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ABSTRA CT
SUMAN KUMAR SEN: Classi�cation on Manifolds

(Under the direction of Dr. JamesS. Marron)

This dissertation studies classi�cation on smooth manifolds and the behavior of

High Dimensional Low SampleSize (HDLSS) data as the dimension increases. In

modern image analysis,statistical shape analysisplays an important role in under-

standing several diseases.One of the ways to represent three dimensionalshapes is

the medial representation, the parametersof which lie on a smooth manifold, and

not in the usual d-dimensionalEuclidean space.Existing classi�cation methods like

Support Vector Machine (SVM) and Distance Weighted Discrimination (DWD) do

not naturally handle data lying on manifolds. We present a general framework of

classi�cation for data lying on manifolds and then extend SVM and DWD asspecial

cases. The approach adopted here is to �nd control points on the manifold which

represent the di�eren t classesof data and then de�ne the classi�er as a function of

the distances(geodesicdistanceson the manifold) of individual points from the con-

trol points. Next, using a deterministic behavior of EuclideanHDLSS data, we show

that the generalizedversion of SVM behaves asymptotically like the Mean Di�er-

encemethod as the dimensionincreases.Lastly, we considerthe manifold (S2)d, and

show that under someconditions, data lying on such a manifold has a deterministic

geometricstructure similar to Euclidean HDLSS data, as the dimension(number of

components d in (S2)d) increases.Then we show that the generalizedversionof SVM

behaveslike the GeodesicMean Di�erence (extensionof the Mean Di�erence method

to manifold data) under the deterministic geometricstructure.
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CHAPTER 1

In tro duction

1.1 Motiv ation

Statistical shape analysis is important in but not limited to understanding and

diagnosinga number of challengingdiseases.For example,brain disorderslike autism

and schizophrenia are often accompaniedby structural changes. By detecting the

shape changes,statistical shape analysiscan help in diagnosingthesediseases.One

of the many ways to represent anatomical shape models is a medial representation

or M-rep. The medial locus, which is a meansof representing the \middle" of a

geometricobject, was �rst introducedby Blum (1967). Its treatment for 3D objects

is given by Nackman and Pizer (1985). The medial atom represents a sampledplace

in the medial locus. Atoms form the building blocks for m-reps. In particular, the

m-rep sheetcan be thought of as representing a continuousbranch of medial atoms.

For details of discreteand continuousm-reps,seePizer et al. (1999) and Yushkevich

et al. (2003) respectively. The M-rep approach has proven to be useful in describing

various aspects of shape, in capturing important summariesof the object's interior

and boundary, and in providing relationshipsbetweenneighboring objects. A major

advantage of the m-reps approach to object representation over competitors is that

it allows superior correspondenceof featuresacrossa population of objects, which is

critical to statistical analysis.

The elements of m-rep spaceare most naturally understood as lying in a curved



manifold, and not in the usual Euclidean space. We are interested in classi�cation

of data which lie on this curved m-rep space. A major contribution of this work is

to usethe geometricinformation inherent to the manifold. This enablesthe capture

of a wide rangeof nonlinear shape variabilit y including local thickness,twisting and

wideningof the objects. Principal geodesicanalysis,the nonlinearanalogof principal

component analysisin this type of manifold setting, was developed using the geom-

etry that can be derived from the Riemannianmetric, including geodesiccurvesand

distances(seeFletcher et al., 2003,2004) . Classi�cation methods like Fisher Lin-

ear Discrimination (Fisher, 1936),Support Vector Machines(seeVapnik et al., 1996;

Burges,1998),DistanceWeighted Discrimination (Marron et al., 2004)weredesigned

for data which are vectors in Euclidean spaceand do not deal extensively with data

that are parameterizedby elements in curved manifolds. SeeDuda et al. (2001) and

Hastie et al. (2001) for an overview of commonexisting classi�cation methods. The

challengeaddressedhere is to develop classi�cation methods, or extend the existing

methods so that they can handledata in curved manifolds. The notion of separating

hyperplane, fundamental to many Euclidean classi�ers, is challenging to even de�ne

in manifolds. The approach adopted here is to �nd control points on the manifold

which represent the di�eren t classesof data and then de�ne the classi�er asa function

of the distances(geodesic distanceson the manifold) of individual points from the

control points. We thus bypassthe problem of explicitly �nding separatingbound-

aries on the manifold. The control points chosenwill be thosewhich optimize some

objective function and the performanceof several reasonableobjective functions will

be investigatedand compared.

This approach will enableusnot only to usethe method on our motivating example

of m-rep data (Senet al., 2008),but it is alsoapplicablefor Di�usion TensorMagnetic

ResonanceImaging (DT-MRI), and several other scienceslike human movement,

mechanical engineering,robotics, computer vision and molecularbiology wherenon-
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Euclideandata often appear.

Data setswith more variables(i.e., attributes or entries in the data vector) than

observations are now important in many �elds. This type of data is called High

Dimension Low SampleSize(HDLSS) data. For example, in geneticsa typical mi-

croarray geneexpressiondata set hasthe number of genesranging from thousandsto

tens of thousands,while the number of tissuesamples(i.e., observations) is typically

lessthan several hundreds. Data from medical imaging, and from text recognition

alsooften have a much larger dimensiond than the samplesizen. In our motivating

exampleof m-reps,we have the HDLSS situation too, but the entries in each dimen-

sion are not Euclidean. As pointed out earlier, they lie on a smooth manifold. Due

to the limitations of human visual perception beyond three dimensions,the behav-

ior of HDLSS data is often counter-intuitiv e (Hall et al., 2005;Donoho and Tanner,

2005), even in the Euclidean case. Ge and Simpson(1998) provided a framework

for evaluating dimensional asymptotic properties of classi�cation methods such as

the Mean Di�erence. For the Euclidean case,Hall et al. (2005) have studied some

deterministic behavior of the data and usedthe observations to analyzethe asymp-

totic properties (as d ! 1 ) of classi�cation methods such asMean Di�erence, SVM,

DWD and One-Nearest-Neighbor. As a part of this dissertation, we have studied

somegeometric properties of HDLSS manifold data and used them to analyze the

asymptotic behavior of one of our proposedmethods, which is an extensionof SVM

for manifold data.

1.2 Overview of Chapters

This dissertation hasbeenorganizedinto chapters as follows:

Section 1.3 gives an overview of the medial representation. Section 1.4 gives an

overview of di�eren t statistical methods for manifold data and m-reps.

Section 2.1 gives an overview of the problem of classi�cation while Section 2.2

3



contains a literature review of popular classi�cation methods like Mean Di�erence,

Fisher Linear Discrimination, Support Vector Machines,DistanceWeighted Discrim-

ination. Section 2.3 illustrates why thesemethods are not always ideal for data on

manifolds.

Chapter 3 presents the key ideas of our methods. Section 3.1 introduces the

fundamental ideaof control points, and basedon it proposesthe generalclassi�cation

rule. Section3.1.2illustrates the importanceof a reasonablechoiceof control points.

Section3.3 givesa brief overview of SVM, and generalizesit to manifold data. It also

providesa solving algorithm to the resulting optimization problem. Section3.4 gives

a brief overview of DWD, and developsan optimization problem which generalizes

DWD to work with manifold data.

Chapter 4 studiessomegeometricproperties of HDLSS data. Section4.1 brie
y

discussessomedeterministic properties of Euclidean HDLSS data and studies the

asymptotic behavior (as dimensiond ! 1 ) of oneof our developed methods (mani-

fold SVM, also called MSVM) under such conditions. Section4.2 studiesconditions

under which there is a deterministic structure in HDLSS manifold data. This deter-

ministic structure is then usedto study someproperties of the MSVM method.

Chapter 5 discussessomeavenuesfor future research, involving unresolved ques-

tions and possibleapplications of the developed methods in new areas.

The next sectiongivesan overview of the medial locusand someof its mathemat-

ical properties. It describes m-reps and the deformablemodels approach basedon

them. The deformablem-repsapproach to imagesegmentation is described by Pizer

et al. (2003). A �ne overview of medial techniques that goes beyond the material

covered in this section can be found in the Ph.D. dissertation of Yushkevich (2003)

and the book by Siddiqi and Pizer (2007).

4



1.3 The Medial Lo cus and M-reps

The medial locus is a meansof representing the \middle" or \skeleton" of a geo-

metric object. Such representations have found wide use in computer vision, image

analysis,graphics, and computer aided design(Bloomenthal and Shoemake (1991);

Storti et al. (1997)). Psychophysical and neurophysiologicalstudies have shown ev-

idencethat medial relationshipsplay an important role in the human visual system

(Leyton (1992); Lee et al. (1995)). The medial locus was �rst proposedby Blum

(1967), and its properties were later studied in 2D by Blum and Nagel (1978) and in

3D by Nackman and Pizer (1985). The de�nition of the medial locusof a set A 2 < n

is basedon the conceptof a maximal inscribed ball.

The medial representation is basedon the medial axis of Blum (1967). In this

framework, a geometricobject is represented asa set of connectedcontinuousmedial

manifolds. For three-dimensional(3-D) objects, thesemedial manifolds are formed

by the centers of all spheresthat are interior to the object and tangent to the object's

boundary at two or more points. The medial description is de�ned by the centers of

the inscribed spheresand by the associated vectors, called spokes, from the sphere

centers to the two respective tangent points on the object boundary. Each continuous

segment of the medial manifold represents a medial �gur e.

5



Figure 1.1: Medial atom with a cross section of the boundary surface it implies (left). An
m-rep model of a hippocampusand its boundary surface (right).

The medial manifold is sampledover an approximately regular lattice and the

elements of this lattice are called medial atoms. A medial atom (Fig. 1.1) is de�ned

as a 4-tuple m = f x; r; n0; n1g, consisting of: x 2 < 3, the center of the inscribed

sphere;r 2 < + , the local width de�ned as the commonspoke length; no; n1 2 S2 ,

the two unit spokedirections(represented aspoints on S2, the unit spherein < 3). The

medial atom implies two opposing boundary points, yo; y1, called implied boundary

points, which are given by

y0 = x + rn0 and y1 = x + rn1: (1.1)

The surfacenormalsat the implied boundary points y0; y1 aregiven by n0; n1, respec-

tiv ely.

A medial atom, as de�ned above, is represented as a point on the manifold M (1) =

< 3 � < + � S2 � S2: Moreover, an m-rep model consisting of n medial atoms may

be consideredas a point on the manifold cartesian product M (n) =
Q n

i=1 M (1).

This spaceis a particular type of manifold known asa Riemanniansymmetric space,

which simpli�es certain geometric computations, such as computing geodesic dis-

tances. We brie
y review someof the conceptsnow. SeeBoothby (1986); Helgason

(1978); Fletcher (2004), Fletcher et al. (2003, 2004) for more details. Pizer et al.

6



(1999) describes discrete m-reps. For details on continuous m-reps, seeYushkevich

et al. (2003); Terriberry and Gerig (2006).

1.3.1 Riemannian metric, Geodesic curv e, Exp onential and

Log maps

A Riemannianmetric on a manifold M is a smoothly varying inner product < �; � >

on the tangent plane TpM at each point p 2 M . The norm of a vector X 2 TpM

is given by jjX jj = < X ; X > (1=2). The Riemannian distance between two points

x; y 2 M , denoted by d(x; y), is de�ned as the minimum length over all possible

smooth curvesbetweenx and y. A geodesic curve is a curve that locally minimizes

the distancebetweenpoints.

Given a tangent vector X 2 TpM , there exists an unique geodesic, 
 X (t), with

X as its initial velocity. The Riemannian exponential map, denotedby Expp, maps

X to the point at time one along the geodesic 
 X . The exponential map preserves

distancesfrom the initial point, i.e., d(p;Expp(X )) = jjX jj . In the neighborhood of

zero, its inverseis de�ned and is called the Riemannian log map, denotedby Logp.

Thus, for a point y in the domain of Logp, the geodesicdistancebetweenp and y is

given by

d(p;y) = jjLogp(y)jj (1.2)

1.3.1.1 Exp onential and Log maps for S2

On the sphereS2, the geodesicsat the basepoint p = (0; 0; 1) are great circles

through p. If we considerthe tangent vector v = (v1; v1; 0) 2 TpS2 in the x � y plane,

the exponential map at p is given by

Expp(v) = (v1:
sinjjvjj

jj vjj
; v2:

sinjjvjj
jj vjj

; cosjjvjj ) (1.3)

7



Figure 1.2: The Riemannian exponential map at p 2 M . X 2 TpM

wherejjvjj =
p

v2
1 + v2

2.

The corresponding log map for a point x = (x1; x2; x3) 2 S2 is given by

Logp(x) = (x1:
�

sin�
; x2:

�
sin�

) (1.4)

where � = arccos(x3) is the sphericaldistancefrom the basepoint p to the point x.

Note that the antip odal point � p is not in the domain of the log map.

1.3.1.2 Exp onential and Log maps for M-reps

Recall, from �rst part of Section 1.3 that the medial atom m = f x; r; n0; n1g 2

M (1) = < 3 � < + � S2 � S2 and a m-rep model consistingof n medial atoms may be

consideredas a point on the manifold M (n) =
Q n

i=1 M (1). Let p = (0; 1; p0; p1) 2

M (1) be the basemedial atom, where p0 = p1 = (0; 0; 1) are basepoints for the

sphericalcomponents. Let us write a tangent vector u 2 TpM (1) asu = (x; �; v0; v1),

where x 2 < 3 is the positional tangent component, � 2 < is the radius tangent

component, and v0; v1 2 < 2 are the spherical tangent component. Then, for M (1)

we have

Expp(u) = (x; e� ; Expp0
(v0); Expp1

(v1)) (1.5)

8



wherethe Exp mapson the right-hand sideare the sphericalexponential mapsgiven

by equation (1.3). Likewise,the log map of m = f x; r; n0; n1g is

Logp(m) = (x; logr; Logp0
(n0); Logp1

(n1)) (1.6)

wherethe Log mapson the right-hand sideare the sphericallog mapsgiven by (1.4).

Finally, the exponential and log maps for the m-rep model spaceM (n) is the

cartesianproduct of corresponding maps in M (1).

The norm for vector u 2 TpM (1) is

jjujj = (jjxjj 2 + �r 2(� 2 + jjv1jj 2 + jjv2jj 2))
1
2 (1.7)

and the geodesicdistancebetweentwo atoms m1; m2 2 M (1) is given by

d(m1; m2) = jjLogm1
(m2)jj = jjLogm2

(m1)jj (1.8)

1.4 Statistical Metho ds on M-reps and on General

Manifolds

The study of anatomical shape and its relation to biological growth and function

datesback to the landmark work of Thompson(1942). While most work on the sta-

tistical analysisof shape hasfocusedon linear methods, there hasbeensomework on

statistical methods for nonlinear geometricdata. Hunt (1956) describesprobability

measureson Lie groupsthat satisfy the semigroupproperty under convolution. This

leadsto a natural de�nition of a Gaussiandistribution on a Lie groupasa fundamental

solution to the heat equation. Wehn(1959,1962)showsthat such distributions satisfy

a law of largenumbersasin the EuclideanGaussiancase.Grenander(1963)'sbook on

probabilities on algebraicstructures includesa reviewof theseworks on Gaussiandis-

9



tributions on Lie groups. Pennec(1999)de�nes Gaussiandistributions on a manifold

as probability densitiesthat minimize information. Bhattacharya and Patrangenaru

(2002) develop nonparametric statistics of the mean and dispersion values for data

on a manifold. Mardia (1999) describes several methods for the statistical analysis

of directional data, i.e., data on spheresand projective spaces.Kendall (1984) and

also Mardia and Dryden (1989) have studied the probability distributions induced

on shape spaceby independent identically distributed Gaussiandistributions on the

landmarks. Similar ideas in the theory of shape were independently developed by

Bookstein (1978,1986). Ruymgaart (1989)studied convergenceof density estimators

on spheres.Ruymgaart et al. (1992)gave a Rao-Cramertype inequality on Euclidean

manifolds. Olsen (2003) and Swann and Olsen (2003) describe Lie group actions on

shape spacethat result in nonlinear variations of shape. Klassenet al. (2004) de-

velop an in�nite-dimensional shape spacerepresenting smooth curves in the plane.

Chikuse (2003) concentrates on the statistical analysisof two special manifolds, the

Stiefel manifold and the Grassmannmanifold, treated as statistical sample spaces

consistingof matrices.

A standardtechniquefor describingthe variabilit y of linear shapedata is principal

component analysis(PCA), a method whoseorigins go back to Pearson(1901) and

Hotelling (1933). One of the earliest applications of PCA in functional data analysis

was given by Rao (1958). Its use in shape analysis and deformable models was

introducedby Cooteset al. (1993). Principal geodesicanalysis,the nonlinearanalogof

principal component analysisin this type of manifold setting wasdeveloped using the

geometrythat can be derived from the Riemannianmetric, including geodesiccurves

and distances(seeFletcher et al. (2003,2004)). A popular approach to handling data

in manifoldsis \Kernel Embedding" (seeSch•olkopf and Smola(2002))wherethe data

are mapped to a higher dimensionalfeature space.

The next chapter providesa brief overviewof the problem of classi�cation. It also

10



discussesthe challengesfacedby the classicalmethods whenapplied to data lying on

a manifold.
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CHAPTER 2

Overview of Classi�cation

The �rst section gives the general setup followed by a description of popular

methodsin Section2.2. The last sectionexplainswhy thesemethodsfail in the context

of data naturally understood to be lying on curved manifolds. SeeDuda et al. (2001)

and Hastie et al. (2001) for an overview of commonexisting classi�cation methods.

Note that, in the literature, classi�cation and discrimination are interchangeable

terms. In our discussionwe mostly refer to it as classi�cation.

2.1 The Problem of Classi�cation

Let X i denote the attributes that describe the i th individual and Yi denote its

group label, i = 1; 2; : : : ; n. X i can be vector valued (in most casesit is a high

dimensionalvector) while Yi is a scalar taking valuesin the set f 1; 2; : : : ; K g if there

are K classes. In our discussion,we will always have only two classes. For some

mathematical convenience,let the corresponding labels Y 2 f� 1; 1g.

Given a set of individuals (and their group labels), the goalof classi�cation meth-

ods is to �nd a rule f (x) that assignsa new individual to a group on the basisof its

attributes X .

2.2 Popular Metho ds of Classi�cation

There are quite a few popular methods of classi�cation. Mean Di�erence is the

simplest of them. It assignsa new observation to that classwhosemean is closest



to it. It is the optimal classi�cation rule when the data comesfrom distributions

which only di�er by their meansand have commoncovariancematrix, which is the

identit y. A classicalapproach to improve the Mean Di�erence method was proposed

by Fisher (1936), now called Fisher Linear Discrimination (FLD). It is the optimum

rule when the two classesis assumedto have the samecovariance matrix (but not

limited to the identit y). SinceFLD approachesthe problem by spheringthe data it

is frequently uselessin many modern day applications, particularly High Dimension

Low SampleSize(HDLSS) situations, where we cannot calculate the inverseof the

covariancematrix.

The Support Vector Machine (SVM), proposedby Vapnik (1982,1995) is a pow-

erful classi�cation method usedin HDLSS situations. SeeBurges(1998) for a lucid

overview. Marron et al. (2004) showed that SVM su�ers from \data piling" at the

\margin" and introduced a related method called Distance Weighted Discrimina-

tion (DWD). DWD avoids data piling and improves generalizability of the decision

rule. Both SVM and DWD are \linear" classi�ers in the sensethat the rules are

linear functions of the data vector. Geometrically, the separatingsurfacethey pro-

vide is a linear hyperplane and thus cannot separatedata which need a nonlinear

separatingboundary. This problem is overcomeby \k ernel embedding". The data

vectors are embeddedin a higher dimensionalspacewhere linear methods, such as

SVM can be much more e�ectiv e. The book by Sch•olkopf and Smola (2002) gives

a �ne overview of the kernel methods. Readerscan also visit http://www.kernel-

machines.org/publications.html for a list of publications on kernel methods.

In this dissertation, we focuson the methods of SVM and DWD. Brief overviews

of thesemethods are given in Sections3.3.1and 3.4.1respectively.
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2.3 Value Added by Working on Manifolds

Recall that our goal is to help image analysts and doctors understand how two

groupsof objects di�er. For example,let us considera study of shapesof hippocampi

for groups of schizophrenic and normal individuals. There is a strong interest in

knowing whether the occurrenceof the diseaseis actually accompaniedby a struc-

tural di�erence of the hippocampus. If there is an association, the next question is

how theseshapeschangeas we look at the direction of separation.

Somecommonapproachesto handling data on manifolds are:

ˆ Flatten, as for data on a cylinder (Section2.3.1).

ˆ Work in the tangent plane, with baseas the overall geodesicmeanof the data

(Section2.3.2).

ˆ Treat data aspoints embeddedin a higherdimensionalEuclideanspace(Section

2.3.3).

The drawbacks of theseapproachesare illustrated in the above mentioned subsec-

tions.

2.3.1 Imp ortance of Geodesic Distance on Manifolds

Throughout our discussion,the geodesicdistancewill play a crucial role. Let us

usean exampleto explain its importance.

Fig. 2.1(a) shows a cylinder with data points on its surface(di�eren t symbols

denote di�eren t classes).Fig. 2.1(b) shows the samedata set when the cylinder is


attened. The Mean Di�erence decisionrule (given by the two shadedregions: blue

and white) is calculated by using the usual Euclidean distanceon the 
attened two

dimensionalplane. This approach is not ideal. For example,it ignoresthe fact that

15



the point on the extremeleft is actually closeto the point to the extremeright when

the geometryof the manifold (in this case,the cylinder) is considered.A better way

to treat this data is to correctly account for the periodicity by repeating the 
attened

plane sideways (as shown in Fig. 2.1(c)) and considerthe shortest possibledistance

between any pair of points while constructing a decisionrule. This approach uses

the Mean Di�erence rule basedon the geodesic distance on the manifold and the

corresponding decisionrule is given by the shadedregions.The Mean Di�erence rule

using Euclideandistancemisclassi�esa point (greenstar in the blue shadedregion).

The geodesicdistancebasedMeanDi�erence classi�cation rule (Fig. 2.1(c)) is ableto

�nd a separatingsurface(the boundary betweenthe shadedregions)which properly

separatesthe two classes.This illustrates the importanceof using geodesicdistances

for classi�cation on manifolds. The cylinder is a simplemanifold (< � S1): even there

geodesicdistancemakesa di�erence. This e�ect will usually be magni�ed for more

complexmanifolds. It is thereforerecommendedthat geodesicdistancebe usedwhen

dealing with more complicatedmanifolds, such as M (n) (as de�ned in Section1.3),

wherethe M-reps live.
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Figure 2.1: (a): Toy data on the surface of a cylinder. Di�er ent colors (with symbols)
denotedi�er ent groups. (b): Data on the 
attene d cylinder. Shaded regions showthe Mean
Di�er ence rule using Euclidean distance. A point (green star) is misclassi�ed. (c): Tiled

attene d planescapturing the structure (periodicity) of the manifold. Geodesicdistance used
to construct the Mean Di�er ence rule which has no misclassi�ed points. The red dotted line
is the Mean Di�er ence separating surface if Euclidean distance is used. c1 and c� 1 are
means of the classesin each case.
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2.3.2 Choice of base poin t for Euclidean Classi�cation on the

Tangent Plane

As pointed out in the Sections1.1 and 1.4, when data appear in a small neigh-

borhood, somestatistical analysis,such as �nding meansand Principal Component

Analysis can be successfullyimplemented. This is done in the tangent plane by

projecting the data from the manifold to the tangent plane with basepoint as the

geodesic mean (seeFletcher et al., 2003, 2004). This suggestsimplementing SVM

and DWD in the tangent plane at the geodesicmeanof the data. Fig 2.2 shows why

this might not always be a good idea. In particular, this exampleshows that we can

end up with a tangent plane where the data is not linearly separablewhile there is

another tangent planewhereseparationis possible.Thus, the choiceof the basepoint

is a crucial issue.

Figure 2.2: Top left: Toy data on the surface of a sphere. Di�er ent colors (with symbols)
denote di�er ent groups. Bottom Left: Tangent plane with baseas overall geodesic mean of
the entire data. The data are not linearly separable. Bottom right: Tangent plane at the
geodesic mean of the black circles. The data can be separated linearly. Top Right: Tangent
plane at the geodesic mean of the geodesic means of the two groups. The points are not as
well-separable as in the bottom right panel.
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2.3.3 Validit y and In terpretabilit y of Pro jections

Another approach to handlemanifold data is standardEuclideanSVM and DWD,

treating the data as points embedded in the higher dimensional Euclidean space.

For example,planar angles(� 2 (� � ; � )) can be consideredas embeddedin < 2 (as

(sin(� ); cos(� ))), while naturally they areunderstood to be lying on a one-dimensional

manifold (the unit circle in < 2). Similarly solid anglesare embeddedpoints in < 3

while naturally they are points restricted to the surfaceof the unit sphere(S2) in

< 3. A separatingrule will be obtainedby taking this approach, but geometricallythe

separatingsurfacewill not relate properly to the manifold. For example, in caseof

data on the surfaceof a spherea separatingplane cutting through the spherewill be

obtained. This will probably not give a geodesic(in this case,a great circle), which

is the analogof a separatinghyperplane.

More importantly, when the original data is projected on to the separatingdirec-

tion, most of them will be somewhereinside the sphereand not the surface. These

projections are not interpretable becausethey are not valid representations of shape

objects. Recall, in this example,our data objectsmust lie on the surfaceof the sphere.

Original m-rep sheet Original m-rep surface

Projected m-rep sheet Projected m-rep surface

Figure 2.3: Top left and right: Original m-rep sheet of a hippocampus and its surface
rendering respectively. Bottom left: M-rep model projected on to the separating direction
(obtained whendata objects are considered as points in < 240). Since it is not in the manifold
it is not a valid m-rep. Bottom right: Surface rendering of the m-rep sheet on the left. It is
not an interpretableshape object.
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To emphasisethis issueconsiderFigure 2.3. The upper �gure is the medial repre-

sentation of a human hippocampus. In our study we had two groups: 56 patients and

26 controls (seeStyner et al. (2004)). Each of thesemodels have 24 medial atoms,

placedin a 8� 3 lattice (seeFig. 2.3, top left). Therefore,each of these�gures belong

to M (24) = f< 3 � < + � S2 � S2g24. But whenstandard SVM is implemented on the

data we considerthem aselements of f< 3 � < � < 3 � < 3g24 = < 240. Naturally, when

we project the data setson to the separatingdirections, what we get back are also

elements of < 240 and not in M (24). Therefore the projection is not a valid medial

representation and thus not interpretable (Fig. 2.3, bottom panels). This motivates

our approach to work on manifolds.

The next chapter providesa framework for classi�cation onmanifoldsusinggeodesic

distances.This framework is then usedto extendmethods likeMeanDi�erence, SVM

and DWD for manifold data.
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CHAPTER 3

Classi�cation on Manifolds

The main problem with classi�cation on manifolds is that it is very di�cult to

derive analytical expressionsfor geodesicsand separatingsurfaces.Recall, from Sec-

tion 1.3, a geodesic is the local shortest path along the manifold and the distance

betweentwo points is obtained as the arc length of this geodesic. Our goal is to ex-

tend the idea of a separatinghyperplane(which is the foundation of many Euclidean

classi�cation methods such asMean Di�erence, FLD, SVM and DWD) to data lying

on a manifold. A major challengeis to �nd an appropriate manifold analog of the

separatinghyperplane. Our solution is basedon the idea of control points (and the

geodesic distance of data from these control points), as described in the following

section.

3.1 Con trol Poin ts and the General Classi�cation

Rule

We think about control points as being representativ es of the two classes.If we

namethe control points asc1 and c� 1, then weproposethe classi�cation rule f c1 ;c� 1 (x)

given by

f c1 ;c� 1 (x) = d2(c� 1; x) � d2(c1; x); (3.1)



where c1, c� 1, and x 2 M and d(�; �) is the geodesicdistancemetric de�ned on the

manifold M . This rule assignsa newpoint x to class1 if it is closerto c1 than c� 1, and

to class-1 otherwise. It is important to note here that the formulation alsoprovides

us with an implicitly de�ned separatingsurfaceand a direction of separation.

3.1.1 The Implied Separating Surface and Direction of Sep-

aration

The zerolevel set of f c1 ;c2 (�) is the analogof the separatinghyperplane,while the

geodesic joining c1 and c� 1 is the analog of the direction of separation. Thus, the

separating surfaceis the set of points which is equidistant from c1 and c� 1. If we

denoteit by H (c1; c� 1), we can write,

H (c1; c� 1) = f x 2 M : f c1 ;c� 1 (x) = 0g

= f x 2 M : d2(c1; x) = d2(c� 1; x)g (3.2)

In d-dimensionalEuclidean space,H (c1; c� 1) is a hyperplaneof dimensiond � 1

that is the perpendicular bisector of the line segment joining c1 and c� 1 (seeLemma

3.1.1). Note that the Mean Di�erence method is a particular caseof this rule, where

the control points are the meansof the respective classes. Similarly, the general

control point classi�er reducesto Fisher Linear Discrimination in Euclideanspaceby

taking the control points as the meansof the sphereddata (using the pooled within

classcovarianceestimate).

On the sphere(S2), H (c1; c� 1) is the great circle equidistant from c1 and c� 1 (see

Fig. 3.1.) This shows that this approach provides us with an useful representation

of a separatingsurface,that avoids the needto explicitly solve for it, which can be

intractable as pointed out earlier.

A set of training points is to said to be separable by H (c1; c� 1) if all the points
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Figure 3.1: Two pairs of control points showing their respective separating boundary and
separating direction on the surface of the sphere. Di�er ent colors (with symbols) represent
classes. The solid red surface (great circle) separates the data better than the dotted black
surface.

are classi�ed correctly by H (c1; c� 1). Mathematically, the training set T is said to be

separableby H (c1; c� 1), if, 8x i 2 T; i = 1; 2; : : : ; n,

f c1 ;c� 1 (x i )

8
><

>:

> 0 if yi = 1

< 0 if yi = � 1
(3.3)

Lemma 3.1.1. Consider the separating surface de�ned in equation (3.2). Let the

data live in < d. Then

(1) H (c1; c� 1) is a d � 1 dimensionalhyperplane.

(2) The level set of f c1 ;c� 1 (x) = k is a hyperplane, parallel to H (c1; c� 1).

(3) The distance of any point x from the separating surface H (c1; c� 1) is given by

d(x; H (c1; c� 1)) =
jf c1 ;c� 1 (x)j
2d(c1; c� 1)

(3.4)

Proof. Sincethe spacein which the data live is Euclidean, the distancebetweenany
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two points x; y 2 < d is given by

d(x; y) = jjx � yjj

=
p

(x � y)T (x � y): (3.5)

Therefore,we can write the following:

f c1 ;c� 1 (x) = d2(c� 1; x) � d2(c1; x)

= (c� 1 � x)T (c� 1 � x) � (c1 � x)T (c1 � x)

= wT x + b; (3.6)

wherew = 2(c1 � c� 1) and b= (cT
� 1c� 1 � cT

1 c1). Thus, the equation of the level set of

f c1 ;c� 1 (x) = k, for any k can be written as

wT x + b= k

) wT x + (b� k) = 0 (3.7)

Note, that Equation (3.7) says that for all k, the level set is a d � 1 dimensional

hyperplanewith commonnormal vector w and intercept b� k. This provespart (i),

as we note that H (c1; c� 1) is the level set for k = 0. Moreover, for any other k 6= 0,

the normal to the resulting hyperplaneis the same(= w). This provespart (ii).

For part (iii), we use the fact that the distance from any point z to a plane

wT x + b = 0 is given by
jwT z + bj

jjwjj
. Therefore,using equation (3.6) we can write the

distanceof any point x from H (c1; c� 1) as

d(x; H (c1; c� 1)) =
jwT x + bj

jjwjj
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=
jf c1 ;c� 1 (x)j

jj2(c1 � c� 1)jj
;

=

�
�
�
�

f c1 ;c� 1 (x)
2d(c1; c� 1)

�
�
�
� (3.8)

3.1.2 Choice of Con trol Poin ts

Having set the framework for the generaldecisionrule for manifolds the critical

issue now is the choice of control points. For example, Fig. 3.1 shows that for

the given set of data, the control points corresponding to the red solid separating

boundary do a better job of classi�cation than the pair corresponding to the black

dotted boundary. So, the key to the construction of a good classi�cation rule is to

�nd the right pair of control points.

The rest of the chapter developsnewmethods for �nding control points. The �rst

approach, motivated by Mean Di�erence, choosesthe control points as the geodesic

meansand is called the GeodesicMean Di�erence (GMD) Method. Then we propose

methods to extend SVM and DWD for manifold data.

3.2 The Geodesic Mean Di�erence (GMD) Metho d

This is motivated by the Mean Di�erence method in the Euclideancase.Herewe

replacethe Euclidean meansof the two classesby their geodesic means. This is a

special caseof the generalclassi�cation rule (3.1) when c1 and c� 1 are the geodesic

meansof the two groups of data. The geodesic mean m of a set of observations

x1; x2; : : : ; xn 2 M is de�ned as

m = argmin
p2 M

nX

i =1

d2(p;x i ): (3.9)
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SeeFletcher et al. (2003,2004)and Pennec(1999) for more details. In Fig. 3.1, the

black dotted great circle shows the GMD separatingsurface. The two squarepoints

(joined by dotted black curve) are the geodesicmeansof the two classes.Somepoints

have beenmisclassi�ed by this rule.

3.3 Supp ort Vector Mac hine on Manifolds

This sectiongeneralizesSVM to the manifold case.Two newapproacheshavebeen

developed here. In the following subsection,we review the standard SVM method.

3.3.1 A Brief Overview of Supp ort Vector Mac hine (SVM)

SVM is a recently developed method which hasbeensuccessfullyimplemented in

a wide variety of applications involving classi�cation. Here,we review this method in

a simple set up. Let us �rst assumethat the training data set is linearly separable,

i.e., there is a linear classi�er that can have zero training error. Consider a linear

classi�er f (x) = wT x + b. The SVM �rst �nds two hyperplanemargins (over w and

b) which are de�ned by f (x) = � 1, such that there are someobservations on the

marginsand there are no observations betweenthesetwo margins. The points on the

margin are called \support vectors". The SVM �nds w and b such that the distance

betweenthe margins (which is equal to 2
jj wjj ) is maximized. The hyperplanebetween

the two margins: f (x) = 0 is the SVM discrimination hyperplane. Given w and b,

the classlabel +1 is given to a new samplex i , if f (x i ) > 0 and the classlabel � 1 is

given if f (x i ) < 0. The SVM optimization problem over w and b is given by:

minimizew;b
jj wjj 2

2

subject to yi f (x i ) � 1; i = 1; : : : ; n; (3.10)

whereyi represents the classmembershipof the i th samplex i in the training data set.

The normalizeddirection vector of w represents the SVM direction. The constraints
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Figure 3.2: SVM hyperplane (broken green line) to separate two classes, represented by
crossesand pluses. The purple vector is the SVM direction of separation.

yi f (x i ) � 1; i = 1; : : : ; n indicate that the f (x) must classifyall the samplesin the

training data set correctly. The distanceof a point x i from the separatinghyperplane

is denotedas r i .

Figure 3.2 shows the SVM separatinghyperplane (green dashedline) for classi-

fying a toy data set, with the two classesrepresented by blue circles and red pluses

respectively. The support vectorsare shown in black boxes. The distancer i 's of only

thesesupport vectorsplay a role in determining the separatinghyperplane.

The next subsectionextends SVM to manifold data by iterativ ely constructing

tangent planes on the manifold and implementing Euclidean SVM on the tangent

planes. We call this method Iterativ e Tangent Plane SVM (ITanSVM).

3.3.2 Iterativ e Tangent Plane SVM (IT anSVM)

In this section,we proposean extensionof SVM in Euclidean spaceto manifold

data. A commonapproach is to implement SVM in the tangent plane at the overall

mean of the data. In Section 2.3.2, we have discussedpossibledrawbacks of this

approach which arisesout of taking the point of tangencyat a predeterminedpoint

(the geodesic mean). Thus, when classi�cation is done on the tangent plane, the

choice of the basepoint is a crucial issue. This motivates the needto �nd the base
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point that is determined by the separability of the data in the tangent plane. In

particular, we develop an iterativ e approach with changingpoint of tangency.

We start with the overall geodesicmeanas the initial basepoint and implement

Euclidean SVM in that tangent plane. Given the SVM separating hyperplane, we

�nd out the pair of points (on the tangent plane) which determine that hyperplane

and is closestto the present pair of control points (the geodesic meansof the two

classes,mapped to the tangent plane). The next point of tangency is taken to be

the geodesicmeanof the new pair of control points (after being mapped back to the

manifold). We repeat thesestepsuntil convergence.The detailed algorithm is given

below:

1. Let c0
1 = meanof the data in class1 and c0

� 1=mean of the data in class2. Let

b0 = mean(c0
1, c0

� 1). The superscript of zeromeansit is the present solution.

2. Compute the tangent plane Tb0 M at b0 and �nd the separating hyperplane

w0x + b= 0 by doing linear SVM on Tb0 M .

3. Given (w; b), �nd Lc1
1; Lc1

� 1 2 Tb0 M that minimize the sum of the squaresof

their respective distancesto Logb0
(c0

1) and Logb0
(c0

� 1), subject to the constraint

that w0x + b is the perpendicular bisector of the the line segment joining Lc1
1

and Lc1
� 1.

4. If f d2(Logb0
(c0

1); Lc1) + d2(Logb0
(c0

� 1); Lc� 1)g is very small then stop. Otherwise

go to the next step.

5. Set c0
1 = Expb0

(Lc1
1) and c0

� 1 = Expb0
(Lc1

� 1) and then compute b0 = mean(c0
1,

c0
� 1). Go to step 2.

We call this method the Iterativ e Tangent Plane SVM or ITanSVM. In Fig. 3.1

the solid red great circle shows the ITanSVM separatingsurfaceobtained after one

iteration. The squarepoints (joined by red solid curve) are the ITanSVM control
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points after the �rst iteration. In this example,ITanSVM solution doesa better job

of classi�cation than GMD (given by the dotted black great circle).

3.3.3 The Manifold SVM (MSVM) metho d

An unappealingfeatureof ITanSVM is the continual approximation of the data by

projections on to the tangent plane. MSVM appearsto be the �rst approach where

all calculationsare doneon the manifold. MSVM determinesa pair of control points

that maximizesthe minimum distanceto the separatingboundary. While the SVM

criterion has many interpretations, it is the maximum margin idea that generalizes

most naturally to manifoldswheresomeEuclideannotions such asdistance,aremuch

morereadily availablethan other (e.g., inner product). The mathematical formulation

of the method and an algorithm for solving the resulting optimization problem are

given below.

As given in equation (3.1), the decisionfunction f c1 ;c� 1 (x) is

f c1 ;c� 1 (x) = d2(c� 1; x) � d2(c1; x)

The zero level set of f c1 ;c� 1 (�) de�nes the separating boundary H (c1; c� 1) for a

given pair (c1; c� 1). Also, let bX (c1 ;c� 1 ) denote the set (to handle possible ties) of

training points which are nearestto H (c1; c� 1). We would like to solve for some ~c1

and ~c� 1 such that

( ~c1; ~c� 1) = argmax
c1 ;c� 12 M

min
i =1 :::n

d(x i ; H (c1; c� 1)) (3.11)

In other words,we want to maximizethe minimum distanceof the training points

from the separatingboundary. Recall, from Chapter 2, that as in the classicalSVM

literature, we denoteyi to be the classlabel taking values-1 and 1.

By Lemma 3.1.1, in Euclidean space,note that the distanceof any point x from

29



the separatingboundary H (c1; c� 1) is

d(x; H (c1; c� 1)) =

�
�
�
�

f c1 ;c� 1 (x)
2d(c1; c� 1)

�
�
�
� (3.12)

Therefore, for a separabletraining set (seeSection 3.1), using (3.3) and (3.12), we

can write the distancefrom the training points to the separatingsurfaceas

d(x; H (c1; c� 1)) =
yf c1 ;c� 1 (x)
2d(c1; c� 1)

; (3.13)

wherey = � 1 is the classlabel for x. Relation (3.13)will beusedasan approximation

that is reasonablefor data on manifolds lying in a small (convex) neighborhood as

this is directly computablefor manifold data. Then, using (3.13) in (3.11) we would

like to solve for some ~c1 and ~c� 1 such that

( ~c1; ~c� 1) = argmax
c1 ;c� 12 M

min
i =1 :::n

�
yi f c1 ;c� 1 (x i )
2d(c1; c� 1)

�
(3.14)

It is important to note that the solution of ( ~c1; ~c� 1) in (3.14) is not unique. In fact,

in the d-dimensionalEuclideancasethere is a (d � 1)-dimensionalspaceof solutions.

Therefore, in order to make the search spacefor ( ~c1; ~c� 1) smaller we proposeto �nd

( ~c1; ~c� 1) as follows:

( ~c1; ~c� 1) = argmax
(c1 ;c� 1 )2 Ck

min
i =1 :::n

�
yi f c1 ;c� 1 (x i )
2d(c1; c� 1)

�
(3.15)

where,for a given k > 0,

Ck = f (c1; c� 1) : ŷ(c1 ;c� 1 ) f c1 ;c� 1 (x̂(c1 ;c� 1 )) = kg (3.16)

and,

x̂(c1 ;c� 1 ) = argmin
x2 bX ( c1 ;c � 1 )

f c1 ;c� 1 (x) (3.17)
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and ŷ(c1 ;c� 1 ) is the classlabel of x̂(c1 ;c� 1 ) .

Therefore,using (3.15) - (3.17), we have

( ~c1; ~c� 1) = argmax
(c1 ;c� 1 )

�
k

2d(c1; c� 1)

�
(3.18)

Now, recall that x̂(c1 ;c� 1 ) is one of the training points closest to H (c1; c� 1). This

means,no other training point should be closer to H (c1; c� 1) than x̂(c1 ;c� 1 ) . This

presents us with a set of constraints which should be consideredwhile solving for

( ~c1; ~c� 1) in (3.18). The constraints are given as follows:

8i=1,2,. . . , n;

d(x i ; H (c1; c� 1)) � d(x̂(c1 ;c� 1 ) ; H (c1; c� 1))

)
yi f (x i )

2d(c1; c� 1)
�

k
2d(c1; c� 1)

) yi f (x i ) � k

) k � yi f d2(x i ; c� 1) � d2(x i ; c1)g � 0 (3.19)

) hi � 0 (3.20)

wherehi = k � yi f d2(x i ; c� 1) � d2(x i ; c1)g:

Combining the constraints (hi < 0; 8 i = 1; 2; : : : ; n) with (3.18), the optimization

problem becomes
max
c1 ;c� 1

1
d(c1; c� 1)

s.t. hi � 0

or,
min
c1 ;c� 1

d(c1; c� 1) s.t. hi � 0 (3.21)

Rather than solving the constrainedoptimization problem in (3.21), we consider

the penalizedminimization problem as de�ned below:

Minimize
g� (c1; c� 1) = d2(c1; c� 1) +

�
n

nX

i =1

(hi )+
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or,
g� (c1; c� 1) = d2(c1; c� 1) +

�
n

nX

i =1

�
k � yi f d2(x i ; c� 1) � d2(x i ; c1)g

�

+

(3.22)

where� is the penalty for violating the constraints given by (3.20).

Equation (3.22) givesthe function to be minimized in the separablecase. In the

non-separablecase,the form of the function g� (c1; c� 1) to be minimized remainsthe

same.What changesis the de�nition of bX (c1 ;c� 1 ) , and hence,the de�nition of x̂ (c1 ;c� 1 ) ,

ŷ(c1 ;c� 1 ) and k. bX (c1 ;c� 1 ) is now de�ned asthe set of correctly classi�ed training points

which areclosestto H (c1; c� 1) (in the separablecase,the term correctly classi�ed was

not necessarysinceall the training points are correctly classi�ed by H (c1; c� 1). In

the non-separablecasethere canbe a misclassi�edpoint which is closestto H (c1; c� 1)

amongall training points, but it is not an element of bX (c1 ;c� 1 )). Note that the second

term in (3.22) not only penalizesmisclassi�cation, but also penalizescaseswhere

training points cometoo closeto the separatingboundary.

The exact solution which minimizes the objective function in Eq. (3.22) will be

referredto asthe \idealized" MSVM solution. The following subsectionassumesthat

the data lies in a small convex neighborhood and then proposesa gradient descent

approach to minimize the objective function (Eq. 3.22). The resulting solution will

be referredto as the MSVM solution.

3.3.3.1 A Gradien t Descent Approac h to the MSVM Ob jectiv e Function

Here we propose and develop an algorithm to minimize the objective function

given by (3.22).

Given c1 = m1 and c� 1 = m2, let us denoteby � 1(m1; m2) and � 2(m1; m2), the

gradient of g� (c1; c� 1) with respect to c1 and c� 1 respectively. It is assumedthat the

data lie in a small convex neighborhood. Therefore,a negative gradient approach is

followed,which hasbeensuccessfullyusedin �nding geodesicmeanson manifolds(see

Fletcher et al., 2003,2004), using arguments in Karcher (1977) and Pennec(1999).
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The gradients of the objective function are given by

� 1(m1; m2) =
@g�

@m1

= � 2Logm1
(m2) � 2

�
n

X

(i :h i � 0)

(yi Logm1
(x i ))

(3.23)

and,

� 2(m1; m2) =
@g�

@m2

= � 2Logm2
(m1) + 2

�
n

X

(i :h i � 0)

(yi Logm2
(x i ))

Algorithm:

Start with initial value of c1 = c0
1 and c� 1 = c0

� 1

Set � = 1; i = 0

While � > "(small)

f

i = i + 1

Calculate � 1(ci � 1
1 ; ci � 1

� 1 )

UPDATE: ci
1 = Expci � 1

1
(� t� 1(ci � 1

1 ; ci � 1
� 1 )) ; t = step size2 (0; 1)

Calculate � 2(ci
1; ci � 1

� 1 )

UPDATE: ci
� 1 = Expci

� 1
(� t� 2(ci

1; ci � 1
� 1 )) ; t = step size2 (0; 1)

� = jj � 1(ci
1; ci

� 1)jj + jj � 2(ci
1; ci

� 1)jj

g
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In the next section we will comparethe results of MSVM and ITanSVM along

with the GeodesicMean Di�erence (GMD) method.

3.3.4 Results

In the previoussections,threeclassi�cation methods,GMD (Section3.2), ITanSVM

(Section 3.3.2) and MSVM (Section 3.3.3) were proposed. In this section, we com-

pare the performanceof thesemethods along with the method of EuclideanSVM on

a single tangent plane (with the overall geodesicmean as basepoint). We will call

this method TSVM.

Associated with every classi�cation rule are two typesof errors, the training error

and the cross-validation error (alsocalledtest error). Training error is the proportion

of the training data (data usedto �nd the rule) that is misclassi�edby the rule. The

cross-validation error is the proportion of the test data (data believed to be behaving

like the training data but not usedto �nd the rule) that is misclassi�ed. For example,

let us supposewe have a set of 50 data points. We randomly choose40 of them and

usethose to train a classi�cation rule. If, out of this training set of 40 data points,

4 are misclassi�ed by the rule, the training error for this particular rule is 4
40 = 0:1.

On the other hand, the remaining 10 data points form our test data. If four of them

are misclassi�ed by the rule then the cross-validation error is 3
10 = 0:3.

Recall, from Section 3.3.3, that the classi�cation rule MSVM depends on the

choiceof a tuning parameter� . In particular, refer to (3.22) to seehow the objective

function (which is minimized to �nd the classi�cation rule) dependson � . For small � ,

the training error tends to decrease.But increasing� indiscriminately tends to result

in over�tting. This tradeo� is re
ected by the cross-validation error, which initially

decreases,but increaseswhen � becomeslarge enough that the error is driven by

over�tting. A sensiblechoiceof � is one which has low value of the cross-validation

error. ITanSVM and TSVM are also dependent on � in a similar way while GMD
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does not depend on � . In our experiments, we will consider several values of �

(� = 15k ; k = 0; 1; : : : ; 7) for each of MSVM, ITanSVM and TSVM. The choice of

the base15 for � is not set in stone: we choseit asa reasonablecompromisebetween

coverageof a large range of values and computational cost. Note that the lowest

values for the errors (training and cross-validation) can be attained at di�eren t �

valuesfor MSVM, ITanSVM and TSVM. The valueof the parameterk (seeEq. 3.22)

was set equal to 0.01.

3.3.4.1 Application To Hipp ocampi Data

This data consistsof 82 m-rep models (of Hippocampi), 56 of which are from

schizophrenic individuals and the remaining 26 are from healthy control individuals

(seeStyner et al. (2004)). Each of thesemodels have 24 medial atoms, placed in a

8 � 3 lattice (seeFig. 3.3).

Figure 3.3: Left: M-rep sheet of a hippocampus with the 24 medial atoms. Right: Surface
rendering of the m-rep model.

We conduct the simulation study in the following way. For each run we randomly

remove �v e data points from the population of 82 and train our classi�ers on the

remaining 77 data points. For each such population we considerseveral valuesof the

cost parameter � (� = 15k ; k = 0; 1; : : : ; 7) for ITanSVM, MSVM and TSVM. GMD

doesnot depend on � . After training we test the classi�ersby classifyingthe �v e test

data points. Aggregating over several simulated replications, the training error and

the cross-validation error are calculated.
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Fig. 3.4 shows the performance(training error (left panel) and cross-validation

error(right panel)) of the di�eren t methods.
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Figure 3.4: Left: Training errors against cost log15 � . Right: Cross-validationerrors against
cost log15 � . Cross-validation error for MSVM is robust to the choice of � .

From Fig. 3.4, we seethat MSVM has training error either very closeto GMD

(� = 1) or substantially smaller. On the other hand, for small valuesof � the training

error of ITanSVM is much higher. MSVM fails to attain a training error of zerowhile

both TSVM and ITanSVM achieve zero training error (at � = 155 or higher). But

this could be due to over�tting by ITanSVM and TSVM, and this idea is validated

by their increasedcross-validation error for high � values. We note that the cross-

validation errors of ITanSVM and TSVM is very sensitive to the choice of � , i.e., a

good choice of � appears to be critical for these two methods. In contrast MSVM

is much more robust against the choice of � . In particular, the fact that the cross-

validation of MSVM is much more stable for high valuesof � is promising. We also

note that the cross-validation error of MSVM (at � = 152) is the least among all

methods.
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The MSVM algorithm suggeststhat with increasing� the distance between c1

and c2 should increase(seeequation 3.22). We monitor this tendency by plotting

d(c1; c2) against � for MSVM, and for ITanSVM and GMD in order to comparethe

behavior of the solutions. Note that TSVM cannot be comparedheresincethere are

no control points involved. Fig. 3.5 plots log10(d(c1; c2)) against log15 � .
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Figure 3.5: log10(d(c1; c2)) against cost log15 � . The distance between the MSVM control
points increaseswith increasing � , as suggested by the problemformulation (equation 3.22).

Fig. 3.5veri�es that the solution of the MSVM algorithm behavesasexpected: the

distancebetweenc1 and c2 increaseswith increasing� . The behavior of the ITanSVM

solution is just the opposite. This behavior may be consistent with over�tting.

An important part of this study is to �nd out whether the classi�cation rules

under considerationgive meaningful directions of di�erence betweenthe classes.In

the context of the given problem, the rule that best shows the structural change

in the hippocampusis the most valuable. The structural changecaptured by each

method is shown in Figure 3.6. For each classi�cation rule (at the � which has the

least cross-validation error), we project the data points on to direction of separation.

The mean of the projected data is calculated. The projected data points with the

lowest and highestprojection scoresgive the extent of structural changecaptured by
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the separatingdirection. The objects in the left are the projected shapeswith lowest

score,and on the right, with the highest score. The color map shows the surface

distance maps of the mean (of projected data points) and projected shapes. Red,

green,and blue are inward distance,zerodistance,and outward distancerespectively.

Projected Patient Extreme Projected Control Extreme

GMD

TSVM

ITanSVM

MSVM

Figure 3.6: Diagram showingthe structural changecaptured by the di�er ent methods. Red,
green, and blue are inward distance, zero distance, and outward distance respectively.

Fig. 3.6showsthat GMD represents a largestructural change.But its relevanceis

questionablebecauseof its poor discriminating performance(Fig. 3.4). GMD shows

a lot of structural change,but it fails to isolate the important featureswhich actually

separate the two groups. Among the other three methods, MSVM captures the

changemost strongly. ITanSVM hardly captures the change. This could be related

to over�tting where the separatingdirection feels the microscopicnoisy featuresof

the training data and thus fails to capture the relevant structural change. We can
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concludethat MSVM provides the best balancebetweenclassifyingperformanceand

capturing changesin the shapes. Recall, that MSVM is the only method discussed

here which works intrinsically on the manifold (and not on a tangent plane, like

TSVM and ITanSVM) and this can be attributed to its desirableproperties of good

classi�cation and informative separatingdirection.

3.3.4.2 Application to Generated Ellipsoid Data

This data consistsof 25 m-rep modelsof generateddistorted ellipsoids. They are

simulated by randomly introducing a bending, twisting and tapering of an ellipsoid.

We divide them into two groups,a group of 11 with negative twisting parameterand

another group of 14 with positive twisting parameter. For our referencewe call them

the control group and the patient group respectively. Each of thesemodels have 21

medial atoms, placedin a 7 � 3 lattice (seeFig. 3.7).

m�rep sheet of a
deformed ellipsoid

surface rendering of
 the m�rep model

Figure 3.7: Left: M-rep sheet of one of the simulated distorted ellipsoids used in our study.
It has 21 medial atoms. Right: Surface rendering of the m-rep model.

As in the Hippocampi data set, we compare the performanceof the di�eren t

methods. The valuesof � consideredare the sameas before. Instead of leaving �v e

data points for each simulation, we leave out 3 data points in this case.

Fig. 3.8 shows the performance(training error (left panel) and cross-validation

error(right panel)) of the di�eren t methods.

39



0 2 4 6
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

Training Error VS l

log
15

(l )

Tr
ai

ni
ng

 E
rro

r

GMD

ITanSVM

TSVM

MSVM

0 2 4 6
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

Cross Validation Error VS l

log
15

(l )

C
V 

Er
ro

r

GMD

ITanSVM

TSVM

MSVM

Figure 3.8: Left: Training Errors against log15 � . Right: cross validation Errors against
cost log15 � . From the crossvalidation errors, none of the methods seem to over�t. MSVM
is least sensitive to choice of � .

MSVM (at � = 15; 154) hascrossvalidation error very closeto the lowest among

all the methods. Just as in the Hippocampusdata set, the MSVM seemsto be the

least sensitive to high valuesof � . But unlike the hippocampusdata set, the cross

validation errors of ITanSVM and TSVM do not increasewith large � . It seemsfor

this dataset, thesetwo methods arenot over�tting. This canbe attributed to the fact

that the modesof noisecomponent in this data set are far lessthan what we have in

the real data set of hippocampi.

Fig. 3.9 shows the structural changeshown by TSVM, ITanSVM and MSVM.

Here, surfacedistancemaps(like Fig. 3.6) are not shown, sinceit will not be useful

to show twisting of the object surface. Instead, wire meshrenderingof the deformed

ellipsoid surfacesare shown here. From Fig. 3.9, it can be noted that the structural

changeshown by ITanSVM and TSVM is a tapering of the ends,while the true mode

of di�erence (twisting) is e�ectiv ely captured by MSVM.
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Figure 3.9: Structural changeshownby TSVM, ITanSVM and MSVM. MSVM captures the
true mode of di�er ence (twisting), while TSVM and ITanSVM showstapering/shrinking
e�ect at the ends.

Again, MSVM seemsto be bringing out the best balanceof classifyingpower and

capturing of separatingfeatures. Though, in this case,ITanSVM and TSVM do not

seemto be over�tting, they fail to capture the true mode of change. This example

again shows that MSVM, by virtue of its formulation (working on the manifold),

captures the nonlinear modes of variation better than methods like ITanSVM and

TSVM.

3.4 DWD on Manifolds

In this section, we introduce two approaches to extend DWD to manifold data.

The following subsectionreviewsthe standard DWD method.
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3.4.1 A Brief Overview of Distance Weighted Discrimination

(D WD)

The DWD method, developed by Marron et al. (2004) is an improvement upon

the Support Vector Machine in HDLSS contexts. For a recent application of DWD

to microarray geneexpressionanalysis,seeBenito et al. (2004). Supposetwo classes

are separable,which is very likely for HDLSS data. Again, supposethe separating

hyperplaneis f (x) = wT x + b. DWD �nds the hyperplanethat minimizesthe sum of

the inversedistances.This giveslarger in
uence to thosepoints which arecloseto the

hyperplanerelative to the points that are farther away from the hyperplane(unlike

SVM, where only the points closest to the separating hyperplane have important

in
uence). For separableclasses,the DWD method is the solution of the following

optimization problem,

minimizew;b
P n

i=1
1
r i

subject to yi f (x i ) � 0; i = 1; : : : ; n; (3.24)

where r i is the distance of x i from the separatinghyperplane. As shown in Figure

3.10, DWD �nds a hyperplane (green) to separatethe two classes(blue circles and

red pluses) as well as possible, in the senseof minimizing the sum of the inverse

distances from the samplesto the hyperplane. The normal to the hyperplane is

called the DWD separating direction. The computation of this hyperplane can be

formulated as a Second-OrderCone Programming (SOCP) problem and is solved

using the software packageSDPT3 (for Matlab), which is web-available at Toh et al.

(2006).

In the following section,an extensionof DWD is proposed.

42



Figure 3.10: DWD hyperplane (broken green line) to separate two classes,represented by
crossesand pluses. The purple vector is the DWD direction of separation.

3.4.2 Iterativ e Tangent Plane DWD (IT anD WD)

In this subsection,wegeneralizeDWD to manifold data by implementing standard

DWD on multiple tangent planes,which arecarefully chosenby an iterativ eapproach.

The algorithm is the sameas proposedfor ITanSVM in Section3.3.2,except for the

fact that in step 2, instead of SVM, the standard DWD method (described in 3.4.1)

is implemented. The resulting method is called Iterativ e Tangent Plane DWD or

ITanDWD.

3.4.3 The Manifold DWD (MD WD) metho d

Analogousto the ITanSVM method, ITanDWD also works by continual approx-

imation of the data by projections on to the tangent plane. This makes ITanDWD

unappealing. MDWD aims to be the �rst approach where all calculations are done

on the manifold. Following the framework of Section3.4.1,MDWD determinesa pair

of control points that minimizes the sum of the inversedistancesfrom the training

data to the separatingboundary. The mathematical formulation of the method and

the resulting optimization problem are given below.
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As given in equation (3.1), the decisionfunction f c1 ;c� 1 (x) is

f c1 ;c� 1 (x) = d2(c� 1; x) � d2(c1; x)

The zero level set of f c1 ;c� 1 (�) de�nes the separating boundary H (c1; c� 1) for a

given pair (c1; c� 1). We would like to solve for some ~c1 and ~c� 1 such that

( ~c1; ~c� 1) = argmin
c1 ;c� 1

nX

i =1

1
d(x i ; H (c1; c� 1))

(3.25)

In other words, we want to minimize the sum of the inversedistancesfrom the

training data to the separating boundary. Recall, from Chapter 2, that as in the

classicalSVM literature, we denoteyi to be the classlabel taking values-1 and 1.

By Lemma 3.1.1, in Euclidean space,note that the distanceof any point x from

the separatingboundary H (c1; c� 1) is

d(x; H (c1; c� 1)) =

�
�
�
�

f c1 ;c� 1 (x)
2d(c1; c� 1)

�
�
�
� (3.26)

Therefore, for a separabletraining set (seeSection 3.1), using (3.3) and (3.12), we

can write the distancefrom the training points to the separatingsurfaceas

d(x; H (c1; c� 1)) =
yf c1 ;c� 1 (x)
2d(c1; c� 1)

; (3.27)

wherey = � 1 is the classlabel for x. Relation (3.27)will beusedasan approximation

that is reasonablefor data on manifolds lying in a small (convex) neighborhood as

this is directly computablefor manifold data. Then, using (3.27) in (3.25) we would

like to solve for some ~c1 and ~c� 1 such that

( ~c1; ~c� 1) = argmin
c1 ;c� 1

nX

i =1

2d(c1; c� 1)
yi f c1 ;c� 1 (x i )

(3.28)
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Now, in order that the training points are correctly classi�ed by H (c1; c� 1), the

following constraints should be satis�ed:

8i = 1: : : n;

yi f (x i ) � 0

) � yi f d2(x i ; c� 1) � d2(x i ; c1)g � 0 (3.29)

) hi � 0

wherehi = � yi f d2(x i ; c� 1) � d2(x i ; c1)g:

Combining the constraints (hi < 0 8 i = 1: : : n) with (3.28), the optimization

problem becomes

min
c1 ;c� 1

nX

i =1

2d(c1; c� 1)
yi f c1 ;c� 1 (x i )

s.t. hi � 0 (3.30)

Rather than solving the constrainedoptimization problem in (3.30), we consider

the penalizedminimization problem as de�ned below:

Minimize
g� (c1; c� 1) =

nX

i =1

d(c1; c� 1)
yi f c1 ;c� 1 (x i )

+
�
n

nX

i =1

(hi )+

or,
g� (c1; c� 1) =

nX

i =1

d(c1; c� 1)
yi f d2(x i ; c� 1) � d2(x i ; c1)g

+
�
n

nX

i =1

�
� yi f d2(x i ; c� 1) � d2(x i ; c1)g

�

+

(3.31)

where� is the penalty for violating the constraints given by (3.29).

Equation (3.31) gives the function to be minimized in the separablecase. Note

that the secondterm in (3.31) penalizesmisclassi�cation. In the non-separablecase,

the form of the function g� (c1; c� 1) to be minimized is given by:

g� (c1; c� 1) =
nX

i : correctly classi�ed

d(c1; c� 1)
yi f d2(x i ; c� 1) � d2(x i ; c1)g

+

+
�
n

nX

i =1

�
� yi f d2(x i ; c� 1) � d2(x i ; c1)g

�

+

(3.32)
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or,

g� (c1; c� 1) =
nX

i =1

�
d(c1; c� 1)

yi f d2(x i ; c� 1) � d2(x i ; c1)g

�

+

+
�
n

nX

i =1

�
� yi f d2(x i ; c� 1) � d2(x i ; c1)g

�

+

(3.33)

A gradient descent approach wasattempted to solve the above optimization prob-

lem, but seriousdi�culties wereencountered. Fig. 3.11shows the MDWD objective
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Figure 3.11: Figure showing the discontinuous nature of the MDWD objective function as
a function of the step size along the negative gradient direction.

function as a function of the step size along the negative gradient direction (with

respect to c� 1). Note that the curve has several `spikes', which indicates that the

objective function is discontinuousat several points. This phenomenonprevents the

negative gradient descent approach from working properly. The discontinuities are

due to the denominator in the �rst term of the objective function given in Eq. (3.33).

As soon asoneof the misclassi�edpoints becomesproperly classi�ed, the denominator

assumesa very small value and thus the objective function explodes.

Hence, the MDWD method was not implemented. Therefore, in the next sec-

tion, we only discussthe performanceof TDWD (standard Euclidean DWD imple-

mented on the data projected to the tangent planeat the overall geodesicmean)and
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ITanDWD and comparethem with their SVM counterparts.

3.4.4 Results

In this section,wecomparethe performanceof ITanDWD, TDWD, ITanSVM and

TSVM. First, the real data set of hippocampi is revisited. The training errors and

crossvalidation errors are calculatedthe sameway as in Section3.3.4.

3.4.4.1 Application To Hipp ocampi Data

Fig. 3.12 shows the performance(training error (left panel) and cross-validation

error(right panel)) of the di�eren t methods. We note that the training errors of all
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Figure 3.12: Comparison of methods for Hippocampus data. Left: Training errors against
cost log15 � . Right: Cross-validation errors against cost log15 � . TDWD and ITanDWD
have lower crossvalidation errors than their SVM counterparts.

the methods go to zero for higher valuesof � . The crossvalidation errors of both

TDWD and ITanDWD are less than their SVM counterparts (for higher values of

� � 154). This can be attributed to the fact that DWD is known to be more robust

to noise,especially in HDLSSsituations. In fact, Figure 3.13suggeststhat structural

changeshown by TDWD and ITanDWD are stronger than their SVM counterparts.
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Projected Patient Extreme Projected Control Extreme

TDWD

ITanDWD

TSVM

ITanSVM

Figure 3.13: Diagram showing the structural change captured by the di�er ent methods.
Red, green, and blue are inward distance, zero distance, and outward distance respectively.
TDWD and ITanDWD capture stronger changesthan their SVM counterparts.

3.4.4.2 Application To Generated Ellipsoid Data

Fig. 3.14 shows the performance(training error (left panel) and cross-validation

error(right panel)) of the di�eren t methods. We note that the performancesof

TDWD and TSVM are very similar, while ITanDWD and ITanSVM are similar. It

appearsthat relative to ITanSVM, ITanDWD is more robust to the choiceof higher

valuesof � (the crossvalidation error for ITanDWD remains low for � � 154 while

that of ITanSVM increases).

Figure 3.15 shows the shape changeshown by each of the methods. It is noted

that both TDWD and ITanDWD show tapering/shrinking e�ect at the ends,just like

TSVM and ITanSVM. It seemsthat thesetwo methods also fail to capture the true

mode of separation(twisting) owing to the fact that they work on tangent planes.
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Figure 3.14: Comparison of methods for El lipsoid data. Left: Training errors against cost
log15 � . Right: Cross-validation errors against cost log15 � . ITanDWD has lower cross
validation error than ITanSVM for higher valuesof � .

3.4.4.3 Discussion

In both the examplesconsideredhere, it seemsthat the DWD basedmethods

tends to give lower crossvalidation errors, especially for higher values of the tun-

ing parameter � . While in the real data set of hippocampi, there was a stronger

structural di�erence capturedby TDWD and ITanDWD, there wasno such improved

performancein the generatedellipsoids case. However, as pointed out earlier, the

noiselevel in the hippocampi data set is much more than in the simulated example

of deformedellipsoids. Thesepreliminary results suggeststhat it will be interesting

to study the performanceof the MDWD method.

In the next sectionwe present a modi�ed versionof MSVM, which aimsat making

the method more robust.
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Projected Patient Extreme Mean of Projections Projected Control Extreme

TDWD

ITanDWD

TSVM

ITanSVM

Figure 3.15: Structural changeshownby TDWD, ITanDWD, TSVM and ITanSVM. They
showtapering/shrinking e�ect at the endsand is unable to capture the true mode of di�er-
ence (twisting), which is captured by the MSVM direction (see Fig. 3.9).

3.5 MSVM with Enhanced Robustness

The MSVM method was suggestedin Section 3.3.3. From the results obtained

in Section3.3.4,we have seenthat GMD tends to show maximum structural change

while its discriminating power is not very good. MSVM was found to have a nice

balancebetweencapturing the shape changesand classifyingthe data properly. We

introduce constraints in the algorithm which will restrict the solution of MSVM to

be closeto the geodesicmeansof corresponding classes.The method is described in

the next sectionand results are comparedin Section3.5.2.
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3.5.1 Shrinking the Con trol Poin ts towards the Means

Equation (3.22) gives us the objective function g� (c1; c� 1) to be minimized to

construct the MSVM classi�cation rule:

g� (c1; c� 1) = d2(c1; c� 1) +
�
n

nX

i =1

�
k � yi f d2(x i ; c� 1) � d2(x i ; c1)g

�

+

The �rst term in the equationmaximizesthe margin while the secondterm penalizes

misclassi�ed training data and data which are too closeto the separatingboundary

H (c1; c� 1). Let M 1 and M � 1 be the geodesicmeans. In order to shrink the control

points c1; c� 1 towards the respective classgeodesicmeans,we introducea term which

attempts to minimize d2(c1; M 1) + d2(c� 1; M � 1). The introduction of this criterion

will prevent the solved control points from being too closeto each other (provided

the geodesicmeansare not too closeto each other). Thus, this approach is expected

to prevent over�tting and the potential �nding of spuriousdirections of separation.

This changeis alsoexpectedto improve the identi�abilit y of the solved control points

c1 and c� 1. The objective function to be minimized is:

g�;� (c1; c� 1) = d2(c1; c� 1) +
�
n

nX

i =1

�
k � yi f d2(x i ; c� 1) � d2(x i ; c1)g

�

+

+

+ � [d2(c1; M 1) + d2(c� 1; M � 1)] (3.34)

where� is a tuning parameter in addition to � .

Note that as � ! 1 , the solution to (3.34) will convergeto the GMD solution.

When � = 0, it will reduceto the MSVM method suggestedin Section (3.3.3). We

intend to �nd the right trade-o� between� and � and examinewhether it improves

generalizability.

The resulting objective function in equation(3.34) is solvedby the negative gradi-

ent descent approach, assumingthat the data lie in a small neighborhood. The same
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approach wasusedto solve for the MSVM method, and the algorithm wasdescribed

in detail in Section 3.3.3.1. The gradients of the function g�;� have been provided

below.

Given c1 = m1 and c� 1 = m2, let us denoteby � 1(m1; m2) and � 2(m1; m2), the

gradient of g�;� (c1; c� 1) w.r.t. c1 and c� 1 respectively. The gradients are given by:

� 1(m1; m2) =
@g�;�

@m1
= � 2Logm1

(m2) � 2
�
n

X

(i :h i � 0)

(yi Logm1
(x i )) � 2� Logm1

(M 1)

� 2(m1; m2) =
@g�;�

@m2
= � 2Logm2

(m1) + 2
�
n

X

(i :h i � 0)

(yi Logm2
(x i )) � 2� Logm2

(M � 1)

In the next subsection,we report the behavior of this method as � changesand

compareit to MSVM.

3.5.2 Results

We will refer to the MSVM method with the additional parameter � as MSVM � .

For example,when� = 15, it will be referredto asMSVM15. Wenote that MSVM0 �

MSVM. In this section we will present a comparative study of the performancesof

MSVM � for di�eren t valuesof � (� = 15k ; k = 1; : : : ; 5). The simulation study was

donein the samesetup as in Section3.3.4.

3.5.2.1 Training and Cross Validation Errors

Figures 3.16 and 3.17 show the training and crossvalidation errors (for di�eren t

valuesof � ) for the Hippocampiand Ellipsoid data respectively. Each curverepresents

a particular MSVM � . We observe that with increasing� , the method behavesmore

like the GMD (dotted black line). This is expected,since,by construction, � shrinks

the control points towards the respective means.

In both Figures 3.16 and 3.17, MSVM15 has a lower minimum (across� ) cross

validation error than MSVM. There are other values of � which give lower cross

validation errors than MSVM, but they are not consistent acrossthe two examples.
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Figure 3.16: Performance of MSVM � 's for Hippocampi data. With increasing � , the
MSVM � 's behavemore like the GMD. Almost all MSVM � 's have lower minimum (across
� ) crossvalidation error than MSVM.
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Figure 3.17: Performance of MSVM � 's for El lipsoid data. With increasing � , the MSVM � 's
behavemore like the GMD. MSVM15 has lower minimum (across � ) crossvalidation error
than MSVM.

3.5.2.2 Pro jections on Direction of Separation

Figures3.18and3.19showsthe extremeprojectionson to the separatingdirections

for the Hippocampusand Ellipsoid data respectively. The projections for MSVM and
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MSVM � (� = 15; 155) are shown. For the other values of � , the projected models

look very similar.

Projected Patient Extreme Projected Control Extreme

� = 0 (MSVM)

� = 15

� = 155

Figure 3.18: Diagram showing the structural change captured by the MSVM � directions.
Red, green, and blue are inward distance, zero distance, and outward distance respectively.
All the directions showsimilar changes,and the intensity of the changesare the sametoo.

In both Figures 3.18 and 3.19, there doesnot seemto be much di�erence in the

projected models. To further investigatethe e�ect of � on the MSVM algorithm, we

study the variation of training and crossvalidation errors over the simulation runs

(for each value of � and � ) in Section3.5.2.3.

3.5.2.3 Sampling Variation

In this subsection,a comparative study of the variancesof the MSVM � solutions

is conducted. For each run of the simulation (as described in Section 3.3.4), we

have a pair of optimum (c1; c� 1) values. For each pair of � and � , the quantit y

V = Var(c1) + Var(c� 1) is calculated. The quantit y V is a measureof the sampling

variation of the MSVM � solutionsacrossthe di�eren t simulation runs. The lower the

value of V, the greater the robustnessof the method.

Fig. 3.20 comparesthe sampling variation of the MSVM � method for di�eren t

valuesof � (represented by di�eren t curves) for the Hippocampi data set. From Fig.
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� = 0 (MSVM)

� = 15

� = 155

Figure 3.19: Diagram showingthe structural changecaptured by the MSVM � directions. All
of them showthe actual mode of di�er ence (twisting), and there is little changefor di�er ent
valuesof � .
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Figure 3.20: Sampling variation of MSVM � 's for Hippocampi data. With increasing � , the
MSVM � 's have lessvariation. The changein variation is large when � changesfrom 0 to
15 (for smaller valuesof � ).
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3.20 we note that as � increases,the variation in the solution tends to decrease.

This is not surprising, sinceincreasing� forcesthe solution to be closerto the GMD

solution. We recall from previousdiscussionsthat taking � = 15 results in improved

crossvalidation errors (Figures 3.16 and 3.17). Moreover, comparing the sampling

variation of the methods (Fig. 3.20), we also note that the decreasein sampling

variation is quite large when � changesfrom 0 to 15 (for smaller valuesof � ).

Fig. 3.21 comparesthe sampling variation of the MSVM � method for di�eren t

valuesof � (represented by di�eren t curves) for the deformedellipsoid data set. The
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Figure 3.21: Sampling variation of MSVM � 's for ellipsoid data. With increasing � , the
MSVM � 's have lessvariation. The changein variation is large when � changesfrom 0 to
15 (for smaller valuesof � ).

observations from Fig. 3.21 are similar to those from the Hippocampi data set: the

samplingvariation reduceswhen � = 15. This suggeststhat a small value of � helps

in improving both the crossvalidation error and the robustnessof the MSVM method.

3.6 Summary

In this chapter, we have presented a generalframework for classi�cation of data

which lie on manifolds(Section3.1). Geodesicdistancehasbeenusedto formulate the
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classi�er. This framework has beenusedto extend the methods of Mean Di�erence

(Section3.2), SVM (Section3.3) and DWD (Section3.4) for manifold data.

MSVM (Section3.3.3) is the only method implemented in this dissertation which

works intrinsically on the manifold. It seemsthat by virtue of this property, it brings

about a nicebalanceof good classi�cation power and informativeseparatingdirection.

In Section 3.5, we noted that when the MSVM control points are constrained to

lie close to the respective geodesic means, the sampling variation of the method

reduces. From the preliminary results (Section 3.4.4), it seemsthat the tangent

plane extensionsof DWD have better generalizability properties than their SVM

counterparts.

In the following chapter, we study the HDLSS asymptotics of data on manifolds

and analyzethe asymptotic behavior of MSVM as the dimensiond ! 1 .
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CHAPTER 4

Asymptotics of HDLSS Manifold Data

Understanding the geometricstructure of HDLSS data is a challenging task due

to the limitation of the human perception in visualizing data in more than three

dimensions. In fact, someprevious work has shown that they have quite di�eren t

geometry from low dimensionaldata. In the next section we review the geometric

representation of EuclideanHDLSS data.

4.1 Geometric Represen tation of Euclidean HDLSS

Data

Donoho and Tanner (2005), in their asymptotic study on simplices in high di-

mensionalspace,found out that the convex hull of n Gaussiandata vectors in < d

looks like a simplex as the ratio d=n convergesto 
 2 (0; 1) (as d ! 1 , n ! 1 ), in

the sensethat all points are on the boundary of the convex hull. In our discussion,

we focus on the geometry of HDLSS data using the d-asymptotic approach, letting

only the dimensiond tend to in�nit y, while �xing the samplesizen. This asymptotic

domain wasstudied by Hall et al. (2005)and it givesinteresting insights into HDLSS

situations. We review their observations in the following discussion.

Let X (d) = f X 1(d); : : : ; X m (d)g, where X i (d) 2 < d; i = 1; : : : ; m be i.i.d ran-

dom vectorsdistributed asX (d) = (X (1) ; : : : ; X (d)) with X (i ) 2 < following standard

Gaussiandistribution. Therefore,each of the X i (d)'s are d-dimensionalrandom vec-



tors from the Gaussiandistribution with mean zero and identit y covariancematrix.

Note that:

(1) The squaresof the entries of X i (d) followsa � 2
1 distribution, for all i = 1; : : : ; m.

(2) The squaresof the entries of X i (d)� X j (d)p
2

follows a � 2
1 distribution, for all i; j =

1; : : : ; m; i 6= j .

Noting thesetwo facts, and using delta method calculations, they showed that

jjX i (d)jj
p

d
= 1 + Op(d� 1

2 );

jjX i (d) � X j (d)jj
p

d
=

p
2 + Op(d� 1

2 ); (4.1)

angle(X i (d); X j (d)) = � =2 + Op(d� 1
2 )

for all i; j = 1; : : : ; m; i 6= j .

Thus, they showed that asd ! 1 , the data tend to form an m-simplexwith equal

pairwise distances. Therefore, there is a deterministic structure in the data. All of

the randomnessis manifestedonly through random rotations of the simplex.

Hall et al. (2005) also extended the above argument to the non-Gaussiancase.

SupposeX (d) = f X 1(d); : : : ; X m (d)g, whereX i (d) 2 < d; i = 1; : : : ; m are identically

distributed random vectors from a d-dimensionalmultiv ariate distribution. Assume

the following:

(1) The fourth moments of the entries of the data vectorsare uniformly bounded.

(2) For a constant � ,

1
d

dX

k=1

var(X (k)
i ) ! � 2; for all i = 1; : : : ; m

(3) Viewed as a time series,X (1)
i ; : : : ; X (d)

i ; : : : is � -mixing for functions that are
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dominated by quadratics. That is, for k; k0 = 1; : : : ; d with jk � k0j > r ,

sup
jk� k0j>r

jE(X (k)
i X (k0)

i )j � � (r ) ! 0 as r ! 1 ; for all i = 1; : : : ; m: (4.2)

If the random vectorssatisfy the conditions above, then the distancebetweenX i (d)

and X j (d); i 6= j , is approximately (2� 2d)
1
2 , in the sensethat

jjX i (d) � X j (d)jj=
p

d P� ! (2� 2)
1
2 : (4.3)

Thus after scalingby
p

d, the data vectorsX i (d)'s are asymptotically located at the

verticesof a regular m-simplex whereall the edgesare of length (2� 2)
1
2 .

Similar results were extendedto the two samplecase,where in addition to the

data set X (d), there is another data set Y(d) = f Y1(d); : : : ; Yn (d)g. The results are

summarizedbelow.

(A1) As d ! 1 , X (d) forms an m-simplex where the scaledpairwise distancesbe-

tweenthe samplepoints is a constant (= l1).

(A2) As d ! 1 , Y(d) formsan n-simplexwherethe scaledpairwisedistancesbetween

the samplepoints is a constant (= l2).

(A3) As d ! 1 , the pairwise distancesbetweensamplepoints (one from X (d) and

another from Y(d)) are at a scaleddistancel12 from each other.

The convergenceholds in the senseof convergencein probability. This geometrywas

then usedin a novel way to study the asymptotic (as d ! 1 ) behavior of di�eren t

classi�cation methods like SVM, DWD, Mean Di�erence and One-Nearest-Neighbor.

In the next subsection,we analyze the asymptotic behavior of the MSVM method

when applied to Euclideandata with the above geometricstructure.

In section 4.2, similar deterministic behavior will be sought in the casewhen

data live in cartesian products of S2 (the unit spherein < 3), with the number of
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such spherical components going to in�nit y. It appears that this idea will also be

generalizableto M (d), as d ! 1 .

4.1.1 Behavior of MSVM under Euclidean HDLSS Geomet-

ric Structure

In this section we will analyzethe MSVM method when applied to data setsof

this particular deterministic structure. To make things simple, it is assumedthat

the data set has exactly the above geometrical representation (and not only in the

limiting sense). Moreover, since for a given dimension d, the scaling is done by a

constant factor
p

d, we do not show this factor in the calculations. This deterministic

structure is summarizedas follows:

(B1) X (d) forms an m-simplex where the pairwise distancesbetween the sample

points is a constant (= l1).

(B2) Y(d) formsan n-simplexwherethe pairwisedistancesbetweenthe samplepoints

is a constant (= l2).

(B3) All pairs of sample points (one from X (d) and another from Y(d)) are at a

distancel12 from each other.

Now, somenotations are introduced. Let X (k) = f X (k)
1 ; : : : ; X (k)

m g denotethe set

containing the kth component of X (d). Similarly, Y (k) is de�ned. Let C(k)
x and C(k)

y

denotethe respective samplegeodesicmeansof the k th component (i.e., of X (k) and

Y (k) respectively). Let Cx and Cy be the samplegeodesicmeans(in this section,they

are the sameasthe regular Euclideanmeans,sincewe arestudying data in Euclidean

space)of X (d); Y(d) respectively, and Cx = (C(1)
x ; : : : ; C(d)

x ) and Cy = (C(1)
y ; : : : ; C(d)

y ).

In the following lemma we will study the distance of any new datum from Cx . Sm

denotesthe m-simplex formed by X (d), while Sn denotesthe n-simplex formed by

Y(d).
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Lemma 4.1.1. Let X (d); Y(d) be as de�ned above following the deterministic struc-

ture given by (B1)-(B3). Then

(i) The squared distance between Cx and a newpoint X N (d) from the X population

is given by

d2(Cx ; X N (d)) =
l2
1

2
(1 +

1
m

) (4.4)

(ii) The squared distance between Cx and a new point YN (d) from the Y population

is given by

d2(Cx ; YN (d)) = l2
12 �

l2
1

2
(1 �

1
m

) (4.5)

Proof. Cx is the meanof the m-simplexSm . Without lossof generality, let the vertices

of the Sm be given by

X 1 =
l1p
2

(1; 0; : : : ; 0)

X 2 =
l1p
2

(0; 1; 0; : : : ; 0)

...

X m =
l1p
2

(0; : : : ; 0; 1)

This implies

d2(Cx ; X i (d)) = k
l1

m
p

2
1 � X i k2

=
l2
1

2
(1 �

1
m

) (4.6)

Now, let Z 2 < d be at distance z from each of the samplepoints in X (d). There-

fore, each triangle formed by (Z; Cx ; X i ); i = 1; : : : ; n is a right-angled triangle with
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hypotenuse being the edgeof length z (seeFig. 4.1). Therefore, by Pythagoras'

theorem,we have

d2(Cx ; Z ) = d2(X i ; Z ) � d2(Cx ; X i )

= z2 �
l2
1

2
(1 �

1
m

) (4.7)

If Z comesfrom the X population, z = l1. If Z comesfrom the Y population, z = l12.

This givesus the results (4.4) and (4.5) respectively.

Note. When a newdatum X N is considered,the underlying geometryof the data

changes.In particular, we have a regular simplex Sm+1 (with m + 1 vertices), which

hasthe commonpairwisedistancel1. Similarly, whena new datum YN is considered,

the underlying geometricstructure is given by a regular simplex Sn+1 , with common

edgelength l2.

X
1

X
2

C
x

Z

C
1

Figure 4.1: X (2) = f X 1; X 2g, X 1; X 2 2 < 2. Cx is the mean of X (2). Z 2 < 2 is equidistant
from X 1 and X 2. Cx ; Z; X 1 form a right triangle with hypotenuseZ X 1. C1; Z; X 1 do not
form a right angled triangle. In fact, any point C1 (6= Cx ) which lies on the line segment
X 1X 2 does not form a right angled triangle with X 1 and Z . Consequently Z is closest to
Cx among all points on X 1X 2.

Remark. Fig. 4.1 shows that among all points in the simplex given by X (2), Cx

(the mean), is closestto a point Z which is equidistant from the samplepoints in

X (2). This holds true in the d-dimensionalspace.
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The following lemmastatesresultssimilar to thoseof Lemma4.1.1. Herewestudy

distancesfrom Cy, the meanof Y(d).

Lemma 4.1.2. Let X (d); Y(d) be as de�ned above following the deterministic struc-

ture given by (B1)-(B3). Then

(i) The squared distance between Cy and a newpoint X N (d) from the X population

is given by

d2(Cy; X N (d)) = l2
12 �

l2
2

2
(1 �

1
n

) (4.8)

(ii) The squared distance between Cy and a new point YN (d) from the Y population

is given by

d2(Cy; YN (d)) =
l2
2

2
(1 +

1
n

) (4.9)

Using the above two lemmas,we can calculate the distancebetweenCx and Cy.

The following corollary givesus the result.

Corollary 4.1.3. Let X (d); Y(d) be asde�ned abovefollowingthedeterministic struc-

ture given by (B1)-(B3). Then

d2(Cx ; Cy) = l2
12 �

l2
2

2
(1 �

1
m

) �
l2
2

2
(1 �

1
n

) (4.10)

Proof. From Eq. (4.8), Cy is equidistant from each of the verticesof the m-simplex

given by X (d) (the commondistancebeing
q

l2
12 � l22

2 (1 � 1
n ) ). Then, by Eq. (4.7),

the squareddistancebetweenCx and Cy is given by l2
12 � l22

2 (1 � 1
m ) � l22

2 (1 � 1
n ). Note,

that herewe usedZ = Cy and thereforez =
q

l2
12 � l22

2 (1 � 1
n ).

As a remark to Lemma 4.1.1, we noted that if a point Z is equidistant from all

the verticesof Sm , then Cx is the point (among all points in Sm ) which is closestto

65



Z (seeFig. 4.1). Similar results are studied when there are two simplices(one given

by X (d), the other by Y(d)) in the following lemma.

Lemma 4.1.4. Let X (d); Y(d) be as de�ned above following the deterministic struc-

ture given by (B1)-(B3). Let C1(6= Cx ) be any point in the m-simplexSm formed by

X (d). Then

(i) Each vertex of the Sn (given by Y(d)) is at equal distance from C1. In other

words,

d(C1; Yi (d)) = U = U(C1); 8i = 1; : : : ; n (4.11)

(ii) The common distance U(C1) is larger than the common distance between Cx

and any of the vertices of Sn . Or,

d(Cx ; Yi (d)) =

r

l2
12 �

l2
1

2
(1 �

1
m

) < U(C1); 8i = 1; : : : ; n (4.12)

Proof. Part(i). For i = 1; : : : ; n, consider the (m + 1)-hedronscreated by Yi and

vertices of X (d).The corresponding edgesof these(m + 1)-hedronsare of the same

length. In particular, there is the commonbaseconstituting the m-simplex (due to

X (d)). In addition, the distancefrom Yi to the verticesof X (d) are the same(= l12).

Therefore,the n (m + 1)-hedronsare congruent to each other.

[Let us use Fig 4.2 as an example. Here X (3) = f X 1; X 2g; Y(3) = f Y1; Y2g,

for X 1; X 2; Y1; Y2 2 < 3. The 3-hedrons(here, triangles) Y1X 1X 2 and Y2X 1X 2 are

congruent with commonbasegiven by the simplex X 1X 2.]

Consequently, the anglebetweenthe line segments joining any Yi and any X j , and

the simplex due to X (d) are the same.In particular, for any point C1 (2 m-simplex),

\ Yi X j C1 is samefor all i; j . (In Fig. 4.2, \ Y1X 1C1 = \ Y1X 2C1 = \ Y2X 1C1 =

\ Y2X 2C1)
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Figure 4.2: Diagram showing two data sets X (3) = f X 1; X 2g and Y(3) = f Y1; Y2g, for
X 1; X 2; Y1; Y2 2 < 3. Cx is the mean of X (3). Note that triangles Y1X 1C1 and Y2X 1C1 are
congruent and therefore, d(C1; Y1) = d(C1; Y2).

Now, considerany two triangles Y1X 1C1 and Y2X 1C1. They are congruent (since

(a) d(Y1; X 1) = d(Y2; X 1) = l12, (b) C1X 1 is the commonedge,and (c) \ Y1X 1C1 =

\ Y2X 1C1). Therefore,d(C1; Y1) = d(C1; Y2) (being corresponding edgesof congruent

triangles). SinceY1 and Y2 were arbitrary choicesfrom Y(d), the relation holds for

all the n samplepoints in Y(d). Consequently, sincethe distancefrom C1 to any of

n verticesonly depend on C1, we can write

d(C1; Yi (d)) = U = U(C1); 8i = 1; : : : ; n

Thus Eq. (4.11) is proved.

Part(ii) . From Eq. (4.5), it has been proved that d(Cx ; Yi ) =
q

l2
12 � l21

2 (1 � 1
m ).

Note that each of the Yi 's are equidistant from X (d). By Lemma 4.1.1and a remark

following it, we know that Cx is the point in the m-simplexwhich is closestto each of

the points in Y(d). In other words, d(Cx ; Yi ) < d(C1; Yi ) 8i = 1; : : : ; n. Combining

thesetwo facts along with part(i) we have

d(Cx ; Yi (d)) =

r

l2
12 �

l2
1

2
(1 �

1
m

) < U(C1); 8i = 1; : : : ; n
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Remark. It can be also proved that each vertex of Sm (given by X (d)) is at

equal distancefrom C2(6= Cy) 2 Sn . Also, this distanceis greater than the common

distancefrom Cy to each of the verticesof the m-simplex.

Corollary 4.1.3 gives the distancebetweenCx ; Cy. The following theorem shows

that the solution of the MSVM algorithm (discussedearlier) is (Cx ; Cy), when the

deterministic structure in the data holdstrue. Weconsiderthe simplesituation, where

the two data sets X (d); Y(d) are separable. We also assumethat the permissible

candidates for the solution are restricted to the two simplices given by X (d) and

Y(d). Hall et al. (2005) pointed out that for Euclidean data, the SVM separating

hyperplaneis the perpendicular bisectorof the nearestpoints of the two convex hulls

formed by the data sets X (d) and Y(d). From that point of view, restricting the

choiceof optimum control points for MSVM to the simplicesSn and Sm seemsto be

natural.

Theorem 4.1.5. Supposethat X (d) and Y(d) are data setsasde�ned abovefollowing

the deterministic structure givenby(B1)-(B3). Let the datasetsbe separable. In other

words, there exists a pair of control points (c1; c� 1) such that H (c1; c� 1) separates

them. Then, the pair of control points (restricted to the two respective simplices)

which de�ne the MSVM separating surface are the means Cx ; Cy.

Proof. Recall, the MSVM algorithm searchesfor a pair of control points ( ~c1; ~c� 1) such

that

( ~c1; ~c� 1) = argmin
c1 ;c� 12< d

f d2(c1; c� 1) +
�
n

nX

i =1

�
k � yi f d2(x i ; c� 1) � d2(x i ; c1)g

�

+

g

where � is the penalty parameter for violating the constraints. Since, here we are

considering separabledata sets, and the candidate solutions are restricted to the
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simplices,the MSVM problem formulation reducesto

( ~c1; ~c� 1) = argmin
c12 Sm & c� 12 Sn

d2(c1; c� 1) (4.13)

Therefore, in order to prove the statement of the theorem, it is su�cien t to prove

that

(Cx ; Cy) = argmin
c12 Sm & c� 12 Sn

d2(c1; c� 1) (4.14)

In other words, it would be su�cien t to prove that, of all pairs of points (onefrom the

m-simplexand the other from n-simplex) (Cx ; Cy) is the pair which is closestto each

other. Now, let C1(6= Cx ) belong to Sm and C2(6= Cy) belong to Sn . Note that Cy

is equidistant from all the points in X (d) (by Lemma 4.1.2). Therefore,by Lemma

4.1.4,we can say that

d(Cy; Cx ) < d(Cy; C1) (4.15)

Again, note that C1 is equidistant from all the points in Y(d). Therefore,By Lemma

4.1.4,we can say that

d(Cy; C1) < d(C2; C1) (4.16)

Using Eq. (4.15) and (4.16) gives

d(Cy; Cx ) < d(C2; C1)

This provesthe theorem.

Remark. Theorem4.1.5impliesthat if there is a deterministic structure (givenby

(B1)-(B3)) in the data, then the separatinghyperplanesgivenby the MeanDi�erence
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method and the MSVM method are the same.

Though all calculations were done assumingconditions (B1)-(B3) holds exactly

true, we recall, in reality theseconditions hold only in the limiting sense(in prob-

abilit y, as d ! 1 ). In the next subsection,it is shown that the MSVM solution

convergesto the Mean Di�erence solution as d ! 1 .

4.1.2 Asymptotic Behavior of MSVM for Euclidean Data

First, we show that the solution of MSVM can be interpreted as an M-estimate.

Then, the asymptotic behavior of MSVM is studied as d ! 1 .

Supposewe are interestedin a parameter� related to the distribution of observa-

tions X 1; : : : ; X n . A popular method of �nding an estimator ^� n = ^� n (X 1; : : : ; X n ) is

to maximize a function of the type

M n (� ) =
1
n

nX

i =1

m� (X i ); (4.17)

where m� is a known function. The estimator which maximizes M n (� ) over the

parameterspace� is called an M-estimator (Huber, 1981;Hampel et al., 1986). For

example,a very frequently usedM-estimator is the Maximum Likelihood Estimator

(MLE) wherethe m� 's are the loglikelihood functions.

For example,let X 1; : : : ; X n be independent samplesfrom N (� ; 1). Then the MLE

^� n of � 2 < can be de�ned as a sequencesuch that

^� n = argmax
� 2<

nX

i =1

f� (x i � � )2g: (4.18)

In the asymptotic study of MSVM, we recall that the choiceof control points have

beenrestricted to convex combinations of the data. In other words, any candidate
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solution (cd
1; cd

� 1) can be written as

cd
1 =

mX

i =1

� i X i (d); and

cd
� 1 =

nX

i =1

� i Yi (d); (4.19)

where[� ; � ] 2 �, and

� = f � ; � : � i ; � j 2 [0; 1] and
mX

i =1

� i =
nX

i =1

� i = 1g: (4.20)

Note: For �xed sample sizesm and n, the dimension of the vectors � and � do

not changewith d. Throughout our discussion,� is of dimension m, while � is of

dimensionn.

Therefore,for the separablecase,the optimal solution (~cd
1; ~cd

� 1) of MSVM can be

written as

~cd
1 =

mX

i =1

~� i
dX i (d); and

~cd
� 1 =

nX

i =1

~� i
d
Yi (d); (4.21)

where[~� d; ~�
d
] 2 � is such that d2

< d (~cd
1; ~cd

� 1) is minimum amongall choicesof (cd
1; cd

� 1)

de�ned in (4.19).

Note: Here we use the superscript d to indicate that the valuesof [~� d; ~�
d
] will

depend on the dimensiond. Again, we note that the dimensionsof the vectors � d

and � d remain m and n throughout.

Now, using (4.19), and recalling that X (k) 2 < is the kth component of a d-
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dimensionalvector X (d) 2 < d, we can write

d2
< d (c1

d; c� 1
d) = d2

< d (
mX

i =1

� i X i (d);
nX

i =1

� i Yi (d))

=
dX

k=1

d2
< (

mX

i =1

� i X
(k)
i ;

nX

i =1

� i Y
(k)

i ): (4.22)

Writing ~� d = [~� d; ~� d], we can say ~� d 2 � is a sequenceof M-estimates, since it

maximizesa function M d(� ) given by

M d(� ) = �
1
d

d2
< d (c1

d; c� 1
d)

= �
1
d

dX

k=1

d2
< (

mX

i =1

� i X
(k)
i ;

nX

i =1

� i Y
(k)

i )

=
1
d

dX

k=1

m� (X (k) ; Y (k)); (4.23)

where,

m� (X (k) ; Y (k)) = � d2
< (

mX

i =1

� i X
(k)
i ;

nX

i =1

� i Y
(k)

i ) (4.24)

and X (k) ; Y (k) are the collections of the kth components of the data X (d); Y(d) re-

spectively.

Lemma 4.1.6. Let m� (�; �) be as de�ned in (4.24). Let the following conditions hold:

(1) For a constant � ,

1
d

dX

k=1

var(X (k)
i ) ! � 2; for all i = 1; : : : ; m (4.25)
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(2) For a constant � ,

1
d

dX

k=1

var(Y (k)
j ) ! � 2; for all j = 1; : : : ; n (4.26)

Then m� (X (k) ; Y (k)) is dominated by an integrablefunction for all k.

The proof is given in Section4.4.

Lemma 4.1.7. Supposethat X (d) and Y(d) are data setsas de�ned above following

the deterministic structure given by (A1)-(A3). Let M d(� ) be as de�ned in (4.23).

Then, we have

M d(� ) P� ! M (� ); (4.27)

as d ! 1 , where

M (� ) = � [l2
12 �

l2
1

2
(1 �

mX

i =1

� 2
i ) �

l2
2

2
(1 �

nX

i =1

� 2
i )]; (4.28)

for all � 2 � .

The proof is given in Section4.4. We note that M (� ) is maximized by � = � 0 =

( 1
m ; : : : ; 1

m ; 1
n ; : : : ; 1

n ). In other words, the distancebetweenany two convex combina-

tions (one from the X (d), another from Y(d)) is minimum when the corresponding

points arethe means.Recall,that in Theorem4.1.5,wehaveprovedthis fact following

a geometricargument also.

In the following theorem,it is shown that the sequenceof estimates~� d 2 �, de�ned

in 4.23, convergesin probability to � 0 = ( 1
m ; : : : ; 1

m ; 1
n ; : : : ; 1

n ), as d ! 1 . In other

words, the MSVM solution asymptotically behaveslike the Mean Di�erence method

as dimensionincreases.
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Theorem 4.1.8. Let X (d) and Y(d) be separable data sets such that the following

conditions hold:

(1) As d ! 1 , the data has an asymptotic deterministic structure given by the

conditions (A1)-(A3).

(2) Conditions given by Eq. (4.25) and (4.26) are true.

Let ~� d = [~� d; ~� d] be the sequence of estimateswhich de�nes the MSVM solution ( as

de�ned above in (4.21)). Then,

~� d P� ! � 0 = (
1
m

; : : : ;
1
m

;
1
n

; : : : ;
1
n

); (4.29)

as d ! 1 .

The proof is given in Section 4.4. The above theorem states that under the

conditions in which the data asymptotically lie in the EuclideanHDLSSdeterministic

geometricstructure, the solution of the MSVM algorithm asymptotically behaveslike

the Mean Di�erence method. This is not a purely new observation. Hall et al. (2005)

showedthe equivalenceof several classi�cation methodswhenthe dimensionincreases

and the data tends to follow a deterministic pattern. They have pointed out that

EuclideanSVM is equivalent to the Mean Di�erence method when the deterministic

structure holds. In this discussion,Theorem4.1.8studiesthe samephenomenonfrom

the viewpoint of control points. This approach will be useful when the asymptotic

behavior of the MSVM method is studied in the manifold setup. Seenext sectionfor

details.
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4.2 Geometric Represen tation of Manifold HDLSS

Data

In the previous subsection,we studied the asymptotic behavior (as d ! 1 ) of

MSVM in the Euclidean caseusing the geometric structure in Euclidean HDLSS

data. Here, we �rst study the geometry of manifold HDLSS data and then study

someasymptotic properties of MSVM when data lie on a manifold. In particular, we

will considerdata, the components of which are lying in S2.

Let X (d) = f X 1(d); : : : ; X m (d)g, whereX i (d); i = 1; : : : ; m are i.i.d random vec-

tors distributed as X (d) = (X (1) ; : : : ; X (d)) with X (i ) 2 S2. Similarly, let Y(d) =

(Y1(d); : : : ; Yn (d)). Therefore,X i (d); Yj (d) 2 (S2)d 8i = 1; : : : ; m; j = 1; : : : ; n.

First, we recall somenotational conventions. We denote the geodesic distance

between two points X (1) ; X (2) 2 S2 by dS2 (X (1) ; X (2) ). The distance between two

points X 1(d); X 2(d) 2 (S2)d is denotedby dS2 (X 1(d); X 2(d)). In short, the geodesic

distancede�ned on S2 is denotedby dS2 (�; �), while the geodesicdistancede�ned on

(S2)d is denoted by dS2 (�; �). The relation between these two distance measuresis

given by

d2
S2 (X 1(d); X 2(d)) =

dX

k=1

d2
S2 (X (k)

1 ; X (k)
2 ); (4.30)

whereX i (d) = f X (1)
i ; : : : ; X (d)

i g 2 (S2)d and X (k)
i 2 S2, i = 1; 2 and k = 1; : : : ; d.

Now, we state someresults which will be usedin our discussion.

Lemma 4.2.1. (1) Let Zd be a sequence of i.i.d. randomvariableswith EZ 2
d = � 2

and EZ 4
d = � 2 < 1 . Then

q P d
i=1 Z 2

i
p

d
= � + Op(d� 1

2 ): (4.31)
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(2) Let l be a constant. If Zd is a sequence of randomvariablessuchthat the relation

Zdp
d

= l + Op(d� 1
2 ) (4.32)

holds, then the following is true:

Z 2
d

d
= l2 + Op(d� 1

2 ): (4.33)

(3) If Zd is a sequence of random variables such that relation (4.33) holds, then

relation (4.32) holdstrue.

The proof is given in Section4.4.

The following lemma studiessomeasymptotic properties of pairwise distancesof

data 2 (S2)d asd ! 1 . We restrict our analysisto the casewherethe entries X (k) 's

in X (d) are i.i.d random variables. Similarly, Y (k) 's are assumedto be i.i.d. random

variables.

Lemma 4.2.2. Let X (d) = f X 1(d); : : : ; X m (d)g and Y(d) = f Y1(d); : : : ; Yn (d)g be

as de�ned above. Moreover, assumethat the entries of the vectors in X i (d)'s and

Yj (d)'s are i.i.d. De�ne l2
1 = Ed2

S2 (X (k)
1 ; X (k)

2 ), l2
2 = Ed2

S2 (Y (k)
1 ; Y (k)

2 ) and l2
12 =

Ed2
S2 (X (k)

1 ; Y (k)
1 ). Then, the following resultshold:

(i) The scaled geodesicdistance between any two points in X (d) is given by

dS2 (X 1(d); X 2(d))=
p

d = l1 + Op(d� 1
2 ): (4.34)

(ii) The scaled geodesicdistance between any two points in Y(d) is given by

dS2 (Y1(d); Y2(d))=
p

d = l2 + Op(d� 1
2 ): (4.35)
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(iii) The scaled geodesic distance between any two points (one from X (d), another

from Y(d)) is given by

dS2 (X 1(d); Y1(d))=
p

d = l12 + Op(d� 1
2 ): (4.36)

The proof of the lemma is given in Section4.4.

Lemma4.2.2statesthat under the given conditions, the geodesicdistance(scaled

by
p

d) betweenpairs of points from X (d) (or, Y(d)) is asymptotically a constant,

which equalsl1 (or, l2). Moreover, the scaledpairwise distancebetweenonepoint in

X (d) and onefrom Y(d) is alsoasymptotically a constant (= l12). This implies that a

deterministic structure, similar to that in the Euclideancase(Hall et al., 2005),also

exists when data lie on (S2)d as d ! 1 .

We will approach the analysisof the asymptotic behavior of MSVM by studying

the structure of the data on tangent planesat particular points on the manifold. We

develop the theory in the following discussion.Given a point p 2 S2, and the tangent

plane Tp at p, we will denoteby dTp (X ; Y) the Euclidean distancebetweenLogp(X )

and Logp(Y) 2 Tp.

In general,

dS2 (X ; Y) 6= dTp (X ; Y): (4.37)

Equality holds true when p = X or Y.

Though it is pointed out that equality in Eq. (4.37) doesnot hold in general,we

can write

d2
Tp

(X ; Y) = d2
S2 (X ; Y) + � (p;X ; Y); (4.38)

where� (p;X ; Y) is the error committed in approximating the squareddistanceon Tp
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by the squareddistanceon S2. Note that � (p;X ; Y) is a function of p;X ; Y 2 S2.

We recall somenotations. X (k) = f X (k)
1 ; : : : ; X (k)

m g denotesthe set containing

the kth component of X (d). Similarly, Y (k) is de�ned. Let C(k)
x and C(k)

y denote

the respective sample geodesic meansof the k th component (i.e., of X (k) and Y (k)

respectively). Let Cx and Cy be the samplegeodesicmeansof X (d); Y(d) respectively.

Cx = (C(1)
x ; : : : ; C(d)

x ) and Cy = (C(1)
y ; : : : ; C(d)

y ).

The following lemma describesa set of conditions under which the deterministic

structure exists in the tangent planesTCx and TCy .

Lemma 4.2.3. Let X (d) = f X 1(d); : : : ; X m (d)g and Y(d) = f Y1(d); : : : ; Yn (d)g be

as de�ned above. Let the de�nitions of Lemma 4.2.2 hold. De�ne the following

quantities:

lx0:1� = EX ( k ) � (C(k)
x ; X (k)

1 ; X (k)
2 ),

lx0:2� = EX ( k ) ;Y ( k ) � (C(k)
x ; Y (k)

1 ; Y (k)
2 ),

lx0:12� = EX ( k ) ;Y ( k ) � (C(k)
x ; X (k)

1 ; Y (k)
1 ),

ly0:1� = EX ( k ) ;Y ( k ) � (C(k)
y ; X (k)

1 ; X (k)
2 ),

ly0:2� = EY ( k ) � (C(k)
y ; Y (k)

1 ; Y (k)
2 ) and

ly0:12� = EX ( k ) ;Y ( k ) � (C(k)
y ; X (k)

1 ; Y (k)
1 ), for all k.

The following relations hold:

(i) On the tangent plane TCx , the scaled distance between any two points in X (d)

is given by

dTC x
(X 1(d); X 2(d))=

p
d =

q
l2
1 + lx0:1� + Op(d� 1

2 ); (4.39)
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(ii) On the tangent plane TCx , the scaled distance between any two points in Y(d)

is given by

dTC x
(Y1(d); Y2(d))=

p
d =

q
l2
2 + lx0:2� + Op(d� 1

2 ); (4.40)

(iii) On the tangentplaneTCx , the scaled distance between any two points (one from

X (d), another from Y(d)) is given by

dTC x
(X 1(d); Y1(d))=

p
d =

q
l2
12 + lx0:12� + Op(d� 1

2 ); (4.41)

(iv) On the tangent plane TCy , the scaled distance between any two points in X (d)

is given by

dTC y
(X 1(d); X 2(d))=

p
d =

q
l2
1 + ly0:1� + Op(d� 1

2 ); (4.42)

(v) On the tangent plane TCy , the scaled distance between any two points in Y(d)

is given by

dTC y
(Y1(d); Y2(d))=

p
d =

q
l2
2 + ly0:2� + Op(d� 1

2 ); (4.43)

(vi) On the tangentplaneTCy , the scaled distance between any two points (one from

X (d), another from Y(d)) is given by

dTC y
(X 1(d); Y1(d))=

p
d =

q
l2
12 + ly0:12� + Op(d� 1

2 ): (4.44)

The proof is given in Section4.4.

Lemma 4.2.3 shows that on the tangent planes at Cx and Cy, there exists a

deterministic relation betweendata, similar to the Euclideancase(Hall et al., 2005).
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On the tangent plane at Cx , we will call the simplex formed by X (d) and Y(d) as

Sm;C x and Sn;C x respectively. Similarly, the simplicesat TCy will be called Sm;C y and

Sn;C y respectively.

Now, let us concentrate on the tangent plane at Cx . From results (i)-(iii) in the

previous lemma, we can concludethat the mean of the m-simplex Sm;C x on TCx is

nearestto every point on the n-simplexSn;C x . Note, hereCx is the meanof the points

in Sm;C x 2 TCx . This implies that, on TCx , Cx is the point (amongall other points in

Sm;C x ) which is closestto all points in Sn;C x (by Lemma 4.1.4). In addition, Lemma

4.1.1givesthe scaleddistanceof Cx from any vertex X i 2 Sm;C x and Yi 2 Sn;C x . The

relations are given below:

dTC x
(Cx ; X i (d))=

p
d =

r
1
2

(l2
1 + lx0:1� )(1 �

1
m

) + Op(d� 1
2 ) and, (4.45)

dTC x
(Cx ; Yj (d))=

p
d =

s
d2

TC x
(X i (d); Yj (d)) � d2

TC x
(Cx ; X i (d))

d

) dTC x
(Cx ; Yj (d))=

p
d =

r

l2
12 + lx0:12� �

1
2

(l2
1 + lx0:1� )(1 �

1
m

) + Op(d� 1
2 );

(4.46)

for all i = 1; : : : ; m and j = 1; : : : ; n. This implies

dS2 (Cx ; X i (d))=
p

d =

r
1
2

(l2
1 + lx0:1� )(1 �

1
m

) + Op(d� 1
2 ) and, (4.47)

dS2 (Cx ; Yj (d))=
p

d =

r

l2
12 + lx0:12� �

1
2

(l2
1 + lx0:1� )(1 �

1
m

) + Op(d� 1
2 ): (4.48)

for all i = 1; : : : ; m and j = 1; : : : ; n.

Similarly, the scaleddistanceof Cy from any point Yi 2 Y(d) is given by

dS2 (Cy; Yj (d))=
p

d =

r
1
2

(l2
2 + ly0:2� )(1 �

1
n

) + Op(d� 1
2 ); (4.49)
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and the scaleddistanceof Cy from any point X i 2 X (d) is given by

dS2 (Cy; X i (d))=
p

d =

r

l2
12 + ly0:12� �

1
2

(l2
2 + ly0:2� )(1 �

1
n

) + Op(d� 1
2 ); (4.50)

for all i = 1; : : : ; m and j = 1; : : : ; n.

Equation (4.48) states that on (S2)d, the distance between Cx and any Yi (d) 2

Y(d) is asymptotically a constant. Equation (4.50) statesthat on (S2)d, the distance

between Cy and any X i (d) 2 X (d) is also asymptotically a constant. Now, using

equation (4.38), we can write

d2
T

C
( k )
y

(C(k)
x ; Y (k)

1 ) = d2
S2 (C(k)

x ; Y (k)
1 ) + � (C(k)

y ; C(k)
x ; Y (k)

1 )

for all k = 1; : : : ; n. This implies

d2
TC y

(Cx ; Y1(d)) = d2
S2 (Cx ; Y1(d)) +

dX

k=1

� (C(k)
y ; C(k)

x ; Y (k)
1 ): (4.51)

De�ne ly0:x02� = EX ( k ) ;Y ( k ) � (C(k)
y ; C(k)

x ; Y (k)
1 ) 8k = 1; : : : ; d. Then, by the Central

Limit Theorem, the following result holds:

1
d

dX

k=1

� (C(k)
y ; C(k)

x ; Y (k)
1 ) = ly0:x02� + Op(d� 1

2 ): (4.52)

Using equations(4.48), (4.51), (4.52) and Lemma 4.2.1,we have

d2
TC y

(Cx ; Y1(d))=d= l2
12 + lx0:12� �

1
2

(l2
1 + lx0:1� )(1 �

1
m

) + ly0:x02� + Op(d� 1
2 ): (4.53)

The above equation, along with equation (4.49) states that on the tangent plane at

Cy, the points of Y(d) form a regular simplex Sn;C y (with their mean as Cy). In

addition, the geodesicmean Cx (of X (d)) is equidistant (w.r.t. dTC y
) to each of the
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verticesof Sn;C y . Therefore,we can usethe Euclidean results proved in the previous

subsection. In particular, we observe that on the tangent plane TCy , LogCy
(Cx ) is

normal to Sn;C y .

An important consequenceof the normality of LogCy
(Cx ) to Sn;C y is the fact that

of all points 2 Sn;C y , the geodesicmeanCy is the closestto Cx (by Lemma 4.1.1and

4.1.4). In other words,

Cy = argmin
v2 Sn;C y

d2
TC y

(v; Cx ) (4.54)

Similar analysison the tangent plane at Cx will prove that of all points 2 Sm;C x ,

the geodesicmeanCx is the closestto Cy. In other words,

Cx = argmin
v2 Sm;C x

d2
TC x

(v; Cy) (4.55)

The above two results will now be used to prove that among restricted pairs of

points (c1; c� 1), the pair given by the geodesicmeans(Cx ; Cy) are closest(w.r.t. the

geodesicdistance) to each other. In particular, for c1, the restricted set is taken to

be the image (via Exp) of the convex hull of the LogCx
X i (d)'s. There is a similar

restricted set for c� 1. The setsare de�ned as follows:

ECx (X (d)) = f p 2 (S2)d : p = ExpCx
(

mX

i =1

� i LogCx
(X i (d))); � i � 0;

mX

i =1

� i = 1g:(4.56)

ECy (Y(d)) = f p 2 (S2)d : p = ExpCy
(

nX

i =1

� i LogCy
(Yi (d))); � i � 0;

nX

i =1

� i = 1g:(4.57)

This representation of control points o�ers a convenient extensionof the idea of a

convex hull for manifold data. It allows us to useEuclideanresultson tangent planes

at Cx and Cy, as will be seenin the following discussion.

The following proposition states the results.
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Prop osition 4.2.4. Let X (d); Y(d) be as de�ned before such that the conditions of

Lemma4.2.2 hold. Let the setsECx (X (d)) and ECy (Y(d)) be as de�ned in Eq. (4.56)

and (4.57) . Assumethat the data X (d) [ Y(d) belongto a small neighborhood.

(i) Among all points in ECx (X (d)), Cx is closestto Cy. In other words

Cx = argmin
c12EC x (X (d))

d2
S2 (c1; Cy): (4.58)

(ii) Among all points in ECy (Y(d)), Cy is closestto Cx . In other words

Cy = argmin
c� 12EC y (Y(d))

d2
S2 (c� 1; Cx ): (4.59)

Proof. Part(i). Wenote that on TCx , the projection of the setECx (X (d)) (denotedby

LogCx
ECx (X (d))) is the convex hull of the LogCx

(X i )'s. Therefore,by construction,

LogCx
ECx (X (d)) = Sm;C x

SinceECx (X (d)) is the restricted set in which c1 can lie, note that the allowable set

of points in TCx is given by Sm;C x . Therefore, to prove that Cx is a critical point of

the function d2
S2 (c1; Cy), we will have to show that the directional derivative (along

any direction in Sm;C x ) of d2
S2 (c1; Cy) is equal to zero.

The directional derivative of a function f (u) along a given direction v is given by

Dvf (u) = r uf (u)0v; (4.60)

wherer uf (u) is the derivative of f (u) w.r.t. u.

When data lies in a small (convex) neighborhood, we have

r cd2
S2 (c;Z ) = � 2Logc(Z ) (4.61)
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Now, let us considera direction v 2 Sm;C x . Let c = Cx and Z = Cy in equation

(4.61).

Therefore,using (4.60) and (4.61), we have the directional derivative (along any

direction in Sm;C x ) of the function d2
S2 (c;Cy) at c = Cx as

Dvd2
S2 (c;Cy)jc= Cx = � 2LogCx

(Cy)0v

= 0; (4.62)

since, we have earlier shown that LogCx
(Cy) is normal to Sm;C x , and henceto all

v 2 Sm;C x .

This proves that Cx is a critical point. However, under the sameassumptionof

data lying in a su�cien tly small neighborhood, we can say that Cx is the minimizer.

Part(ii). The proof follows similar logic as in part (i). Consideringthe tangent

plane TCy at Cy, we have to note that LogCy
ECy (Y(d)) = Sn;C y and LogCy

(Cx ) is

normal to Sn;C y .

The next set of results study the deterministic structure on the tangent planes

at any point in ECx (X (d)) or ECy (Y(d)). For notational convenience,any point in

ECx (X (d)) is denotedby Cx� , while a point in ECy (Y(d)) is denotedby Cy� .

Lemma 4.2.5. Let X (d) = f X 1(d); : : : ; X m (d)g and Y(d) = f Y1(d); : : : ; Yn (d)g be

as de�ned above. Let the de�nitions of Lemma 4.2.2 hold. De�ne the following

quantities:

lx�: 1� = EX ( k ) � (C(k)
x� ; X (k)

1 ; X (k)
2 ),

lx�: 2� = EX ( k ) ;Y ( k ) � (C(k)
x� ; Y (k)

1 ; Y (k)
2 ),

lx�: 12� = EX ( k ) ;Y ( k ) � (C(k)
x� ; X (k)

1 ; Y (k)
1 ),

ly� :1� = EX ( k ) ;Y ( k ) � (C(k)
y� ; X (k)

1 ; X (k)
2 ),
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ly� :2� = EY ( k ) � (C(k)
y� ; Y (k)

1 ; Y (k)
2 ) and

ly� :12� = EX ( k ) ;Y ( k ) � (C(k)
y� ; X (k)

1 ; Y (k)
1 ), for all k.

The following resultshold:

(i) On the tangent plane TCx� , the scaled distance between any two points in X (d)

is given by

dTC x�
(X 1(d); X 2(d))=

p
d =

q
l2
1 + lx� :1� + Op(d� 1

2 ); (4.63)

(ii) On the tangent plane TCx� , the scaled distance between any two points in Y(d)

is given by

dTC x�
(Y1(d); Y2(d))=

p
d =

q
l2
2 + lx�: 2� + Op(d� 1

2 ); (4.64)

(iii) On the tangentplaneTCx� , the scaled distance between any two points (one from

X (d), another from Y(d)) is given by

dTC x�
(X 1(d); Y1(d))=

p
d =

q
l2
12 + lx� :12� + Op(d� 1

2 ); (4.65)

(iv) On the tangent plane TCy � , the scaled distance between any two points in X (d)

is given by

dTC y �
(X 1(d); X 2(d))=

p
d =

q
l2
1 + ly� :1� + Op(d� 1

2 ); (4.66)

(v) On the tangent plane TCy � , the scaled distance between any two points in Y(d)

is given by

dTC y �
(Y1(d); Y2(d))=

p
d =

q
l2
2 + ly� :2� + Op(d� 1

2 ); (4.67)
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(vi) On the tangentplaneTCy � , the scaled distance between any two points (one from

X (d), another from Y(d)) is given by

dTC y �
(X 1(d); Y1(d))=

p
d =

q
l2
12 + ly� :12� + Op(d� 1

2 ): (4.68)

The proof is given in Section4.4.

The next proposition extendsthe resultsof Proposition 4.2.4to any pair of points

from ECx (X (d)) and ECy (Y(d)).

Prop osition 4.2.6. Let X (d); Y(d) be as de�ned before such that the conditions of

Lemma4.2.2 hold. Let the setsECx (X (d)) and ECy (Y(d)) be as de�ned in Eq. (4.56)

and (4.57) . Assumethat the data X (d) [ Y(d) belongto a small neighborhood.

(i) Among all points in ECx (X (d)), Cx is closestto any Cy� 2 ECy (Y(d)). In

other words

Cx = argmin
Cx� 2EC x (X (d))

d2
S2 (Cx� ; Cy� ): (4.69)

(ii) Among all points in ECy (Y(d)), Cy is closestto any Cx� 2 ECx (X (d)). In

other words

Cy = argmin
Cy � 2EC y (Y(d))

d2
S2 (Cx� ; Cy� ): (4.70)

The proof usessimilar arguments as in Proposition 4.2.4 and is given in Section

4.4.

The following proposition states that under the deterministic conditions, the

MSVM method (when the choice of the control points (c1; c� 1) is restricted to the

setsECx (X (d)) and ECy (Y(d)) respectively) is equivalent to the GMD method.
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Prop osition 4.2.7. Supposethat X (d) and Y(d) are data setsas de�ned above fol-

lowing the deterministic structure discussed above. Let the data setsbe separable. In

other words, there exists a pair of control points (c1; c� 1) such that H (c1; c� 1) sep-

arates them. Then, the pair of control points (restricted to the sets ECx (X (d)) and

ECy (Y(d)) respectively) which de�ne the MSVM separating surface are the geodesic

means Cx ; Cy. In other words, MSVM is equivalent to GMD under the stated condi-

tions.

Proof. Recall the MSVM algorithm searchesfor a pair of control points ( ~c1; ~c� 1) such

that

( ~c1; ~c� 1) = argmin
c1 ;c� 12 (S2 )d

f d2
S2 (c1; c� 1) +

�
n

nX

i =1

�
k � yi f d2

S2 (x i ; c� 1) � d2
S2 (x i ; c1)g

�

+

g

(4.71)

where � is the penalty parameter for violating the constraints. Since, here we are

consideringseparabledata sets,and the candidatesolutionsare restricted to the sets

ECx (X (d)) and ECy (Y(d)) respectively, the MSVM problem formulation reducesto

( ~c1; ~c� 1) = argmin
c12EC x (X (d))& c� 12EC y (Y(d))

d2
S2 (c1; c� 1) (4.72)

Therefore,in order to prove the statement of the proposition, it is su�cien t to prove

that

(Cx ; Cy) = argmin
c12EC x (X (d))& c� 12EC y (Y(d))

d2
S2 (c1; c� 1) (4.73)

In other words, it would be su�cien t to prove that, of all pairs of points (onefrom the

ECx (X (d)) and the other from ECy (Y(d))), (Cx ; Cy) is the pair which is closestto each

other. Now, let C1(6= Cx ) belong to ECx (X (d)) and C2(6= Cy) belong to ECy (Y(d)).
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By Proposition 4.2.6,we can say that

d2
S2 (Cx ; Cy) < d2

S2 (Cy; C1) (4.74)

Again, note that C1 2 ECy (Y(d)). Therefore,by Proposition 4.2.6,

d2
S2 (Cy; C1) < d2

S2 (C2; C1) (4.75)

Using Eq. (4.74) and (4.75) gives

d2
S2 (Cx ; Cy) < d2

S2 (C2; C1)

This provesthe proposition.

Proposition 4.2.7shows that when the deterministic geometricstructure exists in

the data, the MSVM solution and the GMD solutions are the same.

4.2.1 Asymptotic Behavior of MSVM for Manifold Data

In this subsection,it is shown that the MSVM solution asymptotically behaveslike

the GMD solution as data tend to follow the deterministic structure with increasing

dimension. We proceed in a way similar to Section 4.1.2, where we interpret the

MSVM solution as a sequenceof estimatesas the dimensiond ! 1 .

Recall, that the choiceof control points hasbeenrestricted to the setsECx (X (d))

and ECy (Y(d)). Therefore,similar to the Euclideancase,we can represent the control

points with the vector � = [� ; � ], using the de�nition of ECx (X (d)) and ECy (Y(d)). In

other words, any candidatesolution (cd
1; cd

� 1) can be written as

cd
1 = ExpCx

(
mX

i =1

� i LogCx
(X i (d))) ; and
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cd
� 1 = ExpCy

(
nX

i =1

� i LogCy
(Yi (d))) ; (4.76)

where[� ; � ] 2 �, and

� = f � ; � : � i ; � j 2 [0; 1] and
mX

i =1

� i =
nX

i =1

� i = 1g: (4.77)

Note: For �xed sample sizesm and n, the dimension of the vectors � and � do

not changewith d. Throughout our discussion,� is of dimension m, while � is of

dimensionn.

Therefore,for the separablecase,the optimal solution (~cd
1; ~cd

� 1) of MSVM can be

written as

~cd
1 = ExpCx

(
mX

i =1

~� i
dLogCx

(X i (d))) ; and

~cd
� 1 = ExpCy

(
nX

i =1

~� i
d
LogCy

(Yi (d))) ; (4.78)

where[~� d; ~�
d
] 2 � is such that d2

S2 (~cd
1; ~cd

� 1) is minimum amongall choicesof (cd
1; cd

� 1)

de�ned in (4.76).

Note: Here, we usethe superscript d to indicate that the valuesof [~� d; ~�
d
] will

depend on the dimensiond. Again, we note that the dimensionsof the vectors � d

and � d remain m and n throughout.

Now, using (4.76), and recalling that X (k) 2 S2 is the kth component of X (d) 2

(S2)d, we can write

d2
S2 (c1

d; c� 1
d) = d2

S2 (ExpCx
(

mX

i =1

� i LogCx
(X i (d))) ; ExpCy

(
nX

i =1

� i LogCy
(Yi (d))))

=
dX

k=1

d2
S2 (Exp

C ( k )
x

(
mX

i =1

� i Log
C ( k )

x
(X (k)

i )) ; Exp
C ( k )

y
(

nX

i =1

� i Log
C ( k )

y
(Y (k)

i ))) ;

(4.79)
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Writing ~� d = [~� d; ~� d], we can say ~� d 2 � is a sequenceof M-estimates, since it

maximizesthe function M d(� ) given by

M d(� ) = �
1
d

d2
S2 (c1

d; c� 1
d))

= �
1
d

dX

k=1

d2
S2 (Exp

C ( k )
x

(
mX

i =1

� i Log
C ( k )

x
(X (k)

i )) ; Exp
C ( k )

y
(

nX

i =1

� i Log
C ( k )

y
(Y (k)

i )))

=
1
d

dX

k=1

m� (X (k) ; Y (k)); (4.80)

where,

m� (X (k) ; Y (k)) = � d2
S2 (Exp

C ( k )
x

(
mX

i =1

� i Log
C ( k )

x
(X (k)

i )) ; Exp
C ( k )

y
(

nX

i =1

� i Log
C ( k )

y
(Y (k)

i )))

(4.81)

and X (k) ; Y (k) are the collections of the kth components of the data X (d); Y(d) re-

spectively.

Lemma 4.2.8. Supposethat X (d) and Y(d) are data setssuchthat the conditions of

Lemma4.2.2 hold. Let M d(� ) be as de�ned in (4.80). Then, we have

M d(� ) P� ! M (� ); (4.82)

as d ! 1 , where

M (� ) = � [l2
12 + lx�: 12� �

1
2

(l2
1 + lx�: 1� )(1 �

nX

i =1

� 2
i ) +

+ ly� :x� 2� �
1
2

(l2
2 + ly� :2� )(1 �

mX

i =1

� 2
i )] (4.83)

for all � , where ly� :x� 2� = EX ( k ) ;Y ( k ) � (C(k)
y� ; C(k)

x� ; Y (k)
1 ).

The proof is given in Section4.4.
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We note that M (� ) is maximized by � = � 0 = ( 1
m ; : : : ; 1

m ; 1
n ; : : : ; 1

n ) (proved in

Proposition 4.2.7), under the condition that data lie in a small neighborhood. In

other words, the geodesic distance between any two points (one from ECx (X (d)),

another from ECy (Y(d))) is minimum when the corresponding points are the geodesic

means.

The following proposition statesthat the sequenceof estimates~� d 2 �, de�ned in

4.78,convergesin probability to � 0, as d ! 1 . In other words, the MSVM solution

behavesasymptotically like the GMD method as the dimensionincreases.

Prop osition 4.2.9. Suppose that X (d) and Y(d) are data sets such that the con-

ditions of Lemma 4.2.2 hold. Let ~� d = [~� d; ~� d] be the sequence of estimators which

de�nes the MSVM solution ( as de�ned above in (4.78)). If the data lie in a small

neighborhood, then

~� d P� ! � 0 = (
1
m

; : : : ;
1
m

;
1
n

; : : : ;
1
n

); (4.84)

as d ! 1 .

The proof is given in Section4.4.

By Proposition 4.2.9,wenote that whenthere tendsto bea deterministic structure

(seeLemma 4.2.2) in the data lying in (S2)d with increasingdimension,the MSVM

solution asymptotically behaves like the GMD solution. This is an extensionof the

analysis of the asymptotic behavior of MSVM in the Euclidean case(seeTheorem

4.1.8) for manifold data.

4.3 Summary

In this chapter, we studied the asymptotic behavior the MSVM method for both

Euclidean data (Section 4.1) and data in (S2)d (Section 4.2). We observed that the

MSVM solution behaveslike the GMD solution with increasingdimensionwhendata
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tend to follow the HDLSS deterministic pattern. Hall et al. (2005) has shown that

methods such as DWD, Nearest Neighbor Classi�er have similar behavior for Eu-

clideandata. In particular, they showed that all methods asymptotically behave like

the Mean Di�erence method. In order to draw similar conclusionsfor manifold data,

we also need to study the asymptotic properties of MDWD and Nearest Neighbor

Classi�er for manifolds. This is an interesting areaof future research.

4.4 Technical Details

Pro of of Lemma 4.1.6. Using Jensen'sinequality, and noting that 0 � � i ; � i � 1,

we can write

jm� (X (k) ; Y (k))j = d2
< (

mX

i =1

� i X
(k)
i ;

nX

i =1

� i Y
(k)

i )

= (
mX

i =1

� i X
(k)
i �

nX

i =1

� i Y
(k)

i )2

� 2[(
mX

i =1

� i X
(k)
i )2 + (

nX

i =1

� i Y
(k)

i )2]

� 2[
mX

i =1

� i (X
(k)
i )2 +

nX

i =1

� i (Y
(k)

i )2]

� 2[
mX

i =1

(X (k)
i )2 +

nX

i =1

(Y (k)
i )2] (4.85)

Conditions given by (4.25) and (4.26) imply that E(X (k)
i )2; E(Y (k)

j )2 < 1 for all k

and for all i = 1; : : : ; m and j = 1; : : : ; n. This implies that E jm � (X (k) ; Y (k))j < 1

for all k and this completesthe proof.

Pro of of Lemma 4.1.7. Without lossof generality, by appealingto the asymptotic

behavior of the pairwise distancesbetweenpoints (as given by (A1)-(A3)), the data

can be represented as

X 1=
p

d =
l1p
2

(1; 0; : : : ; 0)
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X 2=
p

d =
l1p
2

(0; 1; 0; : : : ; 0)

� � �

X m=
p

d =
l1p
2

(0; : : : ; 0; 1; 0; : : : ; ::::)

and

Y1=
p

d =
l2p
2

(0; : : : ; 0; 1; 0; : : : ; 0) + �

Y2=
p

d =
l2p
2

(0; : : : ; 0; 0; 1; 0; : : : ; 0) + �

� � �

Yn=
p

d =
l2p
2

(0; : : : ; 0; 0; : : : ; 0; 1; 0; : : : ; 0) + � ;

where � = � (1; : : : ; 1; 0; : : : ; 0). Noting that � is such that d< d (X 1; Y1)=
p

d � ! P l12,

we have

l2
1=2 + l2

2=2 + � (l1 � l2)=
p

2 + � 2(m + n) = l2
12: (4.86)

Using this representation, for any � 2 � we have

mX

i =1

� i X i (d)=
p

d =
l1p
2

(� 1; : : : ; � m ; 0; : : : ; 0); and

nX

i =1

� i Yi (d)=
p

d =
l2p
2

(0; : : : ; 0; � 1; : : : ; � n ; 0; : : : ; 0) + � ; (4.87)

wherethe relations hold asymptotically. Using Equations (4.86) and (4.87), we have

M d(� ) = �
1
d

d2
< d (

mX

i =1

� i X i (d);
nX

i =1

� i Yi (d))

� ! P
mX

i =1

(l1� i =
p

2 � � )2 +
nX

i = j

(l2� j =
p

2 + � )2
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= � [l2
12 �

l2
1

2
(1 �

mX

i =1

� 2
i ) �

l2
2

2
(1 �

nX

i =1

� 2
i )]

= M (� ): (4.88)

This completesthe proof.

The following is a theoremwhich will be usedto prove Theorem4.1.8.

Theorem 4.4.1 (Theorem5.7of van der Vaart (1998)). Let M d be randomfunctions

and let M be a �xed function of � suchthat for every � > 0

sup
� 2 �

jM d(� ) � M (� )j P� ! 0; (4.89)

sup
� :d(� ;� 0 )� �

M (� ) < M (� 0); (4.90)

Then any sequence of estimators �̂
d

with

M d(�̂
d
) � M d(� 0) � op(1) (4.91)

convergesin probability to � 0.

The abovetheoremgivesusa setof conditionsunderwhich a sequenceof estimates

convergeto a particular value.

Pro of of Theorem 4.1.8. We shall verify that the conditions of Theorem 4.4.1

holds true. First, it should be noted that � 0 = ( 1
m ; : : : ; 1

m ; 1
n ; : : : ; 1

n ) is the unique

minimizer of M (� ) (de�ned in Eq. (4.28)). Therefore,we have the condition (4.90)

is satis�ed.

The condition (4.91) ensuresthat ~� d's nearly maximize the M d's. By de�nition of

~� d = [~� d; ~� d] in Eq. (4.21), we have that satis�ed.

A su�cien t set of conditions for Eq. (4.89) to hold true is given below (van der

Vaart (1998)):
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(a) � is compact.

(b) m� : < m+ n 7�! < is continuous.

(c) m� is dominated by an integrable function.

We note that � = f � ; � : � i ; � j 2 [0; 1]and
P m

i=1 � i =
P n

i=1 � i = 1g. Therefore, �

is compact and thus (a) holds. Sincem� is a quadratic polynomial, it is continuous,

and thus (b) holds. By Lemma 4.1.6,we have condition (c) satis�ed.

All conditions for Theorem 4.4.1 has been veri�ed and hence ~� d � ! P � 0. This

completesthe proof.

Pro of of Lemma 4.2.1.

Part (1). Giventhe conditions, the Central Limit Theoremcanbeapplied to the sequence

of variablesZ 2
d . This implies

p
d(

1
d

dX

i =1

Z 2
i � � 2)=� 1 s N (0; 1)

as d ! 1 , where � 2
1 = � 2 � � 4. Therefore, using the Delta method we can

write,

2�
p

d(
q

1
d

P d
i=1 Z 2

i � � )=� 1 s N (0; 1) as d ! 1 ;

or, 2�
p

d(
q

1
d

P d
i=1 Z 2

i � � )=� 1 = Op(1)

or,
p P d

i =1 Z 2
ip

d
= � + Op(d� 1

2 ):

Hence,relation (4.31) holds.

Part (2). It is given that Zd is a sequenceof random variablessuch that

Zdp
d

= l + Op(d� 1
2 ):
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This implies

Z 2
d = l2d + Op(1)2 + 2l

p
dOp(1)

)
Z 2

d

d
= l2 + Op(d� 1) + 2lOp(d� 1

2 )

)
Z 2

d

d
= l2 + Op(d� 1

2 ):

Hence,relation (4.33) holds.

Part (3). It is given that the relation (4.33) holds. This implies

Z 2
dp
d

= l2
p

d + Op(1)

or,
Zd

d1=4
= f l2

p
d + Op(1)g

1
2

= ld1=4 +
1

2ld1=4
Op(1) �

1
8l3d3=4

Op(1) + : : :

or,
Zdp

d
= l +

1
2ld1=2

Op(1) �
1

8l3d
Op(1) + : : :

= l + Op(d� 1
2 ):

Hence,relation (4.32) holds.

Pro of of Lemma 4.2.2. Lemma 4.2.1 is usedto prove the statements of the three

parts.

For part (i), Zk is substituted by dS2 (X (k)
1 ; X (k)

2 ) and � by l1. We note that the

�nite fourth moment condition is satis�ed sincejdS2 (�; �)j � � . Thereforeusing part

(1) of the lemma and the relation (4.30) givesus

q P d
k=1 d2

S2 (X (k)
1 ; X (k)

2 )
p

d
= l1 + Op(d� 1

2 )

or,

s
d2

S2 (X 1(d); X 2(d))

d
= l1 + Op(d� 1

2 )
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or, dS2 (X 1(d); X 2(d))=
p

d = l1 + Op(d� 1
2 )

This provespart (i).

For part (ii), Zk is substituted by dS2 (Y (k)
1 ; Y (k)

2 ) and � by l2.

For part (iii), Zk is substituted by dS2 (X (k)
1 ; Y (k)

2 ) and � by l12.

Pro of of Lemma 4.2.3. Lemma4.2.1is usedto provethe statements of this lemma.

For part (i), Zk is substituted by dT
C

( k )
x

(X (k)
1 ; X (k)

2 ) in part (1) of Lemma 4.2.1.

Therefore,using (4.38)

� 2 = EZ 2
k

= EX ( k ) d2
T

C
( k )
x

(X (k)
1 ; X (k)

2 )

= EX ( k ) d2
S2 (X (k)

1 ; X (k)
2 ) + EX ( k ) � (C(k)

x ; X (k)
1 ; X (k)

2 )

= l2
1 + lx0:1� :

Now, using part (1) of Lemma 4.2.1we have,

r P d
k=1 d2

T
C

( k )
x

(X (k)
1 ; X (k)

2 )
p

d
=

q
l2
1 + lx0:1� + Op(d� 1

2 )

or,

s
d2

TC x
(X 1(d); X 2(d))

d
=

q
l2
1 + lx0:1� + Op(d� 1

2 )

or, dTC x
(X 1(d); X 2(d))=

p
d =

q
l2
1 + lx0:1� + Op(d� 1

2 )

This provespart (i).

Parts (ii)-(vi) can be proved using similar arguments.

Pro of of Lemma 4.2.5. Lemma4.2.1is usedto provethe statements of this lemma.

For part (i), Zk is substituted by dT
C

( k )
x�

(X (k)
1 ; X (k)

2 ) in part (1) of Lemma 4.2.1.
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Therefore,using (4.38)

� 2 = EZ 2
k

= EX ( k ) d2
T

C
( k )
x�

(X (k)
1 ; X (k)

2 )

= EX ( k ) d2
S2 (X (k)

1 ; X (k)
2 ) + EX ( k ) � (C(k)

x� ; X (k)
1 ; X (k)

2 )

= l2
1 + lx�: 1� :

Now, using part (1) of Lemma 4.2.1we have,

r P d
k=1 d2

T
C

( k )
x�

(X (k)
1 ; X (k)

2 )
p

d
=

q
l2
1 + lx�: 1� + Op(d� 1

2 )

or,

s
d2

TC x�
(X 1(d); X 2(d))

d
=

q
l2
1 + lx�: 1� + Op(d� 1

2 )

or, dTC x�
(X 1(d); X 2(d))=

p
d =

q
l2
1 + lx�: 1� + Op(d� 1

2 )

This provespart (i).

Parts (ii)-(vi) can be proved using similar arguments.

Pro of of Prop osition 4.2.6. Using the results in Lemma 4.2.5, and the resulting

geometricrepresentation of the data (seethe proof of Lemma 4.1.7), we have

dTC x�
(Cx� ; Y1(d))=

p
d =

vu
u
t l2

12 + lx� :12� �
1
2

(l2
1 + lx�: 1� )(1 �

nX

i =1

� 2
i ) + Op(d� 1

2 )

or ; dS2 (Cx� ; Y1(d))=
p

d =

vu
u
t l2

12 + lx� :12� �
1
2

(l2
1 + lx�: 1� )(1 �

nX

i =1

� 2
i ) + Op(d� 1

2 )

Therefore,we have

dTC y
(Cx� ; Y1(d))=

p
d =

vu
u
t l2

12 + lx�: 12� �
1
2

(l2
1 + lx�: 1� )(1 �

nX

i =1

� 2
i ) + ly0:x� 2� + Op(d� 1

2 );
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wherely0:x� 2� = EX ( k ) ;Y ( k ) � (C(k)
y ; C(k)

x� ; Y (k)
1 ).

Recall, that Y(d) forms the regular simplexSn;C y and by the above equation,each

vertex Yi is equidistant from Cx� . Therefore, using Lemma 4.1.1, we can say that

LogCy
(Cx� ) is normal to Sn;C y . This implies,

Dvd2
S2 (c;Cx� )jc= Cy = � 2LogCy

(Cx� )0v

= 0;

where v 2 Sn;C y . This, along with the assumption that data the lie in a small

neighborhood, implies part (ii) of the lemma.

For part (i), we study the data at TCx and note that LogCx
(Cy� ) is normal to

Sm;C x . This completesthe proof.

Pro of of Lemma 4.1.7. Using the results in Lemma 4.2.5, and the resulting geo-

metric representation of the data (seethe proof of Lemma 4.1.7), we have

dTC x�
(Cx� ; Y1(d))=

p
d =

vu
u
t l2

12 + lx� :12� �
1
2

(l2
1 + lx�: 1� )(1 �

nX

i =1

� 2
i ) + Op(d� 1

2 )

or ; dS2 (Cx� ; Y1(d))=
p

d =

vu
u
t l2

12 + lx� :12� �
1
2

(l2
1 + lx�: 1� )(1 �

nX

i =1

� 2
i ) + Op(d� 1

2 )

Therefore,we have

dTC y �
(Cx� ; Y1(d))=

p
d =

vu
u
t l2

12 + lx� :12� �
1
2

(l2
1 + lx�: 1� )(1 �

nX

i =1

� 2
i ) + ly� :x� 2� + Op(d� 1

2 );

wherely� :x� 2� = EX ( k ) ;Y ( k ) � (C(k)
y� ; C(k)

x� ; Y (k)
1 ).
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From Lemma 4.2.5,part (v), we have

dTC y �
(Y1(d); Y2(d))=

p
d =

q
l2
2 + ly� :2� + Op(d� 1

2 ):

Therefore,using the resulting geometricrepresentation of the data (seethe proof

of Lemma 4.1.7), we have

dTC y �
(Cx� ; Cy� )=

p
d = [l2

12 + lx�: 12� �
1
2

(l2
1 + lx�: 1� )(1 �

nX

i =1

� 2
i ) +

+ ly� :x� 2� �
1
2

(l2
2 + ly� :2� )(1 �

mX

i =1

� 2
i )]

1
2 + Op(d� 1

2 ):

(4.92)

Therefore,noting that dTC y �
(Cx� ; Cy� ) = dS2 (Cx� ; Cy� ) and usingEq. (4.92), we have

M d(� ) = �
1
d

d2
S2 (Cx� ; Cy� )

� ! P � [l2
12 + lx� :12� �

1
2

(l2
1 + lx�: 1� )(1 �

nX

i =1

� 2
i ) +

+ ly� :x� 2� �
1
2

(l2
2 + ly� :2� )(1 �

mX

i =1

� 2
i )]:

This completesthe proof.

Pro of of Prop osition 4.2.9. We shall verify that the conditions of Theorem 4.4.1

holds true. First, it should be noted that � 0 = ( 1
m ; : : : ; 1

m ; 1
n ; : : : ; 1

n ) is the unique

minimizer of M (� ) (de�ned in Eq. (4.83)). Therefore,we have the condition (4.90)

is satis�ed.

The condition (4.91) ensuresthat ~� d's nearly maximize M d's. By de�nition of

~� d = [~� d; ~� d] in Eq. (4.78), we have that satis�ed.

A su�cien t set of conditions for Eq. (4.89) to hold true is given below (van der

Vaart (1998)):
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(a) � is compact.

(b) m� : < m+ n 7! < is continuous.

(c) m� is dominated by an integrable function.

We note that � = f � ; � : � i ; � j 2 [0; 1]and
P m

i=1 � i =
P n

i=1 � i = 1g. Therefore, � is

compactand thus (a) holds.

When data lie in a small neighborhood, dS2 (�; �) is a continuous function. Not-

ing that
P

� i LogCx
X i (d) and

P
� i LogCy

Yi (d) are continuous functions of � and �

respectively, we can say that m� is a continuous function of � . Thus (b) holds.

Note that jdS2 (�; �)j � � . Therefore, m� is dominated by an integrable function

and thus condition (c) holds.

All conditions for Theorem 4.4.1 has been veri�ed and hence ~� d � ! P � 0. This

completesthe proof.
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CHAPTER 5

Discussion and Future Work

In this chapter, someavenuesof future work is discussed,which involvesunresolved

questionsand possibleapplication of the developed methods in new areas.

5.1 Implemen ting MD WD

In Section3.4.3,weextendedthe method of DWD for manifold data. The resulting

optimization problemwasgivenby Eq. (3.33). Our attempt to solve the optimization

problem via a negative gradient descent approach (described in 3.3.3) failed. It seems

a moresophisticatednonlinearoptimization techniqueneedsto be employed. Results

in Section3.4.4suggestthat the tangent planemethods, ITanDWD and TDWD work

better than their SVM counterparts. Therefore, it will be of interest to implement

MDWD by solving the optimization problem given by Eq. (3.33).

5.2 Role of the Parameter k in MSVM

In Section3.3.3,weextendedSVM to manifold data by presenting an optimization

problem which minimizes the objective function given by

g� (c1; c� 1) = d2(c1; c� 1) +
�
n

nX

i =1

�
k � yi f d2(x i ; c� 1) � d2(x i ; c1)g

�

+

;



wherethe parameterk is such that

ŷc1 ;c� 1 f c1 ;c� 1 (x̂(c1 ;c� 1 )) = k:

Here x̂c1 ;c� 1 is the training point nearestto H (c1; c� 1) and ŷc1 ;c� 1 is its classlabel. It

will be of interest to seehow di�eren t choicesof k and � interact with each other.

5.3 Asymptotic Behavior of Manifold Data under

Milder Conditions

In our study of the asymptotic behavior of data lying on (S2)d (Section 4.2), we

assumedthat the entries in each of the dimensionsare independent and identically

distributed. This is a strong assumption. There is scope for relaxing theseconditions.

For example,the assumptionabout identically distributed entries canberelaxedif the

Lindeberg condition is imposedon the moments of d2
S2 (X (k)

1 ; X (k)
2 ) and d2

S2 (Y (k)
1 ; Y (k)

2 ).

Moreover, it will beof interest to seehow assumptionssimilar to thoseusedby Hall

et al. (2005)(described in Section4.1) canbeusedto study the geometricstructure of

the data. This approach treats the entries of the vectorsasa time seriesand requires

them to be almost independent. However, theseare much weaker assumptionsthan

requiring the entries to be i.i.d. random variables.

It should be noted that in order to relax the i.i.d. condition, we will also need

several additional assumptionson the error term � () (de�ned in Eq. (4.38)). This

is becauseour treatment of the asymptotic behavior involves studying the pairwise

distancesboth on the manifold (S2)d and on several tangent planes. Every time we

useproperties of the data on the manifold to study the behavior on a tangent plane

(or vice versa), the variable � () is used.

104



5.4 Application to DT-MRI

Di�usion tensor magnetic resonanceimaging (DT-MRI) is emerging as an im-

portant tool in medical image analysisof the brain. DT-MRI, developed by Basser

et al. (1994), measuresthe random 3D motion of water molecules,i.e., the di�usion

of water. It producesa 3D di�usion tensor, i.e., a 3 � 3, symmetric, positive-de�nite

matrix, at each voxel of a 3D imaging volume.

Fletcher and Joshi (2004) show that the spaceof di�usion tensors is a type

of curved manifold known as a Riemannian symmetric space. They expandedthe

method of principal geodesicanalysisto symmetric spacesand applied it to the com-

putation of the variabilit y of di�usion tensor data.

The classi�cation methods proposedin this dissertationcan be developed for DT-

MRI data using the mathematical foundation due to Fletcher and Joshi (2004).

5.5 Generalizing Prop osed Metho ds to Multiclass

In this study, the classi�cation methods developed are applicable to data from

just two classes. There is scope to extend these methods to multi-class situations

(K being the number of classes).In general,instead of having two control points c1

and c� 1, we will have a set c = f c1; c2; : : : ; cK g of control points, representing the K

classes.Given a set of control points, a new datum x will be assignedto that class,

whosecorresponding control point is closest(in the geodesic sense)to x. In other

words, the datum x will be assignedto classlx if

lx = argmin
l2f 1;:::;K g

dM (cl ; x);

where dM (�; �) is the geodesic distance on the manifold M . The challenge lies in

identifying the criteria which producescontrol points with desirableproperties.
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