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ABSTRA CT
SUMAN KUMAR SEN: Classi cation on Manifolds
(Under the direction of Dr. JamesS. Marron)

This dissertation studies classi cation on smooth manifolds and the behavior of
High Dimensional Low Sample Size (HDLSS) data as the dimensionincreases. In
modern image analysis, statistical shape analysisplays an important role in under-
standing se\eral diseases.One of the ways to represem three dimensionalshapesis
the malial representation the parametersof which lie on a smooth manifold, and
not in the usual d-dimensional Euclidean space. Existing classi cation methods like
Support Vector Machine (SVM) and Distance Weighted Discrimination (DWD) do
not naturally handle data lying on manifolds. We present a generalframework of
classi cation for data lying on manifolds and then extend SVM and DWD as special
cases. The approad adopted hereis to nd control points on the manifold which
represem the di erent classesof data and then de ne the classi er as a function of
the distances(geadesicdistanceson the manifold) of individual points from the con-
trol points. Next, using a deterministic behavior of Euclidean HDLSS data, we show
that the generalizedversion of SVM behaves asymptotically like the Mean Di er-
encemethod asthe dimensionincreases.Lastly, we considerthe manifold (S?)¢, and
shaw that under someconditions, data lying on such a manifold has a deterministic
geometricstructure similar to Euclidean HDLSS data, as the dimension(number of
componerts d in (S?)%) increases.Then we shaw that the generalizedversionof SVM
behaveslike the GeadesicMean Di erence (extensionof the Mean Di erence method

to manifold data) under the deterministic geometricstructure.
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CHAPTER 1

Intro duction

1.1 Motiv ation

Statistical shape analysisis important in but not limited to understanding and
diagnosinga number of challengingdiseasesFor example,brain disorderslike autism
and sdizophrenia are often accompaniedby structural changes. By detecting the
shape changes,statistical shape analysiscan help in diagnosingthesediseases.One
of the many ways to represem anatomical shape models is a medial represemation
or M-rep. The medial locus, which is a meansof represeting the \middle" of a
geometricobject, was rst introducedby Blum (1967). Its treatment for 3D objects
is given by Nadkman and Pizer (1985). The medial atom represefts a sampledplace
in the medial locus. Atoms form the building blocks for m-reps. In particular, the
m-rep sheetcan be thought of asrepreseting a cortinuous branch of medial atoms.
For details of discreteand cortinuous m-reps, seePizer et al. (1999) and Yushkevich
et al. (2003) respectively. The M-rep approad has provento be usefulin describing
various aspects of shape, in capturing important summariesof the object's interior
and boundary, and in providing relationships betweenneighboring objects. A major
advantage of the m-reps approad to object represemation over competitors is that
it allows superior correspndenceof featuresacrossa population of objects, which is
critical to statistical analysis.

The elemers of m-rep spaceare most naturally understood aslying in a curved



manifold, and not in the usual Euclidean space. We are interestedin classi cation

of data which lie on this curved m-rep space. A major cortribution of this work is
to usethe geometricinformation inherert to the manifold. This enablesthe capture
of a wide range of nonlinear shape variability including local thickness,twisting and
widening of the objects. Principal gealesicanalysis,the nonlinear analogof principal

componert analysisin this type of manifold setting, was deweloped using the geom-
etry that can be derived from the Riemannianmetric, including gealesiccurvesand
distances(seeFletcher et al., 2003,2004). Classi cation methods like Fisher Lin-

ear Discrimination (Fisher, 1936), Support Vector Machines(seeVapnik et al., 1996;
Burges,1998), Distance Weighted Discrimination (Marron et al., 2004)weredesigned
for data which are vectorsin Euclidean spaceand do not deal extensiwely with data
that are parameterizedby elemerts in curved manifolds. SeeDuda et al. (2001) and
Hastie et al. (2001) for an overview of commonexisting classi cation methods. The
challengeaddressecdhereis to dewelop classi cation methods, or extend the existing
methods sothat they can handle data in curved manifolds. The notion of separating
hyperplane,fundamertal to many Euclidean classi ers, is challengingto even de ne

in manifolds. The approad adopted hereis to nd control points on the manifold
which represen the di erent classe®f data and then de ne the classi er asa function

of the distances(geadesic distanceson the manifold) of individual points from the
cortrol points. We thus bypassthe problem of explicitly nding separating bound-
arieson the manifold. The cortrol points chosenwill be those which optimize some
objective function and the performanceof se\eral reasonableobjective functions will

be investigatedand compared.

This approad will enableusnot only to usethe method on our motivating example
of m-repdata (Senet al., 2008),but it is alsoapplicablefor Di usion TensorMagnetic
Resonancelmaging (DT-MRI), and seral other scienceslike human movemen,

medanical engineering,robotics, computer vision and molecular biology where non-



Euclidean data often appear.

Data setswith more variables(i.e., attributes or ertries in the data vector) than
obsenations are now important in many elds. This type of data is called High
Dimension Low Sample Size (HDLSS) data. For example,in geneticsa typical mi-
croarray geneexpressiondata sethasthe number of genesranging from thousandsto
tens of thousands,while the number of tissue samples(i.e., obsenations) is typically
lessthan seweral hundreds. Data from medical imaging, and from text recognition
alsooften have a much larger dimensiond than the samplesizen. In our motivating
exampleof m-reps,we have the HDLSS situation too, but the ertries in ead dimen-
sion are not Euclidean. As pointed out earlier, they lie on a smooth manifold. Due
to the limitations of human visual perception beyond three dimensions,the behav-
ior of HDLSS data is often courter-intuitiv e (Hall et al., 2005; Donoho and Tanner,
2005), even in the Euclidean case. Ge and Simpson (1998) provided a framework
for evaluating dimensional asymptotic properties of classi cation methods suc as
the Mean Di erence. For the Euclidean case,Hall et al. (2005) have studied some
deterministic behavior of the data and usedthe obsenations to analyzethe asymp-
totic properties(asd! 1 ) of classi cation methods sud as Mean Di erence, SVM,
DWD and One-Nearest-Neighor. As a part of this dissertation, we have studied
some geometric properties of HDLSS manifold data and usedthem to analyzethe
asymptotic behavior of one of our proposedmethods, which is an extensionof SVM

for manifold data.

1.2 Overview of Chapters

This dissertation hasbeenorganizedinto chapters as follows:

Section 1.3 gives an overview of the medial represemation. Section 1.4 givesan

overview of di erent statistical methods for manifold data and m-reps.

Section 2.1 gives an overview of the problem of classi cation while Section 2.2



cortains a literature review of popular classi cation methods like Mean Di erence,
Fisher Linear Discrimination, Support Vector Machines, Distance Weighted Discrim-
ination. Section 2.3 illustrates why these methods are not always ideal for data on

manifolds.

Chapter 3 preseits the key ideas of our methods. Section 3.1 introducesthe
fundamertal idea of cortrol points, and basedon it proposesthe generalclassi cation
rule. Section3.1.2illustrates the importance of a reasonablechoice of cortrol points.
Section3.3 givesa brief overview of SVM, and generalizest to manifold data. It also
provides a solving algorithm to the resulting optimization problem. Section3.4 gives
a brief overview of DWD, and dewelopsan optimization problem which generalizes

DWD to work with manifold data.

Chapter 4 studies somegeometricproperties of HDLSS data. Section4.1 briey
discussessome deterministic properties of Euclidean HDLSS data and studies the
asymptotic behavior (asdimensiond! 1 ) of oneof our deweloped methods (mani-
fold SVM, also called MSVM) under such conditions. Section4.2 studies conditions
under which there is a deterministic structure in HDLSS manifold data. This deter-

ministic structure is then usedto study someproperties of the MSVM method.

Chapter 5 discussesomeaveruesfor future researt, involving unresohed ques-

tions and possibleapplications of the deweloped methods in new areas.

The next sectiongivesan overview of the medial locusand someof its mathemat-
ical properties. It describes m-reps and the deformable models approad basedon
them. The deformablem-repsapproad to image segmetation is described by Pizer
et al. (2003). A ne overview of medial techniquesthat goes beyond the material
coveredin this sectioncan be found in the Ph.D. dissertation of Yushkevich (2003)

and the book by Siddigi and Pizer (2007).



1.3 The Medial Locus and M-reps

The medial locusis a meansof represeting the \middle" or \skeleton" of a geo-
metric object. Sud represemations have found wide usein computer vision, image
analysis, graphics, and computer aided design (Bloomerthal and Shcemale (1991);
Storti et al. (1997)). Psydophysical and neurophysiological studies have shavn ev-
idencethat medial relationshipsplay an important role in the human visual system
(Leyton (1992); Lee et al. (1995)). The medial locus was rst proposedby Blum
(1967), and its properties were later studied in 2D by Blum and Nagel (1978) and in
3D by Nadkman and Pizer (1985). The de nition of the medial locusof a setA 2 <"
is basedon the conceptof a maximal inscribed ball.

The medial represemation is basedon the medial axis of Blum (1967). In this
framework, a geometricobject is represeted as a set of connectedcortinuous medial
manifolds. For three-dimensional(3-D) objects, these medial manifolds are formed
by the certers of all sphereghat are interior to the object and tangert to the object's
boundary at two or more points. The medial descriptionis de ned by the certers of
the inscribed spheresand by the asseiated vectors, called spokes from the sphere
certers to the two respective tangert points on the object boundary. Each cortinuous

segmen of the medial manifold represeis a medial gure.



Figure 1.1: Medial atom with a cross section of the boundary surface it implies (left). An
m-rep model of a hippocampus and its boundary surface (right).

The medial manifold is sampled over an approximately regular lattice and the
elemerts of this lattice are called medial atoms A medial atom (Fig. 1.1) is de ned
as a 4-tuple m = fx;r;ng;n.g, consistingof: x 2 <3, the certer of the inscribed
sphere;r 2 <*, the local width de ned asthe common spoke length; ny;n; 2 S? ,
the two unit spoke directions (represeted aspoints on S?, the unit spherein <3). The
medial atom implies two opposing boundary points, Yo;Yy:, called implied boundary

points, which are given by
Yo= X+ rngandy; = X+ rng: (1.2)

The surfacenormalsat the implied boundary points yo;y; aregivenby ng; ny, respec-
tively.

A medial atom, asde ned above, is represeted as a point on the manifold M (1) =
<3 <* S? S2 Moreover, an m-rep model consisting of n medial atoms may
be consideredas a point on the manifold cartesian product M (n) = Qinzl M (2).
This spaceis a particular type of manifold known asa Riemanniansymmetric space,
which simpli es certain geometric computations, sud as computing gealesic dis-
tances. We brie y review someof the conceptsnow. SeeBoothby (1986); Helgason

(1978); Fletcher (2004), Fletcher et al. (2003, 2004) for more details. Pizer et al.



(1999) descrikes discrete m-reps. For details on cortinuous m-reps, see Yushkevich

et al. (2003); Terriberry and Gerig (2006).

1.3.1 Riemannian metric, Geodesic curv e, Exp onential and
Log maps

A Riemannian metric onamanifold M isasmaoothly varying inner product< ; >
on the tangert plane T,M at eat point p 2 M. The norm of a vector X 2 T,M
is given by jjXjj =< X;X >@73_ The Riemannian distance between two points
X;y 2 M, denoted by d(x;y), is de ned as the minimum length over all possible
smaoth curvesbetweenx andy. A geodesiccurve is a curve that locally minimizes
the distancebetweenpoints.

Given a tangert vector X 2 T,M, there exists an unique gealesic, x (t), with
X asits initial velocity. The Riemannian exmnential map, denotedby Exp,, maps
X to the point at time one along the gealesic x. The exponertial map presenes
distancesfrom the initial point, i.e., d(p;Exp,(X)) = jjXjj. In the neighborhood of
zero, its inverseis de ned and is called the Riemannianlog map, denotedby Log.
Thus, for a point y in the domain of Log,, the gealesicdistance betweenp andy is

given by

d(p:y) = JiLogy(Y)ij (1.2)

1.3.1.1 Exponential and Log maps for S?

On the sphereS?, the gealesicsat the basepoint p = (0;0;1) are great circles
through p. If we considerthe tangert vectorv = (vq;v1;0) 2 T,S? in the x y plane,
the exponertial map at p is given by

sinjjvjj sinjjvjj N
—————Vo.————— CcogJ]V 1.3
ivi v ijvi) (1.3)

Expp(v) = (1



Figure 1.2: The Riemannian expmnential mapatp2 M. X 2 T,M

wherejjvjj = P V2 + V3.
The correspnding log map for a point x = (X1; X2; X3) 2 S? is given by
Logy(x) = (Xuig——iXa2i ) (1.4)
where = arccogxs) is the sphericaldistance from the basepoint p to the point x.

Note that the antip odal point p is not in the domain of the log map.

1.3.1.2 Exponential and Log maps for M-reps

Recall, from rst part of Section1.3 that the medial atom m = fXx;r;ng;n.g 2
M (1)=<® <* S?2 S2andam-rep model consistingof n medial atoms may be
consideredas a point on the manifold M (n) = Qi”:l M (1). Let p= (0;1;po;p1) 2
M (1) be the basemedial atom, wherep, = p; = (0;0;1) are basepoints for the
sphericalcomponerts. Let uswrite atangert vectoru 2 T,M (1) asu = (X; ; Vo; V1),
where x 2 <2 is the positional tangert componert, 2 < is the radius tangert
componert, and vp;Vv; 2 <2 are the sphericaltangert componert. Then, for M (1)

we have

Exp,(u) = (X; € ; Expp, (Vo); EXpp, (V1)) (1.5)



wherethe Exp mapson the right-hand side are the sphericalexponertial mapsgiven

by equation (1.3). Likewise,the log map of m = fx;r;ng;n1gis

Log,(m) = (x; logr; Log,, (no); Log,, (1)) (1.6)

wherethe Log mapson the right-hand side are the sphericallog mapsgiven by (1.4).
Finally, the exponertial and log maps for the m-rep model spaceM (n) is the
cartesianproduct of correspnding mapsin M (1).

The norm for vectoru 2 T,M (1) is
juji = G2+ r2 2+ jivai? + jjvaij?) (1.7)
and the gealesicdistancebetweentwo atomsm;; m, 2 M (1) is given by

d(ma; mz) = jjLogm, (M2)ij = jjLOGm, (M1)jj (1.8)

1.4 Statistical Metho ds on M-reps and on General

Manifolds

The study of anatomical shape and its relation to biological growth and function
datesbadk to the landmark work of Thompson (1942). While most work on the sta-
tistical analysisof shape hasfocusedon linear methods, there hasbeensomework on
statistical methods for nonlinear geometricdata. Hunt (1956) descrikes probability
measureson Lie groupsthat satisfy the semigroupproperty under corvolution. This
leadsto anatural de nition of a Gaussiandistribution onaLie groupasafundamenal
solution to the heatequation. Wehn (1959,1962)showsthat sud distributions satisfy
alaw of largenumbersasin the EuclideanGaussiancase.Grenander(1963)'sbook on

probabilities on algebraicstructuresincludesa review of theseworks on Gaussiandis-



tributions on Lie groups. Pennec(1999) de nes Gaussiandistributions on a manifold
as probability densitiesthat minimize information. Bhattacharya and Patrangenaru
(2002) deelop nonparametric statistics of the mean and dispersion valuesfor data
on a manifold. Mardia (1999) descrilkes se\eral methods for the statistical analysis
of directional data, i.e., data on spheresand projective spaces.Kendall (1984) and
also Mardia and Dryden (1989) have studied the probability distributions induced
on shape spaceby independent identically distributed Gaussiandistributions on the
landmarks. Similar ideasin the theory of shape were independerily deweloped by
Bookstein (1978,1986). Ruymgaart (1989) studied corvergenceof density estimators
on spheres.Ruymgaart et al. (1992) gave a Rao-Cramertype inequality on Euclidean
manifolds. Olsen (2003) and Swann and Olsen (2003) descrike Lie group actions on
shape spacethat result in nonlinear variations of shape. Klassenet al. (2004) de-
velop an in nite-dimensional shape spacerepreseting smooth curvesin the plane.
Chikuse (2003) concerrates on the statistical analysisof two special manifolds, the
Stiefel manifold and the Grassmannmanifold, treated as statistical sample spaces

consistingof matrices.

A standardtechnique for describingthe variability of linear shape data is principal
componert analysis(PCA), a method whoseorigins go badk to Pearson(1901) and
Hotelling (1933). One of the earliestapplications of PCA in functional data analysis
was given by Rao (1958). Its usein shape analysis and deformable models was
introducedby Cooteset al. (1993). Principal gealesicanalysis,the nonlinearanalogof
principal componert analysisin this type of manifold setting was deweloped using the
geometrythat canbe derived from the Riemannianmetric, including gealesiccurves
and distances(seeFletcher et al. (2003,2004)). A popular approad to handling data
in manifoldsis \Kernel Embedding" (seeStelkopf and Smola(2002)) wherethe data

are mapped to a higher dimensionalfeature space.

The next chapter providesa brief overview of the problem of classi cation. It also

10



discusseghe challengesfacedby the classicalmethods when applied to data lying on

a manifold.
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CHAPTER 2

Overview of Classi cation

The rst section gives the general setup followed by a description of popular
methodsin Section2.2. The last sectionexplainswhy thesemethodsfail in the context
of data naturally understood to be lying on curved manifolds. SeeDuda et al. (2001)
and Hastie et al. (2001) for an overview of common existing classi cation methods.
Note that, in the literature, classication and discrimination are interchangeable

terms. In our discussionwe mostly refer to it asclassi cation.

2.1 The Problem of Classication

Let X; denotethe attributes that descrite the it individual and Y, denote its
group label, i = 1;2;:::;n. X; can be vector valued (in most casesit is a high
dimensionalvector) while Y; is a scalartaking valuesin the setf1;2;:::;K g if there
are K classes. In our discussion,we will always have only two classes. For some
mathematical corvenience et the correspnding labelsY 2 f 1;1g.

Given a setof individuals (and their group labels), the goal of classi cation meth-
odsisto nd arule f (x) that assignsa new individual to a group on the basisof its

attributes X .

2.2 Popular Metho ds of Classi cation

There are quite a few popular methods of classi cation. Mean Di erence is the

simplest of them. It assignsa new obsenation to that classwhosemeanis closest



to it. It is the optimal classi cation rule when the data comesfrom distributions
which only di er by their meansand have common covariance matrix, which is the
idertity. A classicalapproad to improve the Mean Di erence method was proposed
by Fisher (1936), now called Fisher Linear Discrimination (FLD). It is the optimum
rule when the two classess assumedto have the samecovariance matrix (but not
limited to the identity). SinceFLD approadesthe problem by spheringthe data it
is frequertly uselessn many modern day applications, particularly High Dimension
Low SampleSize (HDLSS) situations, where we cannot calculate the inverseof the

covariance matrix.

The Support Vector Machine (SVM), proposedby Vapnik (1982,1995)is a pow-
erful classi cation method usedin HDLSS situations. SeeBurges(1998) for a lucid
overview. Marron et al. (2004) shaved that SVM su ers from \data piling" at the
\margin" and introduced a related method called Distance Weighted Discrimina-
tion (DWD). DWD avoids data piling and improves generalizability of the decision
rule. Both SVM and DWD are \linear" classi ers in the sensethat the rules are
linear functions of the data vector. Geometrically the separating surfacethey pro-
vide is a linear hyperplane and thus cannot separatedata which needa nonlinear
separatingboundary. This problem is overcomeby \k ernel embedding”. The data
vectors are enbeddedin a higher dimensional spacewhere linear methods, sud as
SVM can be much more e ective. The book by Sdelkopf and Smola (2002) gives
a ne overview of the kernel methods. Readerscan also visit http://www.kernel-

machines.og/publications.html for a list of publications on kernel methods.

In this dissertation, we focus on the methods of SVM and DWD. Brief overviews

of thesemethods are given in Sections3.3.1and 3.4.1respectively.
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2.3 Value Added by Working on Manifolds

Recall that our goalis to help image analysts and doctors understand how two
groupsof objectsdi er. For example,let us considera study of shapesof hippocampi
for groups of scizophrenic and normal individuals. There is a strong interest in
knowing whether the occurrenceof the diseasels actually accompaniedby a struc-
tural di erence of the hippocampus. If there is an assaiation, the next questionis

how theseshapeschangeaswe look at the direction of separation.

Somecommonapproatesto handling data on manifolds are:
" Flatten, asfor data on a cylinder (Section2.3.1).

" Work in the tangert plane, with baseasthe overall gealesicmean of the data

(Section2.3.2).

" Treat data aspoints embeddedin a higher dimensionalEuclideanspace(Section

2.3.3).

The drawbadks of theseapproahesareillustrated in the above mentioned subsec-

tions.

2.3.1 Imp ortance of Geodesic Distance on Manifolds

Throughout our discussion,the gealesicdistancewill play a crucial role. Let us
usean exampleto explain its importance.

Fig. 2.1(a) shaws a cylinder with data points on its surface(di erent symbols
denotedi erent classes).Fig. 2.1(b) shavs the samedata set when the cylinder is
attened. The Mean Di erence decisionrule (given by the two shadedregions: blue
and white) is calculated by using the usual Euclidean distanceon the attened two

dimensionalplane. This approad is not ideal. For example,it ignoresthe fact that
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the point on the extremeleft is actually closeto the point to the extremeright when
the geometryof the manifold (in this case,the cylinder) is considered.A better way
to treat this data is to correctly accoun for the periodicity by repeating the attened
plane sideways (as shavn in Fig. 2.1(c)) and considerthe shortest possibledistance
between any pair of points while constructing a decisionrule. This approad uses
the Mean Di erence rule basedon the gedalesic distance on the manifold and the
correspnding decisionrule is given by the shadedregions. The Mean Di erence rule
using Euclidean distance misclassi esa point (greenstar in the blue shadedregion).
The gedesicdistancebasedMean Di erence classi cation rule (Fig. 2.1(c)) is ableto
nd a separatingsurface(the boundary betweenthe shadedregions)which properly
separateshe two classes.This illustrates the importance of using gealesicdistances
for classi cation on manifolds. The cylinder is a simplemanifold (< S'): eventhere
gedesicdistance makesa di erence. This e ect will usually be magni ed for more
complexmanifolds. It is thereforerecommendedhat gealesicdistancebe usedwhen
dealing with more complicated manifolds, sudh asM (n) (as de ned in Sectionl1.3),

wherethe M-reps live.
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Figure 2.1: (a): Toy data on the surface of a cylinder. Dier ent colors (with syminls)
denotedi er ent groups. (b): Data on the attened cylinder. Shadel regions showthe Mean
Di er ence rule using Euclidean distance. A point (green star) is misclassi ed. (c): Tiled
attene d planescapturing the structure (periodicity) of the manifold. Geodesicdistance used
to construct the Mean Di er ence rule which hasno misclassi ed points. The red dotted line
is the Mean Di er ence semrating surface if Euclidean distance is used. c¢; and c 1 are
means of the classesin each case.
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2.3.2 Choice of base point for Euclidean Classi cation on the

Tangent Plane

As pointed out in the Sections1.1 and 1.4, when data appear in a small neigh-
borhood, somestatistical analysis,sud as nding meansand Principal Componert
Analysis can be successfullyimplemerted. This is done in the tangernt plane by
projecting the data from the manifold to the tangert plane with basepoint asthe
gealesic mean (seeFletcher et al., 2003,2004). This suggestsimplemerting SVM
and DWD in the tangert plane at the geadesicmeanof the data. Fig 2.2 shovs why
this might not always be a good idea. In particular, this exampleshaws that we can
end up with a tangent plane wherethe data is not linearly separablewhile there is
anothertangert planewhereseparationis possible. Thus, the choiceof the basepoint

is a crucial issue.

Points on the surface of a sphere (S 2) Tangent plane at mean of two means (red square)
2
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Figure 2.2: Top left: Toy data on the surface of a sphee. Dier ent colors (with symiols)
denote di er ent groups. Bottom Left: Tangent plane with base as overall geodesic mean of
the entire data. The data are not linearly semrable. Bottom right: Tangent plane at the
geodesic mean of the black circles. The data can be semrated linearly. Top Right: Tangent
plane at the geodesic mean of the geodesic means of the two groups. The points are not as
well-separable as in the bottom right panel.
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2.3.3 Validit y and Interpretabilit y of Pro jections

Another approad to handle manifold data is standard EuclideanSVM and DWD,
treating the data as points embeddedin the higher dimensional Euclidean space.
For example,planar angles( 2 (; )) can be consideredas embeddedin <2 (as
(sin( );cog ))), while naturally they areunderstood to belying on a one-dimensional
manifold (the unit circle in <2). Similarly solid anglesare enmbedded points in <3
while naturally they are points restricted to the surfaceof the unit sphere(S?) in
<3, A separatingrule will be obtained by taking this approad, but geometricallythe
separating surfacewill not relate properly to the manifold. For example,in caseof
data on the surfaceof a spherea separatingplane cutting through the spherewill be
obtained. This will probably not give a gealesic(in this case,a great circle), which
is the analogof a separatinghyperplane.

More importantly, whenthe original data is projected on to the separatingdirec-
tion, most of them will be somewheranside the sphereand not the surface. These
projections are not interpretable becausethey are not valid represetations of shape

objects. Recall,in this example,our data objects must lie on the surfaceof the sphere.

Original m-rep sheet Original m-rep surface

Projected m-rep sheet Projected m-rep surface

Figure 2.3. Top left and right: Original m-rep sheet of a hippocampus and its surface
rendering respectively. Bottom left: M-rep model projected on to the semrating direction
(obtained whendata objects are considered as points in <249). Sinceit is not in the manifold
it is not a valid m-rep. Bottom right: Surface rendering of the m-rep sheet on the left. It is
not an interpretable shape object.
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To emphasisehis issueconsiderFigure 2.3. The upper gure is the medial repre-
sentation of a human hippocampus. In our study we had two groups: 56 patients and
26 cortrols (seeStyner et al. (2004)). Each of these models have 24 medial atoms,
placedin a8 3 lattice (seeFig. 2.3,top left). Therefore,eadh of these gures belong
toM (24)= <3 <* S2 S?g?* But whenstandard SVM is implemerted on the
data we considerthem aselemerns of f< 2 < <3 <3g? = <240 Naturally, when
we project the data setson to the separatingdirections, what we get badk are also
elemens of <24° and not in M (24). Therefore the projection is not a valid medial
represemation and thus not interpretable (Fig. 2.3, bottom panels). This motivates
our approad to work on manifolds.

The next chapter providesa framework for classi cation on manifoldsusinggeadesic
distances. This framework is then usedto extend methodslike Mean Di erence, SVM

and DWD for manifold data.
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CHAPTER 3

Classi cation on Manifolds

The main problem with classi cation on manifolds is that it is very di cult to
derive analytical expressiondor gealesicsand separatingsurfaces.Recall, from Sec-
tion 1.3, a gealesicis the local shortest path along the manifold and the distance
betweentwo points is obtained as the arc length of this gealesic. Our goalis to ex-
tend the idea of a separatinghyperplane (which is the foundation of many Euclidean
classi cation methods such as Mean Di erence, FLD, SVM and DWD) to data lying
on a manifold. A major challengeis to nd an appropriate manifold analog of the
separatinghyperplane. Our solution is basedon the idea of cortrol points (and the
gedesic distance of data from these cortrol points), as descriked in the following

section.

3.1 Control Points and the General Classi cation
Rule

We think about control points as being represemativ es of the two classes.If we
namethe cortrol points asc; andc ;, then we proposethe classi cation rule f ¢,.c ,(X)

given by

feoc ,(X) = d?(c 1;x)  d?(cp;x); (3.1)



wherec;, ¢ 3, and x 2 M and d( ; ) is the gealesicdistance metric de ned on the
manifold M . This rule assignsa newpoint x to classlif it is closerto c; than ¢ ;, and
to class-1 otherwise. It is important to note herethat the formulation also provides

us with an implicitly de ned separatingsurfaceand a direction of separation.

3.1.1 The Implied Separating Surface and Direction of Sep-
aration

The zerolevel setof f,..,( ) is the analogof the separatinghyperplane,while the

gedaesicjoining ¢; and ¢ ; is the analog of the direction of separation. Thus, the

separating surfaceis the set of points which is equidistart from ¢; and ¢ ;. If we

denoteit by H(cy;c 1), we canwrite,

H(cy;c 1)

fx2M :fg.e,(x)=0g

fx2 M :d?(c:x) = d’(c 1;x)g (3.2)

In d-dimensional Euclidean space,H (¢;; ¢ ;) is a hyperplane of dimensiond 1
that is the perpendicular bisector of the line segmen joining ¢; and ¢ ; (seeLemma
3.1.1). Note that the Mean Di erence method is a particular caseof this rule, where
the cortrol points are the meansof the respective classes. Similarly, the general
cortrol point classi er reducesto Fisher Linear Discrimination in Euclidean spaceby
taking the cortrol points asthe meansof the sphereddata (using the pooled within

classcovariance estimate).

On the sphere(S?), H(cy; ¢ 1) is the great circle equidistart from ¢; and ¢ ; (see
Fig. 3.1.) This shows that this approad provides us with an useful represemation
of a separatingsurface,that avoids the needto explicitly solve for it, which can be

intractable as pointed out earlier.

A set of training points is to said to be se@rableby H(cy;c ;) if all the points
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Figure 3.1: Two pairs of control points showingtheir resgctive semrating boundary and
seprating direction on the surface of the sphee. Dier ent colors (with symknls) represent
classes. The solid red surface (great circle) semrates the data better than the dotted black
surface.

are classi ed correctly by H(c;; ¢ 1). Mathematically, the training setT is saidto be
separableby H(c;c 1), if, 8% 2 T;i = 1;2;:::;n,

8

250 ify
fere 1 (Xi) S (3.3)
<0 if Vi =

| I
|
=

Lemma 3.1.1. Consider the sem@rating surface de ned in equation (3.2). Let the

data live in <9. Then
(1) H(cy;c 1) isad 1 dimensionalhyperplane.
(2) The levelsetof fq, .. ,(X) = k is a hyperplane, parallel to H(c;; ¢ 1).
(3) The distance of any point x from the se@rating surfae H (c;;c ;) is givenby
Jfee 1(X)]

d(x;H(ci;c 1)) = 2d(crc 1) (3.4)

Proof. Sincethe spacein which the data live is Euclidean, the distance betweenany
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two points x;y 2 <9 is given by

dxy) = iix i
"% YT (3.5)

Therefore,we can write the following:

fec ,(X) d’(c 1:x)  d?*(ci;x)

(c1 N1 x) (& x)(c x)

w'x + b; (3.6)

wherew = 2(c; ¢ ;) andb= (c",c 1 clc¢). Thus,the equationof the level set of

fe,c ,(X) = k, for any k can be written as

w'x + b= k

) wx+(b k)=0 (3.7)

Note, that Equation (3.7) says that for all k, the level setisad 1 dimensional
hyperplanewith commonnormal vector w and intercept b k. This provespart (i),
aswe note that H(cy;c 1) is the level setfor k = 0. Moreover, for any other k 6 0,

the normal to the resulting hyperplaneis the same(= w). This provespart (ii).
For part (iii), we usethe fact that the distance from any point z to a plane
jwrz+ Iy

w'x + b= 0is given by Tj Therefore, using equation (3.6) we can write the

distanceof any point x from H(c;;c ;) as

Wrx + b

d(x; H(cy;c = —
CHTCHI) -
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fere 1(X)]
ji2cc ¢ 1)jj’

fepe 1(X)
2d(cy;c 1) (38)

3.1.2 Choice of Control Points

Having set the framework for the generaldecisionrule for manifolds the critical
issue now is the choice of cortrol points. For example, Fig. 3.1 shaws that for
the given set of data, the cortrol points correspnding to the red solid separating
boundary do a better job of classi cation than the pair correspnding to the black
dotted boundary. So, the key to the construction of a good classi cation rule is to

nd the right pair of cortrol points.

The rest of the chapter developsnew methods for nding cortrol points. The rst
approad, motivated by Mean Di erence, choosesthe cortrol points as the gealesic
meansand is calledthe GeadesicMean Di erence (GMD) Method. Then we propose

methods to extend SVM and DWD for manifold data.

3.2 The Geodesic Mean Dierence (GMD) Metho d

This is motivated by the Mean Di erence method in the Euclidean case.Herewe
replacethe Euclidean meansof the two classesby their gealesic means. This is a
special caseof the generalclassi cation rule (3.1) whenc; and ¢ ; are the gealesic

meansof the two groups of data. The gealesic mean m of a set of obsenations

X
m = argmin  d?(p;x;): (3.9)
P2M g
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SeeFletcher et al. (2003,2004) and Pennec(1999) for more details. In Fig. 3.1, the
black dotted great circle shovs the GMD separatingsurface. The two squarepoints
(joined by dotted black curve) are the gealesicmeansof the two classes.Somepoints

have beenmisclassi ed by this rule.

3.3 Support Vector Machine on Manifolds

This sectiongeneralizesSVM to the manifold case.Two newapproaheshave been

deweloped here. In the following subsection,we review the standard SVM method.

3.3.1 A Brief Overview of Support Vector Machine (SVM)

SVM is arecenly deweloped method which hasbeensuccessfullimplemerted in

a wide variety of applicationsinvolving classi cation. Here, we review this method in

a simple setup. Let us rst assumethat the training data setis linearly separable,
i.e., there is a linear classi er that can have zero training error. Consider a linear
classier f (x) = w'x + b. The SVM rst nds two hyperplane margins (over w and
b which are de ned by f (x) = 1, sudh that there are someobsenations on the

marginsand there are no obsenations betweenthesetwo margins. The points on the

margin are called \support vectors". The SVM nds w and b sudth that the distance
betweenthe margins (which is equalto ”%”) is maximized. The hyperplanebetween
the two margins: f (x) = 0 is the SVM discrimination hyperplane. Given w and b,

the classlabel +1 is givento a new samplex;, if f (x;) > 0 and the classlabel 1is
givenif f (x;) < 0. The SVM optimization problem over w and b is given by:

jiwii2

minimizey, *=—

subjectto yif (x;) 1; i=1:::;n (3.10)

wherey; represets the classmenbership of the i!" samplex; in the training data set.

The normalizeddirection vector of w represetts the SVM direction. The constrairts
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Figure 3.2: SVM hyperplane (broken green line) to seprate two classes,representel by
crossesand pluses. The purple vector is the SVM direction of sepration.

yvif (xj) 1, i= 1;:::;n indicate that the f (x) must classifyall the samplesin the
training data setcorrectly. The distanceof a point x; from the separatinghyperplane
is denotedasr;.

Figure 3.2 showns the SVM separating hyperplane (green dashedline) for classi-
fying a toy data set, with the two classesepreseitted by blue circlesand red pluses
respectively. The support vectorsare shavn in black boxes. The distancer;'s of only
thesesupport vectorsplay a role in determining the separatinghyperplane.

The next subsectionextends SVM to manifold data by iteratively constructing
tangert planeson the manifold and implemerting Euclidean SVM on the tangen

planes. We call this method Iterative Tangert Plane SVM (ITanSVM).

3.3.2 lterativ e Tangent Plane SVM (IT anSVM)

In this section, we proposean extensionof SVM in Euclidean spaceto manifold
data. A commonapproad is to implemert SVM in the tangernt plane at the overall
mean of the data. In Section 2.3.2, we have discussedpossible drawbads of this
approad which arisesout of taking the point of tangencyat a predeterminedpoint
(the gedlesic mean). Thus, when classi cation is done on the tangert plane, the

choice of the basepoint is a crucial issue. This motivatesthe needto nd the base
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point that is determined by the separability of the data in the tangert plane. In
particular, we dewelop an iterativ e approad with changing point of tangency

We start with the overall gealesicmeanasthe initial basepoint and implemert
Euclidean SVM in that tangert plane. Given the SVM separating hyperplane, we
nd out the pair of points (on the tangent plane) which determine that hyperplane
and is closestto the presen pair of cortrol points (the gealesic meansof the two
classesmapped to the tangert plane). The next point of tangency is taken to be
the gealesicmeanof the new pair of cortrol points (after being mapped bad to the
manifold). We repeat thesestepsuntil convergence.The detailed algorithm is given

below:

1. Let & = meanof the data in class1 and c® ;=mean of the data in class2. Let

by = mean(, c®,). The superscript of zeromeansit is the presen solution.

2. Compute the tangert plane T,M at by and nd the separating hyperplane
wX + b= 0 by doing linear SVM on T, M.

3. Given (w;b), nd Lc};Lct; 2 Tp,M that minimize the sum of the squaresof
their respective distancesto Log,, (c9) and Log, (c°,), subject to the constrairt
that wk + bis the perpendicular bisector of the the line segmen joining Lci

and Lc? ;.

4. If fd?(Log,, (c); Ley) + d*(Logy, (¢ ,); Lc 1)gis very smallthen stop. Otherwise

go to the next step.

5. Setc} = Expy,(Lci) and ¢®, = Exp,, (Lct,) and then compute by = mean(,
c®,). Goto step 2.

We call this method the Iterative Tangen Plane SVM or ITanSVM. In Fig. 3.1
the solid red great circle shavs the ITanSVM separating surfaceobtained after one

iteration. The squarepoints (joined by red solid curve) are the ITanSVM cortrol
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points after the rst iteration. In this example,ITanSVM solution doesa better job

of classi cation than GMD (given by the dotted bladk great circle).

3.3.3 The Manifold SVM (MSVM) method

An unappealingfeature of ITanSVM s the cortinual appraximation of the data by
projections on to the tangert plane. MSVM appearsto be the rst approad where
all calculationsare doneon the manifold. MSVM determinesa pair of cortrol points
that maximizesthe minimum distanceto the separatingboundary. While the SVM
criterion has many interpretations, it is the maximum margin idea that generalizes
most naturally to manifoldswheresomeEuclideannotions sud asdistance,are much
morereadily availablethan other (e.g.,inner product). The mathematicalformulation
of the method and an algorithm for solving the resulting optimization problem are
given below.

As given in equation (3.1), the decisionfunction f,.c ,(X) is
fee 2(X) = d*(c ;%) d*(cy;x)

The zerolevel set of f.,.c ,() de nes the separating boundary H(c;;c ;) for a
given pair (c;;c ;). Also, let )b(cl;c , denote the set (to handle possibleties) of
training points which are nearestto H(c;;c 1). We would like to solve for somee;

and € 1 sud that

(er; € 1) = argmax min d(xi;H(Cy; ¢ 1)) (3.11)

c1;c 12M =1

In other words, we want to maximizethe minimum distanceof the training points
from the separatingboundary. Recall, from Chapter 2, that asin the classicalSVM
literature, we denotey; to be the classlabel taking values-1 and 1.

By Lemma3.1.1,in Euclidean space,note that the distanceof any point x from
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the separatingboundary H(c;;c 1) is

C1 C 1(X)

d(x; H(cy; € 1)) 2d(ci;c 1)

(3.12)

Therefore, for a separabletraining set (see Section 3.1), using (3.3) and (3.12), we

can write the distancefrom the training points to the separatingsurfaceas

yf J7C1iC 1\ 1(X)

dix; H(ci;c 1)) = 2d(c;c 1)’

(3.13)

wherey = 1listhe classlabel for x. Relation (3.13)will be usedasan approximation
that is reasonablefor data on manifolds lying in a small (convex) neighborhood as
this is directly computable for manifold data. Then, using (3.13) in (3.11) we would

like to solve for somee; and € 1 sudh that

if : i
(eie 1) = argmax min Yo 1)

3.14
ciic 12M i=lun Zd(Cl;C 1) ( )

It isimportant to note that the solution of (er; & 1) in (3.14)is not unique. In fact,
in the d-dimensionalEuclideancasethereisa (d 1)-dimensionalspaceof solutions.
Therefore,in order to make the seart spacefor (er; € 1) smaller we proposeto nd

(er; & 1) asfollows:

Yifcie 1 (Xi)

C1;€ 1) = argmax min 3.15
( 0= (clcgl)ZCk' =1z 2d(c15C 1) ( )
where,for a givenk > 0,
Ck = f(Cl;C 1) :9(01:0 1)f01:C 1(*((31;0 1)) = kg (316)
and,
Riere 1) = argmin fe .0 ,(X) (3.17)

XZ)b(Cl?C 1)
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and Y, .c ,) is the classlabel of R, ).

Therefore, using (3.15) - (3.17), we have

(er;& 1) = argmax

3.18
(ci;c 1) 2d(Cl1 l) ( )

Now, recall that R, .c ,) is one of the training points closestto H(c;;c ;). This
means, no other training point should be closerto H(ci;c 1) than R, ,). This
preserts us with a set of constraints which should be consideredwhile solving for

(er; & 1) in (3.18). The constrairts are given as follows:

8i=1,2,...,n
d(xi;H(cy; ¢ 1)) d(R(cie 1) H (G € 1))
) Cyif(xi) k
Zd(Cl, 1) Zd(Cl, 1)
) Yif(xi) k
) k yifd*(xi;c 1) d(xi;e)g 0 (3.19)
) hy O (3.20)

whereh; = k  yifd®(xi;c 1)  d?(Xi;c)g:

Combining the constrairts (h; < 0; 81 = 1;2;:::;n) with (3.18), the optimization

problem becomes
max .hi 0
C1;¢ 1 d(C]_, 1)

or,
min d(c;;c 1) sit. hy O (3.22)
C1;C 1
Rather than solving the constrainedoptimization problemin (3.21), we consider
the penalizedminimization problem asde ned below:
Minimize

xXn
g (ci;c 1) = d(c;c q) + o (hi)+

i=1
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or, Xn
g (c;c 1) = d*(c;c 1) + n k yifd®(xi;c 1) d?(xi;c)g (3.22)

i=1 +

where is the penalty for violating the constrairts given by (3.20).

Equation (3.22) givesthe function to be minimized in the separablecase.In the
non-separablecase,the form of the function g (c;; ¢ 1) to be minimized remainsthe
same.What changess the de nition of )b(cl;c ), and hence,the de nition of R, ¢ ,),
Ycic 1) and K. )b(cl;c » Is now de ned asthe setof correctly classi ed training points
which are closestto H (c;; ¢ 1) (in the separablecase the term correctly classi ed was
not necessarysince all the training points are correctly classi ed by H(c;;c 1). In
the non-separablecasethere can be a misclassi edpoint which is closestto H(c;; ¢ 1)
amongall training points, but it is not an elemen of )b(cl;c »)- Note that the second
term in (3.22) not only penalizesmisclassi cation, but also penalizescaseswhere

training points cometoo closeto the separatingboundary.

The exact solution which minimizes the objective function in Eq. (3.22) will be
referredto asthe \idealized" MSVM solution. The following subsectionassumeghat
the data lies in a small corvex neighborhood and then proposesa gradiert descen
approad to minimize the objective function (Eq. 3.22). The resulting solution will

be referredto asthe MSVM solution.

3.3.3.1 A Gradien t Descent Approac h to the MSVM Ob jectiv e Function

Here we propose and dewelop an algorithm to minimize the objective function
given by (3.22).

Givenc, = my andc ; = my, let usdenoteby ;(my;m;y) and »(my;m,), the
gradiert of g (c;;c 1) with respectto ¢; and ¢ ; respectively. It is assumedhat the
data lie in a small corvex neighborhood. Therefore,a negative gradiert approad is
followed, which hasbeensuccessfullyusedin nding geadesicmeanson manifolds(see

Fletcher et al., 2003,2004), using argumerts in Karcher (1977) and Pennec(1999).
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The gradierts of the objective function are given by

. - @
1(mqg; my) @n, y
= 2Log,,(m,) 25 (yiLog,, (Xi))
(i:h; 0)
(3.23)
and,
. - Q@
2(M1; my) an, .
= 2Log,,(ms) + 25 (yiLogn, (Xi))
(i:hi 0)
Algorithm:

Start with initial valueofc; = Qandc ;= ¢,
Set =1;i=0
While > "(small)

f

i=i+1

Calculate (¢, ;¢ )

UPDATE: ¢; = Expy 1( t (6 e h);  t= stepsize2 (0;1)
Calculate ,(ci;c 1)

UPDATE: ¢ ; = Expg ( t 2(ci;¢1));  t= stepsize2 (0;1)

=i alepe i+ 2l )i
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In the next sectionwe will comparethe results of MSVM and ITanSVM along

with the GeadesicMean Di erence (GMD) method.

3.3.4 Results

In the previoussectionsthree classi cation methods, GMD (Section3.2), ITanSVM
(Section 3.3.2) and MSVM (Section 3.3.3) were proposed. In this section, we com-
pare the performanceof thesemethods alongwith the method of Euclidean SVM on
a singletangert plane (with the overall geadesic mean as basepoint). We will call

this method TSVM.

Asscaiated with every classi cation rule are two typesof errors, the training error
and the cross-alidation error (also calledtest error). Training error is the proportion
of the training data (data usedto nd the rule) that is misclassi ed by the rule. The
cross-alidation error is the proportion of the test data (data believed to be behaving
like the training data but not usedto nd the rule) that is misclassi ed. For example,
let us supposewe have a set of 50 data points. We randomly choose40 of them and
usethoseto train a classi cation rule. If, out of this training set of 40 data points,
4 are misclassi ed by the rule, the training error for this particular rule is % = 0:1.
On the other hand, the remaining 10 data points form our test data. If four of them

are misclassi ed by the rule then the cross-alidation error is % = 0:3.

Recall, from Section 3.3.3, that the classi cation rule MSVM depends on the
choiceof a tuning parameter . In particular, referto (3.22) to seehow the objective
function (which is minimizedto nd the classi cation rule) dependson . Forsmall ,
the training error tendsto decreaseBut increasing indiscriminately tendsto result
in over tting. This tradeo is re ected by the cross-alidation error, which initially
decreasesput increaseswhen becomeslarge enoughthat the error is driven by
over tting. A sensiblechoiceof is onewhich haslow value of the cross-alidation

error. ITanSVM and TSVM are also dependert on in a similar way while GMD
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does not depend on . In our experimerts, we will consider seweral values of
( = 15k = 0;1;:::;7) for eadh of MSVM, ITanSVM and TSVM. The choice of
the basel5for is not setin stone: we choseit asa reasonablecompromisebetween
coverageof a large range of values and computational cost. Note that the lowest
valuesfor the errors (training and cross-alidation) can be attained at di erent
valuesfor MSVM, ITanSVM and TSVM. The value of the parameterk (seeEq. 3.22)

was set equalto 0.01.
3.3.4.1 Application To Hipp ocampi Data

This data consistsof 82 m-rep models (of Hippocampi), 56 of which are from
sdhizophrenicindividuals and the remaining 26 are from healthy cortrol individuals
(seeStyner et al. (2004)). Eadch of these models have 24 medial atoms, placedin a

8 3lattice (seeFig. 3.3).

Figure 3.3: Left: M-rep sheet of a hippocampus with the 24 medial atoms. Right: Surface
rendering of the m-rep model.

We conduct the simulation study in the following way. For ead run we randomly
remove v e data points from the population of 82 and train our classi ers on the
remaining 77 data points. For eat such population we considerse\eral valuesof the
costparameter ( = 15k = 0;1;:::;7) for ITanSVM, MSVM and TSVM. GMD
doesnot dependon . After training we test the classi ersby classifyingthe v e test
data points. Aggregating over se\eral simulated replications, the training error and

the cross-alidation error are calculated.
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Fig. 3.4 shaws the performance(training error (left panel) and cross-alidation

error(right panel)) of the di erent methods.
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Figure 3.4: Left: Training errors againstcostlog,s . Right: Cross-validationerrors against
cost log;s . Cross-validation error for MSVM is robustto the choice of

From Fig. 3.4, we seethat MSVM has training error either very closeto GMD
(= 1) or substartially smaller. On the other hand, for small valuesof the training
error of ITanSVM is much higher. MSVM fails to attain a training error of zerowhile
both TSVM and ITanSVM achieve zero training error (at = 15° or higher). But
this could be due to over tting by ITanSVM and TSVM, and this idea is validated
by their increasedcross-alidation error for high values. We note that the cross-
validation errors of ITanSVM and TSVM s very sensitive to the choiceof ,i.e., a
good choiceof appearsto be critical for thesetwo methods. In cortrast MSVM
is much more robust against the choiceof . In particular, the fact that the cross-
validation of MSVM is much more stable for high valuesof is promising. We also
note that the cross-alidation error of MSVM (at = 1%) is the least among all

methods.

36



The MSVM algorithm suggeststhat with increasing the distance between c;
and ¢, should increase(seeequation 3.22). We monitor this tendency by plotting
d(c;; ) against  for MSVM, and for ITanSVM and GMD in order to comparethe
behavior of the solutions. Note that TSVM cannot be comparedhere sincethere are

no cortrol points involved. Fig. 3.5 plots log,,(d(c;; ¢;)) againstlog;s

Ioglo(d(cl, cz)) VS|

25

; ;
log, (1)

Figure 3.5: log,o(d(c1; c2)) against cost log;s . The distance between the MSVM control
points increaseswith increasing , as suggestd by the problemformulation (equation 3.22).

Fig. 3.5veri es that the solution of the MSVM algorithm behavesasexpected: the
distancebetweenc,; and ¢, increasewith increasing . The behavior of the ITanSVM
solution is just the opposite. This behavior may be consistert with over tting.

An important part of this study is to nd out whether the classi cation rules
under considerationgive meaningful directions of di erence betweenthe classes.In
the context of the given problem, the rule that best shavs the structural change
in the hippocampusis the most valuable. The structural change captured by eath
method is showvn in Figure 3.6. For ead classi cation rule (at the which hasthe
least cross-alidation error), we project the data points on to direction of separation.
The mean of the projected data is calculated. The projected data points with the

lowest and highest projection scoresgive the extent of structural changecaptured by
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the separatingdirection. The objectsin the left are the projected shapeswith lowest
score,and on the right, with the highest score. The color map shows the surface
distance maps of the mean (of projected data points) and projected shapes. Red,

green,and blue are inward distance,zerodistance,and outward distancerespectively.

Projected Patient Extreme Projected Control Extreme

TSVM

S
\
TanSVM b
L=

MSVM

Figure 3.6: Diagram showingthe structural changecaptured by the di er ent methals. Red,
green, and blue are inward distance, zero distance, and outward distance resgectively.

Fig. 3.6shavsthat GMD represets a large structural change. But its relevanceis
guestionablebecauseof its poor discriminating performance(Fig. 3.4). GMD shaws
alot of structural change,but it fails to isolate the important featureswhich actually
separatethe two groups. Among the other three methods, MSVM captures the
changemost strongly. ITanSVM hardly capturesthe change. This could be related
to over tting where the separating direction feelsthe microscopicnoisy features of

the training data and thus fails to capture the relevant structural change. We can
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concludethat MSVM providesthe best balancebetweenclassifyingperformanceand
capturing changesin the shapes. Recall, that MSVM is the only method discussed
here which works intrinsically on the manifold (and not on a tangert plane, like
TSVM and ITanSVM) and this can be attributed to its desirableproperties of good

classi cation and informative separatingdirection.
3.3.4.2 Application to Generated Ellipsoid Data

This data consistsof 25 m-rep models of generateddistorted ellipsoids. They are
simulated by randomly introducing a bending, twisting and tapering of an ellipsoid.
We divide them into two groups,a group of 11 with negative twisting parameterand
another group of 14 with positive twisting parameter. For our referencewe call them
the control group and the patient group respectively. Each of these models have 21

medial atoms, placedin a7 3 lattice (seeFig. 3.7).

m rep sheet of a surface rendering of
deformed ellipsoid the m rep model

Figure 3.7: Left: M-rep sheet of one of the simulated distorted ellipsoids used in our study.
It has 21 medial atoms. Right: Surface rendering of the m-rep model.

As in the Hippocampi data set, we compare the performanceof the di erent
methods. The valuesof consideredare the sameas before. Instead of leaving v e
data points for eat simulation, we leave out 3 data points in this case.

Fig. 3.8 shaws the performance(training error (left panel) and cross-alidation

error(right panel)) of the di erent methods.
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Figure 3.8: Left: Training Errors against log;s . Right: cross validation Errors against
costlog;s . From the crossvalidation errors, none of the methads seem to overt. MSVM
is least sensitive to choice of

MSVM (at = 15;15% hascrossvalidation error very closeto the lowest among
all the methods. Just asin the Hippocampusdata set, the MSVM seemsto be the
least sensitive to high valuesof . But unlike the hippocampusdata set, the cross
validation errors of ITanSVM and TSVM do not increasewith large . It seemsfor
this dataset, thesetwo methods are not over tting. This canbe attributed to the fact
that the modesof noisecomponert in this data set are far lessthan what we have in

the real data set of hippocampi.

Fig. 3.9 shaws the structural change shovn by TSVM, ITanSVM and MSVM.
Here, surfacedistance maps (like Fig. 3.6) are not shawvn, sinceit will not be useful
to show twisting of the object surface. Instead, wire meshrendering of the deformed
ellipsoid surfacesare shavn here. From Fig. 3.9, it can be noted that the structural
changeshowvn by ITanSVM and TSVM is a tapering of the ends,while the true mode

of di erence (twisting) is e ectiv ely captured by MSVM.
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Figure 3.9: Structural changeshownby TSVM, ITanSVM and MSVM. MSVM capturesthe
true mode of dier ence (twisting), while TSVM and ITanSVM shows tapering/shrinking
e ect at the ends.

Again, MSVM seemdo be bringing out the best balanceof classifyingpower and
capturing of separatingfeatures. Though, in this case,ITanSVM and TSVM do not
seemto be over tting, they fail to capture the true mode of change. This example
again shavs that MSVM, by virtue of its formulation (working on the manifold),
captures the nonlinear modes of variation better than methods like ITanSVM and

TSVM.

3.4 DWD on Manifolds

In this section, we introduce two approadesto extend DWD to manifold data.

The following subsectionreviewsthe standard DWD method.
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3.4.1 A Brief Overview of Distance Weighted Discrimination

(D WD)

The DWD method, deweloped by Marron et al. (2004) is an improvemert upon
the Support Vector Machine in HDLSS cortexts. For a recern application of DWD
to microarray geneexpressionanalysis,seeBenito et al. (2004). Supposetwo classes
are separable,which is very likely for HDLSS data. Again, supposethe separating
hyperplaneis f (x) = w'x + b. DWD nds the hyperplanethat minimizesthe sum of
the inversedistances. This giveslargerin uence to thosepoints which are closeto the
hyperplanerelative to the points that are farther away from the hyperplane (unlike
SVM, where only the points closestto the separating hyperplane have important
in uence). For separableclassesthe DWD method is the solution of the following

optimization problem,

. P,
minimizey, -, *

subjectto yif (xi) 0; i=1:::;n; (3.24)

wherer; is the distance of x; from the separating hyperplane. As shownn in Figure
3.10,DWD nds a hyperplane (green) to separatethe two classegqblue circlesand
red pluses) as well as possible,in the senseof minimizing the sum of the inverse
distancesfrom the samplesto the hyperplane. The normal to the hyperplane is
called the DWD separating direction. The computation of this hyperplane can be
formulated as a Second-OrderCone Programming (SOCP) problem and is solved
using the software padkage SDPT3 (for Matlab), which is web-available at Toh et al.
(2006).

In the following section,an extensionof DWD is proposed.
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DWD Direction & K

Class -

Figure 3.10: DWD hyperplane (broken green line) to separate two classes,representa by
crossesand pluses. The purple vector is the DWD direction of segaration.

3.4.2 lterativ e Tangent Plane DWD (IT anDWD)

In this subsectionwe generalizeDWD to manifold data by implemerting standard
DWD on multiple tangert planes,which are carefully chosenby an iterativ e approad.
The algorithm is the sameas proposedfor ITanSVM in Section3.3.2, exceptfor the
fact that in step 2, instead of SVM, the standard DWD method (described in 3.4.1)
is implemerted. The resulting method is called Iterative Tangert Plane DWD or

ITanDWD.

3.4.3 The Manifold DWD (MD WD) metho d

Analogousto the ITanSVM method, ITanDWD alsoworks by cortinual approx-
imation of the data by projections on to the tangert plane. This makesITanDWD
unappealing. MDWD aimsto be the rst approad whereall calculations are done
on the manifold. Following the framework of Section3.4.1,MDWD determinesa pair
of cortrol points that minimizesthe sum of the inversedistancesfrom the training
data to the separatingboundary. The mathematical formulation of the method and

the resulting optimization problem are given below.
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As givenin equation (3.1), the decisionfunction f,.c ,(x) is

fec ,(X) = d?(c 1;x)  d*(cy;x)

The zerolevel set of f.,.. ,() de nes the separating boundary H(c;;c ;) for a

given pair (c;; ¢ ;). Wewould like to solwe for somee; and € ; sud that

X 1
(er;e 1) = argmin

O M (e ) (5:29

In other words, we want to minimize the sum of the inversedistancesfrom the
training data to the separating boundary. Recall, from Chapter 2, that asin the

classicalSVM literature, we denotey; to be the classlabel taking values-1 and 1.

By Lemma3.1.1,in Euclidean space,note that the distanceof any point x from

the separatingboundary H(c;;c 1) is

Cl ¢ 1(X)

dix; H(ci;c 1) = 2d(ci;c 1)

(3.26)

Therefore, for a separabletraining set (seeSection 3.1), using (3.3) and (3.12), we

canwrite the distancefrom the training points to the separatingsurfaceas

yf J7CC 1\ 1(X)

d(x;H(ci;c 1)) = 2d(cic 1)’

(3.27)

wherey = listhe classlabel for x. Relation (3.27)will be usedasan approximation
that is reasonablefor data on manifolds lying in a small (corvex) neighborhood as
this is directly computablefor manifold data. Then, using (3.27) in (3.25) we would

like to solvwe for somee; and € ; sud that

X0 .
(er;& 1) = argmin 2d(ci; ¢ 1)

— 3.28
cc 1 o Yifeie 1 (Xi) ( )
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Now, in order that the training points are correctly classi ed by H(c;;c 1), the

following constraints should be satis ed:

8i=1:::n;
yif (xi) 0
) yifd(xi;ec ) d(xise)g 0 (3.29)
) h 0

whereh; = yifd*(xi;c 1) d?(xi; 1)@
Combining the constrairts (h; < 08 i = 1:::n) with (3.28), the optimization

problem becomes

X .
cic 1., Yifee ,(Xp)

Rather than solving the constrainedoptimization problemin (3.30), we consider

the penalizedminimization problem asde ned below:

Minimize g (Cuic 1) = X M.;. _)@ (hy)
A i=1 yifcl;c 1(Xi) n i=1 .

or, X d(cy;c X

g (ci;c 1) = (©e 3

_ £ Ry 20y -
- ylde(Xl;C 1) dz(xl;cl)g + n ylfd (X|1C 1) d (X|,C]_)g (?'31)

i=1
where is the penalty for violating the constraints given by (3.29).

Equation (3.31) givesthe function to be minimized in the separablecase. Note
that the secondterm in (3.31) penalizesmisclassi cation. In the non-separablecase,

the form of the function g (c;;c 1) to be minimized is given by:

X d(ci;c 1) +
yif d?(xi;c 1) d?(Xi;ci)g

g (ci;c 1) =
i: correctly classied

xXn
+ - yvifd®(xi;c 1) d?(xi;c)g (3.32)

i=1 +
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or,

X d(ci;c 1) X 5 )
0 (a6 1) = L W@kicy) Phueg ., 0o ytdase o) dixic)e (3.33)

A gradiert desceh approad wasattempted to solve the above optimization prob-

lem, but seriousdi culties were encourtered. Fig. 3.11shovs the MDWD objective

0.2 -
/JL N I | A

0 05 1 15 2 25
stepsize (1) x10°

Figure 3.11: Figure showingthe discontinuous nature of the MDWD objective function as
a function of the step size along the negative gradient direction.

function as a function of the step size along the negative gradiert direction (with
respect to ¢ ;). Note that the curve has seweral "spikes', which indicates that the
objective function is discortinuous at seeral points. This phenomenonpreverts the
negative gradiert desceh approad from working properly. The discortinuities are
dueto the denominatorin the rst term of the objective function givenin Eq. (3.33).
As soon asoneof the misclassi edpoints becomesroperly classi ed, the denominator
assumes very small value and thus the objective function explodes.

Hence,the MDWD method was not implemerted. Therefore, in the next sec-
tion, we only discussthe performanceof TDWD (standard Euclidean DWD imple-

merted on the data projectedto the tangert plane at the overall gealesicmean)and
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ITanDWD and comparethem with their SVM courterparts.

3.4.4 Results

In this section,we comparethe performanceof ITanDWD, TDWD, ITanSVM and
TSVM. First, the real data set of hippocampi is revisited. The training errors and

crossvalidation errors are calculatedthe sameway asin Section3.3.4.

3.4.4.1 Application To Hipp ocampi Data

Fig. 3.12shows the performance(training error (left panel) and cross-alidation

error(right panel)) of the di erent methods. We note that the training errors of all
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Figure 3.12: Comparison of methads for Hippocampus data. Left: Training errors against
cost log;s . Right: Cross-validation errors against cost log,s . TDWD and ITanDWD
have lower crossvalidation errors than their SVM counterparts.

the methods go to zero for higher valuesof . The crossvalidation errors of both
TDWD and ITanDWD are lessthan their SVM courterparts (for higher values of

15%. This can be attributed to the fact that DWD is known to be more robust
to noise,especially in HDLSS situations. In fact, Figure 3.13suggestghat structural

changeshowvn by TDWD and ITanDWD are stronger than their SVM courterparts.
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Figure 3.13: Diagram showing the structural change captured by the dier ent methads.
Red, green, and blue are inward distance, zero distance, and outward distance respectively.
TDWD and ITanDWD capture stronger changesthan their SVM counterparts.

3.4.4.2 Application To Generated Ellipsoid Data

Fig. 3.14shows the performance(training error (left panel) and cross-alidation

error(right panel)) of the dierent methods. @ We note that the performancesof

TDWD and TSVM are very similar, while ITanDWD and ITanSVM are similar. It
appearsthat relative to ITanSVM, ITanDWD is more robust to the choice of higher
valuesof (the crossvalidation error for ITanDWD remainslow for 15* while

that of ITanSVM increases).

Figure 3.15 shows the shape changeshowvn by ead of the methods. It is noted
that both TDWD and ITanDWD shaow tapering/shrinking e ect at the ends,just like
TSVM and ITanSVM. It seemshat thesetwo methods alsofail to capture the true

mode of separation(twisting) owing to the fact that they work on tangert planes.
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Figure 3.14: Comparison of methads for Ellipsoid data. Left: Training errors against cost
log;s . Right: Cross-validation errors against cost log,s . ITanDWD has lower cross
validation error than ITanSVM for higher values of

3.4.4.3 Discussion

In both the examplesconsideredhere, it seemsthat the DWD basedmethods
tends to give lower crossvalidation errors, especially for higher values of the tun-
ing parameter . While in the real data set of hippocampi, there was a stronger
structural di erence capturedby TDWD and ITanDWD, there wasno sud improved
performancein the generatedellipsoids case. Howewer, as pointed out earlier, the
noiselevel in the hippocampi data set is much more than in the simulated example
of deformedellipsoids. Thesepreliminary results suggestshat it will be interesting
to study the performanceof the MDWD method.

In the next sectionwe presert a modi ed versionof MSVM, which aimsat making

the method more robust.
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Figure 3.15: Structural changeshownby TDWD, ITanDWD, TSVM and ITanSVM. They
showtapering/shrinking e ect at the endsand is unableto capture the true mode of di er-
ence (twisting), which is captured by the MSVM direction (see Fig. 3.9).

3.5 MSVM with Enhanced Robustness

The MSVM method was suggestedin Section 3.3.3. From the results obtained
in Section3.3.4,we have seenthat GMD tendsto shav maximum structural change
while its discriminating power is not very good. MSVM was found to have a nice
balancebetweencapturing the shape changesand classifyingthe data properly. We
introduce constrairts in the algorithm which will restrict the solution of MSVM to
be closeto the gealesicmeansof correspnding classes.The method is descriked in

the next sectionand results are comparedin Section3.5.2.
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3.5.1 Shrinking the Control Points towards the Means

Equation (3.22) gives us the objective function g (c;;c 1) to be minimized to

construct the MSVM classi cation rule:

X0
g (cyc 1) = d*(eisc 1) + n k yifd®(xi;c 1) d?(xi;ci)g

i=1 +

The rst term in the equation maximizesthe margin while the secondterm penalizes
misclassi ed training data and data which are too closeto the separatingboundary
H(cy;c 1). Let My and M ; be the gealesicmeans. In order to shrink the cortrol
points c;; ¢ ; towardsthe respective classgealesicmeans,we introducea term which
attempts to minimize d?(c;;M1) + d?(c 1;M ). The introduction of this criterion
will prevent the solved control points from being too closeto ead other (provided
the gealesicmeansare not too closeto ead other). Thus, this approad is expected
to prevernt over tting and the potertial nding of spuriousdirections of separation.
This changeis alsoexpectedto improve the identi abilit y of the solved cortrol points

c; and ¢ ;. The objective function to be minimized is:

X0
g. (c;c1) = d*(csc 1)+ -k yifd®(xi;e 1) d*(xi;c)g  +
i=1 +

+ [d*(c; M) + d*(c ;M )] (3.34)

where is a tuning parameterin addition to

Note that as ! 1, the solution to (3.34) will corvergeto the GMD solution.
When = 0, it will reduceto the MSVM method suggestedn Section(3.3.3). We
intend to nd the right trade-o between and and examinewhetherit improves

generalizability.

The resulting objective function in equation(3.34) is solved by the negative gradi-

ernt descen approad), assumingthat the data lie in a small neighborhood. The same
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approat wasusedto solve for the MSVM method, and the algorithm was descriked
in detail in Section 3.3.3.1. The gradierts of the function g. have been provided
below.

Givenc, = my andc ; = my, let usdenoteby ;(my;m;) and ,(my;m,), the

gradiert of g. (c3;c 1) w.r.t. ¢, and c ; respectively. The gradierts are given by:

. X
1(my;my) = @ = 2Log,,(mz) 2- (yiLogn, (Xi)) 2 Logy,(M1)
@n, n (i:hi 0)
Q@. X
2(mg;my) = —— = 2Log,,(m1) + 2— (yiLogn,(xi)) 2 Logy,,(M 1)
@n; N im0

In the next subsection,we report the behavior of this method as changesand

compareit to MSVM.

3.5.2 Results

We will referto the MSVM method with the additional parameter asMSVM .
For example,when = 15,it will bereferredto asMSVM 5. We note that MSVM,
MSVM. In this sectionwe will preser a comparative study of the performancesof
MSVM for di erent valuesof ( = 15; k= 1;:::;5). The simulation study was

donein the samesetup asin Section3.3.4.
3.5.2.1 Training and Cross Validation Errors

Figures 3.16 and 3.17 show the training and crossvalidation errors (for di erent
valuesof ) for the Hippocampiand Ellipsoid data respectively. Eadh curverepresens
a particular MSVM . We obsene that with increasing , the method behaves more
like the GMD (dotted black line). This is expected,since,by construction, shrinks
the control points towards the respective means.

In both Figures 3.16 and 3.17, MSVM 5 has a lower minimum (across ) cross
validation error than MSVM. There are other values of  which give lower cross

validation errorsthan MSVM, but they are not consiste acrossthe two examples.
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Figure 3.16: Performance of MSVM 's for Hippocampi data. With increasing , the
MSVM 's behavemore like the GMD. Almost all MSVM 's have lower minimum (across
) crossvalidation error than MSVM.
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Figure 3.17: Performance of MSVM s for Ellipsoid data. With increasing , the MSVM 's
behavemore like the GMD. MSVM 15 has lower minimum (across ) crossvalidation error
than MSVM.

3.5.2.2 Pro jections on Direction of Separation

Figures3.18and 3.19shavsthe extremeprojectionson to the separatingdirections

for the Hippocampusand Ellipsoid data respectively. The projectionsfor MSVM and
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MSVM ( = 15/15°) are shawn. For the other valuesof , the projected models
look very similar.

Projected Patient Extreme Projected Control Extreme

= 0 (MSVM)

15

Figure 3.18: Diagram showing the structural change captured by the MSVM directions.
Red, green, and blue are inward distance, zero distance, and outward distance resjectively.
All the directions showsimilar changes,and the intensity of the changesare the sametoo.

In both Figures 3.18and 3.19, there doesnot seemto be much di erence in the
projected models. To further investigatethe e ect of onthe MSVM algorithm, we
study the variation of training and crossvalidation errors over the simulation runs

(for eath valueof and ) in Section3.5.2.3.
3.5.2.3 Sampling Variation

In this subsection,a comparative study of the variancesof the MSVM solutions
is conducted. For ead run of the simulation (as describted in Section 3.3.4), we
have a pair of optimum (c;;c ;) values. For ead pair of and , the quartity
V = Var(c;) + Var(c 1) is calculated. The quartity V is a measureof the sampling
variation of the MSVM solutionsacrossthe di erent simulation runs. The lower the
value of V, the greaterthe robustnessof the method.

Fig. 3.20 comparesthe sampling variation of the MSVM method for di erent

valuesof (represered by di erent curves)for the Hippocampi data set. From Fig.

54



Projected Patient Extreme Projected Control Extreme

= 0 (MSVM)

Figure 3.19: Diagram showingthe structural changecaptured by the MSVM directions. All
of them showthe actual mode of di er ence (twisting), and there is little changefor di er ent
valuesof
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Figure 3.20: Sampling variation of MSVM 's for Hippocampi data. With increasing , the
MSVM 's havelessvariation. The changein variation is large when changesfrom 0 to
15 (for smaller valuesof ).
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3.20 we note that as increases,the variation in the solution tends to decrease.
This is not surprising, sinceincreasing forcesthe solution to be closerto the GMD
solution. We recall from previousdiscussionghat taking = 15resultsin improved
crossvalidation errors (Figures 3.16 and 3.17). Moreover, comparing the sampling
variation of the methods (Fig. 3.20), we also note that the decreasein sampling
variation is quite large when changesfrom 0 to 15 (for smallervaluesof ).

Fig. 3.21 comparesthe sampling variation of the MSVM method for di erent

valuesof (represened by di erent curves)for the deformedellipsoid data set. The

Sampling Variation of MSVMn

= = = - n=0 (MSVM)

- n=15

Sampling Variation

3 e n=152

== =-n=15°
4

n=15

n=15°

log, (1)

Figure 3.21: Sampling variation of MSVM 's for ellipsoid data. With increasing , the
MSVM 's havelessvariation. The changein variation is large when changesfrom 0 to
15 (for smaller valuesof ).

obsenations from Fig. 3.21are similar to those from the Hippocampi data set: the
sampling variation reduceswhen = 15. This suggestghat a small value of helps

in improving both the crossvalidation error and the robustnessof the MSVM method.

3.6 Summary

In this chapter, we have presened a generalframework for classi cation of data

which lie on manifolds(Section3.1). Geadesicdistancehasbeenusedto formulate the
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classi er. This framework has beenusedto extend the methods of Mean Di erence
(Section 3.2), SVM (Section 3.3) and DWD (Section 3.4) for manifold data.

MSVM (Section 3.3.3)is the only method implemerted in this dissertation which
works intrinsically on the manifold. It seemghat by virtue of this property, it brings
about a nice balanceof good classi cation power and informative separatingdirection.
In Section 3.5, we noted that when the MSVM cortrol points are constrained to
lie closeto the respective gealesic means, the sampling variation of the method
reduces. From the preliminary results (Section 3.4.4), it seemsthat the tangert
plane extensionsof DWD have better generalizability properties than their SVM
courterparts.

In the following chapter, we study the HDLSS asymptotics of data on manifolds

and analyzethe asymptotic behavior of MSVM asthe dimensiond! 1 .
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CHAPTER 4

Asymptotics of HDLSS Manifold Data

Understanding the geometricstructure of HDLSS data is a challenging task due
to the limitation of the human perception in visualizing data in more than three
dimensions. In fact, someprevious work has shavn that they have quite di erent
geometry from low dimensionaldata. In the next section we review the geometric

represemation of Euclidean HDLSS data.

4.1 Geometric Representation of Euclidean HDLSS

Data

Donoho and Tanner (2005), in their asymptotic study on simplicesin high di-
mensionalspace,found out that the corvex hull of n Gaussiandata vectorsin <¢
looks like a simplex asthe ratio d=n corvergesto 2 (0;1) (asd! 1 ,n! 1), in
the sensethat all points are on the boundary of the cornvex hull. In our discussion,
we focus on the geometry of HDLSS data using the d-asymptotic approad, letting
only the dimensiond tend to in nit y, while xing the samplesizen. This asymptotic
domainwasstudied by Hall et al. (2005)and it givesinteresting insights into HDLSS

situations. We review their obsenations in the following discussion.

Gaussiandistribution. Therefore,eadt of the X;(d)'s are d-dimensionalrandom vec-



tors from the Gaussiandistribution with mean zero and identity covariance matrix.

Note that:

(2) The squaresof the ertries of %219 followsa % distribution, for all i;j =
1,:::;m; 167,
Noting thesetwo facts, and using delta method calculations, they shaved that

d
angle(X;(d); X; (d)) = =2+ Oy(d ?)

foralli;j =1;:::;m; 16 ].

Thus, they shavedthat asd! 1 , the data tend to form an m-simplexwith equal
pairwise distances. Therefore, there is a deterministic structure in the data. All of
the randomnesss manifestedonly through random rotations of the simplex.

Hall et al. (2005) also extendedthe above argumert to the non-Gaussiancase.

distributed random vectors from a d-dimensionalmultiv ariate distribution. Assume

the following:

(1) The fourth momerts of the entries of the data vectorsare uniformly bounded.

(2) For aconstart

xd

1 .
g var(Xi(k)) I 2 foralli=1:::;m
k=1
(3) Viewed as a time series,X ™;:::;X@;:::is -mixing for functions that are



sup JEX®OX®Nj  (r)! Oasr! 1;foralli=1L::;m:  (4.2)
ik K9>r
If the random vectors satisfy the conditions above, then the distance between X (d)

and X;(d);i & j, is approximately (2 2d)%, in the sensethat
.. .. p— P 2 ;.
jiXi(d)  Xj(d)jj= d 1t (2 %)z (4.3)

Thus after scaling by P d, the data vectors X;(d)'s are asymptotically located at the
verticesof a regular m-simplex where all the edgesare of length (2 2)%.

Similar results were extendedto the two sample case,wherein addition to the

summarizedbelow.

(Al) Asd! 1, X(d) forms an m-simplex wherethe scaledpairwise distancesbe-

tweenthe samplepoints is a constart (=1,).

(A2) Asd! 1 ,Y(d)formsann-simplexwherethe scaledpairwisedistancesbetween

the samplepoints is a constart (=15).

(A3) Asd! 1, the pairwise distancesbetweensamplepoints (one from X (d) and

another from Y (d)) are at a scaleddistancel,, from ead other.

The convergenceholdsin the senseof corvergencen probability. This geometrywas
then usedin a novel way to study the asymptotic (asd! 1 ) behavior of di erent
classi cation methods like SVM, DWD, Mean Di erence and One-Nearest-Neighor.
In the next subsection,we analyzethe asymptotic behavior of the MSVM method
when applied to Euclideandata with the above geometricstructure.

In section 4.2, similar deterministic behavior will be sough in the casewhen

data live in cartesian products of S? (the unit spherein <3), with the number of
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sudh spherical componerts going to innit y. It appearsthat this idea will also be

generalizableto M (d), asd! 1.

4.1.1 Behavior of MSVM under Euclidean HDLSS Geomet-
ric Structure

In this sectionwe will analyzethe MSVM method when applied to data sets of
this particular deterministic structure. To make things simple, it is assumedthat
the data set has exactly the above geometricalrepresemtation (and not only in the
limiting sense). Moreover, since for a given dimensiond, the scalingis done by a
constart factor P d, we do not show this factor in the calculations. This deterministic

structure is summarizedas follows:

(B1) X (d) forms an m-simplex where the pairwise distancesbetween the sample

points is a constart (=14).

(B2) Y (d) formsan n-simplexwherethe pairwisedistancesbetweenthe samplepoints

is a constart (=1,).

(B3) All pairs of sample points (one from X (d) and another from Y (d)) are at a

distancel,, from ead other.

Now, somenotations are introduced. Let X ) = £ X ::::x g denotethe set
cortaining the k™ componert of X (d). Similarly, Y® is de ned. Let C{*' and c{¥
denotethe respective samplegealesicmeansof the k" componert (i.e., of X %) and
Y respectively). Let Cx and C, be the samplegeadesicmeans(in this section,they

arethe sameasthe regular Euclideanmeans,sincewe are studying data in Euclidean

In the following lemma we will study the distance of any new datum from C,. S
denotesthe m-simplex formed by X (d), while S,, denotesthe n-simplex formed by

Y ().
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Lemma 4.1.1. Let X(d); Y(d) be as de ned alove following the deterministic struc-
ture given by (B1)-(B3). Then

() The squaed distance between C, and a new point Xy (d) from the X population

is given by

2
PG Xn (@) = 20+ ) @4

(i) The squaed distance between C, and a new point Yy (d) fromthe Y population

is given by

PCaVu@) =1, 30 ) (45)

Proof. C, isthe meanof the m-simplexS,,. Without lossof generality, let the vertices

of the S, be given by

2

X, = Ql—é(o;l,o, ; 0)

Xm = Ql—i(o;---;o,l)

This implies
FCiXi(d) = ksl XK

- m 2
_ 5, 01
= 5(1 E) (4.6)
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hypotenuse being the edgeof length z (seeFig. 4.1). Therefore, by Pythagoras'

theorem, we have

d?(Cx; Z) d*(Xi;Z)  d*(Cy; X))
B 12 1
- 2 a ) 4.7)

If Z comesfrom the X population, z = I;. If Z comesfrom the Y population, z = |45.

This givesus the results (4.4) and (4.5) respectively. [

Note. When a newdatum Xy is consideredthe underlying geometryof the data
changes.In particular, we have a regular simplex Sy,+1 (with m + 1 vertices), which
hasthe commonpairwisedistancel;. Similarly, whena new datum Yy is considered,
the underlying geometricstructure is given by a regular simplex S, 1, with common

edgelength I,.

Figure 4.1: X (2) = fX1; X209, X1; X2 2 <2, Cy is the mean of X (2). Z 2 <2 is equidistant
from X1 and X,. Cy;Z; X form a right triangle with hypotenuseZX ;. Cy;Z; X do not
form a right angleal triangle. In fact, any point C; (6 Cx) which lies on the line segment
X1X, does not form a right angled triangle with X1 and Z. Consejuently Z is closestto
Cx amongall points on X 1X>.

Remark. Fig. 4.1 showsthat amongall points in the simplex given by X (2), Cy
(the mean), is closestto a point Z which is equidistart from the sample points in

X (2). This holdstrue in the d-dimensionalspace.
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The following lemmastatesresultssimilar to thoseof Lemma4.1.1. Herewe study

distancesfrom Cy, the meanof Y (d).

Lemma 4.1.2. Let X(d); Y (d) be as de ned alove following the deterministic struc-

ture given by (B1)-(B3). Then

() The squaed distane between Cy and a new point Xy (d) from the X population

is given by
dZC'X d =12 —Igl —1 4.8

(i) The squaed distance betwesn Cy and a new point Yy (d) from the Y population

is given by
2(C. U
F(Cyiu(d) = S+ ) (4.9)

Using the above two lemmas, we can calculate the distance betweenC, and C,.

The following corollary givesus the result.

Corollary 4.1.3. Let X (d); Y(d) be asde ned alovefollowing the deterministic struc-
ture given by (B1)-(B3). Then

2 1
21 =
5

2
(i C) = I, 5 Za b (4.10)

Proof. From Eq. (4.8), Cy is equidistart fro(rqn eadt of the vertices of the m-simplex

given by X (d) (the commondistancebeing 12, %(1 1)). Then, by Eq. (4.7),

the squareddistancebetweenCy and& 5 gi\éen by 12, %(1 %) %

(1 3). Note,

that herewe usedZ = C, and thereforez= 12, %(1 1). O

As a remark to Lemma4.1.1, we noted that if a point Z is equidistart from all

the verticesof Sy, then Cy is the point (amongall points in Sy,) which is closestto
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Z (seeFig. 4.1). Similar results are studied when there are two simplices(one given

by X (d), the other by Y(d)) in the following lemma.

Lemma 4.1.4. Let X(d); Y(d) be as de ned alove following the deterministic struc-
ture given by (B1)-(B3). Let C1(6 C,) ke any point in the m-simplexS;,, formed by
X (d). Then

() Each vertex of the S, (given by Y(d)) is at equal distance from C;. In other

words,

d(Cy;Yi(d)) = U=U(Cy);8i = 1;:::;n (4.12)

(i) The common distance U(C,) is larger than the common distanee between Cy
and any of the verticesof S,,. Or,

r
dCYi(d) = 12, g(l %)< U(C,):8i = 1:::::n (4.12)

Proof. Part(i). Fori = 1;:::;n, considerthe (m + 1)-hedronscreated by Y; and
vertices of X (d).The correspnding edgesof these(m + 1)-hedronsare of the same
length. In particular, there is the commonbaseconstituting the m-simplex (due to
X (d)). In addition, the distancefrom Y; to the verticesof X (d) arethe same(= 11,).
Therefore,the n (m + 1)-hedronsare congruen to ead other.

[Let us use Fig 4.2 as an example. Here X (3) = fX1;X,0;Y(3) = fYy;Y>q,
for X1;X2;Y1; Y, 2 <3, The 3-hedrons(here, triangles) Y:X X, and Y,X X, are
congruen with commonbasegiven by the simplex X 1X5.]

Consequetly, the anglebetweenthe line segmets joining any Y; and any X;, and
the simplexdueto X (d) arethe same.In particular, for any point C; (2 m-simplex),
\ YiX;Cy is samefor all i;j. (In Fig. 4.2,\ Y1X1C; = \ ViX2C1 = \ YoX,1Cy =
\ Y2X2Cy)

66



Figure 4.2: Diagram showingtwo data sets X (3) = fX1;X2g and Y(3) = fYq;Yog, for
X1:X2: Y1 Yo 2 <3, Cy is the mean of X (3). Note that triangles Y;X1C; and Y>X1C; are
congruent and therefore, d(C¢; Y1) = d(Cy; Y2).

Now, considerany two triangles Y;X;C; and Y,X;C;. They are congruen (since
(@) d(Y1; X1) = d(Ys; X1) = l1p, (b) C1X; is the commonedge,and (c) \ Y X,C; =
\ Y2X1C;). Therefore,d(Cy; Y1) = d(Cy;Y>) (being corresppnding edgesof congruen
triangles). SinceY; and Y, were arbitrary choicesfrom Y (d), the relation holds for
all the n samplepoints in Y (d). Consequetly, sincethe distancefrom C; to any of

n verticesonly depend on C,, we can write

Thus Eq. (4.11) is proved.

q 2
Part(i) . From Eq. (4.5), it has beenproved that d(Cy;Y) = 1% I71(1 =)

m

Note that ead of the Y;'s are equidistart from X (d). By Lemma4.1.1and a remark

following it, we know that C, is the point in the m-simplexwhich is closestto eadh of

thesetwo facts along with part(i) we have

r

d(C Yi(d) = 1% g(l %)< U(Cy); 8i=1:::n
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Remark. It can be also proved that ead vertex of S,, (given by X (d)) is at
equal distancefrom C,(6 &) 2 S,. Also, this distanceis greaterthan the common
distancefrom Cyto ead of the verticesof the m-simplex.

Corollary 4.1.3 givesthe distance betweenCy; Cy. The following theorem shows
that the solution of the MSVM algorithm (discussedearlier) is (Cy; &), when the
deterministic structure in the data holdstrue. We considerthe simplesituation, where
the two data sets X (d); Y (d) are separable. We also assumethat the permissible
candidatesfor the solution are restricted to the two simplices given by X (d) and
Y (d). Hall et al. (2005) pointed out that for Euclidean data, the SVM separating
hyperplaneis the perpendicular bisector of the nearestpoints of the two convex hulls
formed by the data sets X (d) and Y(d). From that point of view, restricting the
choice of optimum cortrol points for MSVM to the simplicesS,, and S,, seemdgo be

natural.

Theorem 4.1.5. Supmsethat X (d) and Y (d) are data setsasde ned alovefollowing
the deterministic structure givenby (B1)-(B3). Letthe data setsbe se@rable. In other
words, there exists a pair of control points (c;;¢ 1) suchthat H(c;;c ;) se@rates
them. Then, the pair of control points (restricted to the two respctive simplices)

which de ne the MSVM serating surface are the means Cy; C,.
Proof. Recall,the MSVM algorithm seartesfor a pair of cortrol points (e1; € ;) sudh
that

N
(e;€ 1) = argminfd®(c;;c 1) + -k yifd®(xi;c 1) d*(xi;c)g @

c1ic 12<d i=1

where is the penalty parameter for violating the constrains. Since, here we are

considering separabledata sets, and the candidate solutions are restricted to the
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simplices,the MSVM problem formulation reducesto

(e;e 1) = argmin d?(cy;c 1) (4.13)
C12Sm&cC 12Sp

Therefore, in order to prove the statemert of the theorem, it is sucient to prove

that

(Cx;Cy) = argmin  d*(ci;c 1) (4.14)

- C12Sm&cC 12Sh

In other words, it would be su cien t to prove that, of all pairs of points (one from the
m-simplexand the other from n-simplex) (Cy; &) is the pair which is closestto eat
other. Now, let C,(6 Cy) belongto S, and C,(6 &) belongto S,. Note that Cy
is equidistart from all the points in X (d) (by Lemma4.1.2). Therefore,by Lemma

4.1.4,we can sg that
d(Cy; Cy) < d(Cy; C) (4.15)

Again, note that C, is equidistart from all the points in Y (d). Therefore,By Lemma

4.1.4,we can sg that

d(Cy; C1) < d(Cz; Cy) (4.16)
Using Eq. (4.15) and (4.16) gives

d(Cy; Cy) < d(Cz; Cy)

This provesthe theorem. O

Remark. Theorem4.1.5impliesthat if thereis a deterministic structure (givenby

(B1)-(B3)) in the data, then the separatinghyperplanesgiven by the Mean Di erence
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method and the MSVM method are the same.

Though all calculations were done assumingconditions (B1)-(B3) holds exactly
true, we recall, in reality these conditions hold only in the limiting sense(in prob-
ability, asd! 1 ). In the next subsection,it is shavn that the MSVM solution

convergesto the Mean Di erence solutionasd! 1 .

4.1.2 Asymptotic Behavior of MSVM for Euclidean Data

First, we show that the solution of MSVM can be interpreted as an M-estimate

Then, the asymptotic behavior of MSVM is studiedasd! 1 .

Supposewe are interestedin a parameter related to the distribution of obsena-

tions X;:::;X,. A popular method of nding an estimator ~ o= '},(Xl;:::;xn) is

1
Mn( )= noom (Xi); (4.17)
i=1
where m is a known function. The estimator which maximizes M,( ) over the
parameterspace is called an M-estimator (Huber, 1981;Hampel et al., 1986). For
example,a very frequertly usedM-estimator is the Maximum Likelihood Estimator

(MLE) wherethe m 's are the loglikelihood functions.

'?, of 2 < canbede ned asa sequencesuc that

n X
hn=argmax f (xi %0 (4.18)
2<

i=1

In the asymptotic study of MSVM, we recall that the choiceof cortrol points have

beenrestricted to cornvex combinations of the data. In other words, any candidate

70



solution (cd; c¢? ;) can be written as

o
¢ = Xi(d); and
i=1
¢!y = Yi(d); (4.19)
i=1
where[ ; ]2 , and
xo X
=f_, i ;2[01]and P = i = 10 (4.20)
i=1 i=1

Note: For xed samplesizesm and n, the dimensionof the vectors _ and do

not changewith d. Throughout our discussion,_ is of dimensionm, while is of

dimensionn.

Therefore, for the separablecase,the optimal solution (¢£; & ;) of MSVM can be

written as

xXn

~X;(d); and

i=1

¢

e,

RAC) (4.21)

i=1
where [:d;:d] 2 issud that d?,(ef; € ;) is minimum amongall choicesof (c{; c?,)

de ned in (4.19).

: . d, .
Note: Here we usethe superscript d to indicate that the values of [;d;: ] will
depend on the dimensiond. Again, we note that the dimensionsof the vectors ¢

and _d remain m and n throughout.

Now, using (4.19), and recalling that X ®¥) 2 < is the k'™ componert of a d-

71



dimensionalvector X (d) 2 <9, we can write

2 (~din dy — 42 X NG X V.
d<d(C1,C1) = d<d( |X|(d)1 |Y|(d))
i=1 i=1
X
- a2 x® Yy (4.22)
k=1 i=1 i=1

Writing @ = [~% ], we cansay ® 2 is a sequenceof M-estimates, sinceit

maximizesa function My(_) given by

1
adid (Cld; C 1d)

1 xd X0 X
= g €O XX

k=1 i=1 i=1

Mg()

1 xd
F m (X ®);y®); (4.23)
k=1

where,

A k X k
mX®©:;y®y= ¢ x®; v®) (4.24)

i=1 i=1

and X ®):Y® gre the collections of the k™ componerts of the data X (d); Y (d) re-

spectively.
Lemma 4.1.6. Letm (; ) beasde nedin (4.24). Let the following conditions hold:

(1) For a constant

Xd k
var(Xi( )) I 2% foralli=1:::;m (4.25)

k=1
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(2) For a constant

1 X 0) 2 -
d var(Y;") ! ; forallj = 1;:::;n (4.26)
k=1

Then m (X ®;Y®) is dominated by an integrable function for all k.
The proof is givenin Section4.4.

Lemma 4.1.7. Supmsethat X (d) and Y(d) are data setsas de ned alove following
the deterministic structure given by (A1)-(A3). Let M4(_) be as de ned in (4.23).

Then, we have

Ma() T M(); (4.27)

asd! 1, whee

— 2 I% X 2 l% X 2\1-
MO = [I% 5(1 0 5(1 Ol; (4.28)
i=1 i=1
forall 2

The proof is given in Section4.4. We note that M (_) is maximizedby _= ;=
i L2 Iy in other words, the distance betweenany two corvex conmbina-

tions (one from the X (d), another from Y (d)) is minimum when the correspnding
points arethe means.Recall,that in Theorem4.1.5,we have provedthis fact following
a geometricargumert also.

In the following theorem, it is shown that the sequencef estimates™ 2 , de ned
in 4.23, corvergesin probability to o = (F;:::;%;5;:::;8), asd ! 1. In other
words, the MSVM solution asymptotically behareslike the Mean Di erence method

asdimensionincreases.
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Theorem 4.1.8. Let X(d) and Y (d) be sem@rable data sets such that the following

conditions hold:

(1) Asd! 1, the data has an asymptotic deterministic structure given by the

conditions (A1)-(A3).

(2) Conditions given by Eq. (4.25) and (4.26) are true.

Let @ = [~9; 7] be the sequene of estimateswhich de nes the MSVM solution ( as

de ned alovein (4.21)). Then,
i =), (4.29)

asd! 1.

The proof is given in Section 4.4. The above theorem states that under the
conditionsin which the data asymptotically lie in the EuclideanHDLSS deterministic
geometricstructure, the solution of the MSVM algorithm asymptotically behaveslike
the Mean Di erence method. This is not a purely new obsenation. Hall et al. (2005)
shovedthe equivalenceof seweral classi cation methods whenthe dimensionincreases
and the data tends to follow a deterministic pattern. They have pointed out that
Euclidean SVM is equivalernt to the Mean Di erence method whenthe deterministic
structure holds. In this discussion,Theorem4.1.8studiesthe samephenomenorfrom
the viewpoint of control points. This approad will be useful when the asymptotic
behavior of the MSVM methaod is studied in the manifold setup. Seenext sectionfor

details.
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4.2 Geometric Representation of Manifold HDLSS

Data

In the previous subsection,we studied the asymptotic behavior (asd! 1) of
MSVM in the Euclidean caseusing the geometric structure in Euclidean HDLSS
data. Here, we rst study the geometry of manifold HDLSS data and then study
someasymptotic properties of MSVM whendata lie on a manifold. In particular, we

will considerdata, the componerts of which are lying in S2.

First, we recall somenotational corvertions. We denote the gealesic distance
between two points X M: X @ 2 S2 py ds:(X ;X @), The distance between two
points X 1(d); X »(d) 2 (S?)¢ is denoted by ds2(X1(d); X 2(d)). In short, the gealesic
distancede ned on S? is denotedby ds:( ; ), while the gealesicdistancede ned on
(S?)¢ is denoted by ds2(; ). The relation betweenthesetwo distance measuresis
given by

xd

A2 (Xa(d); Xo(d)) = (X {5 X $; (4.30)
k=1

Now, we state someresults which will be usedin our discussion.

Lemma 4.2.1. (1) LetZ4 be a seguene of i.i.d. randomyvariableswith EZ3 = 2

andEZ}= 2<1. Then

—p=—= ¥ Op(d 2): (4.31)
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(2) Letl beaconstant. If Z,4 is a sequene of randomvariablessuchthat the relation

pz% = |+ 0Op(d 2) (4.32)
holds, then the following is true:

Zg -2 1y.

o =17+ 0p(d 2): (4.33)

(3) If Z4 is a sequene of random variables such that relation (4.33) holds, then

relation (4.32) holdstrue.

The proof is givenin Section4.4.

The following lemma studies someasymptotic properties of pairwise distancesof
data 2 (S?)% asd! 1 . Werestrict our analysisto the casewherethe ertries X (V's
in X (d) arei.i.d random variables. Similarly, Y (0's are assumecto bei.i.d. random

variables.

as de ned alove. Moreover, assumethat the entries of the vectors in X;(d)'s and
Y,(d)'s are ii.d. Dene 12 = EdZ,(X?;x{), 12 = EdZ(Y/;Y ) and 13, =

Ed2, (X ik) ; Yl(k)). Then, the following resultshold:

() The saled geodesicdistance between any two points in X (d) is given by

dea(X1(d); Xo(@)= = 11+ Op(d £): (4.34)

(i) The saled gendesicdistance between any two points in Y (d) is given by

dee (Ya(d); Ya(@)= 4= I+ Oy(d b: (4.35)
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(i) The saled gendesic distance between any two points (one from X (d), another

from Y (d)) is givenby

dse (X(d); Ya(d))= A= o+ Op(dl ) (4.36)

The proof of the lemmais givenin Section4.4.

Lemmad4.2.2statesthat under the given conditions, the gealesicdistance(scaled
by P d) between pairs of points from X (d) (or, Y(d)) is asymptotically a constart,
which equalsl; (or, 1;). Moreover, the scaledpairwise distance betweenone point in
X (d) and onefrom Y (d) is alsoasymptotically a constart (= |1,). This impliesthat a
deterministic structure, similar to that in the Euclideancase(Hall et al., 2005), also
existswhen data lie on (S?)9 asd! 1 .

We will approad the analysisof the asymptotic behavior of MSVM by studying
the structure of the data on tangert planesat particular points on the manifold. We
dewelop the theory in the following discussion.Givena point p 2 S?, and the tangert
plane T, at p, we will denoteby dr,(X;Y) the Euclidean distance betweenLog,(X)
and Log,(Y) 2 T,.

In general,
ds2(X;Y) 6 dr (X;Y): (4.37)

Equality holdstrue whenp= X orY.

Though it is pointed out that equality in Eq. (4.37) doesnot hold in general,we

can write
& (X;Y) = d&(X;Y)+ (mX;Y); (4.38)

where (p;X;Y) is the error committed in approximating the squareddistanceon T,
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by the squareddistanceon S2. Note that (p;X;Y) is a function of p;X;Y 2 S2.
We recall somenotations. X® = §X{:::::x g denotesthe set cortaining

the k! componert of X (d). Similarly, Y® is de ned. Let C{ and C{* denote

the respective sample geadesic meansof the k™ componernt (i.e., of X% and Y &)

respectively). Let C, and C bethe samplegealesicmeansof X (d); Y (d) respectively.

The following lemma describesa set of conditions under which the deterministic

structure existsin the tangert planesTc, and Tc, .

as de ned alove. Let the de nitions of Lemma 4.2.2 hold. De ne the following

guantities:

Eyxwo (CHx 10y x Iy,

lxoi1
lxo2 = Exw .y (Cﬁk)in(k);Yz(k)),
ko2 = Exco.ym ({9 x My,
lyor = Exwy (Cy(/k)ixik);xék)),

Evw (C§k);Y1(k);Y2(k)) and

Iy0:2
lyo:i2 = Exwoym (Cf/k);Xik);Yl(k)), for all k.
The following relations hold:

() On the tangentplane Tc,, the saled distance between any two points in X (d)

is given by

A 1
re, (Xo(A): X ()= A= 12+ hon + Op(d 1); (4.39)
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(i) On the tangent plane Tc,, the saled distance between any two points in Y (d)

is given by

N J— 1
e, (V2 Yald)= A= 13+ Lo + Op(d b); (4.40)

(iii) On the tangentplane Tc, , the saled distance between any two points (one from
X (d), anotherfrom Y (d)) is givenby
p_ d PO 1
dT&(Xl(d);Yl(d)): d= 15+ ko1 + Op(d 2); (4.412)

(iv) On the tangent plane T¢,, the saled distanee between any two points in X (d)
is given by
po_ 4o ,
dh(Xl(d),Xz(d))z d= I% + |y0:1 + Op(d ?)’ (442)

(v) On the tangent plane T, the saled distance between any two points in Y (d)
is given by
p- 9—— 1
dr, (Ya(d); Ya(d))= d= 15+ lyo2 + Op(d 2); (4.43)

(vi) On the tangentplane T, , the saled distance between any two points (one from
X (d), another from Y (d)) is given by
p. 49— 1
dre, (Xa(d);Ya(d)= d= 1%+ lyo12 + Op(d 2): (4.44)

The proof is givenin Section4.4.
Lemma 4.2.3 shavs that on the tangert planesat C, and C, there exists a

deterministic relation betweendata, similar to the Euclideancase(Hall et al., 2005).
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On the tangert plane at C,, we will call the simplex formed by X (d) and Y(d) as
Smic, and Syc, respectively. Similarly, the simplicesat Te, will be called Smicy and

Shic, respectively.

Now, let us concertrate on the tangert plane at C,. From results (i)-(iii) in the
previous lemma, we can concludethat the mean of the m-simplex Sy.c, on Tc, is
nearestto every point on the n-simplexS,c, . Note, hereC, is the meanof the points
iN Smc, 2 Tc,. This impliesthat, on Tc,, Cx is the point (amongall other points in
Sm:c,) Which is closestto all points in S,.c, (by Lemma4.1.4). In addition, Lemma
4.1.1givesthe scaleddistanceof C, from any vertex X; 2 Syc, andY; 2 S;c,. The
relations are given below:

r

O, CoXi(@)= @ = S(F+he)d 2)+Oyd Hand, (445
o s
p_ 2, (Xi(d)Yi(d) B (CuiXi(d)
dr., (Co V()= d = == T
r
P , 1, 1 1
) dT&(Qij(d)): d = |12+ Ix0:12 E(Il + Ixo1 )(1 E) + Op(d 2);
(4.46)
foralli=1;:::;mandj = 1;:::;n. This implies

r
dg(g;xi(d)):ph %(I§+ lxo1 )(1 %) + Op(d %) and, (4.47)
r
. p- R 1, 1 L
dg(&, Yj (d)): d = |12 + Ix0:12 é(ll + IxO:l )(1 E) + Op(d 2)- (4'48)

Similarly, the scaleddistance of Cy from any point Y; 2 Y (d) is given by

r
p_
ds2(Cy: Y ()= d =

S0+ oo )@ )+ Op(d ) (4.49)
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and the scaleddistanceof C, from any point X; 2 X (d) is given by

r
P - 1 1 1
ds2(Cy; Xi(d)= d= 1%+ lyo1o é('% + lyo2 )(1 ﬁ) + Op(d 2);  (4.50)

Equation (4.48) states that on (S?)9, the distance betweenC, and any Y;(d) 2
Y (d) is asymptotically a constart. Equation (4.50) statesthat on (S?)¢, the distance
between& and any X;(d) 2 X (d) is also asymptotically a constart. Now, using
equation (4.38), we can write

dZ

f o (CYY) = (V) + (CiCl V)
y

xd
df,, (CaYa(d) = dBa(CaYa(d) + (CR;C; YY) (4.51)
T k=1

Limit Theorem, the following result holds:

1Xd (k). ~(K) - v (K) L
d (Cy7: G5 Y1) = lyoxoz + Op(d 2): (4.52)
k=1

Using equations(4.48), (4.51), (4.52) and Lemma4.2.1,we have
2 . —A— |2 1.5 1 1y.
dTLy(Q’ Yi(d))=d= 11, + lx012 é(ll + lxo1 ) E) + lyoxo2 + Op(d 2):(4.53)

The above equation, along with equation (4.49) statesthat on the tangert plane at
Cy, the points of Y(d) form a regular simplex S,c, (with their mean as &). In

addition, the geadesicmean C, (of X (d)) is equidistart (w.r.t. dTCy) to ead of the
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verticesof S,c,. Therefore,we can usethe Euclideanresults proved in the previous
subsection. In particular, we obsene that on the tangert plane Tc,, Loge, (Cy) is
normal to Sy, .

An important consequencef the normality of Logc, (Cx) to Sic, is the fact that
of all points 2 Sc,, the gemlesicmean& is the closestto C, (by Lemma4.1.1and

4.1.4). In other words,

C, = argmind?_ (v; Cy) (4.54)
T V2Snic, A
Similar analysison the tangert planeat C, will prove that of all points 2 Sy, c,,

the gealesicmeanC, is the closestto C,. In other words,

Cy = argmind?_ (v; Cy) (4.55)

V2Sme - T
The above two results will now be usedto prove that among restricted pairs of
points (c;; ¢ 1), the pair given by the gealesicmeans(Cy; &) are closest(w.r.t. the
gedalesicdistance) to eat other. In particular, for c;, the restricted set is taken to
be the image (via Exp) of the corvex hull of the Logc Xi(d)'s. There is a similar

restricted setfor ¢ ;. The setsare de ned asfollows:

xn xXn
Ec, (X(d)) = fp2 (S9)?:p= Expc,( iLoge, (Xi(d)); 0 i = 19(4.56)

i=1
X0
Ee, (Y(d) = fp2 (89 :p= Bxpe,( iLoge, (Yi(d)); i 0; = 1g(4.57)

i=1 i=1

This represemation of cortrol points o ers a corveniert extension of the idea of a
convex hull for manifold data. It allowsusto useEuclideanresultson tangert planes
at C, and Cy, aswill be seenin the following discussion.

The following proposition statesthe results.
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Prop osition 4.2.4. Let X(d);Y(d) be as de ned before suchthat the conditions of
Lemma4.2.2 hold. Let the setskc, (X (d)) and Eciy(Y(d)) be asde ned in EqQ. (4.56)
and (4.57) . Assumethat the data X (d) [ Y(d) belongto a smal neighlmrhood.

(i) Amongall points in Ec, (X (d)), Cx is closestto Cy. In other words

Cx = argmin d%(c; Cy): (4.58)
G2Ec, (X(d)

(i) Amongall points in Ec, (Y (d)), Cy is closestto C. In other words

Cy = argmin d2.(c 1;Cy): (4.59)
T ca2Ecy(Y(d) o

Proof. Part(i). Wenotethat onTc,, the projection of the setEc, (X (d)) (denotedby

Logc, Ec, (X (d))) is the convex hull of the Logc, (Xi)'s. Therefore, by construction,
LOQQEQ(X (d)) = Smc,

Since kg, (X (d)) is the restricted setin which ¢; can lie, note that the allowable set
of points in T¢, is given by Sy.c,. Therefore,to prove that C, is a critical point of
the function déz(cl;&), we will have to shaw that the directional derivative (along
any direction in Syc,) of dgi(cl;&) is equalto zero.

The directional derivative of a function f (u) along a given direction v is given by
Df (u) = r of (W; (4.60)

wherer ,f (u) is the derivative of f (u) w.r.t. u.

When data lies in a small (convex) neighborhood, we have

r odg(c;Z) = 2Log(Z) (4.61)
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Now, let us considera direction v 2 Syc,. Letc= C; and Z = C, in equation
(4.61).
Therefore, using (4.60) and (4.61), we have the directional derivative (along any

direction in Sp.c,) of the function dZ;(c;C,) at c= Cy as

Dy (C:Cy)je=c, 2Log, (C))V

= O (4.62)

since, we have earlier shovn that Logcix(&) is normal to Syc,, and henceto all
V2 Smc,-
This provesthat C, is a critical point. Howewer, under the sameassumption of
data lying in a su cien tly small neighborhood, we can say that C, is the minimizer.
Part(ii). The proof follows similar logic asin part (i). Consideringthe tangert
plane Tc, at Cy, we have to note that Logc Ec,(Y(d)) = Syc, and Loge, (Cy) is

normal to Sy, . O

The next set of results study the deterministic structure on the tangert planes
at any point in Ec, (X (d)) or Ec,(Y(d)). For notational corvenience,any point in
Ec, (X (d)) is denotedby C, , while a point in Eciy(Y(d)) is denoted by G .

as de ned alove. Let the de nitions of Lemma 4.2.2 hold. De ne the following

guantities:

= Eya (G x 0 x {0y,

—
.
|

k k k
lx: 2 = Exwoym (C>(< );Yl( );YZ( )),
k k k
lx: 12 = Exooym (C>(< );Xi );Yl( )),
k k k
ly 1 = Exwoyeo (€M, x 9, x {9,
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ly 2 = Eyw (C)(/k);Yl(k);Yz(k)) and

ly 12 = Exoyeo (CF; X195 v, for all k.

The following resultshold:

(i) On the tangentplane T¢, , the saled distance between any two points in X (d)

(ii)

(iii)

(iv)

is given by
p_ 4o 1
dro, (Xa(d);Xo(d)= d= 17+ 1 a4 + Op(d 2); (4.63)

On the tangentplane T¢, , the salad distana between any two points in Y (d)
is given by
p. 9—— )
chix(Yl(d),Yz(d))Z d= |% + |X: 2 + Op(d E), (464)

On the tangentplaneT¢, , the salad distanae betwesn any two points (one from
X (d), anotherfrom Y (d)) is givenby
p. 49— 1
dre, (X1(d);Yo(d))= d = 12, + Iy 12 + Op(d 2); (4.65)

On the tangent plane Tc, , the saled distance between any two points in X (d)

is given by

R — 1
dro (Xa(d)iXo(@)= d= B+ 1, 4 +Oxd 5); (4.66)

(v) On the tangentplane Tc, , the s@led distance between any two points in Y (d)

is given by

R 1
dr. (Ya(d): Ya(d))= d = 241, 5 + Op(d 2); (4.67)
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(vi) On thetangentplaneTc, , the saled distanee between any two points (one from

X (d), another from Y (d)) is given by

N 1
re, (Xa(@;Ya(@)= d= [+ 1y 1z + Op(d ) (4.68)

The proof is givenin Section4.4.
The next proposition extendsthe results of Proposition 4.2.4to any pair of points

from Ec, (X (d)) and E&(Y(d)).

Prop osition 4.2.6. Let X (d);Y(d) be as de ned before suchthat the conditions of
Lemma4.2.2 hold. Let the setskc, (X (d)) and Eciy(Y(d)) be asde ned in EqQ. (4.56)
and (4.57) . Assumethat the data X (d) [ Y(d) belongto a smal neighlmrhood.

() Amongall points in Ec, (X (d)), Cy is closestto any Cy 2 E&(Y(d)). In
other words

Cy= argmin d23:(Cx ;Cy ): (4.69)

Cx 2Ec, (X () —

(i) Among all points in Eci(Y(d)), Cy is closestto any C, 2 Ec, (X(d)). In
other words

Cy= argmin d3.(Cx ;Cy ): (4.70)

—  Cy 2Ec, (Y(d) —

The proof usessimilar argumernts asin Proposition 4.2.4and is given in Section
4.4.

The following proposition states that under the deterministic conditions, the
MSVM method (when the choice of the cortrol points (c;;c 1) is restricted to the
setskc, (X (d)) and Eg, (Y (d)) respectively) is equivalert to the GMD method.
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Prop osition 4.2.7. Supmsethat X (d) and Y (d) are data setsas de ned alove fol-
lowing the deterministic structure discussd alove. Let the data setsbe se@rable. In
other words, there exists a pair of control points (c;;c ;) suchthat H(ci;c 1) sep-
arates them. Then, the pair of control points (restricted to the sets Ec, (X (d)) and
Eciy(Y(d)) resyectively) which de ne the MSVM seprating surface are the gendesic
means Cy; Cy. In other words, MSVM is equivalentto GMD under the stated condi-

tions.

Proof. Recallthe MSVM algorithm seartesfor a pair of cortrol points (er; € 1) such

that

X
(er;e 1) = argmin fd.(c;c 1) + — k yifdd(xi;c 1) di(xi;c)g g
ciic 12(S%)4 n i=1 o T +

(4.71)

where is the penalty parameter for violating the constrains. Since, here we are
consideringseparabledata sets,and the candidate solutions are restricted to the sets

Ec, (X (d)) and Eg, (Y (d)) respectively, the MSVM problem formulation reducesto

€€ 1) = argmin d2,(ci;c 4 4.72
g S
C1 ZEcix(X (d))& Cc 12Eciy(Y(d)) o

Therefore,in order to prove the statemert of the proposition, it is su cient to prove

that

(Cx;Cy) = argmin d3.(cy; ¢ 1) (4.73)
' a2Ee, (X(d)& ¢ 12Ec, (Y(d)

In other words, it would be su cien t to prove that, of all pairs of points (one from the
Ec, (X (d)) and the other from E&(Y(d))), (Cx &) is the pair which is closestto eat
other. Now, let C;(6 Cy) belongto Ec, (X (d)) and Cy(6 &) belongto E&(Y(d)).
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By Proposition 4.2.6,we can sa that

62:(Cyi Cy) < dZ:(Cy: Ca) (4.74)
Again, note that C, 2 Ec, (Y (d)). Therefore,by Proposition 4.2.6,

d32(Cy; C1) < d%:(C2; Ca) (4.75)
Using Eq. (4.74) and (4.75) gives

ds2(Cx; Cy) < dg2(C2; Cy)

This provesthe proposition. [

Proposition 4.2.7 shavs that whenthe deterministic geometricstructure existsin

the data, the MSVM solution and the GMD solutions are the same.

4.2.1 Asymptotic Behavior of MSVM for Manifold Data

In this subsection,it is shavn that the MSVM solution asymptotically behaveslike
the GMD solution as data tend to follow the deterministic structure with increasing
dimension. We proceedin a way similar to Section 4.1.2, where we interpret the

MSVM solution as a sequenceof estimatesasthe dimensiond! 1 .

Recall, that the choice of cortrol points hasbeenrestricted to the setskc, (X (d))
and E&(Y(d)). Therefore,similar to the Euclideancasewe canrepresen the cortrol
points with the vector _= [ ; ], usingthe de nition of Ec, (X (d)) and Eciy(Y(d)). In

other words, any candidate solution (c§; c?,) can be written as

xn
C‘]j- = Expcix( .LOgcix(X i (d))) ; and

i=1
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d

X
C1 = Expe,( iLoge (Yi(d)); (4.76)

i=1
where[ ; ]2 , and

X X
=f_; : i 2[01and = = 1g (4.77)

i=1 i=1

Note: For xed samplesizesm and n, the dimension of the vectors _ and do

not changewith d. Throughout our discussion,_ is of dimensionm, while is of

dimensionn.

Therefore, for the separablecase,the optimal solution (¢f; &/ ;) of MSVM can be

written as

x
Expc, ( “udLOQCix(X i(d))); and

i=1

Expe, (T Loge, (%(0); (4.78)

i=1

<R
1

(o1
]

where [:d;:d] 2 issud that d3,(ef;¢,) is minimum amongall choicesof (cf; c?,)
de ned in (4.76).

Note: Here, we usethe superscript d to indicate that the valuesof [;d;:d] will
depend on the dimensiond. Again, we note that the dimensionsof the vectors ¢

and _d remain m and n throughout.

Now, using (4.76), and recalling that X ) 2 S? js the k™ componert of X (d) 2

(S?)9, we can write

xn X
dg2(Expe, ( iLoge, (Xi(d)));Expe, (- iLoge, (Yi(d))
i=1 i=1
X 2 X (k) X (k)
ds2 (Exp g0 (_ iL0ge o (X)) EXpego (_ iLogego (Vi)

k=1 i=1 i=1

déi(cld; c 1%

(4.79)
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Writing @ = [~% ], we cansay ® 2  is a sequenceof M-estimates, sinceit

maximizesthe function M4(_) given by

1
Ma() = adéz((hdic 1%)
xd xn X
_ 1 2 ONY (k)
=g ds2 (Exp o ( 1L0ge o (X)) EXpego ( iLoge g0 (Yi™)))
k=1 i=1 i=1
= Exd m (X ®;y®); (4.80)
d _ ] 1 .
k=1
where,
(k) - v (k) 2 X (k) X (k)
m_(XT5Y®) = dsa (Exppo( iL0ge o (X)) Expego (- iLogego (Vi)
i=1 i=1
(4.81)

and X ;Y& are the collections of the k™ componerts of the data X (d); Y (d) re-

spectively.

Lemma 4.2.8. Supmsethat X (d) and Y (d) are data setssuchthat the conditions of
Lemmad4.2.2 hold. Let My4(_) be asde ned in (4.80). Then, we have

Ma() T M(); (4.82)
asd! 1, whee
1 X
M() = [12,+ Ix: 12 é(li"' . 1)@ 2) +
. o i=1
tlywz S0E+l2)@ ) (4.83)

for all _, wheel, 5 2 = Eyxw.yw (CI;CL; YY),
The proof is given in Section4.4.
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We note that M () is maximizedby = o= (&;::1; ;3005 2) (proved in
Proposition 4.2.7), under the condition that data lie in a small neighborhood. In
other words, the geadesic distance between any two points (one from Ec, (X (d)),
another from Ec, (Y (d))) is minimum whenthe correspnding points are the gealesic
means.

The following proposition statesthat the sequencef estimates™@ 2 |, de ned in
4.78, corvergesin probability to _,, asd! 1 . In other words, the MSVM solution

beharesasymptotically like the GMD method asthe dimensionincreases.

Prop osition 4.2.9. Supmsethat X (d) and Y (d) are data sets such that the con-
ditions of Lemma4.2.2 hold. Let @ = [~9; ~9] be the sequene of estimators which
de nes the MSVM solution ( as de ned alovein (4.78)). If the data lie in a smal

neighlmrhood, then
i =) (4.84)

asd! 1.

The proof is given in Section4.4.

By Proposition 4.2.9,we note that whentheretendsto be a deterministic structure
(seeLemma 4.2.2) in the data lying in (S?)¢ with increasingdimension,the MSVM
solution asymptotically behaveslike the GMD solution. This is an extensionof the
analysis of the asymptotic behavior of MSVM in the Euclidean case(see Theorem

4.1.8) for manifold data.

4.3 Summary

In this chapter, we studied the asymptotic behavior the MSVM method for both
Euclidean data (Section 4.1) and data in (S?)? (Section 4.2). We obsened that the

MSVM solution behaveslike the GMD solution with increasingdimensionwhen data
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tend to follow the HDLSS deterministic pattern. Hall et al. (2005) has shavn that
methods sudh as DWD, Nearest Neighbor Classi er have similar behavior for Eu-
clideandata. In particular, they shoved that all methods asymptotically behave like
the Mean Di erence method. In order to draw similar conclusionsfor manifold data,
we also needto study the asymptotic properties of MDWD and Nearest Neighbor

Classi er for manifolds. This is an interesting areaof future researt.

4.4 Technical Detalils

Pro of of Lemma 4.1.6. Using Jensen'sinequality, and noting that O i 1,
we can write
: k K)\: 2 (k) X (k)
jm (X, y®y = 2 X YY)
i=1 i=1
xXn
- ( |Xi(k) |Yi(k))2
i=1 i=1
xn xXo
2 XM+ )y
i=1 i=1
xn xXo
2l XM+ (v
i=1 i=1
(k)y2 X (k)y2
2[ X7+ ()] (4.85)
i=1 i=1

Conditions given by (4.25) and (4.26) imply that E(X )% E(Y,")? < 1 for all k

for all k and this completesthe proof. O

Pro of of Lemma 4.1.7. Without lossof generality, by appealingto the asymptotic
behavior of the pairwise distancesbetweenpoints (as given by (A1)-(A3)), the data

can be represeted as

Xlzpa = |s|~1—§(1;0;:::;0)
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Xo= = p—i(O;lo 0)
p_
Xm= = él—é(o;:::;o;l;o;:::;::::)
and
p- l
Y1= = p—é(o; 0;1;0; 0)+
P l,
Yo= = p—é(O;:::;O;O;l;O;:::;O)+_
p- P
Yn: d = p_—(oa 10101 ’Oi 1i01 10)+ 0
where = (1;:::;1,0;:::;0). Noting that is sud that d<d(X1;Y1)=pa I Py,
we have
2_ 2_ _p_ 2 — 12 .
17=2+ 15=2+ (I1 12)= 2+ “(m+n)=1%: (4.86)

Using this represetation, for any _2  we have

xn p_ l1
Xi(d)= d = 93_( 1000 m0;:::;0); and
i=1
X0 p— [
Y@= d = pS(0:50 i w0 0)E (4.87)

i=1

wherethe relations hold asymptotically. Using Equations (4.86) and (4.87), we have

1 xn x
Mq() = adid( i Xi(d); iYi(d))
i=1 i=1
xn xn
1P (I1 i=pE )%+ (I2 j:pé"' )2
i=1 =]
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1
—
S
N

= M(): (4.88)

This completesthe proof. [
The following is a theoremwhich will be usedto prove Theorem4.1.8.

Theorem 4.4.1 (Theoremb5.7 of van der Vaart (1998)). Let M4 be randomfunctions

and let M be a xed function of _ suchthat for every > 0

supiMa()) MQj T 0O (4.89)
2
sup M) < M(y):; (4.90)

_d(L_o)

. d .
Then any sequene of estimators” with

M) Ma(o)  op(D) (4.91)

convergesin prokability to _,.

The above theoremgivesus a setof conditionsunder which a sequencef estimates

convergeto a particular value.

Pro of of Theorem 4.1.8. We shall verify that the conditions of Theorem 4.4.1
holds true. First, it should be noted that o = (&;:::;2;3;:::;2) is the unique
minimizer of M (_) (de ned in Eqg. (4.28)). Therefore, we have the condition (4.90)
is satis ed.

The condition (4.91) ensureghat ~¥'s nearly maximizethe My's. By de nition of
= [~ ™ in Eq. (4.21), we have that satis ed.

A sucient set of conditions for Eq. (4.89) to hold true is given belowv (van der

Vaart (1998)):
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(@) is compact.
(b) m <™ "7l < s cortinuous.
(c) m_is dominated by an integrable function.

Wenotethat =f_; : ;; ;2 [0 1]andP M= i ", i = 1g. Therefore,
is compactand thus (a) holds. Sincem is a quadratic polynomial, it is cortinuous,
and thus (b) holds. By Lemma4.1.6, we have condition (c) satis ed.

All conditions for Theorem 4.4.1 has beenveried and hence™@ ! P . This

completesthe proof. O

Pro of of Lemma 4.2.1.

Part (1). Giventhe conditions,the Central Limit Theoremcanbe appliedto the sequence

of variablesZ 2. This implies

1
pd(% Z2 =15 N(0;1)

i=1

asd! 1,where 2= 2 4 Therefore, using the Delta method we can

write,

id=1 Z?2 )=:;s N(;1)asd! 1;

or, 2 d( 1 L,z2 )=1=0,()
P d 72 1
or, —h—= + Op(d 2):

Hence,relation (4.31) holds.
Part (2). It is giventhat Z4 is a sequenceof random variablessud that

g

== | + Op(d 2):
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This implies

Z2=12d+ Oy(1)* + 2|paop(1)
2
) % = 12+ Oy(d 1) + 20,(d ?)
2
) %=| + Op(d ?):

Hence,relation (4.33) holds.

Part (3). It is giventhat the relation (4.33) holds. This implies

5% = |2pa+op(1)
or,dzl—j4 = 12 g+ Op(1)g?
= 1d™+ 5 jl_4op() 8|333_40,0(1)
or,g% = I+ 2|dllep(1) 8I13dop(l)
= 1+ 0Oy(d ?):

Hence,relation (4.32) holds.

]

Pro of of Lemma 4.2.2. Lemma4.2.1is usedto prove the statemerts of the three
parts.

For part (i), Zx is substituted by dg2(X ik);xék)) and by I;. We note that the
nite fourth momert condition is satis ed sincejdsz( ; )j . Therefore using part

(1) of the lemmaand the relation (4.30) givesus

9P 62, (X 1 X 9
S H S = i+ 0d )
s d
d2, (X 1(d): X »(d 1
or, g( 1(d) 2(d)) = 1+ 0y(d %)

96



or, dg(Xl(d);Xz(d)):pa = 11+ Op(d %)

This provespart (i).
For part (ii), Zk is substituted by ds2 (Yl(k);Yz(k)) and by I,.

For part (iii), Z is substituted by ds2(X f‘); Yz(k)) and by lq,. [

Pro of of Lemma 4.2.3. Lemma4.2.1is usedto provethe statemeris of this lemma.
For part (), Z is substituted by dr ,, (X{9;X{”) in part (1) of Lemma4.2.1.
CX

Therefore, using (4.38)

2 = EZ?
= Exwd; (k)(Xik)ixék))
Cx
= Exwd(X{7:X{9) + Exeo (C;X {7 X5

2 .
- |1+ IxO:l .

Now, using part (1) of Lemma4.2.1we have,

P
L& L0EXE) g
'r'x)a = I% + IxO:l + Op(d E)
S
df. (Xa(d); Xo(d)) 49— N
or, — d = |;|_ + IxO:l + Op(d 2)
P 49— 1
or, dr,, (Xa(d); Xo(d)= d = [§+ lxo1 + Op(d ?)
This provespart (i).
Parts (ii)-(vi) can be proved using similar argumerts. m

Pro of of Lemma 4.2.5. Lemma4.2.1lis usedto provethe statemerns of this lemma.

For part (i), Zx is substituted by dt (k)(Xik);Xék)) in part (1) of Lemma4.2.1.
Cx
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Therefore, using (4.38)

> = EZ
k). k
= Ex(k)di(k)(XP,Xé))

= ExwodZ(X{ X8 + Exw (CR;x {95 x59)

2 .
- |1+IX:1'

Now, using part (1) of Lemma4.2.1we have,

r
|_J
L, XX |
S
df. (Xa(d); X2(d)) 9 N
or, — d = |1 + Ix 1t Op(d 2)
P- 9 ——- 1
or, dr., (X1(d); X2(d))= d = 12+ 1.1 + Op(d 2)
This provespart (i).
Parts (ii)-(vi) can be proved using similar argumerts. [

Pro of of Prop osition 4.2.6. Using the resultsin Lemma 4.2.5, and the resulting

geometricrepresemation of the data (seethe proof of Lemma4.1.7), we have

Y
. P P 2 1 2 X 2 i
dre, (CiYa(@)= d = Ulgt b S0+ 1o 1) ) + Op(d ?)
i=1
v
u
. . P P 2 1., X 2 i
or;ds2(Cx ;Ya(d))= d = £+ Ix 12 §(|1+ . 1)@ )+ Op(d 2)
i=1
Therefore,we have
v
P lﬁ 1 X )
dT&(CL, Yi(d))= d = |%2+ lx: 12 é(li"' . 1)@ |2) + IyO:x 2 + Op(d 2);

i=1
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k k k
Whel’e|yo;x 2 = Ex(k);Y(k) (C§ ); )(();Yl( )).

Recall, that Y (d) formsthe regular simplex S,,c, and by the above equation, eat
vertex Y; is equidistart from C, . Therefore, using Lemma4.1.1, we can sa that

Logc, (Cx ) isnormalto Syc,. This implies,

Dy (C;Cx Jie=c, 2Loge, (Cx )V

:O'

wherev 2 S,c,. This, along with the assumptionthat data the lie in a small

neighborhood, implies part (ii) of the lemma.

For part (i), we study the data at T¢, and note that Logcix(CL) is normal to

Smic,- This completesthe proof.

Pro of of Lemma 4.1.7. Using the resultsin Lemma 4.2.5, and the resulting geo-

metric represemation of the data (seethe proof of Lemma4.1.7), we have

vV
P ﬁ 2 1 2 X 2 1
dTCix(CL; Yi(d))= d = 15, + 1 12 5('1 + 1. 1)@ )+ Op(d 2)
\d i=1
P P 2 1 2 X 2 i
or ;dg(CL;Yl(d)): d = |12+ Ix 112 §(|1+ Ix: 1 )(1 i) + Op(d 2)
i=1
Therefore,we have
Y
. - P 2 1., X 2 1y,
dTCL(CL,Yl(d)): d = |12+ lx 12 §(|1+ . 1) i) + Iy x 2 *t Op(d 2),

i=1
k k K
wherely x 2 = Exw.yw (C)(, ); >(<);Y1( ))-
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From Lemma4.2.5,part (v), we have

p. d— 1
dre, (Yo(d);Ya(d)= d= 13+ 1y 2 + Op(d 2):

Therefore, using the resulting geometricrepresetation of the data (seethe proof

of Lemma4.1.7), we have

P- 1
dre, (CiCy)= d = [h+here S0+ 1)@ ?) +

1 1 1
+ Iy X 2 5('% + Iy 2 )(1 iz)]z + Op(d 2);

(4.92)

Therefore,noting that chy (Cx C_y) = dg2(Cy C_y) and usingEq. (4.92), we have

1
Ma) = §dse(CaiCy)
1 x
| P [|%2+ lx 12 §(|%+ I 1)1 |2) +

i=1

1., o

+ Iy X 2 é(lz + ly 2 )(1 i)]:
i=1
This completesthe proof. 0

Pro of of Prop osition 4.2.9. We shall verify that the conditions of Theorem4.4.1
holds true. First, it should be noted that o = (&;:::;%;3;:::; 1) is the unique
minimizer of M (_) (de ned in Eqg. (4.83)). Therefore, we have the condition (4.90)
is satis ed.

The condition (4.91) ensuresthat ~®'s nearly maximize M4's. By de nition of
= [~% M in Eq. (4.78), we have that satis ed.

A sucient set of conditions for Eq. (4.89) to hold true is given belowv (van der

Vaart (1998)):
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(@) is compact.
(b) m <™ 7l < s coninuous.
(c) m_is dominated by an integrable function.

Wenotethat =f_; : i; ;20 1]andP M Q= i ", i = 1g. Therefore, is
compactand thus (a) holds.

When data lie in a small neighborhood, dsz( ; ) is a cortinuous function. Not-
ing that P iLogc, Xi(d) and P iLogc, Yi(d) are cortinuous functions of _ and
respectively, we can say that m_is a cortinuousfunction of _. Thus (b) holds.

Note that jds( ; )j . Therefore,m is dominated by an integrable function
and thus condition (c) holds.

All conditions for Theorem 4.4.1 has beenveried and hence™® ! P . This

completesthe proof. [
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CHAPTER 5

Discussion and Future Work

In this chapter, someavernuesof future work is discussedwhich involvesunresohed

guestionsand possibleapplication of the deweloped methods in new areas.

5.1 Implemen ting MD WD

In Section3.4.3,we extendedthe method of DWD for manifold data. The resulting
optimization problemwasgivenby Eqg. (3.33). Our attempt to solve the optimization
problemvia a negative gradiert desceh approad (describedin 3.3.3)failed. It seems
a more sophisticatednonlinear optimization technique needsto be employed. Results
in Section3.4.4suggesthat the tangert plane methods, ITanDWD and TDWD work
better than their SVM courterparts. Therefore, it will be of interest to implemert

MDWD by solving the optimization problem given by Eqg. (3.33).

5.2 Role of the Parameter k in MSVM

In Section3.3.3,we extendedSVM to manifold data by presening an optimization

problem which minimizesthe objective function given by

xXn
g (c;c 1) = d*(c;c 1) + - k yifd®(xi;c 1)  d?(xi;c)g

i=1 +



wherethe parameterk is sud that

Yerie 1fee 1 Reerie 1) = K

Here%.,.c , is the training point nearestto H(c;;c ;) and ¥,.c , is its classlabel. It

will be of interestto seehow di erent choicesof k and interact with ead other.

5.3 Asymptotic Behavior of Manifold Data under

Milder Conditions

In our study of the asymptotic behavior of data lying on (S?)? (Section 4.2), we
assumedthat the ertries in ead of the dimensionsare independert and identically
distributed. This is a strong assumption. There is scope for relaxing theseconditions.
For example,the assumptionabout idertically distributed entries canberelaxedif the

Lindeberg condition is imposedon the momerts of d2, (X (. x {9y and d2, AR AR

Moreover, it will be of interestto seehow assumptionssimilar to thoseusedby Hall
et al. (2005) (describedin Section4.1) canbe usedto study the geometricstructure of
the data. This approad treats the enries of the vectorsasa time seriesand requires
them to be almost independert. Howewer, theseare much weaker assumptionsthan

requiring the entries to bei.i.d. random variables.

It should be noted that in order to relax the i.i.d. condition, we will also need
seeral additional assumptionson the error term () (de ned in Eq. (4.38)). This
is becauseour treatment of the asymptotic behavior involves studying the pairwise
distancesboth on the manifold (S?)¢ and on seeral tangert planes. Every time we
useproperties of the data on the manifold to study the behavior on a tangert plane

(or vice versa), the variable () is used.
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5.4 Application to DT-MRI

Di usion tensor magnetic resonanceimaging (DT-MRI) is emergingas an im-
portant tool in medical image analysisof the brain. DT-MRI, deweloped by Basser
et al. (1994), measureghe random 3D motion of water molecules,i.e., the di usion
of water. It producesa 3D di usion tensor,i.e.,a3 3, symmetric, positive-de nite
matrix, at ead voxel of a 3D imaging volume.

Fletcher and Joshi (2004) shav that the spaceof diusion tensorsis a type
of curved manifold known as a Riemannian symmetric space. They expandedthe
method of principal gealesicanalysisto symmetric spacesand appliedit to the com-
putation of the variability of di usion tensordata.

The classi cation methods proposedin this dissertation can be deweloped for DT-

MRI data using the mathematical foundation due to Fletcher and Joshi (2004).

5.5 Generalizing Prop osed Metho ds to Multiclass

In this study, the classi cation methods deweloped are applicable to data from
just two classes. There is scope to extend these methods to multi-class situations

(K being the number of classes).In general,instead of having two cortrol points c;

classes.Given a set of cortrol points, a new datum x will be assignedto that class,
whosecorrespnding cortrol point is closest(in the gealesicsense)to x. In other

words, the datum x will be assignedto classly if
lx = argmin dw (G;X);
where dy (; ) is the gedesic distance on the manifold M. The challengelies in

identifying the criteria which producescortrol points with desirableproperties.
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