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ANDREW STEPHEN GLASSNER
Algorithms for Efficient Image Synthesis
(Under the direction of F. P. BROOKS, JR.)

Abstract

This dissertation embodies six individual papers, each directed towards the efficient
synthesis of realistic, three-dimensional images and animations. The papers form four
major categories: ray tracing, animation, texture mapping, and fast iterative rendering.

The ray tracing papers present algorithms for efficiently rendering static and animated
scenes. I show that it is possible to make use of coherence in both object space and time to
Quickly find the first intersected object on a ray's path. The result is shorter rendering
times with no loss of quality.

The first animation paper considers the needs of a modemn animation system and
suggests a particular object-oriented architecture. The other animation paper presents an
efficient and numerically stable technique for transforming an arbitrary modeling matrix
into a fixed sequence of parametric transformations which yield the same matrix when
composed. The result is that hierarchical, articulated models may be described by the
human modeler or animator with any convenient sequence of transformations at each node,
and the animation system will still be able to perform parametrically smooth motion
interpolation.

The fast rendering paper describes a system built to allow quick modification of object
surface description and lighting. I use a space/time tradeoff to capitalize on the constant
geometry in a scene undergoing adjustment. The result is a system that allows relatively
fast, iterative modification of the appearance of an image.

The texture mapping paper offers a refinement to the sum table technique. I show that
the fixed, rectangular filter footprint used by sum tables can lead to oversampling artifacts.
I offer 2 method which detects when oversampling is likely to occur, and another method
for iteratively refining the texture estimate undl it satisfies an error bound based on the
oversampled area.

Together, these six papers represent a collection of algorithms designed to enhance
synthetic images and animations and reduce the time required for their creation.
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Introduction

This dissertation contains six papers written over the course of five years. Each paper
addresses a topic within the field of computer graphics; the emphasis is on efficient realistic
image synthesis and animation. My goal has been to develop algorithms to enhance the use
of computers to construct realistic images and animations of three-dimensional scenes.

In this introductory chapter I will discuss the problems addressed by each paper. To
place the papers historically, I will consider the central issue of each paper and review the
state of the art relevant to that issue at the time the research was begun. Successive
chapters present the papers. A critique and discussion of each paper appears as the last

chapter.

Space Subdivision for Fast Ray Tracing
IEEE Computer Graphics & Applications, vol. 10, no. 4, October 1984

The central issue addressed by this paper is the reduction of rendering time of a ray-
traced image. The paper implicitly assumes that the database may be described by a
collection of objects frozen in time,

The emergence of ray tracing as a popular and powerful tool for image synthesis began
with [Whitted80]. That paper presented a recursive scheme for estimating the light incident
upon and emitted from various surfaces.

The primary expense in the algorithm as presented there is determining which object is
the first along a particular ray's path. An exhaustive approach intersects every ray with
évery object, and then searches among all intersected objects for the intersection nearest to
the ray origin. This approach can quickly grow very expensive. Consider a situation
where every intersection spawns s shadow rays (one to each of s light sources), one
reflection ray, and one transparency ray. If we follow these rays for g generations, then r,

1

the total number of rays traced per screen sample willbe r=1 + i (s +2) R

=1



test each of these r rays against b objects, then we will have to compute rb intersections
between rays and objects for every screen sample. As the expression for rb shows, there
are many ray-object intersections in the exhaustive approach.

The biggest objection one may raise to this technique is that many of the ray-object
intersections are “clearly” superfluous - if an object of small spatial extent is far from the
path of the ray it should never be tested. There is no check in the exhaustive algorithm for
this sort of optimization.

In December 1983, when this work was begun, existing approaches to ray tracing
acceleration used nested hierarchies of bounding volumes [Rubin& Whitted80]. My
perception in 1983 was that ray tracing was considered a laboratory oddity ~ the power of
ray tracing to produce sophisticated images was accepted, but many people found it
prohibitively expensive for commercial production or other routine rendering. I felt thatin
order to bring ray tracing into the realm of everyday rendering techniques, we needed a
fast, automatic algorithm to find the first intersection between a ray and the objects in the
database. Ifound that a spatial data structure provided such a scheme, and reported the
results in Space Subdivision for Fast Ray Tracing, one of the first papers to explicitly
describe a software algorithm to accelerate ray tracing.

The paper proposes building an auxiliary octree data structure on the space of the
objects being rendered. Rays are traced by following their progress through this data
structure; only objects in cells entered by the ray are examined for intersection. Typically
many ray-object intersections may be avoided in this way. As a result, the total cost for
generating an image is reduced to a fraction of the exhaustive approach.

Adaptive Precision in Texture Mapping
Computer Graphics, vol. 20, no. 4, Proc. Siggraph '86, August 1986

The central issue addressed by this paper is how to efficiently render a texture-mapped
image using the sum-table technique, while avoiding the oversampling artifacts to which
sum tables are prone.

When this work was begun in February 1986, the two most popular mechanisms for
efficient texture mapping were the mip-map [Williams83] and the sun table [Crow84].
Both algorithms extimated the texture on a surface seen by a pixel by using a space-
invariant box filter derived from the texture-space image of the pixel.



A mip-map is a pyramid of images of decreasing size. Each level in the pyramid
contains a low-pass filtered version of the level below, saved at some lower resolution than
the lower level. The bottom-most level is the original texture image; the top-most level is a
single sample representing an “average” value for the entire texture. In practice, texture
sampling is limited to a square region, derived from the texture-space image of the pixel by
a heuristic rule {Heckbert86].

A sumtable is a single table, equal in width and height to the original texture, but
typically many bits deeper. In a typical sum table, each element contains the sum of all
original texture samples below and to the left of that element. Four table accesses, three
additions and a division can yield the box-filtered average value of the texture within any
rectangle. In practice, the rectangle is usually chosen to be the smallest oriented rectangle
enclosing the texture-space image of the pixel.

Because the sumn-table technique can average rectangles while mip-maps are limited to
squares, I felt that sum tables were the best efficient texturing method available when I
began work on a new rendering system in early 1986. After generating some images I
noticed that although my texturing was acceptable, there were distinct artifacts in regions of
high complexity. In particular, the textures became blurry more quickly than I expected.

I studied the problem and realized that sum tables as used at the time involved two
important assumptions: a box filter was a good filter for texture sampling; and the
bounding rectangle of a pixel's texture-space image was a good approximation of that
image. I felt that although a box filter was not ideal, it was acceptable for most work, and
probably not the source of the artifacts I saw. But the second assumption would lead to
oversampling of the texture function, which could well result in blurry textures. I decided
to try to reduce or eliminate this oversampling.

In the paper I examine the errors introduced by estimating the texture within the
bounding box of the pixel's texture space image (instead of the image itself). 1 show that
this approximation can introduce measurable error when estimating the average texture
within the pixel, and thereby cause visible artifacts. To alleviate the problem, I proposed
using another table to hold the local variance of the texture. When variance is low, the
bounding-box approximation is accepted. But when texture variance is high, an iterative,
recursive algorithm is called to refine the region of texture space sampled for that pixel.

The essence of the idea is that standard sum tables can provide the average value within
any oriented rectangle in texture space. To find the average value in a more general region,
I find the average within the region's bounding rectangle and then remove smaller
rectangles that lie outside the region but within the bound.



Results show that the algorithm indeed works harder than sum tables only where the
texture is complex, that the extra effort is proportional to the local complexity of the texture,
and the images generated by this method are superior to those produced with standard sum

table techniques.

Supporting Animation in Rendering Systems
CHI+GI Workshop on Rendering Algorithms & Systems
Toronto, April 1987

This paper shows how to build an animation system that can support interactive
animation design, high-quality rendering, and a database of complex objccté.

I present an object-oriented architecture that meets the criteria. The animation database
is controlled by a manager that is responsive to a small set of messages, which specify the
parameters that describe that object's characteristics and motion. Animation specification
and rendering are each accomplished by communicating with the animation manager.

1 also propose a technique for implementing object-oriented importance sampling,
particularly well-suited to the rendering architecture described in the paper.

Template Parameterization for 3d Pose Interpolation

A popular and common feature of many animation systems allows a user to begin the
process of character animation by designing an articulated model described by a hierarchical
tree structure. Keyframes may be explicitly or implicitly built by specifying a set of
transformation parameters at each node of the tree. Interpolation of keyframes is then
reduced to interpolation of the parameters.

In this article I show that two conditions must be met for this approach to succeed: the
trees at the two keytimes must have the same topology, and the transformations within
corresponding nodes must contain the same transformations in the same order. The first
condition is easy to satisfy; the latter is not. When I started to build a new animation
system in June 1987, I knew of no existing systems that could reliably convert an arbitrary
sequence of parametric modelling transformations into a fixed sequence (or template)
whose parameters could then be interpolated. The result of this limitation was that



modelers were prohibited from using skew or differential scaling in their original model
descriptions. I didn't want to be bound by these restrictions, particularly in a system of my
own creation, so I set out to find a way to convert arbitrary transformation specifications
into a fixed template.

In the paper I propose the use of the Singular Value Decomposition algorithm to
decompose a 4-by-4 modelling matrix into a sequence of mirror, rotation, scale, and
translation matrices. The resulting sequence of matrices may then be parametrically
interpolated to produce in-between poses. Since SVD can decompose any modeling
matrix, the model designer is free to use any sequence of any transformations when

preparing model descriptions for animation.

Late Binding Images
Submitted to IEEE Computer Graphics & Applications

Many images require hand-tuning of light sources and surface parameters to meet
technical and aesthetic demands. Light source color and placement, object color,
transparency, and reflection co-efficients interact visually in complex ways; changing one
feature often necessitates changes to the others.

In January 1987 the medical applications group felt a need for a new rendering system.
I realized that in the course of preparing a medical study, many of our images needed to be
iteratively adjustéd by the user, to find the proper balance of shading, transparency, and
lighting. At the time, each change to these parameters required running the entire rendering
system again, even though the viewing direction remained unchanged. I felt that we could
save time by performing the expensive, view-dependent scan-conversion step once and
saving the result in a file. Starting with that file, we could then iteratively adjust the
lighting and surface properties of the rendered objects until the image was acceptable.

By 1987 several techniques had been published for separating the steps of scan
conversion and surface shading [Bass81], [Whitted81]. This allowed users to quickly
change the appearance of objects, while paying only once for the relatively high cost of
scan conversion.

In this paper I describe such a rendering system which I built for medical applications at
UNC-CH. The main points of the paper are a discussion of the implementation issues that
arose when planning and programming the system, and a group algebra which unifies the
system and provides a concise representation of its actions.



Spacetime Ray Tracing for Animation
IEEE Computer Graphics & Applications, vol. 8, no. 3, March 1988

This work was started in February of 1987. I wanted to produce an animated film, and
T wanted to use ray tracing for rendering. At that time, the only algorithms for speeding up
ray tracing were directed to the generation of single, static images. I could have applied
such methods individually to each frame, but I wanted to include motion blur in my film,
The only ways I could see to use existing techniques for motion-blurred animation seemed
inelegant and difficult.

I suspected that there was a clean algorithm for efficiently producting a piece of
animation with ray tracing. Ialso wanted to capitalize on our knowledge of the motion path
of each object to further speed up the rendering process. So Iinvestigated algorithms that
would use time coherence and motion path information to accelerate ray tracing for
animation.

The paper begins with an assessment of the two ray tracing acceleration techniques
most popular at the time: bounding volumes and space subdivision. The analysis showed
that the strengths and weaknesses of these two approaches were complementary. This
suggested a hybrid algorithm, which combined features of both techniques. The result was
a nested hierarchy of disjoint bounding volumes, whose density followed that of the
database (any consistent measure of density could be used).

Extended into a four-dimensional spacetime, this hybrid algorithm provided a
framework in which individual rays of an animation could capitalize on the known motion
path of each object in the database. An efficient bounding volume structure was built in
spacetime that contained each object over the course of the animation. Use of this four-
dimensional information was shown to reduce several important statistics in the ray tracing
algorithm for rendering a complete animation, including the total number of ray/object

intersections required.
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Speed up ray-tracing techniques by reducing the number of time-
consuming object-ray intersection calculations that have to be made.
You'll be able to handle large databases considerably faster.

Space Subdivision
for Fast Ray Tracing

Andrew S. Glassner

University of North Caraolina at Chapel! Hil

The most powerful general image synthesis method
used today is referred 10 generically as ray tracing. Ray
tracing was first described by Appel! and later by
Bouknight and KelleyZ and Kay.? The algorithm used by
most ray-tracing programs is described by Whitted.*
This paradigm is attractive because of its very elegant im-
plementation and the wide range of natural phenomena
it models.

Although ray tracing as it stands is not the final word
in image synthesis, it is probably the most realistic tech-
nigue we have today. This realism is further enhanced by
the technique of distributed ray tracing described by
Cook, Porter, and Carpenter.® Unfortunately, ray trac-
ing is also very slow. Ray-tracing algorithms are famous
for the large amounts of computer time they consume to
create even one picture of moderate complexity. It is this
siowness that prevents more people from using the
powerful rav-tracing methods.

Previous work in speeding up the picture-generation
process has concentrated on screen-space solutions and
hardware solutions. Roth?® has described a method for
examining a rough rendering of 2 scene and investigating
those areas of the screen where additional work seems to
be necessary. Ullner” deseribes hardware solutions that
consist of multipte microprocessors in various configura-
tions, with each processor handling a subset of either
rays or objects. Both of these approaches use the basic
ray-tracing algorithm as described by Whitted and at-
tempt to draw pictures fasier by either running the
algorithm in parailel or running it less often for a com-
plete picture.

A different approach toward speeding up the process is
~ explored in this article: we decrease the time required by

the algorithm to render a given pixel, To do this, we first
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need to determine what are the most time-consuming por-
tions of the algorithm.

Whitted reports that ray-object intersections can require
over 95 percent of the total picture-generation time, A
synopsis of the ray-tracing technique with a qualitative
breakdown of where time is spent is also given in
Glassner.® Kajiva? has shown, with a simple skeleton of
the ray-tracing process, that these intersections comprise
an ‘‘inner loop’’ of the algorithm. He demonstrates that
each ray must be checked against each object in the scene
so that the number of intersection calculations is linear
with respect to the product of the number of rays traced
and the number of objects in the entire picture. Doubling
the number of objects in a scene (abour) doubles the
rendering time; doubling both the objects and the rays
takes four times longer to render the image.

Recent work has concensrated on the ray-object inter-
section problemt for various classes of objects (Kajiva'®!!
and Hanrahan!?). These algorithms show that the in-
tersection operation can require any amount of floating-
point operations—f{rom just a few to many thousands.

If we want to reduce the time spent on ray-object inter-
sections, we have at least two choices, We can speed up the
intersection process itself, possibly with specialized hard-
ware. Alternately, we can reduce the number of ray-object
intersections that must be made to fully trace a given ray;
this is the approach followed in this article,

Overview of the new algorithm

The new algorithm is based on a simple observation. To
make this observation, let us divide the space in a three-
dimensional scene into small compartments, keeping a list
of all the objects that reside in each of these compart-
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ments. We can then speed up the ray-tracing processin the
following way.

Start a ray and determine in which compartment it orig-
inated. Follow the ray and compare it against only the ob-
jects it hits in that compartment. If one or more objects in
the compartment are pierced, find the closest pierced ob-
ject and return its color as the value of the ray. Weare then
finished tracing that ray, for we have found the first object
the ray hit. If the ray does not hit an object in this com-
partment, project the ray into the next compartment and
repeat the process.

If each compartment contains & small number of ob-
jects, we can process that compartment quickly. If we're

lucky and find right away that the ray has hit an object, we

have only a small number of object intersections io pro-
cess, If we’re very unlucky and find the ray has hit nothing
until we hit the world sphere (Kajiva®), we are still better
off because we probably have checked fewer objects than
there are in the entire scene. Therefore, unless the
overhead of getting from compartment to compartment is
very high, we will always save time relative to intersecting
every object in the entire database.

Fortunately, a very good scheme for breaking up space
into such compartments is available. This octree technique
is described extensively in Jackins and Tanimoto 13 and
Meagher. ¥ An octree structure allows us to dynamically
subdivide space into cubes of decreasing volume until each
cube (called a voxel) contains less than a maximum num-
ber of objects. Octrees are normally used 1o define the
shapes of objects that are difficult to model with primitive
surfaces. In that context, each cell of the tree is either
occupied by that object, or it is empty. Each occupied
cube may contain some information about color, density,
or some other attribute of the object, but the cube itself is
considered to be either fully filled by the object or empty
of it.

Here, we use each cell of the octree to hoid a list, not a
piece of an object. The list describes all the obiects in the
scene that have a piece of their surface in that cell.

Usuatly when we synthesize images we are interested
only in the surfaces of the objects in our scene. The
assumption is that the inside of a transparent or translu-
cent object is either empty or else described by other, inde-
pendently defined objects. For example, when we test a
ray against a sphere, we care only about those points on

i‘a)
s VOXEL

OBJECT

Figure 1. Space subdivision. An object is considered assoclated with
a voxe! if and only if some of the object’s surface exists within the
voxal. (a) shows an object not associated with the voxel; (b) shows an
object that Is associated with the voxel; and (c) lllustrates the voxel
within an object (the object is not associated with the voxel).
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the sphere where the ray pierces the sphere’s surface. It's
unimportant to know if a given point on the ray is inside or
outside the sphere. Thus, for this algorithm, we subdivide
space into an octree, associating a given voxel with only
those objects whose surfaces pass through the volume of
the voxel. See Figure 1.

The next two sections of this article présent the tech-
niques central to the new algorithm. The first section
describes the process of building and maintaining the oc-
tree and a technigue for obtaining fast access to any node.
The second section describes the mechanism for finding
the next node intersected by a ray when it has hit nothing
in the current node.

Octree building and storage

The arguments for using octrees as the spatiai compart-
ments mentioned above are that octrees are well studied
and understcod and that thev allow dynamic spatial
resolution. Volumes with high object complexity can be
recursively subdivided into smaller and smaller volumes,
generating new nodes in the tree for only these new
volumes.

When a ray fails to hit any objects in a given node, it
Must move On 1o another node in space. As we will see in
the next section, the algorithm works by finding a point
guaranteed to be in the next node encountered by the ray
and then determining the particutar node coniaining that
point. In this section we address the process of finding the
node,

A very economical octree storage technique has been
described by Gargantini, !5 We use a slight variation here
to speed up the time required to find a given node,

The parent node (which just encloses the world sphere)
is labeled node 1. When we subdivide a node, it passes its
name as a prefix to all ies children, which are numbered 1
through 8, as shown in Figure 2. Thus, the eight children
of the parent node are nodes 11 through 18. The children
of node 13 are nodes 131 through 138, and so on. Now we
need a way to address a node of a given name.

1f we subdivide the parent node twice, we find the larg-
est node name possible is 188, Clearly, we don’t want to
allocate 188 nodes when we start the program; for exam-
ple, we might find that nodes 131-138 never need to be
created. The dynamic resolution of the octree scheme sug-
gests a dynamic allocation of memory, creating a new
node only when we need it. But then we return to the prob-
lem of finding a given node, If we just ask the operating
system for a chunk of memaory to be used when it’s time to
create {say) node 173, then how do we find node 173 later
on?

There are two extremes in the continuum of answers to
this question. Ai one extreme we could create a table with
an entry for every possible node name that contains that
node’s address, This possibility would require vast
amounts of storage {more than for a straightforward
eight-pointers-at-a-node scheme!), bur it wouid also have
the advantage of extreme speed in finding the address of a
node with a given name. At the other extreme, we could
create a large linked list of all the nodes in the octree,
which we would have 10 scan from the beginning each time
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we want to locate a given node. This provision would have
the advantage of requiring very little memory beyond that
needed for the nodes themselves, bui it wounid slow the
operation to search the list each time we must look for a
particular node.

An attractive compromise is to mixthe two ideas using a
hashing scheme. We can hash the name of a node into
some small number and then follow a linked list of all
nodes that hash into that number starting at a given point
in a table. By changing the size of the table, we can pick
any point in the continuum described above. Thus we
trade speed for memory consumption and vice versa. A
very simple hashing function, which merely returns the
node name modulo the table size, seems to work fine.

Here we see the difference between the original number-
ing scheme proposed by Gargantini and the one used here.
Gargantini suggested numbering the nodes 0 through 7,
which had the advantage of assigning an octal number to
each node. However, consider the case of subdividing
node (: one of the nodes created would have the name 00.
To a computer, the number 001s the same as the number 0,
and we would have no way of differentiating the two,
Similarly, 005 would be the same as 05, and sc on. A solu-
tion to this problem would be 10 keep the name of each
node as a character string. This woulid keep node 0 dif-
ferent from 000, but the string representation is bulkier
than an integer, as well as slower in comparing it against
another of its own type.

The modification presented here is to number the chii-
dren from 1 to 8. Numbering the nodes this way loses the
octal purity of the original scheme, but it ailows us to name
the nodes with numbers instead of character strings. Thus,
node 1 could never be confused with node 111, and
similarly node 15 is distinct from node 1115.

We can then find the name of a node containing a point
(x,»,2} with the scheme presented in Figure 3.

Once we have a node name, we must search through the
appropriate linked list for its entry and associated object
list, Clearly the fewer nodes there are to be searched
through, the faster (on the average) we will find the node
we're locking for. We can use another observation to re-
duce the number of nodes stored as entries in the
table/linked list structure by a factor of eight.

Each time we subdivide a node {because it contains too
many objects, or more precisely, too many surfaces), we
create all eight children at once. When we want 1o allocate
memory for these eight children, we can ask the memory
allocator for one large block of memoty big enough to
hold all eight nodes. We then use the first eighth for the
first child node, the second eighth for the second child
node, and so on. Now we need to store only the first child
in the hash table/linked list structure. The other chiidren
are easily found by adding the right number of node
lengths to the first node's address; i.e., add one node
length for node 2, add two node lengths for nede 3, and so
on. This scheme is iflustrated in Figure 4.

As we subdivide nodes, we keep a record of the smallest
node created anywhere in space. This record can just be
the length of the side of the smallest node; we will see why
we want this information when we loak ar the algorithm
for moving the ray from voxel to voxel.

October [984
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Let’s now look at the structure of an octree node. It
consists of four members: a name, a subdivision flag, cen-
ter and size data, and an object-list pointer. The nameis an
integer that is the name of this node. The subdivision flag
is set if this node has been subdivided. The center and size
information may be omitted to conserve memory space
and derived on the fly from just the node name (this is
another time-space trade-off). The object-list pointer
points to the start of a list of integers in a dynamically
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Figure 2. Space subdivision. (a) Subnodes are labeied 1-8;
(b} a parent vaxel passes its name as a prefix to its
children.
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findnode(x,y.,z} |
node = 1;
WHILE ( node_subdivided is TRUE )
IF {x > node_center_x)
IF {y > node center_ v}
IF (z > node_center_z)
node = (node*il) + 6;
ELSE nede = (node*l0) + 2:
ELSE
IF {z > node_center_z)
node = (node*il}) +
ELSE node = (node¥ll) + &
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ELSE
IF (v » node_center_v}
IF (z > node_center_z)
nede = {(node*l0) +
FLSE node = (nodexl() +
ELSE
IF {z > node center_z)
node = {node*l0) +
ELSE node = (nodewl0} + 3

[

}
RETURN ( node )
!

Py B waeanaT

Figure 3. Node-finding scheme.



allocated array. The integer indicated by this pointer is the
number of the first object in this node. Subsequent in-
tegers continue to represent other cbjects, untii some il-
legal object number (say -1) is encountered, signalling the
end of the object list for this node.

Now we know how to generate the octree so we can easi-
ly and quickly find a node of interest knowing only a point
in the node. Let’s now look at the process of deciding
whether or not to subdivide a given node as we build the
tree.

What we're interested in doing now is looking at the list .

of, objects that have surfaces that pass through the parent
node of the node under consideration. We will include
each of these objects in the list of objects for this child if its
surface also passes through the child’s volume. When we
have done this for each child, we can consider how many
objects are contained in each child. If any child has too
many objects (and we have room to create new nodes}, we
may then subdivide each overfull node recursively,

The algorithm used o determiine whether an object’s
surface passes through a voxel treats convex objects (par-
ticularly spheres) with more efficiency than arbitrary ob-
jects. .

In generai, we intersect the object with each of the six
planes that bound the voxel. Shouid any of these points of
intersection lie within the square region of the plane that is
the side of the voxel, the object is kept. Otherwise, some
point within the object must be examined, If that interior
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point is within the voxel, the object is kept; otherwise, it is
discarded. A very efficient formulation of this algorithm
for the special case of polygons is found in Sutheriand and
Hodgman. !¢

Movement to the next voxel

Two important facts guide us in designing the algorithm
1o get to the next voxel. First, because the space is
dynamically resolved when we build the octree, we don’t
know how targe {or smallt} any voxel in space is with the ex-
ception of the curren: one. The second fact is that the
movement operation must be accomplished as fast as pos-
sible, Certainly, the movement must be minimally fast
enough that we don’t lose the time we save by cutting
down ray-object intersections by giving that time to voxei-
movement operations.

The general idea behind the voxel-movement algorithm
is to find a point that is guaranteed to be in the next voxel,
whatever its size. This point is ther used to derive a voxel
name {and its associated size and object list) according to-
the schemes presented in the previous section.

In the following, the term curreat node refers to the
node that has yielded no intersections; it is the node we are

- leaving for greener pastures. We will refer to points on the
ray being traced with the parameter ¢, The value of 7 in-
creases as we move away from the origin, where ¢ has the
value 0,

e et

STEP 3: LOCK AT NODE

PR 1 i ' .
. [ | NODE 23646 i CHILD LIST
K | 1 — ]
: ! : SIZE roL c
38e 1 ; POSITION I L
i | | FLAG 1:
: i i CHILDREN —#{ CHILD
! ' ' CHILD 1 ;
: { - ' 1 CHILD 2
- HASH 1 : ! CHILD 3
TABLE (lengtr 1000) | i ! CHILD 4
: (2384 mag 1000) =384 : T384x : ! CHILD 5
: | 23841 | ! -1
; I 23842 1 !
YR ; l
t 1 — —. ';

12344, ! | :
{23845 i | i
| 2384 ! ; i
| 23847 : X ¢
i 23848 : '
: p t : }
' i H
: i I
. ' | '
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i ! i

STEP 1: HASH f i :

(NODE NAME/10) AND | STEP 2: FIND ENTRY FOR ; i

LODK IT 4P I (NODE NAME/10), AND '
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DATA, GET ADDRESS GF  ISTEP 4: GET LIST OF CHILDRENE
START OF CRILD LIST. FOR THIS NODE. !
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ot e i L. T - - S e e S e

GET PQINTER FOR NODE NAME

figure 4. Sample hash tabie/linked list. Here, we want information for node 23846,
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Figure 5. To find tha endpoints of the ray segment within a voxel we first intersect that ray with the six bounding
planes of the voxel, noting the ray’s  value at each intersection.

We know that the voxel we want to examine next will
contain points on the ray with f vaiues greater than the ray
may attain in the current node. Thus the first step is to find

the largest value of ¢ the ray may assume while sull inthe -

current node.

Let’s designate this value of ras ¢ +.Wecan ﬁnd t+ by

intersecting the ray with the six planes that bound the cur-
rent voxel.* Two of these intersections give us bounds on f
parallel to the x axis, two others paralle! to the y axis, and
the remaining two parallel to the z axis. We can find ¢
 values for all six of these points as shown in Figure 5. Each
-plane is parallel to two of the three coordinate a.xés_, a fact
that simplifies its plane equation considerably. It is inex-
pensive to intersect a ray with one of these “‘simple”
planes because it costs only one subtraction and one divide
operation per plane. Note that the points describing the in-

tersections of the ray with the planes of the voxel may lie '

far outside the volume of the voxel itself, But certainly
spme values of ¢ will hold for all three ranges: these are ex-
actly the values of ¢ inside the voxel. Theintersection of the
three ranges of ¢ yields those values of ¢ that the ray may
assurne while it is inside the box, The value of ¢+ is the
vaive of the upper end of this range of r values, as il-
lustrated in Figure 6.

The resolution of space in the next voxel to be en-
countered cannot be any finer than the finest resolution we
reached when we built the octree. Now we see the reason
we kept a record of the minimum-sized voxel:when we
built the tree. Let us call the length of the side of this
smallest voxel Minlen. '

Figure 7 illustrates that we can find the next voxel by
- merely moving perpendicularly to the face of the voxel
that contains z+. If r+ is on an edge, we must travel
perpendicularly to both faces sharing the edge, and sim-
ilariy we must travel in three directions if £ + is on a corner
of the voxel. These movement operations are trivial to
compute and perform because each is perpendicular to a
coordinate axis. We are guaranteed not to move outside
the next voxel if we limit our movement to less than the

* It is sufficient to intersect the ray with only four planes, but { suggest the
additional code necessary to determine which four owrweigh the advan-
tages of eliminating two intersections.

October 1984

. = Te—
X . X,_ X’. ';f
" : y=_ y*
¥ T ’ 1 ?"‘"’t
I { | )
- i | 2+
z -2y : o >——>!
P P L
FINAL ——1 _rag-—ré+ it

Figure 6. To tind the vaiues of t that a ray may assume
within a voxe!, we find the intersection of the three
ranges determined in Figure 5.
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Figure 7. To find the next voxel in a ray’s path, we find a
point guarantesd to be in that voxel. We find that point by
moving the distance Minien/2 perpendicuiar to each face
inwhich t* lies.
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Table 1. Timing statistics for oid and new ray-tracing algorithms.

CHECKER-
BOARDS RECURSIVE GEQDESIC SINC GREAT
AND BALLS SPIRALS PYRAMID CUBE FUNCTION CIRCLES
NUMBER OF OBJECTS 53 a1 1.025% 1,536 3.656 7.681
NUMBER OF RAYS TRACED 8584.413 532.036 352.322 597.245 448177 456.524
CHILDREN PER WOXEL 8 20 30 ] 30 25
NUMBER OF VOXELS 103 169 473 2.889 2.897 3.009
OLD NUMBER GF INTERSECTIONS 46.830.111 212.713.658 320.825.000 915.439.104 +.636.286.600 3.553.081.000
TESTIMATEY (ESTIMATE
NEW NUMBER OF INTERSECTIONS 5,149 864 13.789.597 9.008.077 9.848.255 10.615 831 17.298.843
AVERAGE INTERSECTIONS PER RAY 6.9 259 256 16.5 2.7 ar
DLD TIME (HR MIN) §.22 3.53 1741 4212 =63:00 =141 00
{ESTIMATE] IESTIMATES
OCTREE BUILD TiME (HR:MIN) 0:04 002 0:02 008 01z 21
NEW TIME (HR:MIN} 223 040 2:25 249 322 4.44

Figure 8. Two perfectly refiecting, intersecting spheres sit be-  Figure 10. A procedurally generated model, similar to a kite
tween a pair of checkerboards, designed by Alexander Graham Beil.

Figure 9. Two interweaving spirals of spheres. Note the shadows  Figure 11. Two different (4, 4, 3), tilings of a geodesically pro.
on the distant balls. jected cube share the surface of a sphere.
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