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ABSTRACT

Aspects of symmetrie axis geometry in three dimensions are discussed. A notion
of radius curvature is defined and a relationship between symmeiric axis curva-
ture, radius curvature, and boundary curvature is derived.

1. Introduction

Shape is a concept of fundamental importance in many disciplines. Still, it
remains difficult to define and even more difficult to measure. Blum[1, 2, 3, 4]
has introduced a transfermation, variously known as the symmetric axis
transform (SAT), medial axis transform, or skeleton, that induces a unique,
coordinate system-independent decomposition of a figure into simpler figures.
Consequently, the divide-and-conquer strategy can be applied to describing
figure shape: divide the figure into several smaller figures, describe each of

them, then combine the results to yield a single description.

In [4], Blum and Nagel propose an elegant methodology for applying this
strategy to describing figures bounded by piecewise smooth, simple closed

curves in the continuous plane. Extending their mmethodology to three-



dimensional figures appears very attractive. To do so, it is necessary to general-
ize to three dimensions the mathematical tools used by Blum and Nagel in two
dimensions. Hence, in this paper, we develop the local differential geometry of

the symmetric axis in three dimensions.

We begin by reviewing briefly several important properties of two-
dimensional symmetric axes. Let an outline in R® be a smooth, simple closed
curve. A figure is an outline together with its interior. The symmetric azis of a
figure F is the locus of centers of all maximal discs of I, ie., these dises con-
tained in F but in no other disc in F, Equivalently, if C is the curve that bounds
F, the symmetric axis, SA{(C), is the set of points in F having at least two nearest

neighbors on C.

The points of SA{C) can be classified into three types[4] depending on the
order of the point, the number of disjoint connected subsets of C comprising its
set of nearest neighbors. End points are of order one, normal points of order
two, and branch points of order three or more, corresponding to maximal disc
touchings in one, two, or more disjoint arcs respectively. Additionally, points
are called point contact if each touching subset is a single peoint and finite con-
tact otherwise. Under the assumptions fnade here, SA(C) is the union of simple
afcs, each a sequernce of normal points bounded at each end by a branch or end

point, that intersect each other only at branch points[4]. See Figure 1.

Let T be the mapping from C onte SA(C) that maps a point Py in C to the
center of the maximal disc tangent to C at Pp. With each contiguous interval of
normal points, which Blurm and Nagel call sirnplified segments, the inverse rela-
tion 77! associates two disjoint arcs of C. Consequently, F can be decomposed
into the collection of two-sided parts associated with the simplified segments of
SA(C) together with the collection of the (possibly degenerate) circular arcs

associated with branch and end points. To describe the connection structure of
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Figure 1: Symmetric Axis Point Types

the decomposition, Bilum and Nagei[4] define a labeled graph with a node for

each branch and end point. Other structures are possible; the choice depends

on the goals of the analysis,

Choose a direction of traversing a simplified segment and call the two asso-
ciated arcs of C the lgft and right boundary arcs. The angle between the tangent
to C at a point Py and the tangent to SA(C) at v(P¢) is called the object angle,
and is shown by Blum and Nagel to be the arcsin of the first derivative of the disc
radius at T{P;) with respect to axis arc length. See Figure 2. The algebraic
signs of the object angle and its derivative, the object curvafure, partition the

segment into width shapes juxtaposed one after the other.

As the axis becomes curved, the width shapes remain unchanged since they
are a function of disc radius only. However, the associated boundary arcs
chan.ge from convex, to straight, to concave in a manner depending on the axis
curvature. Indeed, Blum and Nagel[4] give an explicit functional relationship
among axis curvature, fhe boundary arc curvatures, cobject curvature, and

object angle. It is that relationship that this paper generalizes tb three



Figure 2: Normal Point Geometry (Point Contact)

dimensions.

The next section of this paper defines the SAT in three-dimensions and a
notion of radius curvature. The following section examines the relationship
between radius curvature, boundary curvature, and axis curvature. The paper
concludes with a brief discussion of the intuitive meanings of radius and axis
curvatures in the context of shape description and of other important problems
requiring solution before Blum's transform can be applied to shape description

in three dimensions.

2. The SAT in Three-dimensions

In R%, an outline becomes a smooth, closed surface with no self-
intersections, and maximal discs become maximal spheres. In general, the sym-
metric axis is a surface rather than a curve, though it sometimes degenerates
into a space curve. Connected sets of normal pcints, again called simplified seg-

ments, are bounded by possibly degenerate space curves of branch and end
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points. As before, the figure can be decomposed into & collection of two-sided

parts associated with simplified segments together with pieces of canal sur-

faces! associated with branch and end point curves[8]. Here, we consider the

analysis of simplified segments and their associated boundary surfaces.

We first impose local curvilinear coordinate systems about normal points on
simplified segments, thus bringing the techniques of ealculus to bear. Let Sbe a
simplified segment surface in R, Except at finite confact normal points, which
we ignore hereafter, S is a C? surface. Hence if we let U be an open subset of R?

with coordinates 2! and u? we can let s: U5 be a C? surface patch on S with
linearly independent partial derivatives Ea—s? denoted by s;. The tangent plane
u

to S at s{ul,u®) is a two-dimensional subspace of R? spanned by the coordinate
vectors 8; and sg. Consequently, the unit normal at s{ulu®), n (u'u?), is

8§y X8z
| s1%s2|

Similarly, let B and C be the boundary surfaces associated with S as
shown in Figure 3, let b{u!,%?) and e{u!,u?) be the points on B and C associated
with s{u',u?), and let r:S-R! map a point on S to the radius of the maximal
sphere centered at that point. Finally, to distinguish between a vector, X, and
the n-tuple that represents it with respect to some basis, we denote the n-tuple
by X.

In two dimensions, width shapes result from analyzing disc radius as a fune-
tion of a single parameter, arc length along the symmetric axis. Unfortunately,
in three dimensions no single parameter suffices. Instead, we examine the first
and second derivatives of the radius function along curves in infinitely many
directions through' the point P =s{0,0), in much the same way a surface
z = f{z.,y) is described by examining derivatives of f along lines in the {z.¥)

plane (directional derivatives).

1A canal surface is the envelope of a family of spheres, possibly of varying radius, with centers
lying on a space curve{5].
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Figure 3: 3D SAT Geometry

on S passing through P, a{f):R!»S, where t is arc length

Choose a curve

P. Let X be the tangent vector of & at P,

along the curve and a(0)

Since a is parameterized by arc length and lies on S, X is a unit vector in the

plane TpS, the tangent plane of 8 at P. We define the directional demvative of

(0). That rg is well d_Gned is shown by the

_ dr(a)
dt

in the X direclion to be 7

following result{cf, 7, sec. 4-7]:

do
7 (0).

Lemma 1: 73 is independent of the choice of the curve a such that
X



Progf: For two scalar functions of £, a! and of, aft) = s(a{t).a?(t)).
Since TpS is a vector space szpanned by By and sp, there are
scalars X' such that X= Z‘X"si Using the chain rule,

i=1

da _ & dot
dar E: qr i SO dt (O) Xt, Applying the chain rule again,

d'r() r{s) da* _
o ¢ z?gl ‘ (1)

1

2 .
Therefore rx= 3, —MLX‘) 0,0), which is independent of the
izl aui

choice of o.

Sirnilarly, the second directional derivative of r in the X direction is

2
Eé(zﬂ(o). Differentiating (1) and substituting X* for ddoé ,

Unlike ry, 7xx is not well defined without imposing an additional constraint on a.
We would like & to be straight in a small neighborhood of P, or more precisely,.
we require that in an infinitesimal neighborhood about P, the orthogonal projec-
tion of a onto TpS be a line in the X direction. There exists a un.ique curve with
tangeﬁt vector X satisfying this condition, called a geodesic, such that a(0) =

{cf. [7], sec. 4-5). The curve « is characterized by the differential equations

d2a* 2 2 Ik do® dal
== e k= oy
at? ,;a,; gt gr £ LE (3)

where the T4 are the Christoffel symbols of the second kind of S [7,8], which

measure the tangential components of the second partiial derivatives s;;.

Combining (2) and (3), denoting a?r(%l by 7; and ?i—‘é_)’_ by 7y, and rear-
u

ranging terms, we see that since ry; = 75 and l".f‘j = 1"}‘.;';. rxx is a quadratic forrm in
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rex= §{X) = XTQX, with

q =[gy] = [n-,——kzz:lnrsl (4)

For any unit vector X in TpS, the second directional derivative of v in the direc-

tion defined by X is given by @ (X).

Similarly, information about the curvature of S, L.e. the deviation of S from
TpS, is obtained by studying the curvature of curves on S through P. Consider
the normal sections af P, those curves defined by the intersection of S with
planes containing the normal to S at P. The second fundamenial form of S, I(X),
is a quadratic form over unit vectors in TpS, with magnitude equal to the magni-
tude of the plane curvature of the normal section in the direction X, positive if
the normal section lies on the side of TpS toward which the normal peints and

negative otherwise[7, 8]. Letting L; = [Lsi,-] be the matrix defining the second

fundamental form with respect to the {s;,sp} basis of TpS, we have[7, 8]

I{X)=XTL.X (5)

Thus, two guadratic forms are defined at each point of S. One, the second
fundamental form, gives the curvature of normal sections through the point in
any direction, while the other gives the second derivative of the radius along the
geodesic in_ the same direction. Since the normal to a geodesic is everywhere
normal to the surface on which it lies, the geodesic and the normal section
share a common normal vector. By construction, they have the same tangent
vector and hence, the same curvature (cf. [8], sec IV-12). Therefore, one gua-
dratic ferm measures the curvature of S along geodesics and the other meas-
ures the radius function second derivative along the same geodesics. Below, we
see that the maximum and minimum values assumed by these forms yield much
gqualitative information about the behavior of both the symmetlric surface and

the radius function.

[y



First, though, it is necessary io digress briefly to discuss inner products
over vectors in R%. An inner product over R? is defined by any symmetric, posi-
tive definite bilinear form. Choose a set of basis vectors for R® and let Y and Z
be two vectors represented in terms of that basis. Then, an inner product of Y
and Z, denoted <Y,Z>, is given by YT 6Z, where G is a 3 by 3 matrix such that
<Y,Z> = <Z,Y> and <Y,Y> >0 for all non-zero Y. For the remainder of this
paper. we will use the particular inner product defined by ¢ =7 (the identity
matrix) when the basis vectors are orthonormal. This is nething more than the

dot product, YT Z, often used in R%,

Consider the inner product of two vectors, V and W, contained in the
tangent plane TpS to S at the point P. Since TpS is spanned by s; and sz, there

are scalars V' and W' such that V= Vs, +V®s; and W= Wls;+W%s,. By the bil-

28 2 .
inearity of inner products, <V,W> = E Z Vriyd <s;,s;>, which can be written in
i=lj=1

matrix form as V?CgW, where Gs = [gs_;j] = [gsﬁ] = <s;,5;>. Thus the bilinear
form VTG, W, called the first fundamental form of S, is the inner product of R®
restricted to the two-dimensional sﬁbspace TpS and expressed with respect to
the basis {s;,8;). Though the representation of the inner product depends on the
basis vectors chosen, the inner product itself is basis independent. Hence we
use < > to denote the inner product of two vectors, regardless of the basis used

to represent them.

Returning to the task of characterizing the behavior of the radius function,
we seek the minimum and maximum values @ {X) assumes over all unit vectors X
in TpS. Let §' be the linear transformation such that <§'X,X> = §(X). Since
both Gs and § are symmetric, §' = G,~*§. Over all unit vectors X in TpS, § (X)
assumes its minimum value at the eigenvector of § corresponding to the smal-
lest eigenvalue, ¥, and its maximum value at the eigenvector corresponding to

the largest eigenvalue, ;. Further, the values assumed are ¥; and ¥

-9-



respectively and the eigenQectors are orthogonal if the eigenvalues are distinct
(cf. [9], sec. 2-17). By solving the characteristic equation of §', it is easy to see
that yy7z = det(€') and 71 +7z = tr(Q').

Similarly, over unit tangent vectors X, I(X)} assumes its maximum and
minimum values, called principal curvatures, at the eigenvectors of G,~1L, with
the extremal values being the associated eigenvalues A, and Ap,. When the eigen-
values are distinet, the eigenvectors define two orthogonal directions called the
principal directions. The produect of the eigenvalues is Ky, the Goussian curva-
ture of the symmetric surface 8, while their average is its meon curvature, Hs.
Conversely, Ay = Hg—~/Hs?~Kg and Az = Hs++/ Hs?~Kg. As above, solving the
characteristic egquation of G,"'L, shows that Hg = ¥tr(G,"'L,) and
Ks = det{(G.~1L,). Stretching the terminology, we define the Gaussian and mean
curvatures of the redius function to be K = det(Gs™1Q) and Hp = ¥%tr(G. 1)

respectively.

The behavior of 8 at a peint is characterized by the signs of the Gaussian
and mean curvatures. For K¢ > 0, all normal sections lie on one side of the
tangent plane, the choice determined by the sign of the mean curvature. The
surface is cup-shaped at the point. On the other hand, for K¢ < 0 the normal
sections about one principal direction lie above the tangent plane and those
about the other lie below, giving 8 a saddle shape at the point. The remaining
case, Kg = 0, is a transition between the two: in one principal directicn the sur-
face has flattened while in the other it remains curved. When both prineipal cur-
vatures are zero, S is planar at the point and the principal directions cease to
exist. For a fascinating discussion of this and other interpretations of both

Gaussian and mean curvature see, Ch. IV of [5].

An analogous, though less geometric characterization of radius function

behavior at a point on S is obtained by labeling the quadratic form @ as
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positive-definite, negative-definite, positive or negative semi-definite, or identi-
cally zero. Alsc note that eigenvalues and eigenvectors, and hence principal
curvatures and directions, are invariant under change of basis. Consequently,

the curvatures are independent of the choice of the parameterization s of S.
3. Boundary and Symmetric Surface Curvature Relations

3.1. Matrix Formulation

In the previous section we introduced notions of radius function curvature
closely analogous to Gaussian and mean curvatures of the symmetric surface.
In this section, we derive expressions for the curvatures of the associated boun-
dary surfaces in terms of the symmetric surface curvatures and the radius fune-
tion and its directional derivatives. We begin by deriving an equation relating
the matrices that determine radius and syrnmetrié surface curvature, § and L,
to the matirix defining the second fundamental form, and hence the curvature,

~of each boundary surface.
The.maximal sphere centered at s(u‘,ue) is tangent to the boundary sur-
face B at b{u',u?) with the boundary normal, n, (u!%?), lying along a radius of

the sphere. Letting 7 {ulu?) denote » (s(u!u?),

b(ulu®) = s(ulu®ir (ulu®n, (ulu?),
with the choice of sign determined by the direction of n,. Since m, itself is
determined oniy up to sign, choose n, pointing away from S as shown in figure 3,
giving

b{ul,u?) = s(ulud)+r{utu®n, (uhu?). (8)

Similarly,

c{ul,u?) = s(ulud)+r(ulu)n, (ulu?). (7)

Dropping explicit mention of (u 14%) and taking partial derivatives,
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b; = sy+7¢Dp+7 N0y, (8)
We can solve for r; by taking the inner product of both sides of (8) with n,.
Since n, is a vector of constant magnitude, it is perpendicular to its derivative,

Dy, Thus, since b; is perpendicular to o, by definition,

Taking partial derivatives again,

Ty = _<Bﬁ'nb >—<a¢,nbj>.
2
Using Gauss's formulas[7, 8], sy =L,en,+21"$sk. and the definition of the
k=1

coeflicients of the second fundamental form([7, 8], L = <8i5,D5>, We obtain

2
Tij = —L,v<n,.n¢>- 2 I‘i'j-csk.nb >-<s.;.n5’.>. (10)

k=1
Analogous results for boundary surface C follow from (7), though for brevity we

defer further consideration of C until the end of this section.

Define the matrices G, = [Ga@] and L, = [L,,ﬁ] representing the first and
second fundamental forms of B at b(u‘.ﬁa) with respect to the
fby(u!,u?),ba(u',u?)} basis of the tangent plane at b(u!,u?). Since ny is a vector
of constant magnitude, the n,, are perpendicular to it. Hence, they lie in the
tangent plane and are expressed as a linear combination of the b; by
Weingarten's equations

2
n,, = -i};lWa,‘-bi- (11)
where Wy = [Wy§] = Cy~'Ly, and is called the Weingarten mp of B [7.8]. Letting

A =[<s;,b;>] and combining Weingarten's equations with (4), (9), and (10),
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2
AWb = [ri,-]+<ns.nb>Ls— 2 T;-_T*
k=1

= +<ng,n, >L,. {12)

Equation {12) relates boundary curvature, as expressed by ¥,, to radius
curvature, as expressed by &, and tc symmetric surface curvature, as
expressed by L,. We seek a better understanding of this relationship. Our
approach is to solve for the two invariants of the matrix equation (12), the deter-
minant and trace. We then sclve the resulting two equations simultaneously for
the boundary curvatures in terms of properties of the radius and symmetric

surface.

3.2. Determinant Equations

Substitute Weingarten’s equations into {8) and solve for the s;, giving
51 = (147W, Dby+7W, dbo~rimy, and {13) .

83 = Wy db+(1+7W, 5)ba—7n,. (14)
Recalling that 4 = [<s;,b;>], we use (13) and (14) to obtain 4 = TG, and conse-

1+riy 11 T'ngl

; = 7 =1 - —
guently, since W, = G,~'L,, that AW, = T'Ly, where T = Wy d 147y 2] Left
multiplying (12) by Gs~?%, then gives

CeITLy = G, @ +<ng,my >G5 " L. (15)

To evaluate the determinant of the left side of {15), we use two intermediate

results:
Lemma 2; <ng,n, > = 1-[r, ry]G,~1[r, r5]T.
Proof: Let z!, z% and z° be scalars such that n, = z!s;+z%s;+z%n,.

Recalling that G = [<s;,s;>] and taking the inner product of n,
with itself,
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1=<my,n>

= [21 271G, [z 2317 +(z®)2

Taking inner products of n, with s;, 8, and n, produces
[<ny,s1> <ny,8:> )7 = G [z! z?]7, and <n,.n,> = z% Using (9),
Ce[z! 28T = ~[r, r;]". Hence,
<ng,my > = 1-[ry 751G,y 5]

Lemma 3: Letting ge = det{Gs) and gy = det{Gy ),
g5 det?®(T) = g.<ng,n, >

Proof: By substituting (13) and (14) into &, = [<s;,5;>], it is not
difficult to show that

gy det¥(T)T-1¢, "1t = g, G,~1-R, (16)
T —rirg
where K = » | Taking the determinant of both sides
~TiTe Ti

and applying lemma 2,

gy det?(T) = go=gs[ry 7216~ ry 72]”

= ge<ng,ny 2

Thus the determinant of the left side of (15) is

det(Cs'lTLb )

L get(T)det(Ly)
gs

_ <D;.my >Edet(Cy "y )
det(T)

_ <ng,m>%Kp

det(T) ' (17

where Kp is the Gaussian curvature of B.

We now evaluate the determinant of the right side of (15). Recalling that
the determinant is invariant under change of basis, we change from the {s;,8p}
basis of TpS to that defined by the eigenvectors of 5, !L;. Let e; and ep be eigen-

vectors of G, ~1L, corresponding to the eigenvalues Ay and A; respectively. Since
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eigenvectors are determined only up to a non-zero multiplicative constant and
since e, and e; lie in the tangent plane TpS and are orthogonal to each other, we
can, without loss of generality, choose the e; to be unit vectors so that
e;xe; = n,. Similarly, let f; and f; be unit eigenvectors of G,~!Q corresponding
to the eigenvalues y; and 7, so that f;xf; = n,. In terms of their respective

eigenvector bases, the transformations represented by G,~!L; and G,~'Q in

and 0 7,

Ay O y O
G\, ™ [0 7\2] and G,~'qQ ~ k) 72]. where R denotes matrix similarity.

0
1
terms of the {s;,sp} basis, are represented by ro R

, l.e.

Representing both transformations in terms of the f{e;ep} basis requires
examining the relationship between the e; and the f;. Let ¥ be the counter-
clockwise angle from e; to f;. Then, with respect to the {f;,fp} basis, e; = 0f;,

cos? sind

where 8 = —sin? cos?

. As shown in figure 4, ¥ is determined only up to a mul-

tiple of =; thus, @ is determined only up to sign. Changing from the {fy,fz} basis
o

-
d¥29 |0 7

1 O
Gs-lQ +<n,.n¢>Cs'1L, is similar to @rk} 7

rt" v
(xt8)= € 0 7
A, O
0 X

71
to the {e;ep] basis, l

®. Therefore,

O+ <ng,ny > , which is easily

seen to have a determinant of

<ng.mp > A Ap 7172+ <Bg by > (A 71+ A27e— (71=72) (A1—Ag) cos®d) (18)
Note that (18) is independent of ¥ if either 7y = 92 or A\; = A.. Consequently,
when either pair of eigenvalues fail to be distinct and the principal directions

are not well-defined, arbitrary directions can be chosen.

Combining (17) and (18) and rearranging terms,

Kp ERo: +)\,(7lsin219+7gcosat9)+)\g(71cuszﬂ+7gsin21?)
det(T) ~ "% <n,,n,>° <ng.my > ;

(18)
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Figure 4: Relation between principal directions

Equation (19) can be simplified by using a theorem due to Euler[7], given here in
the context of the radius function.

Lemma 4: Let X be a unit vector in TpS. Then
Q(X) = 7xx = 71cos®p+7zsin®p, where p is the angle between X
and f;.

1 0

Proof: With respect to the {f;,f,} basis, X js represented by
h 72[

[cosg sing]” and Q by Hence

1 O
Q (X) = [cosp singo]k} " [cosg sing]” = 7 cos2p+7,sin?p.

Recalling that ey = f;cos¥+f;sin®¥ and e; = —f;sin¥+f,cos¥ and applying lemma 4

twice, (19) becomes

Kpg Y172+ MiT epe, t A2 epe,

= 20
R (20)

3.3. Trace Equations

The second equation relating boundary curvature to radius and symmetric
surface curvature results from taking the trace of (12). Recalling that 4 = TG,

it follows from (12) and (16) that

=18



gy det?(T)T='W, = g,C;~'(Q +<ns,ny>L, )R (Q +<ng,my >Ls ),

and hence, after taking the trace of both sides, that

2gy (rKg+Hp)det(T) = 2gs(Hp +<ng,my >Hs )—tr(RQ)=<ng,ny >tr(RLs). (21)

Two observations enable us to evaluate tr(RL,) and, by analogous reasoning,
tr(RQ). First, simple algebra reveals that tr(RL;) is nothing more than the
second fundamental form of S, evaluated at [ry -7,], [rs —71L[rs —7,].

Second, with respect to the f{e;ep} basis, the second fundamental form is

0
1
represented by the diagonal matrix [T) -

. Hence, letting [a' a?] represent,

with respect to {e;,ep], the vector represented by [rp —7;] in the {s;,8;] basis,

A
tr(RLs) = [a! a?]

0 As [a® a®]".

Let V be the matrix of transition from the {s;s;} basis to the f{e,ep}
basis[9], i.e. the matrix such that [r, =74]7 = V[a! a?]”. Since the columns of
V are the coordinates of the e; in the {sy,8;} basis, and since the e; are orthonor-

mal, VTG,V = I, where / is the two-by-two identity matrix. Thus, det(V) = 7*-1-
gs

which is non-zero. Therefore, we can solve for [a'a?] obtaining
2

i\/gs[T1V12+TgV22 —riV“-‘rngl]. Since by the definition of V. e = 2 VﬁSi. by
i=1

using (9) we see that [a'a?]= £y/g.[-<n,.e;> <n,,e;>] and hence, that
tr(RL,) = gs (A1<ny,e2>2+Az<n, ,e,>2). Analogously,
tr(RQ) = g, (71<n, f2>%+7,<n,,f,>2). Finally, combining these results with (21),
lemma 3, and the definition of mean curvature as the average of principal curva-

tures, we obtain

Kp+H
L St S 71(1=-<np ,£2>2) +72(1-<ny . f;>2)+
det(7) (22)

<ng,ny )(11( 1-<mn, .eg>2)+hg(1—<n¢, .e1>2))

2<ng,my >2
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To simplify (22) we show that inner products between Lhe boundaiy noronal,
n,, and unit veclors in the symmetric surface tangent plane are simiply Jirec-

tional derivatives of the radius function.

Lernma &: Let X be a unit vector in 1pS8. Then the @irectional deriva-
tive of 7 in Lhe X direclion, 7y, is —<mn, X>,

Proof: Let Xl and X? be the compopents of X in the {s;,sp} basis, i.e.

X= EX‘ So, <nb,X>-2_,X‘<nb,sl> which, by (9), is
i=1

--Z,X"ri. Thus, by the proof of lemma 1, rg = =<ny , X>.
i=1

Therefore (22) can be rewritlen as

TKp+Hp 71(1‘71'2,‘,)'*’)’2(1‘7'1,)+7\1(1-Te2)+)\2(1 T'e ) (23)
det(7) 2<ng,ny>° 2<ng, Ny > /

3.4. Boundary Curvature Equations

Call the right sides of equations (20) and (23) k and h respectively:

71724’ hl'r +h27"
k2 Aphgh T LA gng (24)
<ns,nb>

h = +- . i . % (25)
2-::10.5.1:1cl > 2<ns.n¢ >

Recall that Kp = det(W,) and Hp = tr(ly). Then, by straightfoward algebra,
det(7) = 147°Kz+2rHp. Substituling into (20) and (23), we obtain a linear sys-

tem of two equations in the two unknowns //p and Kp wilh solutions

h-1k
Hp = —— 206
B = I erh+rik R
and
k
SRS — , 27
Ko 1-2rh +7% (&%)

These equations give the Gaussian and mean curvatures of the boundary sur-
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———

face, B, in terms of properties of the radius and symmetric surface, together
with the angle between the boundary normal, n;, and the symmetric surface
normal, my;. Analogous equations for boundary surface C are obtained when the

qualifying subscripts b and B are replaced by ¢ and C respectively.

At first glance, it appears that knowledge of the boundary normal is prere-
quisite to evaluating A and k, and hence the boundary curvatures. This is not
the case. Since ng, ey, and es are orthonormal,
<ns,nb>2+<nb.e1>z+<nb,ea>2 = 1. Hence, up to sign, <n,,np> is determined by

Te, and T ey

Choosing the sign of <m.,n,> chooses either boundary surface B or C. As
syrhmetry suggests, and application of lemma 5 proves, n, and n, are
reflections of each other through the symmetric surfacé tangent plane. Thus,
by symmetry about the tangent plane, <n.n,> = <n,,—n;> and hence
<ng,np > = —<n,,n.>. Conseguently, if we replace <n,,n,> by £<n,,n,> in (24)
and (25), the curvature relations hold for either boundary, the choice deter-

mined by the sign.

4. Discussion

To understand the geometric significance of A and &k, consider the surface

B' defined by

b'(utul) = s(ul,u?)+r'(u‘,u2)nb (ulu?),
where r'{ulu? = r{zlu®-7(0,0). It is not difficult to see that B’ passes
through the point P = s(0,0) and at each (u!,%?) has the same unit normal vec-
tor as does B. B' and B are called parailel su;r'faces. See Figure 5. Since the
derivativés of 7' and r are identical, we can evaluate (26) and {27) substituting r'
for r, obtaining k = Kp, and A = Hg.. Thus, the terms k and & in (26) and (27)

are the mean and Gaussian curvatures, respectively, of the surface parallel to B
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passing through P. Therefore, (268) and (27) express the change in boundary
curvature due to change in distance from the symmetric surface. Blum and
Nagel{4] use a similar relationship in the two-dimensional case to derive boun-
dary curvature from parallel curve curvature. Analogous results hold for the

surface parallel to C through P when the sign of <hs,n¢,> is changed.

Though the symmetric surface and radius function together contain no
information not contained in the boundary surfaces, examining each alone

reveals different aspects of the shape of the boundary surface. Intuitively, sym-

Figure 5: Surface Parallel to Boundary Surface

-20 -



metric surface curvature reflects the overall "curvature. trend” of the two-sided
piece, i.e. the degree to which both boundary surfaces curve in the same direc-
tion. Radius curvature, on the other hand, reflects the symmetry of the boun-
dary surfaces about the symmetric surface, i.e. the degree to which both boun-

dary surfaces curve in opposite directions.

To see this, observe in (25) that symmetric surface curvatures A; and A
contribute with egual magnitude but opposite sign to the mean curvature of the
two boundary surface parallels, while radius curvatures ; and vy contribute
equally to each. Since the boundary surface normals each point away from the
symmetric surface, boundary surface mean curvatures of opposite sign imply
curvature in the same direction. Further, it can be shown that the signs of the
Gaussian and mean curvatures of each boundary surface are the same as the
signs of the curvatures of the corresponding parallel surface. Hence, our intui-
tive notions of the meanings éf symmetric surface curvature and radius curva-

ture are confirmed.

5. Summary and Conclusions

Blum’s symmetric axis transform defines a unique decompostion of a figure
into disjoint, two-sided pieces, each with its cwn surface (axis) of symmetry and
associated boundary surfaces. In previous sections of this paper, we have
defined measures of the radius function and have shown how these measures
and the symmetric surface curvatures are related to the boundary surface cur-
vatures.. In particular, we have shown that the Gaussian and mean curvatures of
the boundary surfaces are determined by nine measures, each with a geometric

interpretation:

{1) the symmetric surface curvature as determined by two principal curva-

fures and a principal direction;
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(2) the radius curvature as determined by two principal curvatures and a prin-
cipal direction;

(3) directional derivatives of the radius function as determined by the angles
between either boundary normal and the two symmetric surface principal

directions, called width angles after Blum[2]; and

(4) the radius function itself.

Other, equivalent sets of measures are easily found. It can also be shown that
these measures, and the purvature relationship derived from them, subsume the
two-dimensional measures and curvature relationship given by Blum and
Nagelf4].

It appears poésible to use the measures defined here to further partition a
simplified segment into a set of canonical two-sided pieces, yielding a symbolic
description, much as Blum and Nagel have done in two-dimensions. We refrain
from doing so until a suitable algorithm for computing symmeirie surfaces of
three-dimensional figures is developed. At that time it will be possible to evalu-
ate which of several possible schemes is suitable for specific three-dimensional
shape description problems. Indeed, the purpose of this paper is not to propose
specific features for three-dimensional shape description, but rather to provide

mathematical tools for further study of Blum’s transform in three dimensions,
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