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Abstract

PETER JONA THAN LORENZEN: Multi-Mo dal Image Registration and

A tlas F ormation.

(Under the direction of Sarang C. Joshi, D.Sc..)

Medical images of h uman anatom y can b e pro duced from a wide range of sensor

tec hnologies and imaging tec hniques resulting in a div erse arra y of imaging mo dalities,

suc h as magnetic resonance and computed tomograph y . The ph ysical prop erties of

the image acquisition pro cess for di�eren t mo dalities elicit di�eren t tissue structures.

Images from m ultiple mo dalities pro vide complemen tary information ab out underly-

ing anatomical structure. Understanding anatomical v ariabilit y is often imp ortan t in

studying disparate p opulation groups and t ypically requires robust dense image regis-

tration. T raditional image registration metho ds in v olv e �nding a mapping b et w een t w o

scalar images. Suc h metho ds do not exploit the complemen tary information pro vided

b y sets of m ulti-mo dal images.

This dissertation presen ts a Ba y esian framew ork for generating in ter-sub ject large

deformation transformations b et w een t w o m ulti-mo dal image sets of the brain. The es-

timated transformations are generated using maximal information ab out the underlying

neuroanatom y presen t in eac h of the di�eren t mo dalities. This mo dalit y indep enden t

registration framew ork is ac hiev ed b y join tly estimating the p osterior probabilities asso-

ciated with the m ulti-mo dal image sets and the high-dimensional registration transfor-

mations relating these p osteriors. T o maximally use the information presen t in all the

mo dalities for registration, Kullbac k-Leibler div ergence b et w een the estimated p osteri-

ors is minimized. This framew ork is extended to large deformation m ulti-class p osterior

atlas estimation. The metho d generates a represen tativ e anatomical template from an

arbitrary n um b er of top ologically similar m ulti-mo dal image sets. The generated atlas

is the class p osterior that requires the least amoun t of deformation energy to b e trans-

formed in to ev ery class p osterior (eac h c haracterizing a m ulti-mo dal image set). This

metho d is computationally practical in that computation times gro ws linearly with the

n um b er of image sets.

The m ulti-class p osterior atlas formation metho d is applied to a database of m ulti-

mo dal images from ninet y-�v e adult brains as part of a health y aging study to pro duce

4D spatiotemp oral atlases for the female and male subp opulations. The stabilit y of the
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atlases is ev aluated based on the en trop y of their class p osteriors. Global v olumetric

trends and lo cal v olumetric c hange are ev aluated. This m ulti-mo dal framew ork has

p oten tial applications in man y natural m ulti-mo dal imaging en vironmen ts.



v

A CKNO WLEDGMENTS

I w ould lik e to thank m y advisor Dr. Sarang Joshi for his guidance, motiv ation, and

supp ort in all asp ects of m y graduate education. I also w an t to thank m y committee

mem b ers: Dr. Guido Gerig and Dr. Stephen Pizer for their exp ertise and guidance in

image analysis; Dr. Elizab eth Bullitt for her clinical exp ertise, use of her substan tial

brain image database, and for funding m y studies; and Dr. Andrew Nob el and Dr. J.

Stev e Marron for their exp ertise in statistics.

I w an t to thank all m y fello w studen ts (past and presen t) in the Medical Im-

age Displa y and Analysis Group (MID A G) for man y helpful discussions, particularly

Dr. Mic hael Rosen thal, Dr. P . Thomas Fletc her, Dr. Sean Ho, Brad Da vis, Marcel

Prasta w a, and Nathan Mo on. I w ould also lik e to thank MID A G mem b ers Dr. Stephen

A ylw ard and Dr. Mark F osk ey for their man y constructiv e commen ts regarding this

w ork.

I am grateful to the sta� of the computer science departmen t for running suc h a w ell

main tained organization. In particular, I w ould lik e to thank Janet Jones for diligen tly

answ ering m y man y departmen tal questions and Delphine Bull whose assistance has

sa v ed me man y hours. This w ork w as funded in part b y the NIBIB-NIH gran t R01

EB000219 and the NIH-HLB gran t R01 HL69808.

Finally , I w ould lik e to thank m y family and friends for all their lo v e and supp ort.

My mother and stepfather, Marilyn and Chris Alb ertson, and m y father, Willie Loren-

zen ha v e tirelessly supp orted me and m y education throughout m y en tire life. Most

imp ortan t, I w ould lik e to thank m y so on-to-b e b orn son for the extra incen tiv e to

complete this do cumen t in a timely manner, and m y wife Am y for her unconditional

lo v e, supp ort, and encouragemen t.



vi

Con ten ts

List of Figures x

1 In tro duction 1

1.1 Motiv ation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Computational Anatom y and A tlas F ormation . . . . . . . . . . . . . . 2

1.3 Thesis and Con tributions . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.4 Ov erview of Chapters . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Probabilit y A v erages 6

2.1 A v erages from Kullbac k-Leibler Div ergence Sums . . . . . . . . . . . . 7

2.1.1 Arithmetic Mean from

�D
�
f pi gN

i =1 jjp
�

. . . . . . . . . . . . . . . 7

2.1.2 Normalized Geometric Mean from

�D
�
pjjf pi gN

i =1

�
. . . . . . . . . 9

2.2 Ba y es Probabilit y of Error . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3 Bounds on Pe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3.1

�D
�
f pi gN

i =1 jj p̂
�

Bounds on Pe . . . . . . . . . . . . . . . . . . . . 16

2.3.2

�D
�
p̂jjf pi gN

i =1

�
Bounds on

�Pe . . . . . . . . . . . . . . . . . . . . 17

2.3.2.1 D �
�
f pi gN

i =1

�
� �D

�
p̂jjf pi gN

i =1

�
. . . . . . . . . . . . . . 18

2.3.2.2

�D(p̂jjpi ; p(i modN )+1 ) Bounds on Pe(f pi ; pj g) . . . . . . . 20

2.3.2.3

�D
�
p̂jjf pi gN

i =1

�
Bounds on

�Pe . . . . . . . . . . . . . . . 21



vii

3 Multi-Mo dal Image Set Registration 24

3.1 Multi-Mo dal Image Registration Bac kground . . . . . . . . . . . . . . . 26

3.1.1 Mutual Information-Based Image Registration . . . . . . . . . . 27

3.2 Multi-Mo dal Image Set Registration . . . . . . . . . . . . . . . . . . . . 29

3.2.1 Multiv ariate Mutual Information in Image Registration . . . . . 29

3.2.2 Existing Multiple Image Registration Metho ds . . . . . . . . . . 30

3.2.3 Existing Join t Segmen tation and Registration Metho ds . . . . . 31

3.2.4 Multi-Mo dal Image Set Registration . . . . . . . . . . . . . . . 31

3.2.4.1 Ba y esian F ramew ork . . . . . . . . . . . . . . . . . . . 32

3.2.4.2 Large Deformation Di�eomorphic Registration . . . . . 33

3.2.4.3 Registration . . . . . . . . . . . . . . . . . . . . . . . . 39

3.2.4.4 Implemen tation . . . . . . . . . . . . . . . . . . . . . . 40

3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3.1 Data Prepro cessing . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.3.2 Registration Exp erimen ts . . . . . . . . . . . . . . . . . . . . . 42

3.3.2.1 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.3.2.2 Bi-Mo dal/Bi-Mo dal (Mutually Exclusiv e)

Registration . . . . . . . . . . . . . . . . . . . . . . . . 45

3.3.2.3 In v erse-Consisten t Image Registration . . . . . . . . . 46

4 Multi-Class P osterior A tlas F ormation 50

4.1 A tlas F ormation: a Review . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.2 A v eraging Di�eomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.3 Large Deformation Di�eomorphic A tlas Estimation . . . . . . . . . . . 55



viii

4.3.1 Disp ersion F unctions on the Space of Probabilit y

Mass F unctions . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.3.2 Registration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.3.3 V ariation of Disp ersion With Resp ect to T ransformations . . . . 59

4.3.4 Implemen tation . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.4 A�ne and Di�eomorphic A tlas Results . . . . . . . . . . . . . . . . . . 61

5 A tlas Stabilit y 64

5.1 Simple In tensit y Example . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.2 En trop y: In terp olation and Scale E�ects . . . . . . . . . . . . . . . . . 65

5.3 Random P erm utation T est . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.3.1 A tlas F ormation . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.3.2 In terp olation and Scale E�ects on En trop y . . . . . . . . . . . . 73

5.3.3 A tlas Stabilit y . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

6 Aging Study via A tlases of Normal Health y Brains 82

6.1 Brain MR Image Database . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.2 Class-Conditional P osterior Maps . . . . . . . . . . . . . . . . . . . . . 87

6.3 A tlas F ormation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

6.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

6.4.1 Spatiotemp oral A tlas Stabilit y . . . . . . . . . . . . . . . . . . . 89

6.4.2 V olumetric Analysis . . . . . . . . . . . . . . . . . . . . . . . . 90

6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91



ix

7 Conclusion 116

7.1 Review of Con tributions . . . . . . . . . . . . . . . . . . . . . . . . . . 116

7.2 F uture W ork . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

7.2.1 Con tin uous 4D Spatiotemp oral A tlas . . . . . . . . . . . . . . . 119

7.2.2 Registration of Images In v olving P athologies . . . . . . . . . . . 119

7.2.3 Multi-Cen ter Studies . . . . . . . . . . . . . . . . . . . . . . . . 120

7.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

A Information Theoretic Measures 121

A.1 En trop y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

A.2 Kullbac k-Leibler Div ergence . . . . . . . . . . . . . . . . . . . . . . . . 123

A.3 Jensen-Shannon Div ergence . . . . . . . . . . . . . . . . . . . . . . . . 125

A.4 Mutual Information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

A.5 Multiv ariate Mutual Information . . . . . . . . . . . . . . . . . . . . . 127

A.5.1 En trop y Reduction . . . . . . . . . . . . . . . . . . . . . . . . . 128

A.5.2 Redundancy Measure . . . . . . . . . . . . . . . . . . . . . . . . 128

B Study of Con v ergence 129

B.1 In tro duction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

B.2 Syn thetic Data Example . . . . . . . . . . . . . . . . . . . . . . . . . . 129

Bibliograph y 135



x

List of Figures

2.1 Ba y es Probabilit y of Error Example . . . . . . . . . . . . . . . . . . . . 15

3.1 T w o Sample Image Sets . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.2 Image Set Registration . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.3 In v erse-In v arian t Registration . . . . . . . . . . . . . . . . . . . . . . . 33

3.4 Mo del-Based Image Set Registration . . . . . . . . . . . . . . . . . . . 34

3.5 Image Registration Through Class P osteriors . . . . . . . . . . . . . . . 35

3.6 V elo cit y Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.7 Sub ject One . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.8 Sub ject T w o . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.9 F orw ard Mapping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.10 In v erse Mapping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.11 Qualitativ e Assessmen t . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.1 A tlas F ormation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.2 Sample Class P osterior P opulation . . . . . . . . . . . . . . . . . . . . 62

4.3 A�ne and Di�eomorphic A tlases . . . . . . . . . . . . . . . . . . . . . 63

5.1 Simple In tensit y Image . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5.2 Image In tensit y Histogram . . . . . . . . . . . . . . . . . . . . . . . . . 66

5.3 T ranslated Disk En trop y . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.4 Disk at Scale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.5 Disk at Scale En trop y . . . . . . . . . . . . . . . . . . . . . . . . . . . 69



xi

5.6 2D P opulation Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.7 Mutually Exclusiv e A tlases . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.8 T ranslated T1 Image En trop y . . . . . . . . . . . . . . . . . . . . . . . 73

5.9 T1 Image at Scale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.10 T1 Image at Scale En trop y . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.11 Cohort A v erage En trop y . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.12 Cohort V ariance: Large Deformation Di�eomorphic A tlases . . . . . . . 79

5.13 Cohort V ariance: Rigid A v erage A tlases . . . . . . . . . . . . . . . . . . 80

5.14 Cohort V ariance: Relativ e Sum

Vs
V2

. . . . . . . . . . . . . . . . . . . . . 81

6.1 Database Sub ject Ages . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

6.2 Image Size . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

6.3 Image Database Samples . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6.4 F emale Spatiotemp oral A tlas, w = 10 . . . . . . . . . . . . . . . . . . . 93

6.5 Male Spatiotemp oral A tlas, w = 10 . . . . . . . . . . . . . . . . . . . . 94

6.6 F emale Spatiotemp oral A tlas, w = 15 . . . . . . . . . . . . . . . . . . . 95

6.7 Male Spatiotemp oral A tlas, w = 15 . . . . . . . . . . . . . . . . . . . . 96

6.8 Y oungest F emale A tlas, w = 10 . . . . . . . . . . . . . . . . . . . . . . 97

6.9 Oldest F emale A tlas, w = 10 . . . . . . . . . . . . . . . . . . . . . . . . 98

6.10 Y oungest F emale A tlas, w = 15 . . . . . . . . . . . . . . . . . . . . . . 99

6.11 Oldest F emale A tlas, w = 15 . . . . . . . . . . . . . . . . . . . . . . . . 100

6.12 Y oungest Male A tlas, w = 10 . . . . . . . . . . . . . . . . . . . . . . . 101

6.13 Oldest Male A tlas, w = 10 . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.14 Y oungest Male A tlas, w = 15 . . . . . . . . . . . . . . . . . . . . . . . 103



xii

6.15 Oldest Male A tlas, w = 15 . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.16 A tlas Age T rends, w = 10 . . . . . . . . . . . . . . . . . . . . . . . . . 105

6.17 A tlas Age T rends, w = 15 . . . . . . . . . . . . . . . . . . . . . . . . . 106

6.18 En trop y T rends, w = 10 . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.19 En trop y T rends, w = 15 . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.20 V elo cit y Norm T rends, w = 10 . . . . . . . . . . . . . . . . . . . . . . . 108

6.21 V elo cit y Norm T rends, w = 15 . . . . . . . . . . . . . . . . . . . . . . . 108

6.22 F emale V olume T rends, w = 10 . . . . . . . . . . . . . . . . . . . . . . 109

6.23 Male V olume T rends, w = 10 . . . . . . . . . . . . . . . . . . . . . . . 110

6.24 F emale V olume T rends, w = 15 . . . . . . . . . . . . . . . . . . . . . . 111

6.25 Male V olume T rends, w = 15 . . . . . . . . . . . . . . . . . . . . . . . 112

6.26 V olume at Scale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

6.27 Log-Jacobian Map: Oldest to Y oungest, w = 10 . . . . . . . . . . . . . 114

6.28 Log Jacobian Map: Oldest to Y oungest, w = 15 . . . . . . . . . . . . . 115

B.1 Geometric A tlas Prior . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

B.2 Syn thetic Image Set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

B.3 Estimated Deformation . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

B.4 Final Segmen tation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

B.5 Relativ e Norm Statistics . . . . . . . . . . . . . . . . . . . . . . . . . . 133

B.6 Con v ergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134



Chapter 1

In tro duction

1.1 Motiv ation

Medical image analysis assists clinicians in man y tasks, including the follo wing:

ev aluating a patien t's disease state, ev aluating the e�cacy of a prescrib ed treatmen t,

or studying illness through p opulation studies. In their analyses, clinicians dra w up on

their kno wledge of anatom y and their exp erience viewing medical images and tissues

directly . Historically , anatomists ha v e enco ded this prior kno wledge of anatom y in

the form of an atlas . Suc h an atlas ma y b e a set of dra wings rendered b y exp erts,

suc h as [75], or a photographic study as in [83 ]. Digital atlases, the sub ject of this

dissertation, naturally require computers. Sev eral t yp es of digital atlases, including

in tensit y-based, lab el-based, and probabilistic, are describ ed in [99]. This dissertation

fo cuses on building atlases from m ulti-mo dal images.

Brain atlases are often used to study structural neuroanatom y: for surgical plan-

ning (e.g., in the planning of tumor resection where statistical atlases pro vide prior

probabilit y mo dels to constrain segmen tation to lo calize critical structures [55]); for

instructional purp oses [55]; for group studies where atlases are used to study structural

di�erences b et w een p opulations (e.g., sc hizophrenics and normal con trols [18, 19, 96 ]);

and to study morphological c hange suc h as in generativ e pro cesses (e.g., neonatal brain

dev elopmen t [78 ]) and degenerativ e pro cesses (e.g., gra y matter loss due to Alzheimer's

[97 , 96 ]).

The fundamen tal imp etus driving this dissertation is the desire to incorp orate as

m uc h anatomical information as p ossible in to the problems of medical image registra-

tion and atlas formation. Mono-mo dalit y images do not capture all the information

represen ting the underlying tissue structure. The information that is pro vided b y a
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medical image is dep enden t on the ph ysics and parameterization of the acquisition

pro cess. F or example, in computed tomographic imaging the atten uation of x-ra ys is

measured, resulting in excellen t delineation of dense b one structure. Magnetic reso-

nance imaging relies on the relaxation prop erties of the dip ole momen ts of h ydrogen

atoms under the in�uence of magnetic �elds. The resulting images are, t ypically , based

on three basic tissue parameters (proton densit y , T1 relaxation time, and T2 relax-

ation time) as w ell as �o w c haracteristics. The pro cess in v olv es correlating a series of

radio frequency signal measuremen ts with spatial lo cation of the v arious tissue t yp es.

Consequen tly , magnetic resonance images pro vide go o d soft tissue segmen tation. The

di�eren t imaging mo dalities of magnetic resonance imaging pro vide complemen tary in-

formation ab out pathological structures. In the case of certain tumors, T1-w eigh ted

images presen t go o d fat-tumor con trast whereas T2-w eigh ted images sho w go o d tumor-

m uscle con trast [59]. In m ultiple scleroris, con trast-enhanced T1-w eigh ted images sho w

the activ e lesions, T2-w eigh ted images sho w b oth new and old lesions, and proton den-

sit y images highligh t lesions near the �uid-�lled v en tricles [25]. In this dissertation, to

utilize the complemen tary information from m ulti-mo dal images, a mo del-based frame-

w ork is de�ned in terms of m ulti-class p osterior probabilit y maps where the classes

represen t underlying tissue structures.

This dissertation presen ts a no v el framew ork for m ulti-class atlas formation from

sets of m ulti-mo dal images. This framew ork is extended to the un biased atlas setting

of [49]. These atlases represen t anatomical v ariation presen t in p opulations [69 , 32 , 94 ].

Man y images are mapp ed in to a common co ordinate system to study in tra-p opulation

v ariabilit y and in ter-p opulation di�erences, to pro vide v o xel-wise mapping of functional

sites, and to facilitate tissue and ob ject segmen tation via registration of anatomical

lab els. A tlas formation from a p opulation of medical images is an imp ortan t problem

that is naturally expressed within the sub ject of c omputational anatomy .

1.2 Computational Anatom y and A tlas F ormation

Computational anatom y [32 ] is the study of anatomical shap e v ariabilit y . Relating

anatomical shap e to biological gro wth and function has ro ots in the seminal w ork of

D'Arcy Thompson in 1917 [93]. Thompson w as in terested in the comparison of related

forms through mathematical transformations rather than in the precise de�nition of

eac h form. This notion w as extended to deformable templates [31] in whic h the space

of anatomical imagery is in terpreted as the orbit under the group of transformations.
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Sp eci�cally , computational anatom y b elongs to the discipline of geometry go v erned b y

pattern theoretic principles whose kinematics, that c haracterize the transformations, is

describ ed in terms of concepts b orro w ed from con tin uum mec hanics.

In the framew ork of computational anatom y , the atlas represen ts the common in-

v arian t structure in a p opulation and the transformations relating the co ordinate space

of the atlas to the co ordinate spaces of the individual mem b ers of the p opulation enco de

the v ariabilit y . This v ariabilit y represen ts lo cal structure under deformation or warp-

ing . An example of this devision in to in v ariance and v ariabilit y consider the health y

h uman brain: in ev ery suc h brain there exist precisely t w o lateral v en tricles with no

t w o pair the same. Therefore, under the computational anatomical framew ork, an

atlas of health y h uman brains should represen t precisely t w o lateral v en tricles and cap-

ture the v ariabilit y through mathematical transformations that relate them. The atlas

formation metho d prop osed in this dissertation falls within this framew ork.

Understanding anatomical v ariabilit y requires high-dimensional image registration

where the n um b er of parameters used to describ ed the transformations are on the or-

der of the n um b er of spatial elemen ts describing the underlying space of the images.

There are man y c hoices in this regard. In terms of abilit y to capture anatomic v ariabil-

it y , transformation mo dels can b e lo osely dic hotomized in to small deformation mo dels,

whic h asso ciate energy to distance, and large deformation mo dels, whic h asso ciate en-

ergy to v elo cit y on �uid �o ws. This dissertation applies the theory of large deformation

di�eomorphisms [22 , 70 , 68 ] to generate transformations. An imp ortan t prop ert y of

di�eomorphic transformations is that they preserv e top ology . That is, these transfor-

mations do not fold or tear space and hence, preserv e lo cal structure.

An imp ortan t comp onen t of image registration and, hence, atlas formation, is the

c hoice of image dissimilarit y distance function. This is t ypically a scalar-v alued function

de�ned on the Cartesian pro duct X � X where X is the feature space of the image.

The dissimilarit y function pro vides a n um b er indicating ho w far apart t w o images are

and is c hosen based on assumptions ab out the relationship b et w een the features in the

images. When t w o images are in p erfect registration this distance assumes its smallest

v alue. The most natural form of a distance function is a metric.

De�nition 1.1 (Metric) . Given a set X , a metric on X is function d : X � X ! R.

F or al l x; y; z 2 X , this function satis�es the fol lowing c onditions:

1. Non-negativit y: d(x; y) � 0

2. Iden tit y of indiscernables: d(x; y) = 0 if and only if x = y .
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3. Symmetry: d(x; y) = d(y; x)

4. T riangle inequalit y: d(x; z) � d(x; y) + d(y; z)

A simple example of a metric is the Euclidean distance b et w een t w o p oin ts.

This dissertation uses m ulti-mo dal images where a statistical relationship is assumed

b et w een image features. This suggests the use of information theoretic distances based

on Shannon en trop y . These distances are t ypically not true metrics, t ypically failing

prop ert y (4) and, often, prop ert y (3).

1.3 Thesis and Con tributions

Thesis: A sharp unbiase d multi-tissue class atlas c an b e c onstructe d fr om a

p opulation of multi-mo dal image sets, c omprise d of an arbitr ary numb er of

images p er subje ct, using a Bayesian fr amework and lar ge deformation dif-

fe omorphic r e gistr ation. Multi-mo dal image set c orr esp ondenc e c an further

b e achieve d via c omp osition of tr ansformations asso ciate d with the unbiase d

atlas.

The con tributions of this dissertation are the follo wing:

1. A theoretical dev elopmen t sho wing that minimizing sum-of-Kullbac k-Leibler di-

v ergences, in either ordering of parameters, maximizes a lo w er b ound on Ba y es

probabilit y of error, a measure of indistinguishabilit y b et w een probabilit y distri-

butions.

2. A no v el m ulti-mo dal image set registration metho d is presen ted. T o the author's

kno wledge this is the only metho d that incorp orates an arbitrary n um b er of m ulti-

mo dal images p er sub ject. An adv an tageous consequence of this framew ork is

in v erse-in v arian t (symmetric) registration.

3. An extension of the ab o v e framew ork to un biased m ulti-class atlas formation

1

.

4. The use of information theory to ev aluate atlas stabilit y .

5. An application of the atlas formation to an aging study in v olving m ulti-mo dal

brain image data from ninet y-�v e sub jects.

1

The w ork presen ted in this c hapter w as done in collab oration with Dr. Sarang Joshi and Brad

Da vis at the Univ ersit y of North Carolina at Chap el Hill. This w ork is hea vily based on previous

pap ers [63 , 49 ].
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1.4 Ov erview of Chapters

The remainder of this dissertation is organized as follo ws:

Chapter 2 presen ts motiv ates the distances used to driv e the m ulti-mo dal image

set registration and the un biased m ulti-class p osterior atlas formation. This includes a

discussion of Ba y es probabilit y of error and the b ounds thereof in terms of the sum-of-

Kullbac k-Leibler div ergences.

Chapter 3 presen ts the main theoretical con tribution of this dissertation: mo del-

based m ulti-mo dal image set registration. The �uid mec hanical framew ork for con-

straining the resulting transformations to the space of di�eomorphisms is describ ed.

Existing information theoretic tec hniques for image registration will b e describ ed with

sp ecial atten tion giv en to m ulti-v ariate in terpretations of m utual information.

In Chapter 4, using information theoretic distances dev elop ed in Chapter 2, the

concept of m ulti-mo dal image set registration is generalized to un biased m ulti-class

p osterior atlas formation. Existing un biased atlas formation metho ds are also discussed.

In Chapter 5, atlas stabilit y , with resp ect to the n um b er of constituen t sub jects, is

explored.

In Chapter 6, the metho d from Chapter 4 is applied to MR images from a database

of 100 health y sub jects.

Chapter 7 concludes with a discussion of the con tributions of this dissertation and

p ossible future w ork.

App endix A presen ts the information theoretic bac kground for Chapter 2.

App endix B pro div es a discussion on the lik eliho o d of the actual optim um in the

m ulti-mo dal image set registration cost function b eing ac hiev ed.



Chapter 2

Probabilit y A v erages

Cen tral to the image registration and atlas formation framew ork presen ted in this

dissertation is the creation of the aver age or most represen tativ e probabilit y from a

giv en collection of probabilities. In this framew ork, the a v erage probabilit y distribution

p̂ is de�ned in terms of minimizing a disp ersion measure � for a set of distributions

f pi gN
i =1 ,

p̂ = argmin
p

�
�
f pi gN

i =1 ; p
�

: (2.1)

This disp ersion measure tak es the form of a sum of individual distances b et w een p and

eac h pi ,

�
�
f pi gN

i =1 ; p
�

=
NX

i =1


 (f pi ; pg) : (2.2)

The distance 
 is c hosen to b e the Kullbac k-Leibler div ergence, as there exists a

lo w er b ound on Ba y es probabilit y of error Pe b et w een p̂ and the individual pi in terms

of � . More sp eci�cally , minimizing the sum-of-Kullbac k-Leibler div ergences b et w een

p̂ and eac h pi maximizes a lo w er b ound on indistinguishabilit y b et w een the pi . Since

Kullbac k-Leibler div ergence is an asymmetric distance, t w o sum-of-Kullbac k-Leibler

div ergences are considered. The t w o disp ersion measures are

�D
�
f pi gN

i =1 jjp
�

=
NX

i =1

D(pi jjp) (2.3)

and
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�D
�
pjjf pi gN

i =1

�
=

NX

i =1

D(pjjpi ): (2.4)

Kullbac k-Leibler div ergence D(�jj� ) and other fundamen tal information theoretic mea-

sures are de�ned in App endix A.

This c hapter is organized as follo ws: Section 2.1 sho ws that the generalized a v erage

p̂ = argmin
p

�D
�
f pi gN

i =1 jjp
�

is the arithmetic mean and that the generalized a v erage

p̂ = argmin
p

�D
�
pjjf pi gN

i =1

�

is the normalized geometric mean; Section 2.2 de�nes Ba y es probabilit y of error; and

Section 2.3 presen ts b ounds on Ba y es probabilit y of error in terms of the disp ersion

measures

�D
�
f pi gN

i =1 jj p̂
�

and

�D
�
p̂jjf pi gN

i =1

�
with their resp ectiv e p̂ minimizers.

2.1 A v erages from Kullbac k-Leibler Div ergence Sums

This section presen ts the sum-of-Kullbac k-Leibler div ergence minimizers for the

disp ersion measures in Equation 2.3 and Equation 2.4. These minimizers ha v e b een

presen ted in the literature, for example in [45 ] for the N = 2 case. The deriv ation for

the general case via the metho d of Langrange m ultipliers is included for completeness.

2.1.1 Arithmetic Mean from

�D
�
f pigN

i=1 jjp
�

Theorem 2.1 (

�D(f pi gN
i =1 jjp) Minimizer) . Given a set of pr ob ability mass functions

f pi gN
i =1 , the minimizer

p̂ = argmin
p2P

�D
�
f pi gN

i =1 jjp
�

;
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wher e P is sp ac e of pr ob ability mass functions, is the arithmetic me an

p̂(x j ) =
1
N

NX

i =1

pi (x j ):

Pr o of. This can b e sho wn via the metho d of Lagrange m ultipliers. First note that the

minimization describ ed can b e equiv alen tly expressed as

p̂ = argmin
p2P

NX

i =1

X

x2 X

pi (x) ln
pi (x)
p(x)

sub ject to constrain t

P
x j 2 X p̂(x j ) = 1 .

Set up the Lagrange m ultiplier expression to �nd the minimizer p̂

L(p; � ) =
NX

i =1

X

x j 2 X

pi (x j ) ln
pi (x j )
p(x j )

� �

 
X

xk 2 X

p(xk) � 1

!

: (2.5)

Solving

@
@p(x j ) L(p; � ) = 0 for p in terms of � , yields

@
@p(x j )

L(p; � ) =
NX

i =1

@
@p(x j )

[pi (x j ) ln pi (x j ) � pi (x j ) ln p(x j )] �
@

@p(x j )
� (p(x j ) � 1)

= �
NX

i =1

pi (x j )
p(x j )

� �

)
1

p(x j )

NX

i =1

pi (x j ) = � �

) p(x j ) = �
1
�

NX

i =1

pi (x j ): (2.6)

As � is c hosen to satisfy the constrain t that p(x) is a probabilit y mass function, � 1
� = 1

N .

That is,

X

x j 2 X

p(x j ) = 1

)
X

x j 2 X

NX

i =1

pi (x j ) = N:
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Therefore,

p(x j ) =
1
N

NX

i =1

pi (x j ):

With this minimizer the disp ersion in Equation 2.3 can b e further sp eci�ed as

�D
�
f pi gN

i =1 jj p̂
�

=
NX

i =1

D

 

pi jj
1
N

NX

j =1

pj

!

= N � JS� (f pi gN
i =1 ) (2.7)

where JS� is the generalized Jensen-Shannon div ergence with uniform prior � i = 1
N .

Jensen-Shannon div ergence is de�ned in App endix A.

2.1.2 Normalized Geometric Mean from

�D
�
pjjf pigN

i=1

�

Theorem 2.2 (

�D(pjjf pi gN
i =1 ) Minimizer) . Given a set of pr ob ability mass functions

f pi gN
i =1 , the minimizer

p̂ = argmin
p2P

�
pjjf pi gN

i =1

�
;

wher e P is sp ac e of pr ob ability mass functions, is the normalize d ge ometric me an

p̂(x j ) =

� Q N
i =1 pi (x j )

� 1
N

P
xk 2 X

� Q N
i =1 pi (xk)

� 1
N

:

Pr o of. This can also b e sho wn via the metho d of Lagrange m ultipliers. First note that

the minimization describ ed can b e equiv alen tly expressed as

p̂ = argmin
p2P

NX

i =1

X

x2 X

p(x) ln
p(x)
pi (x)

sub ject to constrain t

P
x j 2 X p̂(x j ) = 1 . Notice that in this form ulation the logarithm

used in the de�nition of D(�jj� ) has b een c hanged from base t w o to base e. This refor-

m ulation places the minimization problem in a natural setting for v ariational analysis.
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Set up the Lagrange m ultiplier expression to �nd minimizer p̂

L(p; � ) =
NX

i =1

pln
p
pi

� �

 
X

xk 2 X

p(xk) � 1

!

=
NX

i =1

X

x j 2 X

p(x j ) ln
p(x j )
pi (x j )

� �

 
X

xk 2 X

p(xk) � 1

!

: (2.8)

Solving

@
@p(x j ) L(p; � ) = 0 for p in terms of � , yields

@
@p(x j )

L(p; � ) =
@

@p(x j )

2

4
NX

i =1

X

x j 2 X

p(x j ) ln
p(x j )
pi (x j )

� �

 
X

xk 2 X

p(xk) � 1

! 3

5

=
NX

i =1

@
@p(x j )

p(x j ) ln
p(x j )
pi (x j )

�
@

@p(x j )
� (p(x j ) � 1)

=
NX

i =1

�
ln

p(x j )
pi (x j )

+ p(x j )
pi (x j )
p(x j )

1
pi (x j )

�
� �

=
NX

i =1

ln
p(x j )
pi (x j )

+ ( N � � )

= ln

 
NY

i =1

p(x j )
pi (x j )

!

+ ( N � � )

= 0

) ln

 
NY

i =1

p(x j )
pi (x j )

!

= ( � � N )

ln

 
NY

i =1

p(x j )

!

= ( � � N ) + ln

 
NY

i =1

pi (x j )

!

) p(x j )N = e(� � N )
NY

i =1

pi (x j )

) p(x j ) = e( �
N � 1)

 
NY

i =1

pi (x j )

! 1
N

: (2.9)
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Con tin uing with the Lagrange m ultiplier metho d, next let

� j =

 
NY

i =1

pi (x j )

! 1
N

and, hence, p(x j ) = e( �
N � 1) � j . Substituting this expression bac k in to Equation 2.8,

yields

L(p; � ) =
NX

i =1

X

x j 2 X

e( �
N � 1) � j ln

e( �
N � 1) � j

pi (x j )
� �

 
X

xk 2 X

e( �
N � 1) � k � 1

!

= e( �
N � 1)

NX

i =1

X

x j 2 X

� j ln e( �
N � 1) + e( �

N � 1)
NX

i =1

X

x j 2 X

� j ln � j

� e( �
N � 1)

NX

i =1

X

x j 2 X

� j ln pi (x j ) � �
X

xk 2 X

e( �
N � 1) � k + �

=
�

�
N

� 1
�

e( �
N � 1)N

X

x j 2 X

� j + Ne( �
N � 1)

X

x j 2 X

� j ln � j

� e( �
N � 1)

X

x j 2 X

� j ln

 
NY

i =1

pi (x j )

!

� �e ( �
N � 1)

X

xk 2 X

� k + �:

Note that since

X

x j 2 X

� j ln

 
NY

i =1

pi (x j )

!

=
X

x j 2 X

� j ln � N
j

= N
X

x j 2 X

� j ln � j

the ab o v e equation simpli�es to

L(p; � ) =
��

�
N

� 1
�

N � �
�

e( �
N � 1)

X

x j 2 X

� j + �

= � Ne( �
N � 1)

X

x j 2 X

� j + �

= � Ne( �
N � 1)

X

x j 2 X

 
NY

i =1

pi (x j )

! 1
N

+ �
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T aking the v ariation with resp ect to � , note that

@
@�

L(p; � ) =
@

@�

2

4� Ne( �
N � 1)

X

x j 2 X

 
NY

i =1

pi (x j )

! 1
N

+ �

3

5

= � e( �
N � 1)

X

x j 2 X

 
NY

i =1

pi (x j )

! 1
N

+ 1:

Setting

@
@�L(p; � ) = 0 implies

e( �
N � 1)

X

x j 2 X

 
NY

i =1

pi (x j )

! 1
N

= 1

) e( �
N � 1) =

1
P

x j 2 X

� Q N
i =1 pi (x j )

� 1
N

:

Finally , substituting this expression for e( �
N � 1)

bac k in to Equation 2.9 results in

p(x j ) = e( �
N � 1)

 
NY

i =1

pi (x j )

! 1
N

=

� Q N
i =1 pi (x j )

� 1
N

P
xk 2 X

� Q N
i =1 pi (xk)

� 1
N

:

With this minimizer the disp ersion in Equation 2.4 can b e further sp eci�ed as
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�D
�
p̂jjf pi gN

i =1

�
=

NX

i =1

D(p̂jjpi )

=
NX

i =1

X

x j 2 X

p̂(x j ) log
p̂(x j )
pi (x j )

=
X

x j 2 X

p̂(x j )
NX

i =1

log
p̂(x j )
pi (x j )

=
X

x j 2 X

p̂(x j ) log

 
NY

i =1

p̂(x j )
pi (x j )

!

=
X

x j 2 X

p̂(x j ) log

 

p̂(x j )N
NY

i =1

1
pi (x j )

!

=
X

x j 2 X

p̂(x j ) log

0

B
B
B
@

Q N
i =1 pi (x j )

�
P

xk 2 X

� Q N
i =1 pi (xk)

� 1
N

� N

NY

i =1

1
pi (x j )

1

C
C
C
A

= � N
X

x j 2 X

p̂(x j ) log
X

xk 2 X

 
NY

i =1

pi (xk)

! 1
N

=

0

@� N log
X

xk 2 X

 
NY

i =1

pi (xk)

! 1
N

1

A

0

@
X

x j 2 X

p(x j )

1

A

= � N log
X

xk 2 X

 
NY

i =1

pi (xk)

! 1
N

: (2.10)

2.2 Ba y es Probabilit y of Error

This section de�nes Ba y es probabilit y of error in terms of an N -h yp othesis decision-

theory problem. In the probabilit y a v erage estimation setting, the h yp otheses are the

individual probabilities of a p opulation and their probabilit y a v erage. In the Section 2.3,

b ounds on Ba y es probabilit y of error in terms of the disp ersion measures

�D
�
f pi gN

i =1 jj p̂
�

and

�D
�
p̂jjf pi gN

i =1

�
with their resp ectiv e p̂ minimizers is presen ted.

Consider the N -h yp othesis decision-theory problem of classifying an observ ation

as coming from one of N p ossible h yp otheses f H i gN
i =1 . Let f � i gN

i =1 denote the prior
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probabilities asso ciated with these N h yp otheses, and let f p(xjH i )gN
i =1 denote the ev en t

conditional probabilit y distributions giv en the h yp otheses. Using Ba y es' Rule, for an

observ ed ev en t, x , the p osterior probabilit y of H i is

p(H i jx) =
p(xjH i )� i

p(x)

=
p(xjH i )� i

P N
k=1 p(xjHk)� k

:

T o minimize the probabilit y of selecting the incorrect h yp othesis, c ho ose the h y-

p othesis with the largest p osterior probabilit y . This has the asso ciated conditional

probabilit y of error

Pe(xjH i ) = 1 � max
i

f p(H i jx)g:

With this notion of conditional probabilit y of error the Ba y es probabilit y of error (or

indistinguishabilit y) can b e de�ned.

De�nition 2.1 (Ba y es Probabilit y of Error) . Ba y es probabilit y of error is the exp e cte d

c onditional pr ob ability of err or

Pe

�
f pi ; � i gN

i =1

�
= Ep [Pe(xjH i )]

=
X

x2 X

p(x)
�

1 � max
i

f p(H i jx)g
�

=
X

x2 X

p(x) �
X

x2 X

p(x) max
i

�
p(xjH i )� i

p(x)

�

= 1 �
X

x2 X

max
i

f p(xjH i )� i g:

This error results when one has complete kno wledge of the probabilit y distributions

with whic h to construct the optimal decision rule, that is, to select the h yp othesis H i for

whic h the p osterior p(H i jx) is maximal. Figure 2.1 graphically sho ws Ba y es probabilit y

of error for a set of four distributions. In practice, real distributions are not kno wn so

Pe cannot b e directly computed. Therefore b ounds on Pe are desired.
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Figure 2.1: Ba y es Probabilit y of Error Example

Let f � i gi =1 :::4 b e the a priori probabilities of h yp otheses f H i gi =1 :::4 b eing

true and f p(xjH i )gi =1 :::4 b e the h yp othesis-conditional lik eliho o ds for ev en t

x . In this example, the distributions are con tin uous and the prior proba-

bilities are tak en to b e equal. The blue shaded area represen ts the Ba y es

probabilit y of misclassi�cation error. In the con text of neuroanatomical

matc hing, H i could represen t individual sub jects, and x could represen t

tissue structures suc h as grey matter, white matter, and cerebrospinal �uid.
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Under the uniform prior � i = 1
N condition the Ba y es probabilit y of error b ecomes

Pe

�
f pi ; � i gN

i =1

�
= 1 �

X

x2 X

max
i

f p(xjH i )
1
N

g

= 1 �
1
N

X

x2 X

max
i

f p(xjH i )g:

If the p(xjH i ) are iden tical, then the probabilit y of error assumes its greatest v alue at

Pe = N � 1
N . F or example, if N = 4 , then the probabilit y of selecting p(xjH j ) from the

set of iden tical probabilities f p(xjH i )gi =1 :::4 is Pe = 3
4 . In this case, as N ! 1 , Pe ! 1.

2.3 Bounds on Pe

2.3.1

�D
�
f pi gN

i=1 jj p̂
�

Bounds on Pe

Theorem 2.3 (Jensen Shannon Pe Bounds) . Given a set of pr ob ability mass functions

f pi gN
i =1 and asso ciate d priors f � i gN

i =1 with

P N
i =1 � i = 1 ,

1
4(N � 1)

J
�
f pi ; � i gN

i =1

� 2
� Pe

�
f pi ; � i gN

i =1

�
�

1
2

J
�
f pi ; � i gN

i =1

�

wher e J
�
f pi ; � i gN

i =1

�
= H (� ) � JS�

�
f pi gN

i =1

�
and H (� ) = �

P N
i =1 � i log� i .

Pr o of. See [60] for an argumen t in v olving conditional en trop y b ounds on Pe [41].

It immediately follo ws from Equation 2.7 and Theorem 2.3 that

1
4(N � 1)

�
H (� ) �

1
N

�D
�
f pi gN

i =1 jj p̂
�
� 2

� Pe

�
f pi ; � i gN

i =1

�
�

1
2

�
H (� ) �

1
N

�D
�
f pi gN

i =1 jj p̂
�
�

where

p̂(x) =
1
N

NX

i =1

pi (x):
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Therefore, minimizing the sum-of-Kullbac k-Leibler div ergence,

�D
�
f pi gN

i =1 jj p̂
�

, maxi-

mizes

�
H (� ) � 1

N
�D

�
f pi gN

i =1 jj p̂
�� 2

, and, hence, maximizes the lo w er b ound on Pe, or

indistinguishabilit y b et w een the pi .

Under the uniform prior � i = 1
N condition with

�D
�
f pi gN

i =1 jj p̂
�

= 0 the lo w er b ound

b ecomes

1
4(N � 1)

�
H (� ) �

1
N

�D
�
f pi gN

i =1 jj p̂
�
� 2

=
(log N )2

4(N � 1)
:

In this case,

lim
N !1

(logN )2

4(N � 1)
= lim

N !1

logN
2N

= lim
N !1

1
2N

= 0:

Although, for a giv en N , minimizing

�D
�
f pi gN

i =1 jj p̂
�

maximizes a lo w er b ound on Pe, as

N ! 1 , that lo w er b ound

(log N )2

4(N � 1) ! 0. A m uc h tigh ter, and more meaningful, b ound

on Pe can b e de�ned using

�D
�
p̂jjf pi gN

i =1

�

2.3.2

�D
�
p̂jjf pi gN

i=1

�
Bounds on

�Pe

T o �nd a lo w er b ound on Ba y es probabilit y of error based on

�D
�
p̂jjf pi gN

i =1

�
it is

con v enien t to consider the a v erage of pair-wise probabilit y of errors b et w een individual

pi . That is, a b ound on

�Pe
�
f pi gN

i =1

�
=

1
N

NX

i =1

Pe(f pi ; p(i mod N )+1 g)

is desired where Pe(f pi ; pj g) is the Ba y es probabilit y of error when only pi and pj are

in v olv ed. F rom equation 2.10, note that

�D (p̂jjf pi ; pj g) = D(p̂; pi ) + D(p̂; pj )

= � 2 log
X

x2 X

q
pi (x)pj (x)
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where

p̂(x) =

p
pi (x)pj (x)

P
x02 X

p
pi (x0)pj (x0)

;

the normalized geometric mean of pi and pj .

De�ne the sum of pair-wise distances

D �
�
f pi gN

i =1

�
=

NX

i =1

�D(p̂jjf pi ; p(i mod N )+1 g)

= � 2
NX

i =1

log
X

x2 X

q
pi (x)pi ( mod )+1 (x):

The next section will sho w that D �
�
f pi gN

i =1

�
is b ounded ab o v e b y

�D
�
p̂jjf pi gN

i =1

�
. The

implication is that an y optimization problem that minimizes

�D
�
p̂jjf pi gN

i =1

�
also min-

imizes D �
�
f pi gN

i =1

�
. A dditionally , it will b e sho wn that D �

�
f pi gN

i =1

�
pro vides b ounds

on

�Pe.

2.3.2.1 D �
�
f pi gN

i =1

�
� �D

�
p̂jjf pi gN

i =1

�

Theorem 2.4 (Generalized Hölder's Inequalit y) . L et r i � 1 such that

P N
i =1

1
r i

= 1 .

Then the fol lowing ine quality holds for f i (x) � 0,

X

x2 X

NY

i =1

f i (x)
1
r i �

NY

i =1

 
X

x2 X

f i (x)

! 1
r i

:

Pr o of. F or an argumen t using generalized arithmetic means see [37 ].

Prop osition 2.1. L et f pi (x)gN
i =1 b e a set of pr ob ability mass functions de�ne d on r an-

dom variable X . Then

X

x2 X

NY

k=1

pk(x)
1
N �

 
X

x2 X

q
pi (x)pj (x)

! 2
N

for any i; j 2 f 1; : : : ; Ng wher e i 6= j .
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Pr o of. By applying Theorem 2.4,

X

x2 X

NY

k=1

pk(x)
1
N =

X

x2 X

� q
pi (x)pj (x)

� 2
N

NY

k = 1

k 6= i; j

pk(x)
1
N

�

 
X

x2 X

q
pi (x)pj (x)

! 2
N NY

k = 1

k 6= i; j

 
X

x2 X

pk(x)

! 1
N

Using the fact that eac h pk(x) sum to one,

X

x2 X

NY

k=1

pk(x)
1
N =

 
X

x2 X

q
pi (x)pj (x)

! 2
N

:

Using the inequalit y in Prop osition 2.1, one can no w sho w that D �
�
f pi gN

i =1

�
�

�D
�
p̂jjf pi gN

i =1

�
.

Theorem 2.5 (

�D ( p̂jjf pi gN
i =1 ) Lo w er Bound) . L et f pi (x)gN

i =1 b e a set of pr ob ability mass

functions de�ne d on r andom variable X . Then

D �
�
f pi gN

i =1

�
� �D

�
p̂jjf pi gN

i =1

�
:

Pr o of. This immediately follo ws from Prop osition 2.1 and the de�nitions of D �
�
f pi gN

i =1

�

and

�D
�
p̂jjf pi gN

i =1

�
,

X

x2 X

NY

k=1

pk(x)
1
N �

 
X

x2 X

q
pi (x)pj (x)

! 2
N

)
X

x2 X

NY

k=1

pk(x)
1
N �

 
X

x2 X

q
pi (x)p(i mod N )+1 (x)

! 2
N
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T aking the logarithm of b oth sides of the ab o v e inequalit y and simplifying yields

N log
X

x2 X

NY

k=1

pk(x)
1
N � 2

NX

i =1

log
X

x2 X

q
pi (x)p(i mod N )+1 (x)

) � 2
NX

i =1

log
X

x2 X

q
pi (x)p(i modN )+1 (x) � � N log

X

x2 X

NY

k=1

pk(x)
1
N

)
NX

i =1

�D(p̂jjpi ; p(i modN )+1 ) � �D
�
p̂jjf pi gN

i =1

�
:

2.3.2.2

�D(p̂jjpi ; p(i modN )+1 ) Bounds on Pe(f pi ; pj g)

De�nition 2.2 (Bhattac haryy a Co e�cien t) . The Bhattacharyya c o e�cient for two

densities p(x) and q(x) is de�ne d by

� (p; q) =
X

x2 X

p
p(x)q(x):

The Bhattac haryy a co e�cien t is a div ergence-t yp e measure whic h can b e geomet-

rically in terpreted as the cosine of the angle b et w een n -dimensional v ectors.

Theorem 2.6 (Bhattac harry a Bounds on P(error ) ) . L et p1 and p2 b e two pr ob ability

distributions and � = � (p1; p2) b e the Bhattacharrya c o e�cient de�ne d by them. Then

the Bayes pr ob ability of err or for p1 and p2 is b ounde d as fol lows:

1
2

�
1 �

p
1 � � 2

�
� Pe (f p1; p2g) �

1
2

�:

Pr o of. See [53] for an argumen t in v olving K olmogoro v v ariational distance.

The

�D(p̂jjf pi ; pj g) b ounds on Pe (f pi ; pj g) can no w b e computed as

�D(p̂jjf pi ; pj g) = � 2 log�

) e� 1
2

�D (p̂jjf pi ;pj g) = �

and, b y Theorem 2.6,

1
2

�
1 �

p
1 � e� �D (p̂jjf pi ;pj g)

�
� Pe (f pi ; pj g) �

1
2

e� 1
2

�D (p̂jjf pi ;pj g) :
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When

�D(p̂jjf pi ; pj g) = 0 , Pe (f pi ; pj g) = 1
2 whic h is what is exp ected, namely pi (x) =

pj (x) for all x .

2.3.2.3

�D
�
p̂jjf pi gN

i =1

�
Bounds on

�Pe

The follo wing inequalit y is useful in pro viding b ounds on

�Pe based on

�D
�
p̂jjf pi gN

i =1

�
.

Prop osition 2.2 (Bounds on ex
) . F or x � 0,

1 � x � e� x � 1 � x +
1
2

x2:

Pr o of. The pro of follo ws from considering the T a ylor expansion of e� x
.

With Prop osition 2.2, the follo wing theorem can no w b e pro v en.

Theorem 2.7 (

�D(p̂jjf pi gN
i =1 ) Bounds on

�Pe) . L et f pi (x)gN
i =1 b e a set of pr ob ability mass

functions on r andom variable X . Then

1
2

�
1

2N

q
�D (p̂jjf pi gN

i =1 ) � �Pe
�
f pi gN

i =1

�
�

1
2

+
1

16N
�D

�
p̂jjf pi gN

i =1

� 2

wher e

�Pe

�
f pi gN

i =1

�
=

1
N

NX

i =1

Pe(f pi ; p(i mod N )+1 g);

with Pe (f pi ; pj g) the Bayes pr ob ability of err or b etwe en pi and pj , and

�D
�
p̂jjf pi gN

i =1

�
= � N log

X

xk 2 X

 
NY

i =1

pi (xk)

! 1
N

:

Pr o of. Lo w er Bounds:
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1
2

�
1 �

p
1 � e� �D (p̂jjf pi ;pj g)

�
� Pe (f pi ; pj g)

)
1
N

NX

i =1

1
2

�
1 �

p
1 � e� �D (p̂jjf pi ;p( i mod N )+1 g)

�
� �Pe

�
f pi gN

i =1

�

)
1
2

�
1

2N

NX

i =1

p
1 � e� �D (p̂jjf pi ;p( i mod N )+1 g) � �Pe

�
f pi gN

i =1

�

)
1
2

�
1

2N

vu
u
t

NX

i =1

�
1 � e� �D (p̂jjf pi ;p( i mod N )+1 g)

�
� �Pe

�
f pi gN

i =1

�

)
1
2

�
1

2N

vu
u
t N �

NX

i =1

e� �D (p̂jjf pi ;p( i mod N )+1 g) � �Pe
�
f pi gN

i =1

�
:

Using the second inequalit y of Prop osition 2.2, note that

1
2

�
1

2N

vu
u
t N �

NX

i =1

(1 � �D(p̂jjf pi ; p(i mod N )+1 g)) � �Pe

�
f pi gN

i =1

�

)
1
2

�
1

2N

q
D � (f pi gN

i =1 ) � �Pe

�
f pi gN

i =1

�

)
1
2

�
1

2N

q
�D (p̂jjf pi gN

i =1 ) � �Pe
�
f pi gN

i =1

�

since

�D
�
p̂jjf pi gN

i =1

�
� D �

�
f pi gN

i =1

�
.

The �rst inequalit y of Prop osition 2.2 yields an upp er b ound on

�Pe
�
f pi gN

i =1

�
,
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Pe (f pi ; pj g) �
1
2

e� 1
2

�D (p̂jjf pi ;pj g)

) �Pe

�
f pi gN

i =1

�
�

1
N

NX

i =1

1
2

e� 1
2

�D (p̂jjf pi ;p( i mod N )+1 g)

=
1

2N

NX

i =1

e� 1
2

�D (p̂jjf pi ;p( i mod N )+1 g)

�
1

2N

NX

i =1

 

1 �
1
2

�D(p̂jjf pi ; p(i mod N )+1 g) +
1
2

�
1
2

�D(p̂jjf pi ; p(i mod N )+1 g)
� 2

!

=
1
2

�
1

4N
D �

�
f pi gN

i =1

�
+

1
16N

NX

i =1

�D(p̂jjf pi ; p(i mod N )+1 g)2

�
1
2

�
1

4N
D �

�
f pi gN

i =1

�
+

1
16N

 
NX

i =1

�D(p̂jjf pi ; p(i mod N )+1 g)

! 2

=
1
2

�
1

4N
D �

�
f pi gN

i =1

�
+

1
16N

D �
�
f pi gN

i =1

� 2

�
1
2

+
1

16N
D �

�
f pi gN

i =1

� 2

�
1
2

+
1

16N
�D

�
p̂jjf pi gN

i =1

� 2

since D �
�
f pi gN

i =1

�
� �D

�
p̂jjf pi gN

i =1

�
.

Therefore, minimizing

�D
�
p̂jjf pi gN

i =1

�
maximizes the lo w er b ound on

�Pe

�
f pi gN

i =1

�
,

whic h, in turn, maximizes the Bhattac harry a lo w er b ound on Pe in Theorem 2.6. When

�D
�
p̂jjf pi gN

i =1

�
= 0 the lo w er b ound b ecomes

1
2 , whic h is the Ba y es probabilit y of error

b et w een t w o equally w eigh ted and iden tical probabilities. Recall that

�Pe is an a v erage

of N pair-wise Ba y es probabilit y of errors so this lo w er b ound is tigh t.



Chapter 3

Multi-Mo dal Image Set Registration

1

In this c hapter the main metho dological con tribution of this dissertation is pre-

sen ted: a framew ork for the registration of m ulti-mo dal image sets. The c hapter b e-

gins b y de�ning m ulti-mo dal image sets and motiv ating their use. The registration

metho d is driv en b y the sum-of-Kullbac k-Leibler div ergences,

�D
�
p̂jjf pi gN

i =1

�
, in tro-

duced as De�nition 2.10 in Chapter 2. Although

�D
�
p̂jjf pi gN

i =1

�
w as de�ned for the

general N -observ ation setting, for clarit y �rst consider the N = 2 case for registration

b et w een t w o sets of m ulti-mo dal images. In Chapter 4, this framew ork is extended to

general N � w a y registration for atlas formation.

Mo dern imaging tec hniques pro vide an arra y of imaging mo dalities that enable

the acquisition of complemen tary information represen ting an underlying anatom y . T o

utilize this information, n umerous m ulti-mo dal image registration algorithms ha v e b een

dev elop ed. Most of these algorithms �nd a mapping b et w een t w o scalar images. T o

utilize m ultiple scalar m ulti-mo dal images of a single anatom y , ho w ev er, de�ne a m ulti-

mo dal image set,

�I , as a collection of m co-registered m ulti-mo dal images where, for a

giv en spatial lo cation x ,

�I (x) 2 Rm
. Figure 3.1 is a carto on depicting t w o image sets

eac h with a di�eren t n um b er of constituen t scalar m ulti-mo dal images. Throughout

this dissertation, it is assumed that, for a giv en sub ject, the m ulti-mo dal images of that

sub ject are co-registered.

The problem of m ulti-mo dal image set registration is de�ned as follo ws: �nd a

mapping b et w een t w o sub jects for eac h of whic h is de�ned a tuple of m ulti-mo dal

scalar-v alued images,

�I 1 and

�I 2 . More sp eci�cally , �nd a mapping that b est matc hes

structure, sub ject to certain p enalties, t ypically smo othness of the transformations.

Mathematically , �nd the mappings f : 
 1 ! 
 2 and g : 
 2 ! 
 1 where 
 1 and 
 2

1

This c hapter is an extension of p ortions of the recen t MedIA pap er on the topic [63 ].
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are the domains of image sets

�I 1 and

�I 2 resp ectiv ely . This arrangemen t is depicted in

Figure 3.2. F or the registration to b e symmetric or in v erse-in v arian t, the transformation

comp ositions f � g and g � f m ust result in the iden tit y map.

The m ulti-mo dal image set registration has p oten tial signi�cance in v arious appli-

cations in medical image analysis that rely on the measuremen t of image sets. Multi-

mo dal MR imaging is standard in the proto col for ev aluating pathologies suc h as tumors

and lesions. In this dissertation, results from T1-w eigh ted, T2-w eigh ted, and MR an-

giograph y are presen ted. Other, in trinsically m ulti-mo dal mo dal en vironmen ts suc h as

com bined in ter-op erativ e CT/PET acquisitions w ould pro vide suc h a setting for m ulti-

mo dal image set registration. Registration b et w een images of individuals presen ting

pathology and images of health y sub jects is a c hallenging task since space-o ccup ying

lesions ha v e to b e treated di�eren tly from in�ltrating lesions. Sp eci�cally , the reg-

istration needs to accommo date b oth lo cal spatial deformation and lo cal c hange of

image in tensit y . Existing registration metho ds in v olving scalar images based on image

brigh tness do not accommo date pathologies. Another p oten tial application for image

set registration is the registration of images acquired from scanners of di�eren t �eld

strength. Image set registration across di�eren t scanners b ecomes an increasingly im-

p ortan t comp onen t in m ulti-cen ter studies whic h in v estigate dev elopmen tal c hanges

co v ering m ultiple y ears and follo w-up studies of diseases with c hange of scanner tec h-

nology . Images acquired from di�eren t scanners p oten tially ha v e di�eren t con trasts

and di�eren t spatial distortions. In functional studies, it is often desirable to register

functional data with structural data. T ypically , a time series a v erage is registered to an

anatomical image of the same sub ject. Ho w ev er, in pro ducing the a v erage functional

image, some information is lost. Therefore, a m ultiv ariate approac h is desired [2 ]. The

registration metho d presen ted in this dissertation ma y address these problems as the

registration is based on underlying anatomical structure (e.g., tissue) rather than on

image in tensities. These anatomical structures are mo deled as class-conditional proba-

bilit y maps where, at eac h spatial lo cation, a class-conditional probabilit y mass function

is de�ned. In the formation of the class probabilities, classes can b e explicitly assigned

to the v arious health y and pathological tissues. This allo ws us to p oten tially mo del the

b eha viors of the di�eren t tissues during the registration pro cess.

Before discussing the problem of m ulti-mo dal image set registration, common meth-

o ds for m ulti-mo dal scalar image registration in Section 3.1 are review ed. P articular

atten tion is giv en to image registration based on m utual information in Section 3.1.1.

Multi-mo dal image set registration and the implications of using m ultiv ariate m utual
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Figure 3.1: T w o Sample Image Sets

An image set is a collection of co-registered m ulti-mo dal scalar images.

information are dev elop ed in Section 3.2. Existing m ultiple image registration metho ds

and join t segmen tation and registration metho ds are presen ted in Sections 3.2.2 and

3.2.3 resp ectiv ely . In Section 3.2.4, the m ulti-mo dal image set registration framew ork

is describ ed. Finally , in Section 3.3, results from sev eral 3D m ulti-mo dal image set

registration exp erimen ts are presen ted. Next follo ws a brief o v erview of information

theoretic image registration algorithms.

3.1 Multi-Mo dal Image Registration Bac kground

Man y image registration tec hniques for m ulti-mo dal images in v olv e information

theoretic distance measures on the space of probabilit y distribution functions. Conse-

quen tly , a probabilit y mass function is the t ypical feature to b e matc hed during registra-

tion. Mutual information is one metho d that is t ypically used to register m ulti-mo dal

images and will b e discussed in Section 3.1.1.

A metho d that minimizes Kullbac k-Leibler div ergence b et w een exp ected and ob-

serv ed join t class histograms is presen ted in [13]. A join t class histogram b et w een the

image pairs is estimated b y assigning eac h bin v alue equal to the total n um b er of o ccur-

rences of the corresp onding class lab el pairs. This tec hnique, ho w ev er, estimates class

lab els as a prepro cessing step and is used only for rigid registration b et w een scalar

images. Another class-lab el approac h uses join t v o xel class distribution matrices that

represen t lo cal fuzzy corresp ondence of ob ject class lab els for pairs of corresp onding

v o xels is presen ted in [20]. This metho d also uses Kullbac k-Leibler div ergence as a dis-

similarit y criterion and is presen ting in a non-linear �uid registration framew ork with

Gaussian regularization of the estimated transformations. The metho d presen ted in
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Figure 3.2: Image Set Registration

Registration of image sets

�I 1 and

�I 2 : �nding a forw ard transformation f that

maps the domain of

�I 1 to the domain of

�I 2 and a rev erse transformation g
that maps the domain of

�I 2 to the domain of

�I 1 .

this dissertation is more general in that registration is p erformed on sets of images, of

arbitrary n um b er, and is not constrained b y an initial class lab eling.

3.1.1 Mutual Information-Based Image Registration

The application of m utual information to image registration in v olving t w o scalar

images has b een w ell studied. Mutual information, de�ned in App endix A, measures

the statistical dep endence b et w een t w o random v ariables, or the amoun t of information

one random v ariable con tains ab out the other. In the con text of image registration,

the random v ariables represen t image in tensities. Multi-mo dal images of the same

scene, e.g., a h uman brain, represen t measuremen ts of di�eren t prop erties of ob jects

in that scene, e.g., white matter. These image in tensities are not t ypically statistically

indep enden t observ ations of the underlying ph ysical realit y . When m ulti-mo dal images

are aligned, measuremen ts from one mo dalit y reduce the uncertain t y in others; at

alignmen t, the m utual information b et w een t w o images is considered to b e maximal.

Rigid image registration b y maximizing m utual information w as �rst prop osed in-

dep enden tly b y [15] and [103] and extended to a�ne image registration b y [91 ]. Mutual

information-based image registration can generally b e de�ned as �nding the transfor-

mation that maximizes the m utual information similarit y criterion sub ject to some

geometric constrain t on that transformation, t ypically smo othness. F or example, con-
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sider the problem of �nding a transformation, h , that maps a mo ving image I m in to

the space of a �xed image I f . Let X and Y b e the random v ariables asso ciated with

the image in tensities in I m and I f resp ectiv ely . Estimates of the join t and marginal

distributions, pfm (i f ; im ) , pf (i f ) , and pm (im ) , required b y m utual information can b e

obtained b y simply normalizing the join t and marginal histograms of the o v erlapping

parts of b oth I m and I f . These tec hniques are, naturally , sensitiv e to sampling issues.

The in tensities i f and im are related b y the transformation h . The m utual information

similarit y criterion states that I f and I m are aligned b y the transformation ĥ; for whic h

I (X ; Y) is maximal:

ĥ = argmin
h

X

i f

X

i m

pf;m (i f ; im ) log
pf;m (i f ; im )

pf (i f )pm (im )
:

Multi-mo dal image registration using m utual information is particularly attractiv e

in that no image prepro cessing other than computing the marginal and join t distri-

butions is required and there are no functional assumptions regarding the relationship

b et w een the in tensities in b oth mo dalities. This suggests an automated approac h where

neither segmen tation nor landmarks are required. The m utual information similarit y

criterion do es, ho w ev er, su�er from a few w eaknesses: no geometric prior information

is incorp orated, no assumptions ab out the data (e.g., kno wn in tensit y relationships b e-

t w een mo dalities for certain structures) are incorp orated, and there are sampling issues

to b e addressed (e.g., probabilit y distributions are deriv ed from discrete histograms,

the smaller the scale the less robust the histograms).

A comprehensiv e surv ey of image registration via m utual information maximization

is giv en in [76 ]. The authors co v er the ma jor considerations: prepro cessing, similarit y

measure (en trop y de�nition c hoice, normalization, and whether computed lo cally or

globally), transformation group (rigid, a�ne, and non-linear), implemen tation (proba-

bilit y distribution estimation and optimization tec hniques), image dimensionalit y (e.g.,

2D/3D and 3D/3D), n um b er of images, mo dalities (mono-, m ulti-, and mo dalit y to

mo del), and applications to v arious h uman organs. High-dimensional image registra-

tion in the con text of m utual information and other dissimilarit y measures has also b een

studied. A thorough in v estigation of these dissimilarit y measures in high-dimensional

image registration is presen ted in [42].

A n um b er of metho ds ha v e b een dev elop ed to re�ne the m utual information-based

image registration further through generalized v ersions of Shannon en trop y , see [77 ] for
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a review. The most common extension is based on Rén yi-En trop y [81, 113 ]. These

div ergence measures are t ypically parameterized b y a single con tin uous v ariable whose

optimization is b eliev ed to pro vide more accurate registration, through con trol of the

measuremen t sensitivit y of the join t histogram, and faster con v ergence than traditional

m utual information [40, 74, 64, 65].

3.2 Multi-Mo dal Image Set Registration

This subsection examines t w o topics directly related to the m ulti-mo dal image set

registration metho d presen ted in this dissertation: m ultiple-image registration metho ds,

b eginning with m ultiv ariate m utual information, and join t segmen tation and registra-

tion metho ds. In the �nal p ortion of this subsection, m ulti-mo dal image set registration

is presen ted.

3.2.1 Multiv ariate Mutual Information in Image Registration

As traditional m utual information has successfully b een applied to the problem of

scalar m ulti-mo dal image registration, it is natural to consider applying m ultiv ariate

m utual information, de�ned in Section ?? , to the problem of m ulti-mo dal image set

registration. T o that end, consider the redundancy in terpretation of m ultiv ariate m u-

tual information, de�ned in Section A.5.2. The scalar m ulti-mo dal registration example

of Section 3.1.1 is extended as follo ws: consider the problem of �nding a transforma-

tion h that maps a mo ving image set

�I m in to the space of a �xed image set

�I f . Let

�X = f X i gi =1 :::F and

�Y = f Yi gi =1 :::M b e the random v ectors asso ciated with image in-

tensities in

�I f and

�I m resp ectiv ely . F urther let pf (i f 1 ; : : : ; i f F ) , pm (im1 ; : : : ; imM ) , and

pfm (i f 1 ; : : : ; i f F ; im1 ; : : : ; imM ) b e the probabilities asso ciated with

�X and

�Y . The image

in tensities f i f g and f im g are related b y the transformation h . The m ultiv ariate m utual

information (redundancy in terpretation) criterion states that

�I f and

�I m are brough t

in to register b y the transformation ĥ for whic h the follo wing is maximized:

ĥ = argmin
h

H (pf (i f 1 ; : : : ; i f F )) + H (pm (im1 ; : : : ; imM ))

� H (pfm (i f 1 ; : : : ; i f F ; im1 ; : : : ; imM )) :

This image set registration form ulation is problematic in that it requires main-

taining enormous sparsely p opulated join t histograms [9]. Most en tries in the join t
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histogram will b e p opulated with a zero or one, resulting in a v ery �at histogram.

Th us, m ultiv ariate m utual information should giv e a constan t v alue for man y transfor-

mations, leading to man y lo cal minima in the optimization cost function. Consider a

m ulti-mo dal image set registration in v olving four t w elv e-bit DICOM (Digital Imaging

and COmm unications in Medicine) images, an example of whic h is pro vided in Sec-

tion 3.3.2. Using m ultiv ariate m utual information w ould require the construction of

a 24�12 � 2:8 � 1014
-bin join t histogram, whic h is impractical. The n um b er of spatial

elemen ts for eac h image is 256� 256� 170� 1:1 � 107
v o xels yielding an a v erage bin

coun t of

1:1� 107 voxels
2:8� 1014 bins � 4 � 10� 8 voxels=bin . Giv en these di�culties, this dissertation

in tro duces a mo del-based approac h where the registration is p erformed using underly-

ing anatomical structures. These anatomical structures are incorp orated as a prior in a

Ba y esian framew ork. Before describing the prop osed framew ork, sev eral sev eral related

metho ds for m ultiple image registration are considered.

3.2.2 Existing Multiple Image Registration Metho ds

T o address the c hallenges p osed b y extending m utual information to m ultiple image

registration, sev eral groups ha v e dev elop ed di�eren t approac hes. An early example of

m ultiv ariate m utual information image registration in v olv es co-registration of a time

series of PET images illustrating v arious stages of a radio tracer uptak e [2]. This is an

example of the use of dissimilar images within the same imaging mo dalit y . The metho d

simpli�es the join t histogram problem through data reduction via principal comp onen t

analysis to pro duce eigen-images. Another approac h incorp orates lo cal spatial relation-

ships b y extending m utual information to consider a neigh b orho o d of pixels around eac h

p oin t in the image space [85]. The idea is to use lo cal spatial information in a tradition-

ally global statistical approac h. The authors mak e the simplifying assumptions that

the in tensit y distributions are m ultiv ariate Gaussians and are indep enden t. The inde-

p endence assumption allo ws for en trop y to b e summed along eac h direction in feature

space. A recen tly in tro duce metho d uses linear com binations of conditional en tropies

to driv e the registration [110 , 111 ]. Upp er b ounds on the the conditional en tropies are

dev elop ed based on join t histograms of lo w er dimensionalit y . All of these m ultiv ariate

metho ds ha v e b een dev elop ed in the linear registration setting. The metho d presen ted

in this dissertation is unique among these in that it is the only algorithm that p erforms

fully 3D non-rigid m ulti-mo dal image set registration and do es not require computing

join t histograms.
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3.2.3 Existing Join t Segmen tation and Registration Metho ds

As the prop osed m ulti-mo dal image set registration framew ork, describ ed in the

next section 3.2.4, in v olv es the join t estimation of segmen tation and registration, sim-

ilar curren t metho ds are brie�y review ed. Cen tral to man y of these metho ds is the

consideration of lo cal structure whic h leads to more robust registration and, hence,

impro v ed segmen tation. A minimax en trop y-based registration framew ork to sim ulta-

neously and iterativ ely segmen t 2D p ortal images and register them to 3D CT data is

presen ted in [6]. This metho d relaxes the indep enden t and iden tically distributed image

pixel in tensit y assumption asso ciated with m utual information b y incorp orating corre-

lation among neigh b oring pixels. Another approac h in v olv es a geometric, v ariational

framew ork that uses activ e con tours to sim ultaneously segmen t and register m ultiple

features [109]. Multiple images are segmen ted b y ev olving a single con tour as w ell

as mapping that con tour to eac h image. A distinctly di�eren t approac h builds up on

the previous metho d b y using logic mo dels while relaxing the requiremen t that images

b e completely registered [72]. Mark o v random �elds ha v e b een applied in Ba y esian

maxim um ap osteriori mo del segmen tation estimation and registration [106]. A Mark o v

random �eld mo del-based approac h that incorp orates a pixel attribute v ector based on

a pharmacokinetic mo del is presen ted in [108 , 107]. This metho d uses a Gaussian data

lik eliho o d mo del and pro vides spatial coherence and smo othness through the use of a

prior. A framew ork that com bines segmen tation, bias �eld correction, and registration

in to a generativ e approac h is presen ted in [3]. This metho d also uses a Gaussian data

lik eliho o d mo del. Iterated conditional mo des, in tro duced b y [8], is used to minimize

their mixture ob jectiv e function where eac h iteration in v olv es alternating b et w een es-

timating di�eren t groups of parameters while holding the others �xed. The metho d

most similar to the one prop osed in this dissertation incorp orates tissue class infor-

mation in to non-rigid registration b y using Kullbac k-Leibler div ergence as a similarit y

measure b et w een ideal and actual join t v o xel class distribution matrices [20 ]. These

matrices represen t lo cal fuzzy corresp ondence of ob ject class lab els for pairs of corre-

sp onding v o xels. The metho d presen ted in this dissertation di�ers from most of these

approac hes in that it in v olv es fully 3D non-rigid registration.

3.2.4 Multi-Mo dal Image Set Registration

Giv en the aforemen tioned di�culties with using m ultiv ariate m utual information

in the image set registration setting, a no v el mo del-based approac h is prop osed where
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the registration is p erformed using underlying anatomical structures. These structures

are incorp orated as a geometric prior in a Ba y esian framew ork. F rom the theory of

pattern classi�cation [21 ], it is kno wn that the use of a Ba y esian classi�er for decision

making is optimal in that it corresp onds to minimizing the a v erage probabilit y of error

asso ciated with the decision. Th us, Ba y esian classi�cation using a geometric prior

pro vides a go o dJos approac h for generating class-conditional densities that describ e

the anatomical structures.

This framew ork is based on the assumption that h uman brain anatom y consists of

�nitely en umerable structures suc h as grey matter, white matter, and cerebrospinal

�uid. These structures presen t with v arying radiometric in tensit y v alues across dis-

parate imaging mo dalities. Giv en t w o m ulti-mo dal image sets, the underlying struc-

tures are captured b y estimating, for eac h image set, the class-conditional p osterior

maps asso ciated with eac h structure. These class p osteriors are then used to pro duce a

co ordinate-indep enden t a v erage p osterior b y estimating dense di�eomorphic registra-

tion maps relating the domains of the t w o class p osteriors. The sum-of-Kullbac k-Leibler

div ergences

�D
�
p̂jjf pi gN

i =1

�
with N = 2 distributions is used as a distance function on the

space of probabilit y mass functions to estimate the transformations. The use of class

p osteriors pro vides an image in tensit y-indep enden t approac h to image registration.

Sp eci�cally , consider the problem of �nding a mapping b et w een image sets

�I 1 and

�I 2 (Figure 3.3). That is, �nd the mappings f : 
 1 ! 
 2 and g : 
 2 ! 
 1 where 
 1 and


 2 are the domains of image sets

�I 1 and

�I 2 resp ectiv ely . T o facilitate the registration, a

new domain 
 , indep enden t of 
 1 and 
 2 is in tro duced. Let transformations h1 and h2

map 
 to 
 1 and 
 2 resp ectiv ely . By construction, f = h2 � h� 1
1 and g = h1 � h� 1

2 . This

registration metho d is in v erse consisten t as f � g = g� f = e; the iden tit y map. Ha ving

describ ed the transformation framew ork the Ba y esian framew ork for represen ting the

anatomical class structures is presen ted next.

3.2.4.1 Ba y esian F ramew ork

The underlying neuroanatom y , represen ted in t w o acquired sets of m ulti-mo dal im-

ages, is assumed to consist of a set, C , of separate anatomical structure classes, cj .

F rom the m ulti-mo dal image sets

�I 1 and

�I 2 , for eac h class cj 2 C join tly estimate the

p osterior mass functions p1(x) = p(cj (h1(x)) j �I 1) and p2(x) = p(cj (h2(x)) j �I 2) along with

the registration maps h1(x) and h2(x) , that map the indep enden t domain 
 � R3
,

in to the domain of

�I 1 , 
 1 � R3
, and

�I 2 , 
 2 � R3
, resp ectiv ely . This metho d is in-

dep enden t of the n um b er of images comprising eac h image set. Optimal in ter-sub ject
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Figure 3.3: In v erse-In v arian t Registration

Registration of image sets

�I 1 and

�I 2 through the un biased domain 
 .

m ulti-mo dal image set registration is estimated b y an alternating iterativ e algorithm

whic h is motiv ated b y an exp ectation maximization metho d used in [80 , 102]. The

prop osed algorithm in terlea v es the estimation of the p osteriors asso ciated with

�I 1 and

�I 2 and the estimation of the registration maps h1 : 
 ! 
 1 and h2 : 
 ! 
 2 . Figure

3.4 depicts this Ba y esian framew ork.

F or eac h class cj , the asso ciated data lik eliho o ds p( �I f 1;2g(x)jcj (x); � j ; � j ) , are mo d-

eled as m ultiv ariate normal distributions with means � j , and co v ariances � j . Giv en

the transformations h1 and h2 and the curren t estimates � j and � j for b oth image sets,

the p osteriors of

�I 1 and

�I 2 are asso ciated with the indep enden t co ordinate probabilit y

mass function p
 b y using Ba y es's Rule with p
 as the prior for b oth p osteriors p1(x)

and p2(x) . Ha ving de�ned the p osteriors, the parameters � j and � j are up dated b y

their exp ected v alues. An alternativ e approac h is the non-parametric k ernel densit y

estimation describ ed in [79].

3.2.4.2 Large Deformation Di�eomorphic Registration

With the mo del-based Ba y esian framew ork de�ned, no w consider the problem of

estimating a class p osterior a v erage, p̂, from p1 and p2 , represen ting image sets

�I 1 and

�I 2 resp ectiv ely . The a v erage p̂ is neither p1 nor p2 . Consider the problem of constructing

a mapping b et w een p̂ and eac h of p1 and p2 . That is, estimate the mappings h1 : 
 ! 
 1

and h1 : 
 ! 
 2 where 
 � R3
, 
 1 � R3

and 
 2 � R3
are the domains of the class

p osteriors p̂, p1 and p2 resp ectiv ely . The domain 
 is c hosen to b e indep enden t of the
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Figure 3.4: Mo del-Based Image Set Registration

Registration of image sets

�I 1 and

�I 2 through the un biased domain 
 .

individual sub ject class p osterior domains, 
 1 and 
 2 . This framew ork is depicted in

Figure 3.5.

The desired a v erage class p osterior p̂ is the one that requires the minim um amoun t of

energy to b e deformed in to b oth p1 and p2 . More precisely , giv en a transformation group

S with asso ciated metric D : S2 ! R, along with a probabilit y densit y dissimilarit y

measure E(p; q) , to �nd the class p osterior map p̂ suc h that

f ĥf 1;2g; p̂g = argmin
hf 1;2g 2 S;p

�
E(p1 � h1; p) + E(p2 � h2; p) + D(e; h1)2 + D(e; h2)2

�
(3.1)

where e(x) = x is the iden tit y transformation.

Within the framew ork of computational anatom y a commonly used transformation

group is the group of di�eomorphisms [48]. Cen tral to this framew ork, therefore, is the

assumption of homogeneous anatom y b et w een sub jects [32 ]. As di�eomorphic maps

preserv e top ology they are ideal for the quan titativ e study of shap e since they neither

b end nor tear space. The �uid image registration metho d used in this dissertation is

motiv ated b y the image matc hing problem form ulated via �uid �o ws in tro duced b y [14 ]

and p osed a con trol form ulation in [22]. In this form ulation, the optimal di�eomorphic

matc h is constructed to minimize a running smo othness cost on the v elo cit y �eld gen-

erating the di�eomorphism, further describ ed b elo w, while sim ultaneously minimizing
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Figure 3.5: Image Registration Through Class P osteriors

Asso ciated with eac h image set

�I i is a class-conditional probabilit y map pi

and is related to the un biased domain 
 through the transformation hi .

an image dissimilarit y term. A gradien t descen t approac h is tak en where a v ariational

cost is measured in terms of a v elo cit y �eld.

In this dissertation, the class-p osterior map matc hing in v olv es the particular trans-

formation h that maps the space of a class-p osterior represen ting a sub ject, pi , to the

space of the class-p osterior map represen ting the a v erage, p̂, pi (hi (x)) = p̂(x) . In the

large deformation setting, a giv en h is estimated as the end p oin t p oin t of the �o w

asso ciated with a smo oth time-dep enden t v ector �eld. More sp eci�cally , the approac h

is to construct di�eomorphisms h : 
 � R3 $ 
 in terms of solutions to the ordinary

di�eren tial equation de�ned b y the nonlinear transp ort equation

d
dt

h(x; t ) = v(h(x; t ); t) t 2 [0; 1] (3.2)

with b oundary condition,

h(x; 0) = x x 2 


as presen ted in [70, 48 ]. The b oundary condition corresp onds to no deformation. The

solution to Equation 3.2 is the function h(x; t ) that satis�es

h(x; t ) = h(x; 0) +
Z t

0
v(h(x; � ); � )d�: (3.3)
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The �nal time di�eomorphism h(x; 1) mapping the anatom y is therefore con trolled via

the v elo cit y �eld v(�; t) , x 2 
 , t 2 [0; 1],

h(x; 1) = x +
Z 1

0
v(h(x; � ); � )d�:

Before discussing ho w the di�eomorphic transformations are generated, it is imp or-

tan t to kno w that they do exist in this setting. In his dissertation, Joshi pro v es the

follo wing theorem.

Theorem 3.1 (Di�eomorphism Existence) . L et 
 = [0 ; 1]3 � R3
and v : (x; t ) 2


 � [0; 1] ! v(x; t ) 2 R3
b e a c ontinuously di�er entiable ve ctor �eld with c omp act

supp ort c ontaine d in 
 for e ach t 2 [0:1]. L et h b e the solution to the system of

or dinary di�er ential e quations

d
dt

h(x; t ) = v(h(x; t ); t)

with the initial c ondition h(0; x) = x . Then for e ach t 2 [0; 1], h(�; t) is a di�e omorphism

of 
 $ 
 .

Pr o of. See [48].

The b oundary condition h(x; 0) = x represen ts the Lagrangian in terpretation of

�uid �o w. The existence of di�eomorphisms under the Eulerian in terpretation of �uid

�o w where h(x; 1) = x is sho wn in [22 ]. Conditions are form ulated under whic h the

regularit y of v(�; t) imp osed b y �niteness of the the norm jj vjj 2
guaran tees that the

asso ciated �o w, h , is supp orted on the space of di�eomorphisms. The k ey issue is the

c hoice of norm jj � jj 2
.

F ollo wing [7], one c hoice to ensure existence of solutions in the space of di�eo-

morphisms in Equation 3.2 has b een to construct V as the completion of the space

of smo oth, compactly-supp orted v ector �elds for the inner-pro duct de�ned through a

di�eren tial op erator L giv en b y

hf; g i V
:= hLf; Lg i 2 = hL yLf; g i 2 f; g 2 V (3.4)

where L y
denotes the adjoin t of L , and h�; �i 2

is the usual L2
-pro duct for square in te-
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grable v ector-�elds on 
 . That is,

Z 1

0
jj v(�; t)jj 2

V dt =
Z 1

0
jjL yLv(�; t)jj 2

2dt:

With V de�ned in this w a y , the �o w v 2 L1(V;[0; 1]) generates the sub-group of di�eo-

morphisms G := f � 2 V j� (h(x; 1); 1); v 2 L1(V;[0; 1])g [22 ]. F rom these assumptions

on V , a compact self-adjoin t op erator K : L2(
 ; Rd) ! V is uniquely de�ned b y

hx; yi 2 = hKx; y i V . That is, an y smo oth v ector �eld f 2 V can b e obtained suc h that

K (L yL)f = f:

In summary , the norm jj v(�; t)jjV generates an inner pro duct on the space of con tin uous

v ector �elds C1 (
) 3
, and jj v(�; t)jjV needs to b e �nite to ensure regularit y in eac h

comp onen t of v . Smo othness in v is induced b y adding jjLv (�; t)jj 2
as a regularizing

cost p enalt y term in the optimization.

The c hoice of op erator L is t ypically go v erned b y the notion of a prior, in the

Ba y esian sense, on the transformations obtained b y driving a �uid or elastic media or

b y a noise pro cess. In suc h a case L is determined b y the statistics of the noise and the

constitutiv e la ws of the media. F ollo wing [14 ], in this dissertation a mo di�ed Na vier-

Stok es op erator L = � r 2 + � r (r� ) + 
 is used where pressure gradien t and inertial

terms are neglected and a lo w Reynold's n um b er is assumed.

A di�eren tial op erator L is completely c haracterized b y its Green's function G(x; y)

where LG(x; y) = � (x � y) . Under the noise pro cess mo del, the induction of prior

through constan t co e�cien t lo cal (b ounded supp ort), p ositiv e de�nite (in v ertible) dif-

feren tial op erator L satisfying Lu(x) = e(x) where e(x) is white noise. Then, as sho wn

in [52], u(x) is a zero-mean Gaussian pro cess with co v ariance

K (x; y) =
Z

G(x; u)G(y; u)du:

Throughout assume the compact setting 
 = [0 ; 1]3 with the op erator and b oundary

conditions c hosen so that the Green's function is non-singular and con tin uous in b oth

v ariables so that the matrix K (x; y) = G(x; y)G(x; y)y
is p ositiv e de�nite as an op erator.

Ha ving c hosen a linear di�eren tial op erator to de�ne the inner-pro duct h�; �i V and

ha ving established the conditions under whic h the solution to Equation 3.2 generates

di�eomorphic transformation, the image registration optimization problem in Equation
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x = � (y; 1)

y = h(x; 1)

v(x; 0)

~v(y; 0)

Figure 3.6: V elo cit y Fields

3.1 is further sp eci�ed. The transformations hi are generated b y in tegrating v elo cit y

�elds forw ard in time, and h� 1
i are generated b y in tegrating v elo cit y �elds bac kw ard

in time. The relationship b et w een spatial lo calit y , v elo cit y �elds, and time is sho wn in

Figure 3.6. The spatial lo cation y is describ ed in terms of the forw ard in tegration of

the v elo cit y �eld v starting from spatial lo cation x . That is,

y = h(x; 1) = x +
Z 1

0
v(h(x; � ); � )d�:

Similarly , x can b e describ ed in terms of in tegrating the rev erse v elo cit y �eld ~v starting

at y . That is,

x = � (y; 1) = y +
Z 1

0
~v(� (y; � ); � )d�:

F rom Figure 3.6, note that

v(h(x; t ); t) = � ~v(� (y; 1 � t); 1 � t)

and hence

jjLv (x; t )jj 2 = jjL ~v(y; 1 � t)jj 2

where

L = � r 2 + � r (r� ) + 


is, again, a mo di�ed Na vier-Stok es op erator.

The metric on the space of di�eomorphisms is induced using a Sob olev norm via

the partial di�eren tial op erator L on the v elo cit y �elds v . Let h b e a di�eomorphism

isotopic to the iden tit y transformation e. De�ne the squared distance D 2(e; h) as
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D 2(e; h) = min
v

Z 1

0

Z



jjLv (x; t )jj 2dxdt (3.5)

sub ject to

h(x) = x +
Z 1

0
v(h(x; t ); t)dt:

The distance b et w een an y t w o di�eomorphisms is de�ned b y

D(h1; h2) = D(e; h� 1
1 � h2):

The construction of h and h� 1
, as w ell as the prop erties of D , are describ ed in [68, 71 ].

This distance satis�es all of the prop erties of a metric. Namely it is non-negativ e,

symmetric, and satis�es the triangle inequalit y . The distance D is trivially non-

negativ e. Symmetry follo ws from the fact that h� 1
is generated b y in tegrating bac k-

w ards in time the negativ e of the v elo cit y �eld that generates h . Hence the minimizer is

the same for b oth h and h� 1
, implying that D(e; h) = D(e; h� 1) . A detailed discussion

of D , including a demonstration of ho w it satis�es the triangle inequalit y , is giv en in

[71 ].

Ha ving de�ned a metric on the space of di�eomorphism and a regularization op-

erator L , the energy minimization problem describ ed in Equation 3.1 is form ulated

as

f ĥf 1;2g; p̂g = argmin
hf 1;2g ;p

E(p1 � h1; p) + E(p2 � h2; p)

+
Z 1

0

Z



jjLv1(x; t )jj 2dxdt +

Z 1

0

Z



jjLv2(x; t )jj 2dxdt (3.6)

sub ject to

hi (x) = x +
Z 1

0
vi (hi (x; t ); t)dt:

3.2.4.3 Registration

A t a giv en spatial lo cation x 2 
 , the dissimilarit y b et w een image sets

�I 1(x) and

�I 2(x) is measured b y the dissimilarit y b et w een the p osterior mass functions mo deling

them, p1(x) and p2(x) . Minimizing the

�D
�
p̂jjf pi gN

i =1

�
b et w een p1 and p2 maximizes a

lo w er b ound on the Ba y es' probabilit y of error and th us renders the probabilit y mass
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functions more indistinguishable. That is, it brings them closer together. The follo wing

distance, using Equation 2.10 with N = 2 , is used to driv e the registration at p osition

x 2 
 :

E(p1(x); p2(x)) = �D (p̂(x)jjf p1(x); p2(x)g)

= � 2 log
X

cj 2 C

�
p1(h1(cj (x)) j �I 1)p2(h2(cj (x)) j �I 2)

� 1
2 :

With this result, the minimization problem stated in Equation 3.1 is rewritten as

follo ws:

v̂1; v̂2 = argmin
v1 ;v2

Z



log

X

cj 2 C

�
p1(h1(cj (x)) j �I 1)p2(h2(cj (x)) j �I 2)

� 1
2 dx

+
Z 1

0

Z



jjLv1(x)jj 2dxdt +

Z 1

0

Z



jjLv2(x)jj 2dxdt:

3.2.4.4 Implemen tation

The metho d prop osed in this dissertation uses Christensen's greedy algorithm for

propagating templates [14]. The v ariation for h1 of the a v erage E(p1(x); p2(x)) term is

computed as

@
@h1

1
j
 j

Z




�D (p̂(x)jjf p1(x); p2(x)g) dx = �
2

j
 j
@

@hi
log

X

cj 2 C

(p1(cj (x))p2(cj (x)))
1
2 dx

= �
2

j
 j
�
Z




P
cj 2 C

@
@h1

(p1(cj (x))p2(cj (x)))
1
2

P
ck 2 C (p1(ck(x))p2(ck(x)))

1
2

dx

= �
1

j
 j

Z




P
cj 2 C

�
p2(cj (x))
p1(cj (x))

� 1
2

r p1jTcj (h1(x))

P
ck 2 C (p1(ck(x))p2(ck(x)))

1
2

dx:

The v ariation for h2 is computed in a similar manner. The v elo cit y �elds vf 1;2g at eac h

iteration are up dated b y solving the partial di�eren tial equations
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Lv f 1;2g(x; t ) =
@

@hf 1;2g

1
j
 j

Z




�D (p̂(x)jjf p1(x); p2(x)g) dx:

The v elo cit y �elds vi are computed at eac h iteration b y applying the in v erse of the di�er-

en tial op erator L to the b o dy force function f i (x) = @
@hi

1
j
 j

R



�D (p̂(x)jjf p1(x); p2(x)g) dx ,

i.e. vi (x) = L � 1f i (x) . This computation is p erformed in the F ourier domain [50] using

the F ast F ourier transform.

The forw ard and in v erse in tegration are describ ed as follo ws. A t time t , the trans-

formations hi are describ ed as

hi (x; t + � ) = hi (x; t ) +
Z t+ �

t
vi (hi (x; � ); � )d�

� hi (x; t ) + �v i (hi (x; t ); t)

for small � . A t iteration k of the algorithm, the transformations hi b ecome the tele-

scoping comp ositions hi = hk
i � hk� 1

i � � � � � h1
i . A t time t , the in v erse transformations

h� 1
i are describ ed as

h� 1
i (y; t) = h� 1

i (y �
Z t � �

t
vi (y; � )d�; t � � )

� h� 1
i (y � �v i (y; t); t � � )

for small � . A t iteration k of the algorithm, the transformations h� 1
i b ecome the

telescoping comp ositions h� 1
i = h� 1;1

i � h� 1;2
i � � � � � h� 1;k

i .

App endix B discusses the lik eliho o d of the actual optim um in the m ulti-mo dal image

set registration cost function b eing ac hiev ed.

3.3 Results

T o ev aluate the image set registration metho d, a collection of image sets of increasing

complexit y w as de�ned. F or eac h image sub ject, the image sets w ere created using 3D

scalar images from a p opulation of four imaging mo dalities: MRA, T1-FLASH MR,

T1-MPRA GE MR, and T2 MR. The comp osition of these image sets is describ ed in

Section 3.3.2.1. The individual MR images w ere acquired at UNC Chap el Hill using



42

a Siemens head-only 3-T esla system (Allegra, Siemens Medical Systems Inc.) and a

Siemens 1.5-T esla system (Sonata, Siemens Medical Systems Inc.) with a head coil.

Imaging parameters for the T1 and T2 image acquisitions are as follo ws, for the T1

images, a TR of 15msec, a TE of 7msec, a TH of 1mm, and an in-plane resolution of

1� 1 mm2
and for the T2 images, a TR of 7730msec, a TE of 80msec, a TH of 1mm, and

an in-plane resolution of 1 � 1 mm2
. A dditionally , a 3D time-of-�igh t MRA sequence

w as acquired. V elo cit y comp ensation along b oth the frequency and the phase enco ding

direction w as used to maximize signal de-phasing induced b y the �o wing spins. A

magnetization transfer pulse w as used to suppress signal from brain parenc h yma while

main taining signal from �o wing spins. The acquired v o xel spacing for the MRA images

w as 0:5134� 0:5134� 0:78 mm3
and 1 � 1 � 1 mm3

for the T1 and T2 images. The

MRA images w ere resampled to 1 � 1 � 1 mm3
.

3.3.1 Data Prepro cessing

The tissue exterior to the brain w as remo v ed using a mask generated b y a brain

segmen tation to ol based on the statistical classi�cation metho d describ ed in [79 ]. The

geometric prior used to initialize the algorithm w as also pro duced using this to ol. Mid-

axial, mid-coronal, and mid-sagittal slice views for sub jects 1 and 2 are presen ted in

Figures 3.7 and 3.8 resp ectiv ely . These four mo dalities pro vide complemen tary informa-

tion. F or example, the T1-FLASH and T1-MPRA GE images ha v e con trast di�erences,

and the MRA images exhibit missing information due to grey matter/white matter

w ashout and axial slab e�ect. In these examples, the set of structural classes is tak en

to b e

C = f c1 = grey matter ; c2 = white matter ; c3 = cerebrospinal 
uid ; c4 = otherg.

3.3.2 Registration Exp erimen ts

T o ev aluate this image set registration framew ork, the transformations, f 1 and g1 ,

relating the domains of sub ject 1 and sub ject 2 w ere estimated b y applying the m ulti-

mo dal image set metho d to a mono-mo dal registration. These t w o transformations

w ere then used as �ground truth� for the purp ose of ev aluating an increasingly com-

plex collection of image set registrations. In v erse-consistency error w as computed to

quan titativ ely ev aluate the results.
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(a)

(b)

(c)

(d)

Mid-Axial Mid-Coronal Mid-Sagittal

Figure 3.7: Sub ject One

The orthogonal slice views in to the four m ulti-mo dal scalar images for sub-

ject one: MRA (a), T1-FLASH (b), T1-MPRA GE (c), and T2 (d).
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(a)

(b)

(c)

(d)

Mid-Axial Mid-Coronal Mid-Sagittal

Figure 3.8: Sub ject T w o

The orthogonal slice views in to the four m ulti-mo dal scalar images for sub-

ject t w o: MRA (a), T1-FLASH (b), T1-MPRA GE (c), and T2 (d).
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3.3.2.1 Setup

The follo wing eigh t registration exp erimen ts w ere p erformed:

1. Mono-mo dal/Mono-mo dal (common):

�I 1 = T1-FLASH of sub ject 1 and

�I 2 = T1-

FLASH of sub ject 2.

2. Mono-mo dal/Mono-mo dal (m utually exclusiv e):

�I 1 = T1-FLASH of sub ject 1

and

�I 2 = T2 of sub ject 2.

3. Bi-mo dal/Bi-mo dal (fully common):

�I 1 = T1-FLASH and T2 of sub ject 1 and

�I 2 = T1-FLASH and T2 of sub ject 2.

4. Bi-mo dal/Bi-mo dal (single common):

�I 1 = T1-FLASH and T2 of sub ject 1 and

�I 2 = T1-MPRA GE and T2 of sub ject 2.

5. Bi-mo dal/Bi-mo dal (m utually exclusiv e):

�I 1 = T1-FLASH and T2 of sub ject 1

and

�I 2 = T1-MPRA GE and MRA of sub ject 2.

6. Bi-mo dal/Mono-mo dal (m utually exclusiv e):

�I 1 = T1-FLASH and T2 of sub ject

1 and

�I 2 = MRA of sub ject 2.

7. T ri-mo dal/T ri-mo dal (fully common):

�I 1 = T1-FLASH, T1-MPRA GE, and T2

of sub ject 1 and

�I 2 = T1-FLASH, T1-MPRA GE, and T2 of sub ject 2.

8. Quad-mo dal/Quad-mo dal (fully common):

�I 1 = T1-FLASH, T1-MPRA GE, T2,

and MRA of sub ject 1 and

�I 2 = T1-FLASH, T1-MPRA GE, T2, and MRA of

sub ject 2.

F rom eac h of these exp erimen ts, transformations f i and gi w ere obtained. The �rst

exp erimen t pro vides the �ground truth� transformations, f 1 and g2 . The T1-FLASH

mo dalit y w as c hosen for the �rst exp erimen t due to its relativ ely go o d white mat-

ter/grey matter con trast.

3.3.2.2 Bi-Mo dal/Bi-Mo dal (Mutually Exclusiv e) Registration

F or the purp oses of brevit y , only qualitativ e results for the most in teresting of these

exp erimen ts, the bi-mo dal/bi-mo dal m utually exclusiv e registration are presen ted. In

this exp erimen t,

�I 1 represen ts the T1-FLASH and T2 images acquired from sub ject one

and

�I 2 represen ts the T1-MPRA GE and MRA images acquired from sub ject t w o. The
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T1-FLASH T2 T1-FLASH T2 T1-FLASH T2

T1-MPRA GE MRA T1-MPRA GE MRA T1-MPRA GE MRA

Figure 3.9: F orw ard Mapping

The top ro w sho ws mid-axial, mid-coronal, and mid-sagittal views of image

set

�I 1 . The b ottom ro w sho ws the same views for the deformed image set

�I 2 � f .

estimated forw ard, f , and in v erse, g, transformations are depicted, in three orthogonal

views, in Figures 3.9 and 3.10 resp ectiv ely . In Figure 3.11, a qualitativ e assessmen t of

the registration is made b y examining axial slices of

�I 1 and

�I 2 in greater detail through

a c hec k erb oard pattern. The mismatc h b et w een the image sets is clearly eviden t in

the top ro w of the �gure. The second and third ro ws illustrate the e�ectiv eness of the

registration under the estimated forw ard and in v erse transformations resp ectiv ely .

3.3.2.3 In v erse-Consisten t Image Registration

A b y-pro duct of using the un biased domain 
 in the m ulti-mo dal image set reg-

istration framew ork is in v erse-consisten t (or in v erse-in v arian t) image registration. A

registration framew ork is in v erse consisten t if image ordering do es not a�ect the regis-

tration result. Man y image registration algorithms are not in v erse consisten t b ecause

their image dissimilarit y metrics are computed in the co ordinate system of one of the

images b eing registered. The c hoice of suc h a reference image can bias the result of the

registration. In v erse consisten t registration is desired when there is no a priori reason

to c ho ose one image o v er another as a reference image.

In traditional tec hniques for image registration, solutions ma y b e systematically

biased with resp ect to expanding and con tracting regions in the estimated transforma-

tion [12]. Existing metho ds for generating in v erse consisten t registration appro ximate
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T1-MPRA GE MRA T1-MPRA GE MRA T1-MPRA GE MRA

T1-FLASH T2 T1-FLASH T2 T1-FLASH T2

Figure 3.10: In v erse Mapping

The top ro w sho ws mid-axial, mid-coronal, and mid-sagittal views of image

set

�I 2 . The b ottom ro w sho ws the same views for the deformed image set

�I 1 � g.

in v erse consistency b y adding an in v erse consistency p enalt y to the optimization cost

function. The registration framew orks form ulated in these metho ds are not in trinsically

symmetric. Metho ds for approac hing this problem, in v olving algorithms that estimate

incremen tal transformations while appro ximating in v erse consistency constrain ts on

eac h incremen tal transformation, are presen ted in [34 , 66, 39 ]. The approac h presen ted

in this dissertation is in trinsically in v erse consisten t as the registration problem is for-

m ulated symmetrically . Therefore, no correction p enalt y for consistency is required.

More sp eci�cally , a registration, c haracterized b y a transformation, h , is in v erse-

consisten t (symmetric) if, for images I 1 and I 2 , the follo wing holds: h(I 1; I 2) = h� 1(I 2; I 1) .

A registration for whic h this prop ert y do es not hold is considered to b e asymmetric.

The follo wing is a list of p oten tial sources for asymmetry in non-rigid registration:

� Or der non-pr eservation : Man y image registration algorithms are not in v erse-

consisten t since their (dis)similarit y metrics are computed in the co ordinate sys-

tem of either one of the images in v olv ed in the registration. This leads to or-

der non-preserv ation of energy cost functions. That is, for an energy function

E(I 1; I 2; h) and t w o estimates, h1 and h2 , for the transformation h , the follo wing

ma y hold, E(I 1; I 2; h1) < E (I 1; I 2; h2) but E(I 2; I 1; h� 1
1 ) � E(I 2; I 1; h� 1

2 ) .

� Non-line arity in mo dels : Con tin uum mec hanical metho ds are used to mo del de-
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Figure 3.11: Qualitativ e Assessmen t

The top ro w sho ws a c hec k erb oard blending of an axial slice of the image

sets

�I 1 and

�I 2 . The middle ro w sho ws a blending b et w een

�I 1 and

�I 2 � f ,

the forw ard mapping, and the b ottom ro w sho ws a blending b et w een

�I 2 and

�I 1 � g, the in v erse mapping. The left column is comp osed of the T1-FLASH

of

�I 1 and the MRA of

�I 2 , and the righ t column is comp osed of the T2 of

�I 1

and the T1-MPRA GE of

�I 2 . The registration has accommo dated the lo cal

v ariabilit y b et w een the t w o image sets, esp ecially in the cortical region (e.g.,

p oin t A), and in the v en tricular region (e.g., p oin t B).
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formations (e.g., thin-plate splines ma y b e non-linear).

� Non-stable tr ansformation sp ac e : The space of allo w able transformations ma y not

form a group, G, and, hence, ma y not b e stable b y in v ersions. That is, h 2 G

but h� 1 =2 G.

� L o c al minima : The optimization algorithm used for estimating h ma y get stuc k

in di�eren t lo cal minima of the energy function E when the images I 1 and I 2 are

exc hanged.

The L2 di�erence norm, jj f 1(gi (x)) � xjj 2 , w as used to ev aluate in v erse consistency

b et w een eac h exp erimen t i , and the �rst exp erimen t for eac h spatial lo cation x 2 
 .

F or n umerical stabilit y , these in v erse-consistency errors w ere computed via telescoping

comp ositions as describ ed in Section 3.2.4.4. Ov er all eigh t exp erimen ts, the maxim um

computed in v erse-consistency error w as 3:12� 10� 4
v o xels with an a v erage of 5:04� 10� 5

v o xels.



Chapter 4

Multi-Class P osterior A tlas

F ormation

1

This c hapter extends the framew ork for m ulti-mo dal image set registration from

Chapter 3 to m ulti-class p osterior atlas formation. Consider the imp ortan t problem in

computational anatom y in tro duced in Section 1.2, the construction of an exemplar atlas

from a p opulation of medical images. Suc h atlases represen t the anatomical v ariation

presen t in p opulations [69, 32 , 94]. Man y images are mapp ed in to a common co ordi-

nate system to study in tra-p opulation v ariabilit y and in ter-p opulation di�erences, to

pro vide v o xel-wise mapping of functional sites, and to facilitate tissue and ob ject seg-

men tation via registration of anatomical lab els. Common tec hniques for creating atlases

often include c ho osing a template image, whic h inheren tly pro duces a bias. Motiv ated

b y the atlas construction framew ork presen ted in [49 ], un biased m ulti-class atlases are

constructed from p opulations of anatomical class p osteriors using large deformation dif-

feomorphic registration. When applied to t w o image sets, this atlas formation metho d

yields the in v erse-consisten t image set registration of Chapter 3.

Digital atlases of h umans are prominen t in image segmen tation algorithms. F or

example, a metho d for automatically segmen ting images of normal health y h uman

brains, based on statistical classi�cation theory [21], is presen ted in [102 , 101 ]. An

extension to h uman brains with pathology is describ ed in [80]. These metho ds rely on

m ulti-mo dal images that ha v e b een a�nely registered to the co ordinate space of the

c hosen atlas. The registration pre-pro cessing step uses m utual information, describ ed

1

The w ork presen ted in this c hapter w as done in collab oration with Dr. Sarang Joshi and Brad

Da vis at the Univ ersit y of North Carolina at Chap el Hill. This c hapter is hea vily based on previous

pap ers [63 , 49 ].
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in [16 ], as a similarit y measure for computing distances b et w een probabilit y mass func-

tions represen ting join t and marginal pro duct distributions of image in tensities. Global

transformations, suc h as a�ne transformations, are insu�cien t to accommo date the

lo cal v ariabilit y that exists in an y p opulation of h uman brains. F or example, although

all h umans p ossess a cereb ellum and cortical grey matter enclosing white matter, the

lo cation and manner of cortical and cereb ellar folding are highly v ariable across a p op-

ulation.

Most digital atlases in v olv e features that are single n um b ers (e.g., Houns�eld units

in computed tomograph y (CT) images). Un biased atlas formation from suc h scalar

images, using the squared-error image dissimilarit y measure, is describ ed in [49 ]. This

c hapter fo cuses on m ulti-class p osterior atlas formation from m ulti-mo dal image sets.

Sp eci�cally , the Ba y esian framew ork from Section 3.2.4.1 is applied to a collection of im-

age sets. F rom a p opulation of N m ulti-mo dal image sets f �I i gN
i =1 , for eac h class cj 2 C ,

estimate the class p osterior mass functions pi (cj (x)j �I i ) for eac h image set i where cj (x)

is the class asso ciated with the v o xel at spatial p osition x 2 
 � R3
. This metho d is

indep enden t of the n um b er of images comprising eac h image set. These class p oste-

riors are pro duced using the exp ectation maximization metho d describ ed in [80 , 102 ].

F ollo wing [102 ], for eac h class cj the asso ciated data lik eliho o d, p( �I i (x)jcj (x); � j ; � j ) , is

mo deled as a normal distribution with mean, � j , and co v ariance, � j .

This c hapter reviews existing atlas construction metho ds in Section 4.1. Using the

large deformation di�eomorphic framew ork requires a more general notion of a v eraging

transformations. This generalized notion of a v eraging to metric spaces is discussed in

Section 4.2. The m ulti-class atlas construction metho d is then presen ted in Section 4.3

with a some results comparing a�ne and di�eomorphic a v eraging in 4.4.

4.1 A tlas F ormation: a Review

Since Bro dmann, nearly a cen tury ago, b egan mapping areas of the cerebral cortex

based on cytoarc hitectural b oundaries [11 ], the construction of brain atlases has b een

cen tral to understanding the v ariabilit y of brain anatom y . More recen tly , since the

adv en t of mo dern computing and digital imaging tec hniques, in tense researc h has b een

directed to w ards the dev elopmen t of digital three-dimensional atlases of the brain.

Most digital brain atlases so far are based on a single sub ject's anatom y [43, 104 ].

Although these atlases pro vide a standard co ordinate system, they are limited b ecause

a single anatom y cannot represen t faithfully the complex structural v ariabilit y b et w een
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individuals. A ma jor fo cus of computational anatom y has b een the dev elopmen t of

image mapping algorithms [29, 68, 84 , 98] that can map and transform a single brain

atlas on to a p opulation. In this paradigm, the atlas serv es as a deformable template [31 ].

The deformable template can pro ject detailed atlas data suc h as structural, bio c hemical,

functional, and v ascular information on to the individual or an en tire p opulation of brain

images. The transformations enco de the v ariabilit y of the p opulation under study . A

statistical analysis of the transformations can also b e used to c haracterize di�eren t

p opulations [18, 44 , 92]. F or a detailed review of deformable atlas mapping and the

general framew ork for computational anatom y , see [98, 32]. One of the fundamen tal

limitations of using a single anatom y as a template is the in tro duction of bias, as the

selected group mem b er ma y not w ell sp ecify the p opulation as a whole.

The un biased atlas represen ts an a v erage anatomical con�guration of a p opulation.

Un biased atlas construction is an activ e area of researc h in image registration. Thomp-

son and T oga [97] v ery elegan tly address the bias problem b y mapping a new data set

on to ev ery scan in a brain image database. This approac h addresses bias b y forgoing

the formal construction of a represen tativ e template image. Although this framew ork

is mathematically elegan t and p o w erful, it results in a computationally prohibitiv e ap-

proac h in whic h eac h new scan has to b e mapp ed indep enden tly to all datasets in a

database. This is analogous to comparing eac h sub ject under study to ev ery previously

analyzed image. As brain image databases gro w, the atlas formation problem gro ws

com binatorially .

Previous w ork in atlas formation has fo cused on the small deformation setting in

whic h arithmetic a v eraging of displacemen t �elds is w ell de�ned, e.g., in [9]. Studholme

minimizes an energy functional in v olving uncertain t y in join t histograms of in tensities,

elastic deformation, and sum of displacemen ts [90 ]. K o v acevic et al. presen t a m ulti-

resolution metho d that is initialized b y a v eraging pairwise a�ne transformations and

�nalized b y cen tering based on a v eraging estimated non-linear transformations to this

a�ne a v erage [57 ]. An iterativ e a v eraging algorithm to reduce the bias has b een de-

v elop ed b y [34]. In the latest w ork of [9], explicit constrain ts requiring that the sum

of the displacemen t �elds add to zero are enforced in the prop osed atlas construction

metho dology . These small deformation approac hes are based on the assumption that

transformations of the form h(x) = x + u(x) , parameterized via a displacemen t �eld,

u(x) , are close enough to the iden tit y transformation suc h that the comp osition of an y
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t w o transformations can b e appro ximated via the addition of their displacemen t �elds:

(h1 � h2) (x) � x + u1(x) + u2(x):

Using a hidden probabilistic mo del of the common spatial distribution of anatomi-

cal tissues, De Craene et al. create atlases of probabilit y distributions using ST APLE

[17 ]. The Sim ultaneous T ruth and P erformance Lev el Estimation (ST APLE) metho d,

dev elop ed b y W ar�eld and Zou [104, 112 ], calculates a comp osite gold standard esti-

mate from m ultiple man ual segmen tations. Giv en a set of binary segmen tations of the

same ob ject, ST APLE calculates the maxim um lik eliho o d estimate of the comp osite

�gold standard� or the b est estimate of the unkno wn gold standard. The ST APLE

algorithm calculates the sp eci�cit y and sensitivit y of eac h segmen tation in an iterativ e

w a y . In the w ork of De Craene et al., a generalized exp ectation maximization metho d is

used where, in the exp ection step, atlas lab els (hidden data) are estimated giv en �xed

transformations and, in the in the maximization step, transformations that maximize

a similarit y criterion are estimated.

In a more recen t and related w ork, A v an ts and Gee [5] dev elop an algorithm in

the large deformation di�eomorphic setting b y a v eraging v elo cit y �elds and ev olving

mean geo desic �o ws. The fo cus of this c hapter is on the dev elopmen t of a metho dology

that sim ultaneously estimates the transformations and an un biased template, in the

large deformation setting. This metho d do es not assume the ab o v e appro ximation

and, th us, is capable of building atlases of p opulations with large geometric v ariabilit y .

The metho d prop osed in this dissertation is in trinsically un biased in that it in v olv es no

p enalt y terms in the optimization pro cess. The metho d is also computationally e�cien t

in that it scales linearly with the n um b er of images. Before formally de�ning the atlas

formation problem, this c hapter explores a v eraging large deformation di�eomorphic

transformations.

4.2 A v eraging Di�eomorphisms

Giv en a collection of anatomical images, a natural problem is the construction of

a statistical represen tativ e of the p opulation. If the data asso ciated with the p opula-

tion under study can b e easily parameterized b y a Euclidean space, classical statistical

metho ds of simple a v eraging can b e applied to generate suc h a represen tativ e. An im-

age under the Gaussian noise assumption can itself b e easily represen ted as a mem b er
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of a �at space. The image can b e represen ted as a mem b er of a v ery large dimensional

Euclidean space RN
, where N is the n um b er of v o xels in the image. Alternativ ely , using

appropriate in terp olation assumptions the image can b e assumed to b e a square in te-

grable function, that is a mem b er of the Hilb ert space L2(
) where 
 is the underlying

co ordinate space, usually a compact subset of R3
.

The geometric v ariabilit y of the anatom y itself usually cannot b e represen ted b y

elemen ts of a �at space. If the geometry of the underlying anatom y can b e adequately

represen ted b y a �nite n um b er of landmarks, represen tativ e template landmark con�g-

uration can b e estimated using the Pro crustes metho d pioneered b y Kendal [54 ] and

c hampioned b y Bo okstein [10]. The study of anatomical shap e is inheren tly related

to the construction of transformations of the underlying co ordinate space that map

one anatom y to another. V arious transformation groups of R3
ha v e b een studied for

understanding anatomical geometry . These groups v ary in dimensionalit y from simple

global translations, R3
, and rigid rotations, SO(3) , to the in�nite dimensional group of

di�eomorphisms, H , [71 ].

In this c hapter, the problem of building an anatomical template is p osed as a sta-

tistical estimation problem. F or anatomical represen tations in whic h the underlying

geometry is parameterized as a Euclidean v ector space, training data can b e repre-

sen ted as a set of v ectors, e.g., f x i gN
i =1 in a v ector space V .

In the small deformation elastic image mapping setting, this is assumed to b e true,

as the deformations are assumed to b e close enough to the iden tit y mapping. Under

this assumption, the displacemen t v ector �elds parameterizing the transformations can

b e assumed to b e elemen ts of the Hilb ert space of square in tegrable functions L2(
) .

In a v ector space, with addition and scalar m ultiplication w ell de�ned, the a v erage

represen tation of the training set is the linear a v erage

�xLinear =
1
N

NX

i =1

x i : (4.1)

In terms of computing statistics, the group of di�eomorphic transformations presen ts

a c hallenge. Linear a v eraging cannot b e directly applied to the large deformation

setting, as under the large deformation mo del the space of transformations is not a

v ector space but rather the in�nite dimensional group H of di�eomorphisms of the

underlying domain 
 .

In the group of di�eomorphisms, the addition of t w o di�eomorphisms is not generally
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a di�eomorphism and hence a template based on linear a v eraging of transformations

is not w ell de�ned. T o address this di�cult y , the notion of a v eraging is extended to

general metric spaces �rst prop osed b y F réc het [27]. F or a general metric space M ,

with a distance d : M � M ! R, the intrinsic me an for a collection of data p oin ts

x i can b e de�ned as the minimizer of the sum-of-squared distances to eac h of the data

p oin ts. That is

�xF rechet = argmin
x2M

NX

i =1

d(x; x i )2: (4.2)

In previous w ork at UNC Chap el Hill, these concepts ha v e b een used to extend �rst

and second order statistical analysis to �nite dimensional Riemannian Manifolds for

statistical analysis of medial represen tations of ob jects [26 ]. This c hapter applies this

approac h to the construction of large deformation di�eomorphic templates. The w ork

here builds hea vily on the mathematical metric theory of di�eomorphisms dev elop ed

b y Miller and Y ounes [68].

Giv en a metric on a group of transformations, the atlas construction problem can b e

stated: estimate a class probabilit y p̂ that requires the minim um amoun t of deformation

energy to b e transformed in to ev ery mem b er of the p opulation of class p osteriors, pi .

More precisely , giv en a transformation group S with asso ciated metric D : S � S ! R,

along with a probabilit y dissimilarit y metric E(p1; p2) , to �nd the probabilit y p̂ suc h

that

f ĥi ; p̂g = argmin
h i 2S ;p

"
NX

i =1

E(pi � hi ; p) + D(e; hi )2

#

(4.3)

where e is the iden tit y transformation and D(e; h) is measure of ho w far from the

iden tit y transformation h is as descib ed in Chapter 3.

This c hapter addresses the problem of anatomical template construction as the

join t the estimation of the most represen tativ e, a v erage, image and, as enco ded in

transformations, the asso ciated anatomical geometry giv en a database of brain images.

4.3 Large Deformation Di�eomorphic A tlas Estima-

tion

Giv en the generalized notion of a v erages for di�eomorphic transformations, the

class-conditional atlas estimation is de�ned as the probabilit y mass function that min-

imizes an image dissimilarit y measure and requires the least amoun t of energy , based
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Figure 4.1: A tlas F ormation

Un biased atlas constructed as the in trinsic mean of a p opulation of class

p osteriors.

on a metric on di�eomorphisms, to deform in to the eac h mem b er of the p opulation.

Sp eci�cally , consider the problem of estimating an atlas class p osterior p̂ that is the

b est represen tativ e for a p opulation of N class p osteriors, f pi gN
i =1 , represen ting the N

individual image sets f �I i gN
i =1 . The atlas p̂ is not a mem b er of the set f pi g. T o this end,

consider the problem of constructing a mapping b et w een p̂ and eac h class p osterior in

the set f pi g. That is, estimate the mappings hi : 
 ! 
 i where 
 � R3
and 
 i � R3

are the domains of the class p osteriors p̂ and pi resp ectiv ely . The domain 
 is c ho-

sen to b e indep enden t of the individual p opulation class p osterior domains, 
 i . This

framew ork is depicted in Figure 4.1.

Using the metric on the space of di�eomorphisms with regularization op erator L

de�ned in Equation 3.5, the minim um energy atlas estimation problem expressed in

Equation 4.3 is form ulated as

f ĥi ; p̂g = argmin
h i ;p

"
NX

i =1

E(pi � hi ; p) +
Z 1

0

Z



jjLv i (x; t )jj 2dxdt

#

(4.4)
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sub ject to

hi (x) = x +
Z 1

0
vi (hi (x; t ); t)dt:

Note that the solution to this minimization problem is indep enden t of the ordering

of the N images. This atlas construction framew ork pro duces transformations ĥi suc h

that ĥi : 
 ! 
 i . Since eac h ĥi is a di�eomorphism, its in v erse ĥ� 1
i : 
 i ! 


exists and can b e calculated b y in tegrating the negativ e v elo cit y �elds bac kw ards in

time, see Figure 3.6. Image to image corresp ondences can b e computed from these

transformations using the comp osition rule

ĥi;j = ĥj � ĥ� 1
i : 
 i ! 
 j : (4.5)

4.3.1 Disp ersion F unctions on the Space of Probabilit y Mass

F unctions

The argminp

P N
i =1 E(pi � hi ; p) term in Equation 4.4 represen ts the disp ersion b e-

t w een the class-p osteriors f pi � hi gi =1 :::N . Consider three suc h disp ersion terms on the

space of probabilit y mass functions. T w o of these are information distances presen ted

in Chapter 2 and one is an extension of a w ell-kno wn metric.

1. Sum-of-Kul lb ack-L eibler Diver genc es I

�D
�
p̂(x)jjf pi (hi (x))gN

i =1

�
=

NX

i =1

D(p̂(x)jjpi (hi (x)))

where p̂ is the normalized geometric mean of f pi gN
i =1 .

2. Sum-of-Kul lb ack-L eibler Diver genc es II

�D
�
f pi (hi (x))gN

i =1 jj p̂(x)
�

=
NX

j =1

D(pi (hi (x)) jj p̂(x))

where p̂ is the arithmetic mean of f pi gN
i =1
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3. Sum-over-Class Squar e d Err or

DSE (f pi (hi (x))gN
i =1 ) =

X

c2 C

NX

i =1

(pi (hi (c(x))) � p(c(x))) 2

The �rst t w o disp ersions are sum-of-Kullbac k-Leibler div ergences de�ned in Chapter 2.

Minimizing either

�D
�
p̂(x)jjf pi (hi (x))gN

i =1

�
or

�D
�
f pi (hi (x))gN

i =1 jj p̂(x)
�

b et w een f pi g
N
i =1

, maximizes a lo w er b ound on Ba y es' probabilit y of error Pe and th us renders the prob-

abilit y mass functions more indistinguishable. That is, it brings them closer together.

The third disp ersion is the extension of the squared error dissimilarit y measure used for

scalar images used in [49 ] to probabilit y mass functions. Although the author has not

found a relationship b et w een DSE and Pe, one can see that when DSE = 0 , Pe = N � 1
N

and is maximal. Moreo v er, DSE is a true metric.

4.3.2 Registration

With these results, the minimization problem stated in Equation 4.4 can b e further

sp eci�ed in one of three w a ys corresp onding to the c hoice of distance function.

1. Sum-of-Kul lb ack-L eibler Diver genc e I

v̂i = argmin
vi

" Z




NX

i =1

D(p(x)jjpi (hi (x))) dx +
Z 1

0

Z



jjLv i (x; t )jj 2dxdt

#

(4.6)

sub ject to hi (x) = x +
R1

0 vi (hi (x; t ))dt .

2. Sum-of-Kul lb ack-L eibler Diver genc e II

v̂i = argmin
vi

" Z




NX

j =1

D(pi (hi (x)) jjp(x))dx +
Z 1

0

Z



jjLv i (x; t )jj 2dxdt

#

(4.7)

sub ject to hi (x) = x +
R1

0 vi (hi (x; t ))dt .

3. Sum-over-Class Squar e d Err or

v̂i =
Z




X

c2 C

NX

i =1

(pi (hi (c(x))) � p(c(x))) 2 dx +
Z 1

0

Z



jjLv i (x; t )jj 2dxdt (4.8)

sub ject to hi (x) = x +
R1

0 vi (hi (x; t ))dt .
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Note that the solution to an y of these three minimization problem is indep enden t of

the ordering of the N image sets and increases linearly as image sets are added, th us,

making the algorithm scalable.

4.3.3 V ariation of Disp ersion With Resp ect to T ransformations

A gradien t descen t approac h to optimizing the estimation problems in Section 4.3.2

is used. T o that end, the v ariation of the disp ersion function with resp ect to the

transformation hi can b e computed as follo ws:

1. Sum-of-Kul lb ack-L eibler Diver genc es I

@
@hi

�D
�
p̂(x)jjf pj (hj (x))gN

i =1

�
=

@
@hi

NX

j =1

D(p(x)jjpj (hj (x)))

=
@

@hi

X

c2 C

p(c(x)) log
p(c(x))

pi (hi (c(x)))

= �
X

c2 C

p(c(x))
pi (hi (c(x)))

r pi jTh i (c(x)) :

2. Sum-of-Kul lb ack-L eibler Diver genc es II

@
@hi

�D
�
f pj (hj (x))gN

j =1 jj p̂(x)
�

=
@

@hi

NX

j =1

D(pj (hj (x)) jjp(x))

=
@

@hi

X

c2 C

pi (hi (c(x))) log
pi (hi (c(x)))

p(c(x))

=
X

c2 C

�
log

pi (hi (c(x)))
p(c(x))

+ 1
�

r pi jTh i (c(x)) :

3. Sum-over-Class Squar e d Err or

@
@hi

DSD (f pj (hj (x))gN
j =1 ) =

@
@hi

X

c2 C

NX

j =1

(pj (hj (c(x))) � p(c(x))) 2

=
X

c2 C

@
@hi

(pi (hi (c(x))) � p(c(x))) 2

= 2
X

c2 C

(pi (hi (c(x))) � p(c(x))) r pi jTh i (c(x)) :
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4.3.4 Implemen tation

Giv en one of the three minimization problems, the iterativ e greedy �uid algorithm

of propagation templated describ ed in [14] is used to appro ximate the solution. A t eac h

iteration k , the up dated transformation hk+1
i , for eac h class-conditional probabilit y pi ,

is computed using the up date rule hk+1
i = hk

i

�
x + "v k

i (x)
�

. hk
i and vk

i are the curren t

estimated transformation and v elo cit y for the i th probabilit y , and " is the step size.

In other w ords, eac h �nal transformation hi is built up from the comp osition of k

transformations.

The v elo cit y vk
i for eac h iteration k is computed as follo ws. First, compute the

up dated template estimate. F or the optimization in Equation 4.6, this is normalized

geometric mean,

p̂k(c(x)) =

� Q N
i =1 pi (hk

i (c(x)))
� 1

N

P
c02 C

� Q N
i =1 pi (hk

i (c0(x)))
� 1

N

;

for eac h class comp onen t c. F or the optimizations in Equations 4.7 and 4.8, this is

the arithmetic mean,

p̂n (c(x)) =
1
N

NX

i =1

pi (hn
i (c(c))) ;

for eac h class comp onen t c. Next, de�ne the b o dy force functions as the v ariation of

the class p osterior disp ersion terms with resp ect to the transformation hi .

1. Sum-of-Kul lb ack-L eibler Diver genc es I

F k
i (x) = �

X

c2 C

p(c(x))
pi (hk

i (c(x)))
r pi jTh i (c(x)) :

2. Sum-of-Kul lb ack-L eibler Diver genc es II

F k
i (x) =

X

c2 C

�
log

pi (hk
i (c(x)))

p(c(x))
+ 1

�
r pi jThk

i (c(x)) :

3. Sum-over-Class Squar e d Err or

F k
i (x) = 2

X

c2 C

�
pi (hk

i (c(x))) � p(c(x))
�

r pi jThk
i (c(x))
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The v elo cit y �elds are estimation and in tegrated to pro duce subsequen t forw ard

and in v erse transformations as b efore. The v elo cit y �eld vk
i is computed at eac h iter-

ation b y applying the in v erse of the di�eren tial op erator L to the force function, i.e.

vk
i (x) = L � 1F k

i (x) , where L = � r 2 + � r (r� ) + 
 is the Na vier-Stok es op erator. This

computation is carried out in the F ourier domain [51 ].

F or eac h iteration the dominating computation is the F ast F ourier T ransform. Th us,

the order of the algorithm is MNn logn where M is the n um b er of iterations, N is the

n um b er of images to b e registered, and n is the n um b er of v o xels in eac h image. The

complexit y increases only linearly as images are added, making the algorithm extremely

scalable. Satisfactory corresp ondence is t ypically ac hiev ed after 100-200 iterations. In

practice, a m ulti scale approac h that initializes the �ne (v o xel) scale registration is used

with the up-sampled corresp ondence computed at a coarser scale lev el. The �ner scale

lev els only need to accoun t for residue from coarser scale lev els and th us require far

few er iterations to con v erge.

4.4 A�ne and Di�eomorphic A tlas Results

T o ev aluate the p erformance of the atlas formation metho d, the algorithm, with

sum-o v er-class squared error distance in Equation 4.8, w as applied to a set of ten class-

p osterior mass function maps the database of health y normal adult brains describ ed in

Chapter 6. A mid-axial slice from eac h class-p osterior is sho wn in Figure 4.2. There is

noticeable v ariation b et w een these anatomies, esp ecially in the v en tricular region.

Figure 4.3 sho ws the arithmetic mean of the class p osterior p opulation follo wing

a�ne alignmen t and the �nal large deformation di�eomorphic a v erage atlas estimate.

The arithmetic mean is blurry since it is an �a v erage� of the v arying individual neu-

roanatomies. Ghosting is eviden t around the lateral v en tricles and near the b oundary

of the brain. In the �nal estimate of non-linear atlas, these v ariations ha v e b een ac-

commo dated b y the high-dimensional di�eomorphic registration.
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Figure 4.2: Sample Class P osterior P opulation

Axial views of ten class-p osteriors. These images clearly indicate large in ter-

sub ject v ariabilit y , esp ecially in the v en tricular system.
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(a) A�ne A v erage

(b) Large Deformation Di�eomorphic A v erage

Figure 4.3: A�ne and Di�eomorphic A tlases

Axial views of the simple linear a v eraging of ten class-p osteriors (a) and

large deformation di�eomorphic a v eraging of the same ten class-p osteriors.

The di�eomorphic a v eraging pro duces a sharp er atlas.



Chapter 5

A tlas Stabilit y

1

An imp ortan t question to ask of the atlas formation metho d in Chapter 4 is the

follo wing: ho w man y sub jects are required to represen t a p opulation? That is, ho w

man y images are necessary to form a stable atlas? F or a giv en p opulation of images

and corresp onding atlas, there are a n um b er of w a ys to determine if an additional image

w ould result in a su�cien tly di�eren t atlas. In this dissertation, en trop y and v ariance

of scalar �elds, e.g. image in tensities in T1-w eigh ted MR images and the white matter

class in a m ulti-class p osterior map, is used to assess the stabilit y of atlases. This

c hapter fo cuses primarily on the en trop y of scalar in tensit y images. F or atlas stabilit y ,

it is the en trop y in tro duced b y the atlas creation metho d that is of in terest rather than

the in trinsic en trop y asso ciated with images of individual brain anatom y .

En trop y , de�ned in App endix A, has often b een prop osed as a go o d measure of

image qualit y [33 , 4] where sharp images ha v e relativ ely lo w en trop y . A distribution

psingle (i ) = f 1g for a single ev en t random v ariable, e.g. an image with constan t in tensit y ,

has minimal en trop y , H (psingle ) = 0 . The uniform distribution punif (i ) =
�

1
N ; � � � ; 1

N

	
,

for a random v ariable with at least t w o ev en ts, corresp onding to an image with m ultiple

in tensities o ccurring with equal frequency , maximizes en trop y , H (punif ) = log N [16 ].

That is, a blurry image, with a relativ ely �at histogram, will ha v e greater en trop y than

a sharp image. Using m ultiple p erm utations of images from a database of images, the

stabilit y of atlases pro duced b y prop osed atlas formation metho d is studied b y building

atlases of increasing p opulation size. An atlas is considered stable when the en trop y

of its in tensities or class-p osterior maps is stable with resp ectiv e to the n um b er of

constituen t images.

The remainder of this c hapter is organized as follo ws. F or illustrativ e purp oses, the

1

This c hapter is an extension of p ortions of the recen t MICCAI pap er [61 ].
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en trop y computation for a simple in tensit y image is pro vided in Section 5.1. Image

in tensit y en trop y is explored in terms of in terp olation and scale in Section 5.2. In

Section 5.3, a random p erm utation test is used to study atlas stabilit y with resp ect

to the n um b er of images used in the atlas formation. The c hapter concludes with a

summary in Section 5.4.

5.1 Simple In tensit y Example

Consider the square 2D in tensit y image in v olving t w en t y-�v e v o xels and asso ciated

heigh t �eld in terpretation sho wn in Figure 5.1. As a random v ariable, this image has

�v e ev en ts corresp onding to the image in tensities, E = f 50; 100; 150; 200; 250g. The

probabilit y mass function asso ciated with this random v ariable is computed as the

normalized histogram of the image in tensities. F or the in tensities of this simple image,

the normalized histogram is sho wn in Figure 5.2. The en trop y of image in tensities is

computed from the probabilit y mass function p = f 0:48; 0:32; 0:04; 0:08; 0:08g as

H (p) = �
5X

i =1

p(i ) logp(i )

� 1:8 bits=event:

That is, on a v erage, the minim um n um b er of bits to represen t an in tensit y v alue in this

simple image is dH (p)e = 2 .

5.2 En trop y: In terp olation and Scale E�ects

This section fo cuses on quan tifying the e�ects on en trop y of b oth the c hoice of in ter-

p olation metho d for image resampling and viewing images through v arious ap ertures

or at scale. In this, and subsequen t results in this c hapter, 256 histogram bins w ere

used to de�ne the probabilit y mass functions. Therefore, log2 256 = 8 bits is the upp er

limit for the en trop y computation in these exp erimen ts.

T o examine the e�ects of in terp olation on en trop y , a simple binary image w as con-

structed and translated o v er a range of distances using four di�eren t in terp olation

metho ds during the resampling. After eac h resampling, the en trop y of image in tensi-

ties w as computed. The simple image w as c hosen to b e a uniformly white disk on a

uniformly blac k bac kground. T o reduce bias in the en trop y computation, the areas of
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50 50 250 50 50

50 100 100 100 50

200 100 150 100 200

50 100 100 100 50

50 50 250 50 50

Figure 5.1: Simple In tensit y Image

A simple 5� 5 image with �v e distinct in tensities and corresp onding scalar

heigh t �eld in terpretation are sho wn on the left and righ t resp ectiv ely .

Ev en t (In tensit y) Coun t F requency

50 12 0.48

100 8 0.32

150 1 0.04

200 2 0.08

250 2 0.08

Figure 5.2: Image In tensit y Histogram

The �v e in tensities in the image, the asso ciated histogram, and normal-

ized (to unit y) histogram are sho wn in the left, middle, and righ t columns

resp ectiv ely .
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Figure 5.3: T ranslated Disk En trop y

En trop y plots for the disk image translated o v er a range of fort y distances,

uniformly spaced o v er four v o xels, using four in terp olation metho ds: nearest

neigh b or, linear, cubic, and spline.

the disk and bac kground w ere constructed to b e equal. The results of translating this

disk are sho wn in Figure 5.3. The higher order in terp olation metho ds induce greater

en trop y . An y ev aluation of en trop y for image qualit y will, therefore, ha v e to consider

the metho d of in terp olation used during image resampling.

T o examine the e�ects on en trop y of viewing an image at scale, the same binary

disk image w as lo w-pass �ltered with �fteen Gaussian k ernels of increasing scale. The

original image and the �fteen blurred v ersions thereof are sho wn in Figure 5.4. The

en trop y of the original and blurred disks is presen ted in Figure 5.5. F or this example,

en trop y gro ws linearly with scale � . The slop e of the line is appro ximately 0:2 bits=� .

The en trop y of the base image is appropriately one bit. That is, a pixel is either white

or blac k in equal prop ortions.
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Figure 5.4: Disk at Scale

The original disk, 256� 256 v o xels, (upp er righ t) and the �fteen blurred

v ersions pro duced b y con v olution with a Gaussian �lter with scale param-

eters � = 1 : : : 15 pixels. The k ernel width w as de�ned to b e 2� + 1 pixels

wide.
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Figure 5.5: Disk at Scale En trop y

5.3 Random P erm utation T est

T o address the question of ho w man y images are required to construct a stable atlas

random p erm utation tests in v olving 2D scalar T1-w eigh ted images w ere in v estigated.

In that w ork [61], rigid-based and di�eomorphic-based atlases w ere compared in terms

of stabilit y through en trop y of image in tensities and v ariance in image in tensities. The

results from that prior w ork are repro duced in this section.

5.3.1 A tlas F ormation

A tlases w ere created from an image database con taining fourteen brain images pro-

vided b y the UNC Chap el Hill autism image analysis group. These images w ere in ten-

sit y normalized and rigidly aligned. Due to the high memory demands of the imple-

men tation, the algorithm w as applied to 2D mid-axial slices. This database of images

is sho wn in Figure 5.6. There is noticeable large deformation v ariation b et w een these

anatomies, esp ecially in lateral v en tricles.
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Figure 5.6: 2D P opulation Data

2D mid-axial slices from MR images of fourteen sub jects.
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T o quan tify the stabilit y of the estimated atlases, elev en atlas cohorts, f Ci g12
i =2 , w ere

generated eac h with t w en t y atlases deriv ed from i images randomly selected from the

original database of fourteen images. T w o m utually exclusiv e atlases from C7 are sho wn

in Figure 5.7 for b oth simple a v eraging and with the large deformation di�eomorphisms.

The rigidly aligned atlases are blurry since they are arithmetic a v erages of v arying

individual neuroanatomies. Ghosting is eviden t around the lateral v en tricles and near

the b oundary of the brain. In the �nal di�eomorphic atlases, these regions app ear m uc h

sharp er.
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A tlas of 7 images A tlas of 7 images

Figure 5.7: Mutually Exclusiv e A tlases

Both columns represen ts an individual atlas constructed b y b oth arithmeti-

cally a v eraging rigidly aligned images (top ro w) and estimating a di�eomor-

phic atlas after 100 iterations (b ottom ro w). These t w o atlases w ere formed

from completely separate sets of images.
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Figure 5.8: T ranslated T1 Image En trop y

En trop y plots for the fourteen images in the database o v er a range of fort y

distances, uniformly spaced o v er four v o xels, using linear in terp olation.

5.3.2 In terp olation and Scale E�ects on En trop y

As in Section 5.2, the e�ects on en trop y of b oth in terp olation, as used in image

resampling, and viewing images at scale are considered.

T o examine the e�ects of in terp olation on en trop y , eac h of the fourteen images in

the database w ere a translated o v er a range of distances using linear in terp olation.

After eac h resampling, the en trop y of image in tensities w as computed. The mean and

standard deviation of en trop y of these fourteen images o v er the range of distances is

sho wn in Figure 5.8. The fourteen images w ere in tensit y normalized and from sub jects

of similar age whic h ma y explain the rather tigh t v ariance observ ed in the en trop y

computation.

T o examine the e�ects on en trop y of viewing an image at scale, a single image tak en

from the database w as lo w-pass �ltered with �fteen Gaussian k ernels of increasing scale.

The original image and the �fteen blurred v ersions thereof are sho wn in Figure 5.9. The

en trop y of the original and blurred images is presen ted in Figure 5.10. As with the disk

example, en trop y gro ws linearly with scale � , but after � = 1 v o xel. The slop e of the

line is appro ximately 0:1 bits=� , half that of the disk example. It is in teresting to note

that, for this image, using linear in terp olation increases the en trop y to appro ximately

4:43 bits of en trop y whic h is similar to the 4:59 bits observ ed b y blurring the image
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with � = 1 v o xels.
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Figure 5.9: T1 Image at Scale
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Figure 5.10: T1 Image at Scale En trop y

5.3.3 A tlas Stabilit y

T o ev aluate the robustness and stabilit y of the atlases, the mean and standard

deviation of the en tropies of the original fourteen images w ere �rst computed. T o this

end, the mean and standard deviation of the atlas cohort en tropies created b oth b y

simple arithmetic a v eraging of the rigidly aligned images and those pro duced b y the

di�eomorphic metho d w ere compared. These results are summarized in Figure 5.11.

F rom this plot, one can notice that as atlas size increases, the a v erage atlas en trop y

increases for atlases formed b y simple in tensit y a v eraging, whereas the a v erage en trop y

decreases for atlases created via di�eomorphism. The atlases also b ecome more stable

with resp ect to en trop y as the standard deviation decreases with atlas size. After cohort

C10 , the atlas en trop y means app ear to con v erge. Note that the en trop y of the large

deformation di�eomorphic atlases con v erges to ab out 4:5 bits, appro ximately same

en trop y of an y of the shifted original images in the database. That is, to within the

c hoice of in terp olation metho d, the large deformation di�eomorphic atlases are sharp.

Another measure of atlas stabilit y is the v ariance in image in tensities. F or eac h

atlas cohort, p oin t-wise in tensit y mean and v ariance images w ere created. F or a giv en

cohort Cs represen ting the N = 20 atlases f As
i (x)gN

i =1 of size s, the mean and v ariance

images w ere computed as follo ws

M s(x) =
1
N

NX

i =1

As
i (x)
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Figure 5.11: Cohort A v erage En trop y

F or comparison, the a v erage en trop y of the original fourteen images is 3.91

bits with standard deviation 0.08 bits. The error bars represen t one stan-

dard deviation from the mean.
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and

Vs(x) =
1

N � 1

NX

i =1

(As
i (x) � M s(x))2 :

Cohort v ariance images for the large deformation di�eomorphic a v erage and rigid a v-

erage atlases are sho wn in Figures 5.12 and 5.13 resp ectiv ely . These images sho w

reduction of image in tensit y v ariation with the increase in the n um b er of sub jects p er

atlas. This reduction can b e quan titativ ely observ ed through the relativ e v ariance sum

Vs
V2

, where

Vs =
X

x2 


Vs(x):

This measure w as computed for b oth a v eraging metho ds and is sho wn in Figure 5.14.

Both metho ds sho w con v ergence in v ariance, whic h, as with the en trop y measure,

indicate atlas stabilit y is ac hiev ed with ab out ten sub jects for this dataset. That is,

giv en these fourteen sub jects, ab out ten images are needed to create a stable, with

resp ect to the en trop y and v ariance measures, atlas represen ting neuroanatom y .

5.4 Summary

In this c hapter, en trop y of image in tensities w as used to quan tify atlas sharpness.

A blurry image will exhibit greater en trop y of in tensities than a sharp er image. Using

this measure, it w as sho wn that resampling an image using linear in terp olation adds

en trop y to the image comparable to that of blurring the image with Gaussian k ernel

with a width � = 1 v o xels. F or atlas formation, en trop y and image in tensit y v ariance

w as used to address the question of ho w man y sub jects are required to pro duce a stable

atlas. Random p erm utation tests w ere conducted to study atlas en trop y and in tensit y

v ariance as a function of the n um b er of images used to pro duce an atlas. It w as sho wn

that, within the c hoice of in terp olation metho d, the large deformation di�eomorphic

atlases w ere sharp after the inclusion of ten or more sub jects. This n um b er is certainly

dep enden t on the particular p opulation used. A tlas stabilit y for larger and more v aried

databases ma y require more sub jects. The results in this c hapter exemplify the atlas

stabilit y metho dology rather than pro vide an answ er for all image databases.



79

C2 C3 C4 C5

C6 C7 C8 C9

C10 C11 C12

Figure 5.12: Cohort V ariance: Large Deformation Di�eomorphic A tlases
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Figure 5.13: Cohort V ariance: Rigid A v erage A tlases
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Chapter 6

Aging Study via A tlases of Normal

Health y Brains

An imp ortan t area of medical image analysis is the dev elopmen t of metho ds for

automated computer-assisted assessmen t of disease. F or example, metho ds for ana-

lyzing lo cal structural brain c hange o v er time can pro vide mark ers for understanding

disease progression (e.g., Alzheimer's disease and sc hizophrenia). Early detection of

disease-sp eci�c brain c hanges is imp ortan t for therap eutic resp onse. This requires the

establishmen t of health y norms to whic h test sub jects can b e compared. These norms

t ypically tak e the form of a digital atlas constructed from data deriv ed from man y

health y sub jects generally from a wide age range. Health y aging, ho w ev er, induces

structural c hanges in the brain [67, 36]. In y oung, health y adults [35] and in non-

demen ted older p ersons [82], analysis demonstrates that the aging pro cess is a con tin-

uum with c hanges eviden t b efore senescence. A comprehensiv e discussion of tec hniques

used to examine the temp oral dynamics of brain anatom y is pro vided in [100]. Be-

fore analyzing atlas-based brain c hange studies, the construction of brain databases is

review ed.

The design of brain databases can b e categorized in to t w o main t yp es: longitudinal

design and cross-sectional design. In longitudinal studies, the same sub jects are scanned

o v er time, t ypically with in terscan in terv als of one y ear. Cross-sectional studies, b y

con trast, in v olv e scanning man y sub jects of di�eren t ages only once. While these studies

capture brain c hanges of longer time p erio ds, underlying brain c hanges are harder to

detect. This is a result of in tersub ject v ariabilit y . Multiv ariate mo deling is often used

in cross-sectional studies to partition v ariance observ ed in the database in to sp eci�c

e�ects suc h as age and sex. T o accoun t fully for these e�ects, the Computer-Assisted
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Surgery and Imaging Lab oratory (CASILab) at UNC Chap el Hill has constructed an

age-group ed MR image database of health y sub jects [73]. A p oten tially diseased sub ject

can then b e appropriately age- and sex-matc hed to the image database.

T emp oral brain c hange has b een studied using a n um b er of metho ds. An approac h

that mo dels brain deformation in Alzheimer's disease is presen ted in [28]. This metho d

uses longitudinal data with one-y ear in terv als. P air-wise, in time, 3D non-linear im-

age registration w as p erformed for nine con trol sub jects and nine Alzheimer's patien ts.

W arping images from one time p oin t to the next pro vides some measure of temp o-

ral smo othing. Another longitudinal metho d that analyzes transformations b et w een

cortical maps of adolescen t sub jects using elastic image registration is describ ed in [95 ].

A v o xel-based morphometric analysis of white matter, grey matter, and cerebrospinal

�uid v olume c hange using a large, 465-adult-sub ject cross-sectional database is pre-

sen ted in [30]. This metho d in v olv es mapping eac h sub ject's anatom y to a template

follo w ed b y p erforming statistics on the resulting v olumetric c hanges. The c hoice of a

single reference template ma y in tro duce a bias. Although four times larger and co v er-

ing a similar age range to the UNC database, this database is sk ew ed to a y oung adult

p opulation in their t w en ties and thirties.

The ab o v e 3D metho ds ma y b e sensitiv e to noisy longitudinal measuremen ts. T o

address this issue, a fully 4D approac h that sim ultaneously estimates longitudinal cor-

resp ondence (in tra-sub ject) and in ter-sub ject corresp ondence b et w een template and

sub ject is presen ted in [89]. The metho d is a generalization of the 3D metho d that

uses image in tensit y , edge, and geometric momen t information as a feature v ector pro-

p osed b y the authors in [88]. A 4D matc h is obtained b y mapping a set of �activ e�

p oin ts. A �distinctiv eness� measure is used to select these �activ e� p oin ts. During the

registration, a hierarc hical approac h is tak en b eginning with a smaller n um b er of more

distinct p oin ts and progressing to a larger n um b er of less distinct p oin ts. This metho d

w as applied to nine sub jects tak en from the Baltimore Longitudinal Study of Aging

[82 ] where eac h sub ject w as scanned once a y ear for �v e y ears.

An age-con tin uous 4D spatiotemp oral atlas w ould address the need for su�cien t

temp oral resolution. In this c hapter, the m ulti-class p osterior atlas formation metho d

dev elop ed in Chapter 4 is used to pro duce time sequences b y age of atlases, resulting

in 4D spatiotemp oral atlases. These discrete 4D atlases pro vide a step to w ard building

age-con tin uous 4D spatiotemp oral atlases. A con tin uous 4D spatiotemp oral atlas w ould

pro vide the ideal age-based matc h for a new sub ject. By examining the Jacobian maps

of dense transformations relating the space of the �rst atlas in the sequence to the
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space of eac h subsequen t atlas, lo cal v olumetric c hange through time can b e studied.

F or this purp ose, a program called PMF A tlasBuilder w as written using C++ libraries

dev elop ed at the radiation oncology departmen t at UNC Chap el Hill.

The rest of this c hapter is organized as follo ws. In Section 6.1, the database of

m ulti-mo dal MR brain images is detailed. The creation of the class-conditional p os-

terior maps represen ting the anatomical structures in the MR database is describ ed

in Section 6.2. The construction of individual spatial atlases is detailed in Section 6.3

with spatiotemp oral atlas results presen ted in Section 6.4. The c hapter concludes with

a summary in Section 6.5.

6.1 Brain MR Image Database

F or this dissertation, MR image data from the CASILab Health y Sub ject Database

1

w as used. The database has 100 sub jects, with t w en t y sub jects in eac h of �v e age ranges:

19-29, 30-39, 40-49, 50-59, and 60+ y ears of age. The sub jects are ev enly split b et w een

females and males. Age distribution of the female and male sub jects are sho wn in Figure

6.1. All sub jects w ere screened for the presence of disease. A dditionally , handedness

and race w ere also recorded. F or eac h sub ject, sev eral 3-T esla 3D MR images w ere

acquired: a T1-w eigh ted image (FLASH or MPRA GE or b oth), a T2-w eigh ted image,

a magnetic resonance angiogram (MRA), and a di�usion tensor image (DTI). The v o xel

spacing and dimensions of this data is presen ted in Figure 6.2. The image acquisition

details can b e found in Section 3.3.

The m ulti-mo dal nature of this database is depicted in Figure 6.3 where the mid-

axial slices of the y oungest and oldest sub jects of b oth sexes are sho wn. It is imp ortan t

to note the cross-sectional nature of this data. A spatiotemp oral atlas constructed from

this database represen ts man y sub jects at di�eren t ages rather than a single sub ject

at man y ages. Therefore, an y assessmen t of v olumetric c hange o v er time ma y ha v e the

confound of in ter-sub ject v ariabilit y .

1

The CASILab Health y Sub ject Database w as pro duced b y Dr. Elizab eth Bullitt, head of CASILab

at UNC Chap el Hill. The w ork w as funded b y NIBIB-NIH gran t R01 EB000219, 3D Cerebral V essel

Lo cation for Surgical Planning.
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Figure 6.1: Database Sub ject Ages

Age distribution for the (a) female and (b) male sub jects in the database.

V o xel Spacing (mm) Dimensions (v o xels)

T1-FLASH 1 � 1 � 1 176� 256� 176
T1-MPRA GE 1 � 1 � 1 208� 256� 128

T2 1 � 1 � 1 192� 256� 128
MRA 0:5 � 0:5 � 0:8 448� 448� 128

Figure 6.2: Image Size

In terior image size (v o xel spacing) and exterior image size (dimensions).
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(a)

T1-FLASH T2 MRA

(b)

T1-FLASH T1-MPRA GE T2 MRA

(c)

T1-FLASH T2 MRA

(d)

T1-FLASH T1-MPRA GE T2 MRA

Figure 6.3: Image Database Samples

Mid-axial slices from the (a) y oungest (20 y ear old) sub ject, (b) the oldest

(68 y ear old) female sub ject, (c) the y oungest (22 y ear old) male sub ject,

and (d) the oldest (79 y ear old) male sub ject.
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6.2 Class-Conditional P osterior Maps

T o pro vide direct input to the PMF A tlasBuilder to ol, class-conditional p osterior

maps w ere created from the T1-w eigh ted and T2-w eigh ted images from the database

describ ed in Section 6.1, follo wing a proto col similar to the one presen ted in a previous

study [73 ] using the same database. Three tissue classes (white matter, gra y matter,

and cerebrospinal �uid) w ere de�ned using an exp ectation-maximization segmen tation

metho d

2

based on an algorithm dev elop ed b y v an Leemput et al. [102 , 101 ]. In addition

to the T1 and T2 images, a spatial probabilistic brain atlas [24] represen ting exp ert

prior kno wledge ab out brain structures w as used to driv e the segmen tation.

Eac h segmen tation w as pro duced in the space of the T1 image resulting in prob-

abilit y maps. F or ease of algorithm implemen tation, an additional bac kground tissue

class w as added, resulting in four total classes. The class-conditional p osterior maps

are represen ted mathematically as

pi (cj (x)j �I i )

where the subscript i indicates the sub ject n um b er, c the tissue class, and

�I the m ulti-

mo dal image set. F or the results presen ted in this c hapter, c = {gra y matter, white

matter, cerebrospinal �uid, and bac kground}, and

�I = {T1 image, T2 image}. Floating

p oin t n um b ers w ere used to represen t the data. Therefore, eac h p osterior map comprises

number of voxels� number of classes� data type size = 176� 256� 176� 4 � 4 Bytes

= 126; 877; 696 Bytes

= 121 MBytes:

6.3 A tlas F ormation

This section details the prepro cessing of the images in the Health y Sub ject Database

of Section 6.1 and pro vides algorithmic analysis of PMF A tlasBuilder. PMF A tlasBuilder

w as run using the sum-o v er-class squared error distance describ ed in Section 4.3.1. All

prepro cessing and exp erimen ts describ ed in Section 6.4 w ere p erformed in the Neuro-

Image Analysis Lab oratories (NIAL) at UNC Chap el Hill using a SunFire V40z with

2

The exp ection maximization segmen tion metho d used to pro duced the m ulti-class p osteriors w as

dev elop ed b y Marcel Prasta w a et al. at the Univ ersit y of North Carolina at Chap el Hill [79 ].
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four AMD Opteron CPUs, 16GB of memory , and t w o 76GB hard driv es.

The �rst step in prepro cessing the data in v olv ed selecting a co ordinate system to

whic h all the class p osteriors (pro duced in Section 6.2) w ere a�nely normalized. F or

this purp ose, a scalar T1-atlas pro duced from �v e health y adult sub jects

3

using the

un biased scalar atlas formation metho d presen ted in [49] w as used. As with the ra w

T1 and T2 images, this �v e-sub ject atlas has isotropic 1mm spacing with dimensions

of 160� 208� 163 v o xels.

Using a program, called areg, for a�ne registration of m ulti-mo dal images, w e regis-

tered in tensit y normalized T1 images from eac h sub ject to the space of the �v e-sub ject

T1-atlas. This program w as dev elop ed b y Daniel Ruec k ert and Julia Sc hnab el at Imp e-

rial College London for their Image Registration T o olkit [86]. This registration to ol uses

normalized m utual information as the similarit y criterion. Cubic spline in terp olation

w as used to resample the resulting images.

The a�ne transformation parameters from the ab o v e registrations w ere then applied

to the class p osteriors from Section 6.2, again using cubic spline in terp olation. These

images w ere con v erted from their original unsigne d short data t yp e format to single

�o ating p oint format for con v enience in the algorithm implemen tation, resulting in

class p osterior maps of the size

PMF Data Size = Number of Voxels� Number of Classes� Data Type Size

= 160 � 208� 163� 4 � 4 bytes

= 86; 794; 240 bytes

� 82:8 MBytes:

6.4 Results

Spatiotemp oral atlases w ere created for b oth the female and male p opulations using

the PMF A tlasBuilder to ol. While prepro cessing the database, the segmen tation to ol

failed to pro duce class-conditional probabilit y maps for one female sub ject and four

male sub jects. This app ears to b e a result of registration failure b et w een the spatial

prior used in the segmen tation pro cess and the individual sub jects. This is most lik ely

due to the a�ne registration failing to accommo date widely disparate skull shap es.

F or eac h sex, the class-conditional probabilit y maps w ere ordered b y sub ject age.

3

These sub jects participated in the Sc hizophrenia First Episo de Study at UNC Chap el Hill.
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F or the female p opulation, this resulted in the set f pfemale
i (cjx)gi =1 :::49 where pfemale

1 and

pfemale
49 represen t the y oungest and oldest female sub jects resp ectiv ely . Similarly , for

the male p opulation, the ordering resulted in the set f pmale
i (cjx)gi =1 :::46 where pmale

1 and

pmale
46 represen t the y oungest and oldest male sub jects resp ectiv ely . The spatiotemp oral

atlases w ere then created b y building a sequence of atlases, eac h deriv ed from a �xed

n um b er of sub jects in that ordering. The n um b er of sub jects used to build one of the

individual atlases is called the atlas windo w width w . The j th atlas in the sequence is

generated from the sub-p opulation f pj (cjx)gj = i:::i + w� 1 .

Due to time constrain ts atlas stabilit y analysis for this database w as not conducted.

In the absence of that analysis, spatiotemp oral atlases w ere created using windo w

widths of w = 10 and w = 15 . PMF A tlasBuilder w as run for 100 iterations to build

eac h individual atlas. The female and male spatiotemp oral atlases for windo w width

w = 10 are presen ted in Figure 6.4 and Figure 6.5 resp ectiv ely . Similarly , the female

and male spatiotemp oral atlases for windo w width w = 15 are presen ted in Figure 6.6

and Figure 6.7 resp ectiv ely . Greater detail of the y oungest and oldest individual female

atlases for windo w widths of w = 10 and w = 15 are sho wn in Figures 6.8, 6.9, 6.10,

and 6.11. Similarly , greater detail of the y oungest and oldest individual male atlases is

sho wn in Figures 6.12, 6.13, 6.14, and 6.15.

The a v erage age of the sub-p opulations used to create eac h individual atlas w as

computed to gain an understanding of ho w w ell-spaced in time the 4D spatiotemp oral

atlases are. These atlas ages and corresp onding age di�eren tials are presen ted in Figure

6.16 and Figure 6.17 for windo w widths of ten and �fteen sub jects resp ectiv ely .

6.4.1 Spatiotemp oral A tlas Stabilit y

T o measure spatiotemp oral in tra atlas stabilit y across constituen t individual 3D

spatial atlases, the sharpness and p opulation v ariance of eac h individual spatial atlas

w as measured. Using the approac h describ ed in Chapter 5, en trop y w as computed for

eac h class-p osterior map using 256 bins. The in ter-time en trop y trends are sho wn for

female and male spatiotemp oral atlases for windo w widths of w = 10 and w = 15

in Figures 6.18 and 6.19 resp ectiv ely . These trends indicate stabilit y with resp ect to

individual atlas sharpness. Individual atlas sub-p opulation v ariance w as measured b y

considering the distance on the transformations relating eac h constituen t mem b er of

the sub-p opulation to the atlas. This distance is the v elo cit y norm in Equation 3.5.

These trends for windo w widths of w = 10 and w = 15 are presen ted in Figures 6.20
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and 6.21 resp ectiv ely .

6.4.2 V olumetric Analysis

When view ed as a time sequence of 3D spatial atlases, spatiotemp oral atlases pro vide

information regarding v olumetric c hange o v er time. T o analyze this c hange, p er-class

v olumes w ere computed for eac h tissue class using t w o metho ds. In the �rst metho d,

the p er-c hannel v olume V1 of a class c w as computed as the sum of class-p osterior v alues

o v er the whole spatial v olume 
 ,

V1(c) =
X

x2 


p(cjx):

This approac h assumes partial v oluming of tissue classes in eac h v o xel. In the second

metho d, the p er-c hannel v olume V2 of a class c w as computed as the sum of maxim um

a p osteriori lab els,

V2(c) =
X

x2 


l (c(x))

where

l (c(x)) =

(
1 wherec = argmin c02f W M;GM;CSF;Background g p(c0jx)

0 otherwise

This approac h assumes a v o xel is comprised of a single tissue class. V olume trends using

b oth V1 and V2 are presen ted for female and male atlases of width w = 10 sub jects in

Figures 6.22 and 6.23 resp ectiv ely . Similarly , v olume trends for the atlases of width

w = 15 are sho wn in Figures 6.24 and 6.25.

The v olume trends sho w a loss of grey matter and an increase in cerebrospinal �uid

o v er time. The global loss of grey matter with age is w ell do cumen ted, for example

in aforemen tioned 465-adult-sub ject cross-sectional study presen ted in [30 ]. In the

Go o d et al. study , the authors rep ort no signi�can t global decrease in white matter

v olume with age. While this app ears to b e true for the female data presen ted in this

dissertation it holds for only the y ounger half of the male data. F or the older half of

the male p opulation there is a noticeable decrease in white matter v olume. There also

app ears to b e a general decrease in the total in tracranial v olume with age for the en tire
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male p opulation. A dditionally , Go o d et al. rep ort a steep er decline in grey matter

v olume in males than in females whereas, in this dissertation, the grey matter loss

app ears to b e similar for the female and male p opulations. One p ossible explanation

for the greater than exp ected white matter loss and lo w er than exp ected grey matter

loss for second half of the male p opulation is the progressiv ely p o orer con trast o v er

time b et w een grey matter and white matter. F or example, consider o ccipital region in

the T1-FLASH and T2 images for the oldest male in Figure 6.3.

There is agreemen t b et w een the white matter v olume of the individual atlases and

the a v erage white matter v olume of the sub-p opulations from whic h those atlases where

created. While this consistency holds for the gra y matter class, it do es not hold for the

cerebrospinal �uid class. The computed cerebrospinal �uid v olumes for the individual

atlases fall w ell b elo w their corresp onding sub-p opulation a v erages. This is due to the

thinning and, in places, destruction of cortical cerebrospinal �uid v o xels during the

linear in terp olation used to resample the images during the registration pro cess. Since

m uc h of the cerebrospinal �uid is cortical, this e�ect is quite pronounced. The e�ect

of linear in terp olation on atlas v olumes can b e studied b y computing the v olume of a

single class-p osterior map at scale. The class-p osterior map represen ting the y oungest

female sub ject w as blurred with a Gaussian k ernel with � = 0:5 and � = 1:0 v o xels.

The class v olumes of these t w o blurred class-p osterior maps are compared with the

class v olumes of the original class-p osterior maps in Figure 6.26. As the class-p osterior

maps are blurred, the cerebrospinal �uid v olume decreases.

Lo cal v olumetric c hange can b e studied b y analyzing the logarithm of Jacobian maps

deriv ed from the transformation relating the y oungest and oldest spatial atlases within

a giv en spatiotemp oral atlas. Figures 6.27 and 6.28 sho w these log-Jacobian maps for

the female and male p opulations for windo w widths w = 10 and w = 15 resp ectiv ely .

In these images, blue represen ts a v olumetric con traction, green no c hange, and red

v olumetric expansion.

6.5 Summary

In this c hapter, the m ulti-class p osterior atlas formation metho d w as applied to

a database of m ulti-mo dal images from ninet y-�v e adult brains as part of a health y

aging study . In this study , 4D spatiotemp oral atlases w ere created for the male and

female p opulations. This w ork is unique in that F réc het mean atlases w ere created

for a n um b er of time p oin ts. These mean atlases suggest an appro ximation for the
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line of b est �t class p osteriors o v er time. Based on the results in Chapter 5, sliding

windo ws of ten and �fteen sub jects w ere used to ensure temp oral smo othness. All of

this w as facilitated b y the go o d age distribution of the sub jects in the database used.

V olumetric analysis of white-matter, grey-matter, and cerebrospinal �uid c hange o v er

time w ere consisten t with results from previous studies in v olving large databases. The

use of sharp spatiotemp oral atlases pro vides an opp ortunit y to analyze lo cal v olumetric

c hange o v er time.
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Figure 6.4: F emale Spatiotemp oral A tlas, w = 10

Mid-axial slice view of the fort y individual female atlases generated using a

windo w width of ten sub jects.
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Figure 6.5: Male Spatiotemp oral A tlas, w = 10

Mid-axial slice view of the thirt y-sev en individual male atlases generated

using a windo w width of ten sub jects.
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Figure 6.6: F emale Spatiotemp oral A tlas, w = 15

Mid-axial slice view of the thirt y-�v e individual female atlases generated

using a windo w width of �fteen sub jects.
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Figure 6.7: Male Spatiotemp oral A tlas, w = 15

Mid-axial slice view of the thirt y-t w o individual male atlases generated using

a windo w width of �fteen sub jects.
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(a) Mid-Axial Slice

(b) Mid-Coronal Slice

(c) Mid-Sagittal Slice

Figure 6.8: Y oungest F emale A tlas, w = 10

The mid-axial (a), mid-coronal (b), and mid-sagittal (c) slices of the atlas

built from the class p osteriors represen ting the ten y oungest females in the

database.
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(a) Mid-Axial Slice

(b) Mid-Coronal Slice

(c) Mid-Sagittal Slice

Figure 6.9: Oldest F emale A tlas, w = 10

The mid-axial (a), mid-coronal (b), and mid-sagittal (c) slices of the atlas

built from the class p osteriors represen ting the ten oldest females in the

database.



99

(a) Mid-Axial Slice

(b) Mid-Coronal Slice

(c) Mid-Sagittal Slice

Figure 6.10: Y oungest F emale A tlas, w = 15

The mid-axial (a), mid-coronal (b), and mid-sagittal (c) slices of the atlas

built from the class p osteriors represen ting the ten y oungest females in the

database.
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(a) Mid-Axial Slice

(b) Mid-Coronal Slice

(c) Mid-Sagittal Slice

Figure 6.11: Oldest F emale A tlas, w = 15

The mid-axial (a), mid-coronal (b), and mid-sagittal (c) slices of the atlas

built from the class p osteriors represen ting the ten oldest females in the

database.
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(a) Mid-Axial Slice

(b) Mid-Coronal Slice

(c) Mid-Sagittal Slice

Figure 6.12: Y oungest Male A tlas, w = 10

The mid-axial (a), mid-coronal (b), and mid-sagittal (c) slices of the atlas

built from the class p osteriors represen ting the ten y oungest males in the

database.
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(a) Mid-Axial Slice

(b) Mid-Coronal Slice

(c) Mid-Sagittal Slice

Figure 6.13: Oldest Male A tlas, w = 10

The mid-axial (a), mid-coronal (b), and mid-sagittal (c) slices of the at-

las built from the class p osteriors represen ting the ten oldest males in the

database.
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(a) Mid-Axial Slice

(b) Mid-Coronal Slice

(c) Mid-Sagittal Slice

Figure 6.14: Y oungest Male A tlas, w = 15

The mid-axial (a), mid-coronal (b), and mid-sagittal (c) slices of the atlas

built from the class p osteriors represen ting the ten y oungest males in the

database.
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(a) Mid-Axial Slice

(b) Mid-Coronal Slice

(c) Mid-Sagittal Slice

Figure 6.15: Oldest Male A tlas, w = 15

The mid-axial (a), mid-coronal (b), and mid-sagittal (c) slices of the at-

las built from the class p osteriors represen ting the ten oldest males in the

database.
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(c) F emale A tlas Age Di�eren tials (d) Male A tlas Age Di�eren tials

Figure 6.16: A tlas Age T rends, w = 10

A v erage age of sub jects used to create the (a) female atlases and the (b)

male atlases. Di�eren tial age for plots (a) and (b) is sho wn in (c) and (d)

resp ectiv ely .
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Figure 6.17: A tlas Age T rends, w = 15

A v erage age of sub jects used to create the (a) female atlases and the (b)

male atlases. Di�eren tial age for plots (a) and (b) is sho wn in (c) and (d)

resp ectiv ely .
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Figure 6.18: En trop y T rends, w = 10

Class-p osterior en trop y trends for the female (a) and male (b) atlases.

(a)

20 25 30 35 40 45 50 55 60 65 70
0

0.5

1

1.5

2

2.5

3

3.5

4
Entropy: Female Atlases

Atlas Age (years)

E
nt

ro
py

 (
bi

ts
)

WM
GM
CSF

(b)

20 25 30 35 40 45 50 55 60 65 70
0

0.5

1

1.5

2

2.5

3

3.5

4
Entropy: Male Atlases

Atlas Age (years)

E
nt

ro
py

 (
bi

ts
)

WM
GM
CSF

Figure 6.19: En trop y T rends, w = 15

Class-p osterior en trop y trends for the female (a) and male (b) atlases.
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Figure 6.20: V elo cit y Norm T rends, w = 10

V elo cit y norm trends for the female (a) and male (b) atlases.
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Figure 6.21: V elo cit y Norm T rends, w = 15

V elo cit y norm trends for the female (a) and male (b) atlases.
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Figure 6.22: F emale V olume T rends, w = 10

V olume trends for (1a-1d) V1 and (2a-2d) V2 for the female atlases of width

of ten sub jects for (1a&2a) white matter, (1b&2b) grey matter, (1c&2c)

cerebrospinal �uid, and (1d&2d) total brain v olume.
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Figure 6.23: Male V olume T rends, w = 10

V olume trends for (1a-1d) V1 and (2a-2d) V2 for the male atlases of width

of ten sub jects for (1a&2a) white matter, (1b&2b) grey matter, (1c&2c)

cerebrospinal �uid, and (1d&2d) total brain v olume.
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Figure 6.24: F emale V olume T rends, w = 15

V olume trends for (1a-1d) V1 and (2a-2d) V2 for the female atlases of width

of �fteen sub jects for (1a&2a) white matter, (1b&2b) grey matter, (1c&2c)

cerebrospinal �uid, and (1d&2d) total brain v olume.
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Figure 6.25: Male V olume T rends, w = 15

V olume trends for (1a-1d) V1 and (2a-2d) V2 for the female atlases of width

of �fteen sub jects for (1a&2a) white matter, (1b&2b) grey matter, (1c&2c)

cerebrospinal �uid, and (1d&2d) total brain v olume.
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Figure 6.26: V olume at Scale

Class v olumes for the y oungest female and t w o blurred v ersions of the same.
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(a)

(b)

Figure 6.27: Log-Jacobian Map: Oldest to Y oungest, w = 10

Log-Jacobian maps of the transformation relating the co ordinate spaces of

the (a) oldest to y oungest female and (b) oldest to y oungest male. The color

in these �gures represen ts v olumetric c hange, with resp ect to the original,

of 32% or less for blue, 100% for green, 316% or more for red.
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(a)

(b)

Figure 6.28: Log Jacobian Map: Oldest to Y oungest, w = 15

Log-Jacobian maps of the transformation relating the co ordinate spaces of

the (a) oldest to y oungest female and (b) oldest to y oungest male. The color

in these �gures represen ts v olumetric c hange, with resp ect to the original,

of 32% or less for blue, 100% for green, 316% or more for red.



Chapter 7

Conclusion

This c hapter reviews and discusses the con tributions of this dissertation and presen ts

future w ork p ossibilities. The con tributions are revisited and discussed in Section 7.1

and a discussion of future researc h goals and new application areas is presen ted in

Section 7.2. This c hapter concludes with a summary in Section 7.3.

7.1 Review of Con tributions

This section summarizes the con tributions of this dissertation. The con tributions

are restated in the order presen ted in the dissertation along with a discussion of ho w

they w ere accomplished.

1. A the or etic al development showing that minimizing sum-of-Kul lb ack-L eibler di-

ver genc es, in either or dering of p ar ameters, maximizes a lower b ound on Bayes

pr ob ability of err or, a me asur e of indistinguishability b etwe en pr ob ability distribu-

tions.

Multi-class conditional p osteriors w ere the mo del c hosen to represen t underly-

ing tissue structure for the m ulti-mo dal image set registration and atlas forma-

tion. Chapter 2 in v estigated t w o metho ds for pro ducing probabilit y distribu-

tion a v erages via minimizing sum-of-Kullbac k-Leibler div ergences. It w as sho wn

that p̂ = argmin p
�D

�
f pi gN

i =1 jjp
�

pro duced the arithmetic mean and that p̂ =

argminp
�D

�
pjjf pi gN

i =1

�
pro duced the normalized geometric mean. Both a v eraging

metho ds w ere determined via the metho d of Lagrange m ultipliers.
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Using the arithmetic mean, the sum-of-Kullbac k-Leibler disp ersion

�D
�
f pi gN

i =1 jj p̂
�

w as directly related to generalized Jensen-Shannon div ergence. Existing Ba y es

error b ounds on Jensen-Shannon div ergence presen ted in [60] therefore pro vided

Ba y es error b ounds on the p opulation-cen tric disp ersion measure. Minimizing

�D
�
f pi gN

i =1 jj p̂
�

maximizes a lo w er b ound on Ba y es probabilit y of indistinguisha-

bilit y error.

Using the normalized geometric mean, the sum-of-Kullbac k-Leibler disp ersion

�D
�
p̂jjf pi gN

i =1

�
w as found to pro vide an upp er b ound to a disp ersion function for

in terpreting pair-wise Ba y es error. Sp eci�cally , b ounds on Ba y es error in terms of

the Bhattac harry a co e�cien t w ere used to sho w that minimizing

�D
�
p̂jjf pi gN

i =1

�

also maximizes a lo w er b ound on Ba y es probabilit y of indistinguishabilit y error.

2. A novel multi-mo dal image set r e gistr ation metho d is pr esente d. T o the author's

know le dge this is the only metho d that inc orp or ates an arbitr ary numb er of multi-

mo dal images p er subje ct. A n advantage ous c onse quenc e of this fr amework is

inverse-invariant (symmetric) r e gistr ation.

A Ba y esian framew ork for generating in ter-sub ject large deformation transforma-

tions b et w een t w o m ulti-mo dal sets of images w as presen ted in Chapter 3. F un-

damen tal to this metho d w as the assumption that h uman brain anatom y consists

of �nitely en umerable structures. These structures are captured b y estimating

a class-conditional p osterior map for eac h structure. The mo dalit y indep enden t

registration framew ork w as ac hiev ed b y join tly estimating the p osterior prob-

abilities asso ciated with the m ulti-mo dal image sets and the high-dimensional

registration transformations mapping the p osteriors. T o driv e the registration,

relativ e en trop y b et w een eac h of the p osteriors and an ev olving p osterior a v erage,

in an indep enden t co ordinate space, w as minimized. Using the p osterior a v erage

pro vided an in trinsically in v erse-in v arian t registration framew ork. The registra-

tion framew ork w as based on the matc hing problem form ulated via �uid �o ws

in tro duced b y [14].

3. A n extension of the ab ove fr amework to unbiase d multi-class atlas formation.

The m ulti-mo dal image set registration framew ork w as extended to large defor-

mation m ulti-class p osterior atlas estimation in Chapter 4. The metho d generates
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a represen tativ e anatomical template from an arbitrary n um b er of top ologically

similar m ulti-mo dal image sets. The de�nition of the a v erage atlas follo ws from

the notion of F réc het means. The generated atlas is the class p osterior that re-

quires the least amoun t of deformation energy to b e deformed in to ev ery class

p osterior. The metho d is computationally practical in that computation time

gro ws linearly with the n um b er of image sets. T o the author's kno wledge this

is �rst un biased atlas building metho d that is based on a p opulation of sets of

m ulti-mo dal images. Constructing suc h an atlas pro vides pair-wise corresp on-

dence b et w een an y t w o image sets via transformations through said atlas.

4. The use of information the ory to evaluate atlas stability.

En trop y of image in tensities w as used to quan tify atlas sharpness in Chapter

5. A blurry image will exhibit greater en trop y of in tensities than a sharp er im-

age. Using this measure, it w as sho wn that resampling an image using linear

in terp olation adds en trop y to the image comparable to that of blurring the image

with Gaussian k ernel with a width � = 1 v o xels. F or atlas formation, en trop y

w as used to address the question of ho w man y sub jects are required to pro duce a

stable atlas. Random p erm utation tests w ere conducted to study atlas en trop y as

a function of the n um b er of images used to pro duce an atlas. It w as sho wn that,

within the c hoice of in terp olation metho d, the large deformation di�eomorphic

atlases w ere sharp after the inclusion of ten or more sub jects. This n um b er is

certainly dep enden t on the particular p opulation used.

5. A n applic ation of the atlas formation to an aging study involving multi-mo dal

br ain image data fr om ninety-�ve subje cts.

In Chapter 6, the m ulti-class p osterior atlas formation metho d w as applied to a

database of m ulti-mo dal images from ninet y-�v e adult brains as part of a health y

aging study . In this study , 4D spatiotemp oral atlases w ere created for the male

and female p opulations. This w ork is unique in that F réc het mean atlases w ere

created for a n um b er of time p oin ts. These mean atlases suggest an appro xi-

mation for the line of b est �t class p osteriors o v er time. Based on the results

in Chapter 5, sliding windo ws of ten and �fteen sub jects w ere used to ensure

temp oral smo othness. All of this w as facilitated b y the go o d age distribution

of the sub jects in the database used. V olumetric analysis of white-matter, grey-



119

matter, and cerebrospinal �uid c hange o v er time w ere consisten t with results from

previous studies in v olving large databases.

7.2 F uture W ork

This section presen ts sev eral extensions to this dissertation and discusses areas for

future researc h. This section is divided in to three sections: Section 7.2.1 describ es the

creation of con tin uous 4D spatiotemp oral atlases, Section 7.2.2 prop oses the extension

of m ulti-mo dal image set registration to images of sub jects with pathology , and Section

7.2.3 describ es the application of m ulti-mo dal image set registration to m ulti-cen ter

studies w ere MR images are acquired from scanners of di�eren t �eld-strength.

7.2.1 Con tin uous 4D Spatiotemp oral A tlas

Can regression metho ds b e applied to the 3D spatial atlases at discrete time p oin ts?

What notion of distance, and subsequen tly in terp olation (particularly temp oral), are

appropriate in this setting? This dissertation has attempted to pro vide an appro ximate

solution b y mo ving a v erage windo ws. The main idea is to o v ercome the limitations of

viewing data as b elonging to age groups b y appro ximating a con tin uous pro cess.

7.2.2 Registration of Images In v olving P athologies

The m ulti-mo dal image set registration as presen ted here migh t b e p oten tially sig-

ni�can t in v arious applications whic h rely on the measuremen t of image sets. F or

example, m ulti-mo dal imaging is standard in the imaging of pathologies suc h as tu-

mors and lesions. Registration b et w een images presen ting pathology and images of

health y sub jects is a c hallenging task since space-o ccup ying lesions ha v e to b e treated

di�eren tly from in�ltrating lesions. Sp eci�cally , the registration needs to accommo date

b oth lo cal spatial deformation and lo cal c hange of image in tensit y . Existing registra-

tion metho d in v olving scalar images based on image brigh tness do not accommo date

pathologies. In the formation of the class p osteriors, one can explicitly assign classes

to the v arious health y and pathological tissues.
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7.2.3 Multi-Cen ter Studies

Another p oten tial application for this metho d is the registration of images acquired

from scanners of di�eren t �eld-strength. Image set registration across di�eren t scanners

b ecomes an increasingly imp ortan t comp onen t in m ulti-cen ter studies. F or example,

in studies of dev elopmen tal c hanges co v ering m ultiple y ears, and in follo w-up studies

of diseases with c hange of scanner tec hnology . Images acquired from di�eren t scanners

p oten tially ha v e di�eren t con trasts and di�eren t spatial distortions. The metho d pre-

sen ted in this dissertation ma y help address these problems as the registration w ould b e

based on underlying anatomical structures rather than simply image in tensities. This

assumes a robust segmen tation metho d capable of handling the output from scanners

of di�eren t �eld strength.

7.3 Summary

This dissertation presen ted a Ba y esian framew ork for generating large deformation

transformations b et w een m ulti-mo dal image sets. An image set ma y b e comprised

of an arbitrary n um b er of m ulti-mo dal images. T o the author's kno wledge, this is

the �rst suc h metho d capable of exploiting the complemen tary information pro vided

b y m ulti-mo dal image sets. This mo dalit y indep enden t registration framew ork w as

ac hiev ed b y join tly estimating the m ulti-class p osterior probabilit y maps asso ciated

with the m ulti-mo dal mo dal image sets and large deformation di�eomorphisms mapping

these p osterior maps. This framew ork w as extended to large deformation m ulti-class

p osterior map atlas estimation. The metho d generates an un biased sharp represen tativ e

anatomical template from an arbitrary n um b er of top ologically similar m ulti-mo dal

image sets. This metho d w as applied to an aging study in v olving ninet y-�v e sub jects

to study global and lo cal v olumetric c hange. This researc h sho ws promise for future

w ork in building 4D spatiotemp oral atlases, image registration in v olving sub jects with

pathologies, and m ulti-cen ter studies.
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App endix A

Information Theoretic Measures

In this app endix, the basic quan tities of information theory: en trop y , relativ e en-

trop y , and m utual information, are presen ted in their discrete form. These measures are

functionals of probabilit y distributions and, hence, are not dep enden t on actual v alues

assumed b y random v ariables. A dditionally , a more recen t measure, Jensen-Shannon

div ergence, is also presen ted. This measure is used in Chapter 2 to de�ne inequalities

in v olving Ba y es probabilit y of error Pe. In the medical image analysis con text, image

in tensities can b e in terpreted as random v ariables whose b eha vior can b e c haracterized

in terms of probabilit y distributions up on whic h the basic quan tities of information

theory can b e applied. This dissertation fo cuses on tissue class-conditional probabilit y

mass function maps.

A.1 En trop y

The concept of en trop y w as �rst dev elop ed in the �eld of thermo dynamics as its

second la w whic h states that the en trop y of an isolated system is non-decreasing. In

searc hing for a quan tit y whic h measures ho w m uc h, or at what rate, information is

pro duced b y a pro cess, Shannon [87], building on the w ork of Hartley [38 ], dev elop ed

the concept of en trop y to measure the a v erage uncertain t y of a random v ariable.

De�nition A.1 (Uncertain t y) . The uncertain t y , U , of a r andom variable X is given

by

U(x) = � logp(x)

wher e the pr ob ability p(x) is the pr ob ability distribution char acterizing X .

U(x) is monotonic in p(x) and p ositiv e for all v alues of p(x) , since 0 � p(x) � 1.

Both of these prop erties are desirable features of a measure. Also, the least and greatest

uncertain t y o ccur when p(x) = 1 and p(x) = 0 resp ectiv ely . This presen ts an in tuitiv e

understanding for the measure, since if X = x happ ens with probabilit y 1 then one is

certain of X and, hence, ha v e the least uncertain t y .
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De�nition A.2 (En trop y) . The en trop y of a r andom variable X , H (X ) , is de�ne d as

the aver age unc ertainty over al l p ossible values X may assume:

H (X ) = Ep[U(x)]

= Ep[� logp(x)]

= �
X

x2 X

p(x) log p(x):

En trop y is t ypically measured in bits , nats , and Hartleys for logarithms of bases t w o,

e, and ten resp ectiv ely . Unless otherwise stated, en tropies stated in this dissertation

will b e measured in bits. F or an axiomatic deriv ation of en trop y see [87].

There are sev eral imp ortan t prop erties of en trop y noted b elo w:

� Non-ne gativity : H (X ) � 0.

� Upp er b ound : H (X ) � log(N ) . En trop y is maxim um when all probabilities are

equally lik ely; equiv alen tly , when the a v erage uncertain t y is greatest.

� Chain rule : H (X; Y ) = H (X ) + H (X jY) .

� Conditioning r e duc es entr opy : H (X jY) � H (X ) .

� Conc avity : H (f p(x i )g) is conca v e in p.

The notion of en trop y can b e extended to m ultiple random v ariables as sho wn b elo w.

De�nition A.3 (Join t En trop y) . The join t en trop y , H (X; Y ) , of a p air of discr ete

r andom variables X and Y with joint distribution p(x; y) is de�ne d by

H (X; Y ) = �
X

x2 X

X

y2 Y

p(x; y) logp(x; y):

De�nition A.4 (Conditional En trop y) . L et X and Y b e discr ete r andom variables

with joint distribution p(x; y) and c onditional distribution p(xjy) . Then the entr opy

c onditione d on a single event is de�ne d by

H (X jY = y) = �
X

x2 X

p(xjy) logp(xjy):
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The conditional en trop y , or equiv o cation , is then de�ne d by

H (X jY) =
X

y2 Y

p(y)H (X jY = y)

= �
X

y2 Y

p(y)
X

x2 X

p(xjy) logp(xjy)

= �
X

x2 X

X

y2 Y

p(x; y) logp(xjy):

A.2 Kullbac k-Leibler Div ergence

With this w ell-de�ned notion of en trop y , Kullbac k and Leibler [58 ] de�ne a distance

measure b et w een t w o distributions.

De�nition A.5 (Kullbac k-Leibler Div ergence) . The Kullbac k-Leibler div ergence (or

r elative entr opy) b etwe en two pr ob ability distributions p and q over the same discr ete

r andom variable X is de�ne d by the exp e cte d lo garithm of likeliho o d r atio of p to q

D(pjjq) = Ep

�
log

p(x)
q(x)

�

=
X

x2 X

p(x) log
p(x)
q(x)

:

In a signal mo del, this measure can b e in terpreted as the ine�ciency of assum-

ing that q is true when p is true. That is, giv en a mo del expressed as a probabilit y

distribution p, one can then measure ho w far an observ ation, also expressed b y a prob-

abilit y distribution, q, deviates from p using relativ e en trop y . A dditionally , D(pjjq)

can b e view ed as the a v erage n um b er of bits that are w asted b y enco ding ev en ts from

distribution p with a co de based on distribution q.

The Information Inequalit y theorem pro vides the basic prop erties of Kullbac k-

Leibler div ergence.

Theorem A.1 (Information Inequalit y) . L et p(x) and q(x) b e two pr ob ability mass

functions asso ciate d with r andom variable X . Then DKL (pjjq) � 0 with e quality if and

only if p(x) = q(x) for al l x 2 X .

Pr o of. See [16], page 26, for an argumen t based on Jensen's Inequalit y and fact that

the function � log is con v ex.
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Although a useful distance function, Kullbac k-Leibler div ergence is not a metric. By

Theorem A.1, D(�jj� ) satis�es the non-negativit y and iden tit y of indiscernables prop-

erties of a metric, De�nition 1.1. D(�jj� ) , ho w ev er, is not a metric since it do es not

ob ey the symmetry and triangle inequalit y prop erties. Consider the follo wing simple

coun terexample.

Example A.1 (Kullbac k-Leibler div ergence is not a metric.) . Consider the fol lowing

thr e e pr ob ability mass functions,

p(x) =
�

1
2

;
1
2

�
q(x) =

�
3
4

;
1
4

�
r (x) =

�
7
8

;
1
8

�
:

In c omputing Kul lb ack-L eibler diver genc es b etwe en these pr ob ability mass functions,

note that

D(pjjq) =
X

x

p(x) log
p(x)
q(x)

=
1
2

log
�

1
2

�
4
3

�
+

1
2

log
�

1
2

�
4
1

�

=
1
2

log
�

2
3

�
+

1
2

log 2

=
1
2

�
1
2

log 3 +
1
2

= 1 �
1
2

log 3

and

D(qjjp) =
X

x

q(x) log
q(x)
p(x)

=
3
4

log
�

3
4

�
2
1

�
+

1
4

log
�

1
4

�
2
1

�

=
3
4

log
3
2

+
1
4

log
1
2

=
3
4

log 3�
3
4

�
1
4

=
3
4

log 3� 1:

That is, D(pjjq) > D (qjjp) , and, henc e, D(�jj� ) is not symmetric. In c omputing two
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mor e Kul lb ack-L eibler diver genc es, one �nds that

D(qjj r ) =
X

x

q(x) log
r (x)
q(x)

=
3
4

log
�

3
4

�
8
7

�
+

1
4

log
�

1
4

�
8
1

�

=
3
4

log
6
7

+
1
4

log 2

=
3
4

log 2 +
3
4

log 3�
3
4

log 7 +
1
4

= 1 +
3
4

log 3�
3
4

log 7

and

D(pjj r ) =
X

x

p(x) log
p(x)
r (x)

=
1
2

log
�

1
2

�
8
7

�
+

1
2

log
�

1
2

�
8
1

�

=
1
2

log
4
7

+
1
2

log 4

=
1
2

log 4�
1
2

log 7 + 1

= 2 �
1
2

log 7:

Now c onsider the expr ession

D(pjjq) + D(qjj r ) � D(pjj r ) = 1 �
1
2

log 3 + 1 +
3
4

log 3�
3
4

log 7� 2 +
1
2

log 7

=
1
4

(log 3 � log 7)

< 0

) D(pjjq) + D(qjj r ) < D (pjj r ):

That is, D(�jj� ) do es not ob ey the triangle ine quality.

A.3 Jensen-Shannon Div ergence

A generalized notion of Kullbac k-Leibler div ergence, Jensen-Shannon div ergence,

will b e used in Chapter 2 to pro vide b ounds on Ba y es probabilit y of error. The
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Kullbac k-Leibler div ergence is alw a ys non-negativ e, but can b e un b ounded (e.g., when

p1(x) 6= 0 and p2(x) , D(p1jjp2) = 1 ) and is, as noted ab o v e, not symmetric. A more

recen t measure b et w een t w o probabilit y distributions is the Jensen-Shannon div ergence

in tro duced b y [60 ] whic h is b oth b ounded and symmetric.

De�nition A.6 (Jensen-Shannon Div ergence) . L et � = f � 1; � 2g with � 1; � 2 � 0 and

� 1 + � 2 = 1 b e prior pr ob abilities on two pr ob ability distributions p1(x) and p2(x) . The

Jensen-Shannon div ergence b etwe en p1 and p2 de�ne d by

JS� (p1jjp2) = H (� 1p1 + � 2p2) � � 1H (p1) � � 2H (p2)

= � 1D(p1jjM � ) + � 2D(p2jjM � )

wher e M � = � 1p1 + � 2p2 is c al le d the m utual source of p1 and p2 [23 ] .

De�nition A.7 (Generalized Jensen-Shannon Div ergence) . The Jensen-Shannon di-

ver genc e c an b e gener alize d to me asur e the distanc e b etwe en any �nite numb er of pr ob-

ability distributions as

JS� (f pi gN
i =1 ) = H

 
NX

i =1

� i pi

!

�
NX

i =1

� i H (pi )

= �
X

x2 X

 
NX

i =1

� i pi (x)

!

log

 
NX

j =1

� j pj (x)

!

+
NX

i =1

� i

X

x2 X

pi (x) log pi (x)

=
NX

i =1

X

x2 X

� i pi (x)

"

� log

 
NX

j =1

� j pj (x)

!

+ log pi (x)

#

=
NX

i =1

X

x2 X

� i pi (x) log
pi (x)

P N
j =1 � j pj (x)

=
NX

i =1

� i D(pi jjM � )

wher e M � =
P N

j =1 � j pj with � i � 0 and

P N
i =1 � i = 1 .

Although not used in the framew ork prop osed b y this dissertation, for completeness,

this section concludes with the de�nition of the last of three fundamen tal information

theoretic measures, m utual information. Mutual information will b e discussed later in

the con text of related w ork.
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A.4 Mutual Information

The last of the three basic information theoretic measures is m utual information:

the measure of the amoun t of information one random v ariable X has ab out another

Y .

De�nition A.8 (Mutual Information) . Mutual information is de�ne d as the r elative

entr opy b etwe en the joint distribution and the pr o duct of two pr ob ability mass functions:

I (X ; Y) = D(p(x; y)jjp(x)p(y))

=
X

x2 X

X

y2 Y

p(x; y) log
p(x; y)

p(x)p(y)
:

Mutual information measures the dep endence of random v ariables X and Y . When

X and Y are indep enden t p(x; y) = p(x)p(y) and I (X ; Y) = 0 . Mutual information

can also b e expressed in terms of en trop y as follo ws:

I (X ; Y) = H (X ) � H (X jY) (A.1)

= H (Y) � H (YjX )

= H (X ) + H (Y) � H (X; Y ):

In equation A.1, m utual information is view ed as the reduction in the uncertain t y

of X due to the kno wledge of Y . There are sev eral imp ortan t prop erties of m utual

information noted b elo w:

� Non-ne gativity : I (X ; Y) � 0.

� Symmetry : I (X ; Y) = I (Y; X ) .

� Self-information : I (X ; X ) = H (X ) .

� Indep endenc e : I (X ; Y) = 0 () X ? Y .

� Information explanation : I (X ; Y) � H (X ) and I (Y ; X ) � H (Y) .

A.5 Multiv ariate Mutual Information

The t w o notions of m utual information in Section A.4 can b e extended to the m ul-

tiv ariate setting.
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A.5.1 En trop y Reduction

The �rst extension follo ws the �en trop y reduction� idea esp oused b y [1] whic h is a

generalization of Equation A.1,

I (X 1; : : : ; X N ) =
NX

k=1

X

f i 1 ;:::;i k g�f 1;:::;N g

(� 1)k+1 H (pi 1 ; : : : ; pi k ):

In this con text, m ultiv ariate m utual information amoun t N � 2 random v ariables can

b e in terpreted as the measure of their sim ultaneous in teraction [105 , 56]. It can b e

equiv alen tly in terpreted as a m ulti-w a y similarit y measure among random v ariables.

If the v alue is zero, the N random v ariables do not sim ultaneously in teract. This

generalization of m utual information can result in negativ e v alues. As an example,

consider the three random v ariable case, f X i g3
i =1 ,

I (X 1; X 2; X 3) = H (X 1) + H (X 2) + H (X 3)

� H (X 1; X 2) � H (X 1; X 3) � H (X 2; X 3)

+ H (X 1; X 2; X 3):

Note that the symmetry prop ert y still holds.

A.5.2 Redundancy Measure

The generalization of m utual information based on De�nition A.8 preserv es the

non-negativit y prop ert y . This is the approac h of [105 ] where they extend the relativ e

en trop y concept to a �redundancy measure�

R(X 1; : : : ; X N ) = D

 

p(x1; : : : ; xN )jj
NY

k=1

p(xk)

!

=
NX

k=1

H (p(xk)) � H (p(x1; : : : ; xN )) :

By the Information Inequalit y Theorem, TheoremA.1, this measure is non-negativ e

and equal to zero if the X i are sto c hastically indep enden t. The higher the redundancy

among the random v ariables, the stronger their functional dep endency [46, 47]
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App endix B

Study of Con v ergence

B.1 In tro duction

Ho w lik ely is it that the actual optim um in the m ulti-mo dal image set registration

cost function is ac hiev ed? It is imp ossible to kno w for real data, since there is no w a y

to kno w the true corresp ondence. F or syn thetic transformations and syn thetic image

in tensities, the algorithm comes close to the global minim um of the cost function. Using

syn thetic data, this do cumen t presen ts a qualitativ e ev aluation of the registration and a

quan titativ e ev aluation of the data lik eliho o d estimation under the m ulti-v ariate normal

distribution mo del.

B.2 Syn thetic Data Example

1

T o ev aluate the p erformance of the algorithm, a syn thetic 2D dataset w as gener-

ated. Sp eci�cally , a geometric prior, a kno wn transformation, and t w o syn thetic images

whose radiometric c haracteristics are statistically similar to actual T1- and T2-w eigh ted

MR images w ere de�ned. A four-class atlas prior comprised of concen tric ellipses w as

generated using Matlab. The subsequen t comp osite lab el image w as generated b y the

sup erp osition of the individual classes. Both the atlas and comp osite lab el image are

sho wn in Figure B.1. A dditionally , a transformation w as constructed using sin usoidal

displacemen ts, whic h w as then applied to the comp osite lab el image to pro duce the

foundation for the syn thetic image set. The m ulti-mo dal syn thetic image set w as cre-

ated from t w o images that w ere sim ulated b y sampling from a m ulti-v ariate Gaussian

distribution with di�eren t means and co v ariances for eac h of the classes in the deformed

lab el image. The deformed lab el image and the corresp onding m ulti-mo dal images are

sho wn in Figure B.2. The algorithm w as run for �ft y iterations with ten steps of the

large deformation di�eomorphic registration p er iteration. The �nal segmen tation and

deformation estimates are also sho wn in Figure B.3.

1

This section represen ts p ortions of the WBIR 2003 pap er [62].
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(a) (b) (c) (d) (e)

Figure B.1: Geometric A tlas Prior

The man ually generated geometric four-class atlas prior (a-d) and the cor-

resp onding comp osite lab eled image (e).

(a) (b) (c)

Figure B.2: Syn thetic Image Set

The deformed lab el image (a), the syn thetic image deriv ed from T1 samples

(b), and the syn thetic image deriv ed from T2 samples (c).
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(a) (b)

Figure B.3: Estimated Deformation

The estimated deformation expressed as a w arp ed regular grid (a) and the

estimated segmen tation (b) follo wing �ft y iterations of the algorithm.

T o ev aluate the registration the algorithm w as run, again with �ft y iterations, hold-

ing the transformation �xed to the iden tit y map. With the transformation �xed to

the iden tit y map, the exp ectation maximization pro vided the maxim um lik eliho o d so-

lution. The �nal estimated segmen tation w as then compared to the registration-based

segmen tation, with results sho wn in Figure B.4. By examining the regions where the

t w o segmen tations di�er from the ground truth lab el image, it is clear the registration

has impro v ed the segmen tation.

In b oth in v o cations of the algorithm, the class means and co v ariances w ere collected

and compared. Figure B.5 sho ws the �nal relativ e norms for the estimated and actual

means and co v ariances at the �nal iteration. F or all classes, the registration has im-

pro v ed estimates for b oth the means and co v ariances. The con v ergence of the mean

and co v ariance estimates using registration is sho wn in Figure B.6. This �gure sho ws

that the estimates of the means and co v ariances ha v e con v erged quic kly when the trans-

formation is �xed to the iden tit y map. When registration is added, the estimates of

the means and co v ariances con tin ue to impro v e as the estimation of the transformation

b et w een the atlas and the sub ject con v erges. This exempli�es the e�ectiv eness of the

alternating nature of the algorithm. These results sho w that the registration impro v es

the segmen tation b y accommo dating lo cal v ariabilit y .
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(a) (b) (c)

(d) (e)

Figure B.4: Final Segmen tation

The top ro w sho ws the ground truth lab el image (a), the �nal segmen tation

estimation using registration (b), and the regions where this segmen tation

di�ers from the ground truth (c). The b ottom ro w sho ws the �nal seg-

men tation estimation without using registration (d), and regions where this

segmen tation di�ers from the ground truth (e).
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Class

jj �̂ ci � � ci jj
jj � ci jj w/ reg.

jj �̂ ci � � ci jj
jj � ci jj w/o reg.

jj �̂ ci � � ci jj F

jj � ci jj F
w/ reg.

jj �̂ ci � � ci jj F

jj � ci jj F
w/o reg.

c1 0.0047 0.1216 0.0450 7.0588

c2 0.0152 0.1168 0.2104 1.8164

c3 0.0960 0.0939 0.0206 0.0811

c4 0.0046 0.0046 0.0081 0.0266

Figure B.5: Relativ e Norm Statistics

The �rst t w o columns of n um b ers are the means at the �nal iteration �̂ ci

relativ e to the actual means � ci using registration and �xed iden tit y map.

The last t w o columns sho w the same for the relativ e co v ariances using the

F rob enius norm, jjAjjF =
p

tr ( AA T ) .
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Figure B.6: Con v ergence

The left column sho ws the con v ergence of means and co v ariances using

registration. The righ t column sho ws the same using the �xed iden tit y

transformation.
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