessaryto react the current shape instead of the
image match term in the optimization. This approad is possibly somewhat naive, but it is
nicely in alignment with the multi-scale watershed framework.

A more ambitious and fully integrated shape model would be basedon the watershed linking
tree. A major problem with scale-spacdree modelsis the heavy in uence of the badkground on
the tree represenation. Non-linear di usion could here be usedto provide a better separation
of object and badkground in the tree and thereby make the approac more robust.
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