Chapter 2

Bac kground

Mirr or, mirr or on the wal l, who’s the fair est of them al l?

This chapter �rst presents two concepts, load balancing and scans, that

are central to understanding Scan Directed Load Balancing, and then exam-

ines the class of computations for which Scan Directed Load Balancing is

most e�ective and the class of parallel computers on which these computa-

tions run.

2.1 Load Balancing

The Computational L o ad of a program in a parallel computer is a measure

of the amount of work to b e done in executing the program or, equiv alently ,

of the cost of executing the program. A parallel program consists of a set of

tasks each of which must b e executed on a single pro cessor. Each task has

its own computational load, and lo ad b alancing is the pro cess of distributing

tasks to pro cessors in such a way that each pro cessor has the same load. A

successful load balance results in each pro cessor running for the same length

of time b efore completing its assigned tasks; this gives optimal pro cessor

utilization and b etter p erformance than would b e obtained if the load were

unbalanced.

As an example of a computation that can b e load balanced, consider

a di�usion problem on a two dimensional array of v alues. A task in this

computation consists of setting one v alue in the array to the average of its

neighb ors. Since all tasks have approximately the same load, the load on each pro cessor is prop ortional to the numb er of tasks assigned to it. Assuming

that there are more tasks than pro cessors, one way of load balancing this

computation is to assign the same numb er of tasks to each pro cessor.

2.1.1 Grain Size

Load balancing is not applicable to sequential computations; it is only on

parallel computers that the problem of keeping pro cessors busy arises. More-

over, this dissertation only concerns itself with distribute d memory comput-

ers, computers in which each pro cessor has its own lo cal memory and com-

municates with other pro cessors by passing messages over a network.

The gr ain size of a parallel computation is the amount of resources re-

quired by a typical task; likewise, the grain size of a parallel computer is

the amount of resources av ailable to a typical pro cessor. In large grain par-

allel computations each task is referred to as a pr o c ess. Individual pro cess-

ing elements keep queues of pro cesses, and each pro cess includes b oth co de

and data; except for interpro cess communication and synchronization, each

pro cess executes entirely in its own address space, indep endently of other

pro cesses. In a small grain parallel computation each task is referred to as

a data p oint. Individual pro cessing elements keep arrays of data p oints, and

the co de for each data p oint is managed separately from the data; each data

p oint executes within a common address space.

The di�usion computation describ ed earlier is a small grain computation,

since the amount of work to b e done for each data p oint is small and it would

b e wasteful to dedicate an entire pro cess to each data p oint.

If two computations do the same amount of work, the computations with

the smaller grain size will have a larger numb er of tasks. Because each task

do es less work and b ecause of the larger numb er of tasks, small grain compu-

tations are more frequently communication b ound than large grain compu-

tations. If the small grain computation is executed on a small grain parallel

computer, the high frequency of communication is exacerbated by the large

numb er of pro cessors which prevents pro cessors from b eing fully connected;

the restricted connectivity also imp oses routing overhead on communication,

and communication p erformance may su�er from collisions among messages

sent by di�erent pro cessors. Minimizing communication costs is therefore a

ma jor concern in small grain parallel computations [80 ].

Because small grain computations do not have a separate address space for each task, thinking of a task as the computation that has to b e p erformed

on a unit of data is more natural than thinking of a task as an indep endent

unit of co de its own data. This data p ar al lel [41] formulation of parallel com-

putation has b een used increasingly in recent years, in part b ecause of the

increasing av ailabilit y of small grain parallel computers such as the Connec-

tion Machine [40 ]. The algorithms presented in this dissertation have so far

only b een applied to small grain computations (though there is every reason

to b eliev e they would b e even more e�ectiv e in load balancing large grain

computations), so in what follows the term data p oint refers to b oth a unit of

data with its attending storage, and the task that pro cesses the data p oint.

2.1.2 Static and Dynamic Load Balancing

Sometimes the load of each data p oint can b e determined in adv ance b e-

fore the computation b egins. If the load is known exactly

, it is theoretically

p ossible to distribute the load among pro cessors optimally so that each pro-

cessor do es the same amount of work. Distributing load optimally is known

to b e NP-complete [36], since it is equiv alent to the bin packing problem.

The problem of assigning data p oints to pro cessors is further constrained by

the need to minimize communication distance; these constraints may how-

ever reduce the complexity of �nding an optimal solution, and geometrical

approaches can often b e used to give an acceptable distribution at low cost.

In the di�usion example, each p oint has the same load, so assigning the

same numb er of p oints to each pro cessor balances the load, but unless the

data is distributed hierarchically

, accessing the v alue of neighb ors for each

data p oint can b ecome so exp ensive in time that the b ene�ts of load balancing

are lost. In practice, sp ecifying that the data should b e distributed hierar-

chically simpli�es the problem of �nding an optimal distribution b ecause it

restricts the �eld of p ossible solutions.

Parallel computations in which the load of each data p oint is known

exactly in adv ance are less common than those in which the load of each

data p oint is not known in adv ance b ecause it changes over time. As a

simple approximation, data p oints can b e classi�ed at any p oint in time as

either active or inactive. Active p oints are those that require pro cessing, and

inactive p oints are those that don’t. If the di�usion example were mo di�ed

so that on every iteration only p oints that change their v alue by more than

a threshold are di�used on the next iterations, initially all p oints would b e made active, and many would b ecome inactive after the �rst iteration; as

the computation continued, active p oints could b ecome inactive or inactive

p oints could b e re-activ ated if a neighb or changed its v alue by a su�ciently

large amount. Picking only the active data p oints and distributing the same

numb er of active p oints to each pro cessor gives a well balanced load if the

load balancing is p erformed frequently compared to the average length of

time that a data p oint is active.

If the load balancing algorithm picks a data distribution only once, b efore

the computation b egins, the algorithm is a static load balancing algorithm.

If the load is balanced rep eatedly

, the algorithm is a dynamic load balancing

algorithm. Static load balancing algorithms often much require information

ab out a computation to wisely distribute the load, but can a�ord to take

their time doing so, since they are executed only once. Another strategy

for static load balancing is to use statistical prop erties of the computation

in selecting an algorithm for distributing the load; this is true for cut and

stack [85], for instance.

In contrast to static load balancing, dynamic load balancing algorithms

are called rep eatedly at run time and must b e e�cien t; if the information

on which balancing decisions are based was inaccurate, the error can b e

corrected the next time the load is balanced, so the information need not b e

highly accurate. The adv antage of high sp eed is illustrated in Figure 2.1.

Since most static load balancing algorithms use detailed or statistical

information ab out the computation, they are usually sp eci�c to the com-

putation itself, whereas dynamic load balancing algorithms can usually b e

applied with few or no changes to a v ariety of computations. In general,

dynamic load balancing is e�ectiv e for any computation for which static load

balancing is e�ectiv e, since the information av ailable initially can b e used to

balance the load once at the b eginning of the computation. The converse

do es not usually hold: static load balancing algorithms are often ine�ective

on computations for which dynamic load balancing is e�ectiv e, since the

load of each data p oint may not b e known until run time. Because most

computations cannot b e balanced statically and dynamic load balancing al-

gorithms are more generally applicable than static load balancing algorithms,

dynamic algorithms such as Scan Directed Load Balancing, the sub ject of

this dissertation, are more interesting and useful than static load balancing

algorithms.

Given a parallel computation divided into T successive phases, where phase

i

takes time t

i

, and a dynamic load balancing algorithm that is run after every

phase, takes time t

lb

, and changes the running time of phase i to t

0

i

(where

normally t

0

i

< t

i b ecause the load is more balanced after load balancing), the

load balanced computation completes so oner than the unbalanced computa-

tion if

t

lb

(T � 1) +

T

X

i=1 t

0

i

<

T

X

i=1 t

i

A comparison with T = 4 of a run with and without load balancing might

lo ok like the following:

t

1

- t

2

- t

3

- t

4

-

t

0

1

- t

0

2

- t

0

3

- t

0

4

- t

lb

- t

lb

- t

lb

-

In the top timeline, each phase after the �rst takes longer than in the lower

timeline b ecause the load is unbalanced and some pro cessors have more work

to do b efore reaching the end of the phase. With load balancing, time must

b e sp ent balancing the load, but the net result can b e a p erformance im-

provement.

Figure 2.1: Costs and Bene�ts of Dynamic Load Balancing

2.1.3 Load Sharing

A widely-researched v ariant of dynamic load balancing for large grain systems

is L o ad Sharing [29, 90 , 21]. Load sharing tries to make sure that each

pro cessor has at least one active pro cess at all times; load balancing, in

contrast, tries to make sure that each pro cessor has the same numb er of

active pro cesses. In a system that uses load sharing, if the single active

pro cess on a pro cessor b ecomes inactive, the pro cessor must b e able to quickly

lo cate and b egin executing another active pro cess, otherwise its idle time will

signi�cantly slow down the computation.

A well known algorithm for dynamic load balancing is the Gradient Mo del

Load Balancing Metho d develop ed by Lin and Keller [59]. In this algorithm

pro cesses di�use along a mesh of pro cessors according to the gradient of the

load curve. Each pro cessor determines the lo cal v alue of the gradient by

lo oking at the load of its neighb ors. The algorithm is a v ariant of Load

Sharing, since if the minim um load is su�ciently high, no balancing takes

place.

Load Sharing can b e e�ective on large grain computers with large grain

pro cesses b ecause the load is balanced frequently compared to the length of

time that a pro cess remains active, and the cost of executing a pro cess is high

compared to the cost of acquiring a pro cess from another pro cessor. In small

grain computations, active data p oints typically execute for ab out the same

short length of time b efore they must synchronize, and if some pro cessor has

many active data p oints, any pro cessor that only has a single active data

p oint will b e mostly idle until it is assigned more active p oints.

2.1.4 Constrained Load Balancing

In computers with few large grain fully connected pro cessors, pro cessors are

often interchangeable in the sense that there is no adv antage, other than

equalizing the load, to executing the computation for a data p oint on one or

on another pro cessor, since each pro cessor is connected directly to every other

pro cessor. More interesting, and more common with small grain parallel

computers, is the case in which pro cessors are structured into a network, so

that each pro cessor can directly communicate with at most a small subset of

the pro cessors in the system. Most load balancing algorithms have provisions

for favoring particular pro cessors when redistributing load. In particular, b oth the Gradient Mo del [59 ] and Contracting Within a Neighb orho o d [53,

78 ] are designed to keep communication costs low by reassigning data p oints

to other pro cessors that are \nearby ."

Insuring that pairs of data p oints that need to exchange much information

are assigned to a single pro cessor or to pairs of pro cessors that are directly

connected minimizes the distance that information has to travel, and with it

the time delay and the chance of collision. A data distribution for a given

communication pattern is lo c al in the extreme case, when all exchange of in-

formation is among pairs of data p oints that are in pairs of directly connected

pro cessors. If pro cessors are arranged in a k dimensional r e ctangular mesh

(hereafter simply referred to as \mesh"), and data p oints are arranged in a

k dimensional r e ctangular grid (\grid") for some k , one way of achieving lo-

cality of communication is to divide the data hier ar chic al ly, using one coarse

grid that has one cell for every pro cessor in the mesh, and assigning all the

data p oints from each cell of the coarse grid to the corresp onding pro cessor.

One ma jor di�erence b etween a mesh of pro cessors and a grid of data

is that there is a pro cessor at every intersection of a mesh, whereas there

need not b e a data p oint at every intersection of a grid. Computations that

always have a data p oint at every grid intersection are called dense, those

that don’t are sp arse. In sparse computations, e.g. in uid ow or molecular

dynamics simulations, data p oints may even move from one grid intersection

to another.

If pro cessors and data b oth have dimension k , partitioning the data hier-

archically to insure lo cality of communication is a matter of placing b ound-

aries (the \coarse grid") in the data in each of the k dimensions. F or example

if k = 2, b oundaries can b e vertical and horizontal lines in the grid of data

p oints; a b oundary separates the data that b elongs in one pro cessor row

from the data in another pro cessor row, and likewise for the columns. If

k = 3, each b oundary is a plane, and each plane of pro cessors has a b ound-

ary plane separating its data from the data of other pro cessors. This class

of b oundaries, generalized to k dimensions, is the basis for our approach to

load balancing and will b e discussed in detail in Chapter 3.

In k dimensions, each b oundary is a k � 1 dimensional hyp erplane that

partitions the data assigned to one hyp erplane of pro cessors from that as-

signed to another hyp erplane of pro cessors. Load balancing is achieved by

shifting the hyp erplanes within the data grid to reduce the maximum load

on any pro cessor.

Many existing algorithms for load balancing grids of data on meshes or

hyp ercub es of pro cessors achieve optimal load balance at the exp ense of giv-

ing up the lo cality of communication. Baden [5], and Berger and Bokhari

[8] �rst intro duced the Orthogona l Recursive Bisections (ORB) strategy for

load balancing; more recent work on ORB has b een done by

, among others,

Baden [6], Dragon and Gustafson [28], and W alker [89]. Orthogonal Re-

cursive Bisection splits b oth the data grid and the pro cessor mesh into two

halves; the partition for the pro cessor mesh is in the middle, so each half

has the same numb er of pro cessors, and the partition for the data grid is

selected such that the subgrid on each side of the partition has exactly one

half of the total load. This sub division is rep eated recursively in each half of

the mesh. In two or more dimensions, each partition is taken orthogonal to

the preceding one. W alker [89] has studied v ariations on this that split �rst

those dimensions that are less likely to b e unbalanced.

The result of Orthogonal Recursive Bisection is that each pro cessor has

its own rectangular sub domain of data, each with almost exactly the same

load. The drawback is that, even if the communication is strictly b etween

data p oints that are adjacent in the data grid, the data p oints may b e as-

signed to pairs of pro cessors that are an arbitrary distance apart. This is not

crucial if the pro cessors are at the vertices of a hyp ercub e, since a hyp ercub e

of dimension k has a small (O (k )) diameter and o�ers high p erformance for

non-lo cal communication as long as the aver age distance is small. A pro ces-

sor mesh of dimension k with p k

pro cessors has a large diameter (O (p)), and

communication over long distances can slow down a computation substan-

tially even if the average distance is small. A v ariant of Orthogonal Recursive

Bisection for two dimensions develop ed by Saltz and others [79] assigns each

row of data to a single row of pro cessors and optimizes the decomp osition

of data within each row. Such \jagged" decomp ositions have greater lo cality

than Orthogonal Recursive Bisection, but some nonlo cal communication is

still required.

An alternative approach called Orthogona l, Monotonic, and Surjective

distribution (OMS), studied in this dissertation, allows the load balance to

b e sub optimal but insures that all communication remains strictly lo cal, so

each data p oint’s neighb ors are stored at most one link away

. With this

approach, as with load sharing, the goal is explicitly an impr ovement in the

load balance, as opp osed to the almost exactly balanced load achiev ed by

Orthogonal Recursive Bisection. Because communication is strictly lo cal, the communication overhead is less and the computation as a whole may

b e faster than with p erfect load balance and non-lo cal communication, even

though the load is imp erfectly balanced and the pro cessing of instructions

may therefore take longer to complete. The OMS approach to load balancing

is esp ecially go o d for machines that lack a hardware router, but is useful

and e�ectiv e for any computation that sp ends a signi�cant amount of time

doing communication. Much of the work of this thesis is based on the OMS

approach.

A v ariant of OMS called R e ctiline ar Partitioning has b een develop ed in-

dep endently by Nicol [67 ], and used in simulated load balancing of one, two,

and three dimensional systems. F or balancing a load asso ciated with n data

p oints on a one-dimensional array of p pro cessors, the load balancing algo-

rithm �nds the optimal distribution of load in time O (n + (p log n)

2

); in two

dimensions, a lo c al ly optimal load balance is achieved by rep eatedly com-

puting the optimal balance in each dimension; the work required to achieve

this balance is rep ortedly O (p(n + p log n)), though this result has not b een

proven. The load balance is lo cally optimal b ecause it cannot b e improved

by changing either the row or the column decomp osition, though changing

b oth dimensions at once could improve the balance. Optimal load balancing

in three dimensions is shown to b e NP complete by showing that it can b e

used to compute solutions to the monotonic 3SA

T problem [36]. The algo-

rithm is unfortunately not used on any real-world problems; simulations for

machine sizes of up to 64 � 64 pro cessors on particular grids used in uid

dynamics computations show that Rectilinear Partitioning gives b etter pro-

cessor utilization than Orthogonal Recursive Bisection if the cost of global

communication is high.

Scan Directed Load Balancing, by comparison, do es not try as hard to

achieve optimal load balance; the p ossibly sub optimal load balance is com-

puted quickly enough that the algorithm is useful for real problem. The

asymptotic p erformance of Scan Directed Load Balancing is analyzed in Sec-

tion 3.5.4.

2.1.5 Computational Load for Subsets of Data

F or dynamic load balancing the cost of measuring the load directly a�ects

run-time and therefore simple formulas are b est; most algorithms for dynamic

load balancing use the numb er of active data p oints (or pro cesses) as the load of each pro cessor, ignoring the storage and other resources required for the

computation. The assumption is then that each active data p oint has a �xed

load (arbitrarily set to 1), and each inactive data p oint has a load of 0, since

it do es not require computational resources.

A more elab orate scheme assigns a given cost to each active data p oint and

a lesser cost to each inactive data p oint. In this way each data p oint has a load

that re ects not only the length of time required to pro cess its instructions,

but also the amount of storage required. The latter is an imp ortant concern

for small grain parallel computers, in which the memory in each pro cessor is

substantially less than would b e required to store all the inactive data p oints

from the entire machine. If the load of a data p oint includes a v alue for

the storage required by the data p oint, improving the load balance not only

decreases the computation time, but do es so without assigning to o many data

p oints to any one pro cessor; this scheme is describ ed in detail in Section 3.4.

OMS decomp ositions preserve orthogona l relationships b etween data p o-

ints, so for example if one p oint is directly to the North of another in a two

dimensional data grid, it is always lo cated either in the same pro cessor or

in a pro cessor that is directly to the North. Scan Directed Load Balancing

changes the data distribution by shifting planes of data as units, so a data

p oint is only shifted if all the other data p oints that lie in all directions or-

thogonal to the shift are shifted with it; if the original distribution is OMS,

the �nal distribution is also OMS.

In one dimension, there are no directions orthogona l to the shift, and

data p oints can b e shifted individually

. In two dimensions, whenever any

one data p oint is shifted to the right or left, its entire column is shifted with

it. Whenever any one data p oint is shifted up or down, its entire row is

shifted with it. In three dimensions, planes of data are shifted as units, and

in k dimensions, hyp erplanes of dimension k � 1 are shifted as units. The

following paragrap h discusses the case k = 3, in which planes of data are

shifted.

T o determine whether a plane of data should b e shifted, Scan Directed

Load Balancing computes a single load for each plane, row, or column of

pro cessors. One p ossible measure of the load of a plane of pro cessors is the

count of active p oints in it. This count is, however, a p o or measure of the

plane’s load, since a plane with many active data p oints, but only one active

p oint in each pro cessor intersected by the plane, has a lower load than a plane

with just a few active p oints, all of which are in a single pro cessor. A more

Figure 2.2: Additive and Maximal Loads for Planes of

appropriate measure of the load of a data plane is the maximum numb of active p oints b elonging to the plane within any one pro cessor. This illustrated in Figure 2.2, in which the two planes shown (each of which a slice from a cub e of pro cessors and data) have a load of 16 active p oineach if the �rst metho d is used; if the second metho d is used, the left still has a load of 16 active p oints but the right plane has a load of only active p oints. This strategy for computing load gives a b etter indication the time that will b e required to pro cess the di�erent data p oin2.2 A scan is an op eration which computes all the applications of an op erator all pre�xes of a vector. F or instance, a scan with the op erator plus, which identity0, applied to the vector [3 1 -2 9] computes as its result the v[0 0+3 0+3+1 0+3+1-2] =[0 3 4 2]. A scan with plus as the op erator a plus anAnother name for a scan is e�x omputation, and the parallel implemtation of a scan is a al lel e�x omputation. Ladner and Fischer [57, 58show that a parallel pre�x computation on an asso ciative op erator can b p erformed by b o olean circuits of depth dne and size O (n). These

The depth of a circuit is the maximum numb er of gates b etween any input and anoutput, and is prop ortional to the time required to compute the output; the size of 16 are analyzed in greater detail by Meijer and Akl [65] for parallel pre�x Historically

,the word an was �rst used in APL to denote what b known as e�x omputation in Computer Science Theory

An APL scan computes a function that is slightly di�erent from the de�ned ab ove: the same scan as ab ove, applied to the same vector, wcompute the vector [3 3+1 3+1-2 3+1-2+9] =[3 4 2 11]. Both forms the scan are useful for di�erent computations, but note that the result an APL scan can b e obtained by adding the original vector to the result the scan intro duced ab ove, which can in turn b e obtained by shifting result of the APL scan one place to the right and using the identity as leftmost element

2

. Since, in a parallel tation of a scan, inves communication among pro cessors and is likely to b e slower addition of lo cal v alues, which do esn’t, the scan describ ed ab ove has b used throughout this thesis in place of the APL In his dissertation [12 , 13 ], Blello ch asserts that APL-typ e scans form useful class of e parallel op erations, in part b ecause of the linear and the logarithmic sp eed of the circuits needed to compute them. Blello calso gives an algorithm for load balancing that has three 1. enumerate the m active p oints, which are a subset of the ts a vector of size n � m. This assigns a distinct consecutive integer, destination osition, to each of the active p oin2. place each active p oint into the result vector (of length m) at the tination p 3. assign m=p active p oints to each of the p pro cessors using a p ermEnumerating the elements is done by a plus-scan of a vector F , where A is the vector to b e balanced, jF j = jAj and if an element of A is active,

the corresp onding element of F has the v alue 1, and the v alue 0 The result of the scan is an assignment of consecutive integers to the activ

circuit is the numb er of gates it contains, and is prop ortional to the circuit’s F or scans with invertible op erations such as plus, the result of the original scan also b e obtained by subtracting the argument from the APL result; if the op eration is invertible, a shift is 17 ts of A; these integers are then used in p ermuting the elements assign them to the v arious pro Although this algorithm and Scan Directed Load Balancing are related, the ab ove load balancing algorithm do es not work with multi sional vectors, requires a p ermutation op eration which is p otentially slomakes no mention of the inactive elements of the vector, and do es not movinactive data p oints. This dissertation addresses each of these issues in in addition, this dissertation o�ers two case studies where Scan Directed Balancing signi�cantly improves p The use of scans on multi-dimensional arrays of data is p erhaps the distinctivefeature of Scan Directed Load Balancing. In the Scan Load Balancing algorithm, scans are used as a primitivethat b oth the state of the system as a whole and communicates the relev ant state each pro cessors. Other algorithms for load balancing use explicitpassing or (less commonly) shared memory to determinethe load tion. On many systems, esp ecially SIMD computers, these mechanisms unav ailable, and simulation of one mechanism by another can b e exp ensive.

Scans, on the other hand, are mathematically de�ned op erations that b e ted tly on a v ariety of systems, and provide an e�cient,

machine indep endent mechanism for communication. A computer that provides hardware supp orted scan primitives is particularly ate for Scan Directed Load Balancing, but even if a system fails to prohardware supp ort for scans, scans can b e implemented e�ciently that Scan Directed Load Balancing can e�ectively b e used to balance mandi�erent Portability is only one reason for basing any algorithm, and in Scan Directed Load Balancing, on scans. The clear semantics and the chronous nature of scans simpli�es analysis of any algorithm based on The analysis of Scan Directed Load Balancing relies on b oth prop erties show that particular assertions hold ab out the data distribution after load balancing has completed. The scans in Scan Directed Load ing are used for computation and communication simultaneously

, which t in terms of b oth concepts and execution time.

18

2.3 uum 2.3.1 De�nition and There is a large class of computations that compute lo cal functions on of data. T o quote Scott Baden [6An imp ortant class of scienti�ccalculations op erate on a F urthermore, they are spatially lo calized; they sp end most their time computing in uences among nearby mesh b oxes, employ relativelyinexp ensivecalculations to couple the distanb oThe computations describ ed by Baden include �nite di�erence tions that use a �xed rectangular mesh or adaptive mesh re�nement, t metho ds, and ray tracing for computer graphics. Sp eci�c tions include image pro cessing [11], molecular mo deling, molecular and dynamics, and genome matching. The common characteristic of these putations is that they arrange data spatially and that, during most of computation, new data v alues are b eing calculated as a function of neighb ing data v alues. Numerical W eather Prediction programs, for instance, havthree dimensional grids of data, up dated on each time step of the tation [86], with each cell only communicating physical quantities to b oring cells. Another example of computations on �xed meshes are dynamics computations, which have two or three dimensional grids of The term \continuum computation" is taken from Scherson and b ett [80 De�nition 1 A Continuum Computation is a omputation on a data in which most of the e�ort es to dating data oints om values that ar in the data Most simulations of physical systems are continuum computations, the physical system mapp ed onto an orthogona l k dimensional grid. An �cient algorithm develop ed by Campb ell, Carmona, and W alker for simulations by the particle-in-cellmetho d [89 , 19 ] decomp oses b oth the cle and the �eld calculations hierarchicallyto minimizecommunication 19 pro cessor b oundaries, but still �nds that communication is a ma jor comp nent of the cost of the Many programs that simulate uid ow are also continuum Baden [6] simulates an incompressible inviscid uid by a vortex metho d, uses it as an example for his GenMP virtual machine. Boghosian [15 ] surveyed lattice gas automata, a class of algorithms for continuum putations, for solving equations mo deled by partial di�erential Boyle and Harmer [17] implement an algorithm develop ed by Garb ey Levine [33] which uses a cellular automaton to compute the cof the solution to a hyp erb olic PDE that solves a uid dynamics T o quote Boyle and A cellular automaton consists of many identical cells,eachaving simple, lo cally determined b eha. . The up date rule is said to b e \lo cal" b ecause it dep ends on the state information at the cell b eing up dated and that some set of its neighb oring Since the computation involves nothing but up dating the state of eaccell from lo cal and neighb oring data, the computation is a continuum putation. This holds for all cellular automata and systolic algorithms; manproblems that can b e solved by parallel algorithms can therefore b e cast continuum A Continuum Computation executed on a parallel computer may havsubstantial nonlo cal communication, if the data is partitioned in such a wathat neighb oring cells are assigned to non-neighb oring pro cessors. The data decomp osition develop ed in this dissertation insures that all commcation among neighb oring grid p oints is lo cal, which is esp ecially b if data is dense and each grid p oint has an asso ciated data p oinInteresting continuum computations are V ariable Conductance and the reduction of FFP . V ariable Conductance Di�usion is a fairly texample of a di�usion algorithm, and any load balancing algorithm that successful for it should b e applicable to most other versions of di�usion to many other computations. The reduction of FFP is a highly computation, where data p oints are often active for very short times; in absence of load balancing, very substantial load imbalances can o 20

2.3.2 V ariable Conductance Di�usion algorithms can b e seen as cellular automata in which each sets its v alue to a weighted average of the v alues of its neighb ors; algorithms di�er in the size of neighb orho o d taken for averaging and in weighting assigned to each cell.Computations, such as di�usion, that a weighted sum of a �xed pattern (a stencil) of neighb ors of each t of two dimensional array into another two dimensional array are are su�ciently

common that an entire compiler [18 ] has b een develop ed to optimize In a di�usion algorithm, the distance over which data must b e fetched �xed and small, so di�usion algorithms are go o d examples of continOne common application of di�usion algorithms is in image pro where di�usion is used for blurring the image to eliminate sp eckle noise. cessive steps assimilate each pixel of the image to the average of its neighb iteratively removing the high spatial frequencies from the image. The is that large features remain visible and small features, and in individual pixels that are corrupted by noise, are smo othed out. The draback of di�usion is that sharp edges are also blurred, and the image sharpness. V ariable Conductance Di�usion [72 ] avoids blurring sharp by weighting the up date of each pixel by the inverse of the gradient of image at the pixel. The areas of the image near a sharp edge have large dients, so pixels in those areas do not change their v alues by much and edges remain sharp; pixels in other areas are near small gradients, so adjust their v alues to match their neighb ors’ and any noise is elimiCromartie and Pizer [24] have used V ariable Conductance Di�usion make medical images clearer and easier to interpret. A parallel implemention of V ariable Conductance Di�usion using OMS decomp osition the image into as many rectangular tiles as there are pro cessors. On eacdi�usion step, pro cessors exchange the v alues of b order pixels so the sequent averaging op eration and gradient computation can b e done lo without communication. Since communication distances are small b the decomp osition is OMS, most of the time is sp ent computing the gradienand the weighted average for each pixel; if communication were slow b of a large average distance b etween pro cessors that hold neighb oring most of the time would b e sp ent communicating b order v

In V ariable Conductance Di�usion, v alues of pixels near a sharp 21 change little,as do v alues of pixels that already match the average of neighb ors. There are classes of images for which only few pixels mo dify v alue; for these images, Scan Directed Load Balancing can b e very e�ective

in sp eeding up the computation of V ariable Conductance 2.3.3 Reduction of A functional programming language is a language with no assignments no side e�ects. Each program in a functional language applies one to the program’s input; each function computes a v alue, p ossibly which is its only and entire result; the whole program therefore returns single structured v

The constituent parts of a program in a functional language are selves programs in the same language, combined into a single program bfunctional forms. F unctional programming languages are generally ered to b e higher level than conventional imp erative languages, and b etter for pro ducing maintainable, and reusable software [49, 76 ]. One jor adv antage of programming in a functional language is that, b ecause the lack of side e�ects, each function can execute as so on as its argumenare av ailable, and more than one function can execute in parallel changing the v alue of the result [22]. It is easy to tell for each function actly which data it dep ends on, so scheduling parallel invo cation of di�erenfunctions is much simpler and safer than if the pro cesses were to commnicate after they were created. F unctional languages have no es communication; communication is achieved by transferring data within dividual pro cesses, then starting new pro cesses on the moved data. EvSab ot’s Paralation System [77 ], which can b e integrated into languages are not functional, prevents parallel tasks from communicating directlyone another. This contributes to b oth program clarity and e�ciency

,makes deadlo ck imp ossible, without unduly restricting the range of communication op erations that a program is allowed to The FFP functional programming language was �rst describ ed by Backus in his T uring Award Lecture [4]. It is a language with a very syntax, reminiscentof LISP [64], and in which each function only takes single, p ossibly structured, argument. The language provides p owerful op ators and functional forms, ways of joining op erators to build more functional expressions. The osition functional form, for instance, 22 p oses functions. A unique feature of FFP is osition, a that allows a program to easily manipulate its own co de. Metacomp allows a program to build its own control structures to achieve the e�ects arbitrary recursion or functional argumen

apply to

<aa

< v

; . . . ; v

< f (v

); . . . ; f (v

)

<cr f

. . . f

< f

(v ); . . .; f

(v )

<ins �

< v

; . . . ; v v

� . . . � v

T able 2.1: F unctional F orms for vector pro cessing in FFP is a vector-oriented language, and has several functional forms, lar to the corresp onding op erators in APL [52], for op erating on entire vat once. The apply to al l functional form applies its expression to each ement of its argument vector, and returns the vector of the results. onstruct functional form applies each of its expressions to its argument, returns a vector of results. The insert functional form rep eatedly applies expression to pairs formed by elements of a vector or intermediate until the �nal result is computed. These functional forms are summarized T able The pro cess of applying a functional program to its argument and puting the result is known as duction. One strategy for reducing a to its result is aph reduction [73], whereby a function keeps p ointers to eacof its sub expressions. Once a sub expression reduces to its v alue, the sub pression’s lo cation in memory is overwritten with the computed v alue, further invo cations do not need to recompute the v alue. Though this mentation uses side e�ects for e�ciency, the mechanism for commb etween pro cesses is simple b ecause only one pro cess ever writes to any memory lo cation. Many machines supp orting parallel graph reduction havb een designed [38 , 74 , 91 ] and built in exp tal Graph reduction is e�cient b ecause it ev aluates common sub only once. Unfortunately

, accessing an arbitrary memory lo cation a p ointer on a parallel machine, as required for graph reduction, can b e exp ensive op eration [80], requiring either exp ensive hardware or a long 23 to complete. Hudak and Mohr’s description [48] of their implementation graph reduction on a parallel computer noted Communication time accounts for most of the overhead in current tation . . Although faster architectures can help, we feel that lo cality of referenceis the crucial line for future researcAs an alternative to sharing of subgraphs in graph reduction, the graphs could b e kept lo cal to the space of each task that requires it copied whenever a duplicate is needed by a newly created task. As and Mohr p oint [Duplicating shared subtrees] may b e problematic, since with a high degree of concurrency tend to exhibit a lot of thus leading to large program Copying is therefore not without its p erils, �rst among them the p bility of running out of memory space. However,memory size can linearly with the numb er of pro cessors, for any given technology; on other hand, as machines grow and the numb er of pro cessors increases, cost of accessing arbitrarily distant memory lo cations is b ound to faster than linearly

,since the cost of networks for constant time access is least quadratic in the numb er of pro cessors, and other networks give slowaccess as the numb er of pro cessors increases. In other words, scalability

considerations favor copying over sharing for parallel Gyula Mag� o has designed [61, 62 ] a parallel architecture for reducing FFP called the FFP Machine.The FFP Machine has no address space and favcopying over The FFP Machine has a linear array of pro cessors connected by a commnication network capable of several di�erent combining op erations, scans. The network is partitionable: any contiguous sequence of pro ts may b e made into a virtual pro cessor with its own linear array pro cessing elements and its own virtual network. All virtual pro cessors maop erate in parallel without interference,and communication only happ within a virtual pro cessor. If more than one pro cess needs to share a item, as is true for instance for all the sub expressions of a construct tional form (see T able 2.1), the item is copied next to the op erator that 24 b e applied to it, then the pro cessing elements and the network are so each (operator,data)pair can b e reduced in

(atom <a b c>) (plus <2 3>) (<aa plus> <<1 2> <3 4> <5 6>>) <3 7 (<cr atom null> x) <T (<ins times> <1 2 3 4>) (primes 20) <2 3 5 7 11 13 17 Figure 2.3: Reducible FFP expressions and their reduced v

A juxtap osition of an op erator and an op erand within parentheses in FFP machine is a ducible ession (dex) if it is innermost; as so on an expression b ecomes reducible, a virtual pro cessor is allo cated for it reduction b egins. Some reducible expressions are shown in Figure 2.3. Eacredex can op erate indep endently of all others b ecause it has all the data needs to compute a result. The reduction from the redex on the left to result shown on the right may involve many steps and the formation of manintermediate virtual machines. The last example,for instance, computes vector of prime numb ers. No communication with virtual machines the redex is ever required, since all communication takes place within The symb ols that make up an FFP program are stored in linear along the linear array of pro cessing elements that make up the FFP chine, one symb ol to a cell,where syntactic markers such as parentheses brackets are also symb The only op eration supp orted by the communication network is scans, and the network is designed to b e partitionable so indep endent can b e computed simultaneously for di�erent redexes. Allo cating a machine to a new reducible expression is designed to b e fast op eration low overhead b ecause all cells in a redexes are contiguous; the op eration is exp ensive is maintaining the linear order of symb ols within the pro sors while copying and deleting symb ols. Unless the linear order is tained, creating virtual pro cessors b ecomes an exp ensive op eration; copand deleting symb ols with the linear order constraint, on the other hand, 25 quires some mechanism for computing how far to shift data, and for data b etween pro cessors. The shifting itself can b e fast, however, since it only among neighb oring pro cessors and involves no The FFP interpreter describ ed in Chapter 5 employs the FFP Macmo del of reduction and is equiv alent to a simulator for a particular vof the FFP Machine. The interpreter’s communication network supp plus-scans, which are global op erations, but maintaining the total of symb ols by shifting them among pro cessors is the exp ensive op eration, this interpreter is a continuum 2.3.4 Data Many continuum computations have a uniform grid of cells with a data p oinat every intersection of the grid; load imbalance is caused by the di�erenloads of di�erent p oints. This is the case for V ariable Conductance where the grid is laid along the scan lines and columns of the image and is a pixel for each intersection of a row and a column. After the �rst iterations, most pixels reach a v alue that is close (di�ering by less than v alue �) to the average of their neighb ors and b ecome quiescent,that is, no longer need pro cessing. The remaining active p oints are often not evenly

distributed among pro cessors, and load balancing b ecomes necessary

. Hoever, balancing the load by moving only the active p oints is since adjacent p oints that are not active are still used in the computation active p oints; inactive p oints should therefore b e shifted along with activp oinIn the ab ove case storage is dense, b ecause there is a data p oint at evp oint of a uniform grid; when there are many more grid p ositions than p oints, storage is sparse. A prototypical example of a sparse is John Conway’s game of life [34, 35 ]. In the game of life, it is enough store which p oints are \alive", and all other grid p oints need not store aninformation. In a large grid, at any time most grid p ositions corresp ond no live p oint and have nothing to store. Simulations with discrete resemble the game of life in having grid p oints that corresp ond to no though they may di�er in the sp eed with which data p oints may move the distance over which they may inAll active data p oints require storage to record the v alues asso ciated the particle. A sparse data distribution is one in which only active data p oin26 are represented in the storage of the computer, a dense data distribution one in which all grid p ositions are represented in the storage of the The imp ortant di�erence b etween dense and sparse data is that with a dense distribution, assigning all inactive p oints to a pro cessing element can b e infeasible b ecause of limitations on p er-pro memory

. If load balancing of a dense distribution only considers active p oinin deciding which p ortions of a data grid are assigned to each pro cessor, is always the p ossibility that to o many inactivep oints will b e assigned to single pro cessor. With a sparse data distribution, inactive data p oints not represented in storage and play no role in the computation or its The reduction of FFP

, describ ed ab ove, is a computation that has data distribution, since the \empty cells" of an FFP Machine require storage space and can, for all practical purp oses, b e ignored; all other of an FFP Machine require computation, so all storage is asso ciated active p oints. Balancing the load for this computation e�ectively the storage required of any pro cessing 2.4 Mesh Connected There is a staggering v ariety of parallel computers and parallel computer signs. Most sequential computers, and even computers with a small of parallelism, are designed to execute the same von Neumann languages and have comparable p erformance for comparable op erations. the other hand massively parallel computers, with thousands of pro ts, often v ary dramatically in the time required to execute the parallel op eration. The sp eeds and capabilities of individual pro cessors usually within a factor of 10 of each other for similar technologies, but av able interconnection networks span orders of magnitude in cost and p mance, and v ary dramatically in the time required for completing op erations such as p ermutations and There are several parallel programming languages that ignore the ticular interconnection network of the machine [40, 13, 83 , 20 ]. Though main goal of such an approach is p ortability

, these approaches are often on the PRAM mo del [47 ] in which all communication is through a shared memory that can b e accessed at unit cost. Recent work on a lelizable version of F ortran [66, 30 ] allow the expression of lo cal op 27 but also provide arbitrary p ermutations which are only fast on machines supp ort the PRAM mo del. Implementing the PRAM mo del on a netwwith limited interconnectivityoften leads to slow programs, and the ine�ciency negates much of the p otential of parallel machines [77, 48 A programming mo del that is often used as an alternative to is message passing. In message assing [46 , 51 , 81 , 2], also known as d memory mo del, accesses by each pro cessor to lo cal memory inexp ensive,but communication with other pro cessors remains uniformly p ensive. The overall e�ciency of the program is greater than with the memory mo del, b ecause the programmer need not express lo cal accesses with the same exp ensive mechanism used for communication op ations, but there is no distinction b etween pro cessors that are \near" eacother and pro cessors that aren’t, so an arbitrary p ermutation is to b e as exp ensive as an exchange b etween neighb oring pro cessors. message passing o�ers p ortability b ecause it do esn’t force the to b e aware of the network structure, in practice e�ciency considerations dictate that the programs b e customized to the particular innetwBoth the PRAM mo del and Message Passing have b een implemented binary hyp ercub e connected computers such as the Connection Machine [40 the Cosmic Cub e [31], and the Intel iPSC [71]. Binary hyp ercub es are tractive b ecause they provide a fast nonlo cal interconnect at a cost, and are more scalable than complete p to p crossbar switches p pro cessors. Unfortunately binary hyp ercub e interconnection networks not arbitrarily scalable b ecause each no de has dlog pe connections and b cause some of the connections are necessarily long and therefore slow, p owhungry

, or b oth. The cub e connected cycles top ology [75] solves the of the v ariable numb er of connections p er pro cessor, but not the problem long Many parallel computers, b eginning with the Illiac IV [7], have pro connected in a one, two, or three dimensional mesh. Many recent computers have p = 2 pro cessors connected in a binary hyp ercub e of sion k . A binary hyp ercub e of a given dimension k is identical to a mesh dimension k with p = 2 pro cessors; meshes, however, may have more p = 2 pro cessors, whereas in a binary hyp ercub e the numb er of pro

After all, sp eed is the main reason for using parallel 28

is always determined by the dimension k . In a hyp ercub e, each pro has log p connections to other pro cessors, whereas in a mesh the numb er connections on each pro cessor is k and indep endent of the numb er of cessors. The additional connections of a hyp ercub e network allow it to havdiameter dlog pe, whereas an arbitrary mesh has p

p, but the wires that reduce the diameter of a hyp ercub e network are exp ensive, as Dally [26] shows, two and three dimensional meshes are often more e�ective for generalized commThe time required for communication on mesh connected computers b een analyzed by Scherson and Corb ett [80 ] in terms of the average of communication in a particular algorithm: lo cality of communication algorithms that have no sequential comp onent gives linear sp eedup on b meshes and hyp ercub es. They conclude An interesting result of this pap er is that structures with lowy than that of the binary hyp ercub es may have p mance as measured by sp eedup comparable to that of the hyp ercub e. This is a signi�cant result since it shows that p erformance multipro cessor systems can b e constructed at a lower than that required by binary hyp ercub If the dimension of the data grid di�ers from the dimension k of pro cessor mesh, known techniques can b e used to map the data grid the pro cessor mesh. Memory virtualization techniques [32 ] can map dimensional data grids to lower dimensional meshes, and grid emb strategies [9, 45 ] can b e used to place lower dimensional grids in higher mensional meshes and still preserve lo cality .T ao and Ma [84] present analyze emb eddings of meshes of size p in meshes of dimensions k 6= with the same numb er of no des. The mesh of dimension k can simulate mesh of dimension \optimally", that is, in constant time if < k divides k , and in time p

(�k )if > k . Give these emb eddings, of dimension < k can b e allo cated to the pro cessors directly, and data dimension > k can b e structured into a mesh of dimension which then simulated by the mesh of dimension k with a predictable slowdown communication Some of these results are recent, but the use of meshes as intion networks for b oth sp ecial purp ose and general purp ose parallel 29 puters is not. General purp ose mesh connected computers that have tually b een built include the Illiac IV [7] at the Univy of Illinois,Distributed Array Pro cessor (DAP) [68, 69 ] at ICL, the Massively PPro cessor (MPP) [37], the iW

ARP system [16 ], the Maspar MP-1 [63], to some extent Thinking Machine’s CM-2 [60]. Sp ecial purp ose mesh nected computers ab ound; they include one-dimensional parallel pro for string matching [92], two-dimensional mesh connected parallel pro that are esp ecially well-suited for image pro cessing [3], and other arrays [54, 55Of these mesh-connected machines, of particular imp ortance for this sertation is the Maspar MP-1, on which Scan Directed Load Balancing b een implemented.T o name just some of its the features, the MP-1 prob oth a general purp ose router with small diameter and relatively low width, and a two dimensional toroidal mesh connecting each pro cessor each of its four neighb ors in the plane

. The MP-1 is a Multiple-Data stream (SIMD) computer, which means that a single ter pro cessor controls the ow of instructions; each of the slave pro ts (no fewer than 1024 and no more than 16384 ) executes the same struction in parallel, unless it is de-selected. De-selected pro cessing elemensit idle until they are re-selected by a sp ecial instruction. The MP-1’s was not used for either V ariable Conductance Di�usion or the reduction FFP

, the two exp eriments describ ed in this dissertation, since the mesh has much higher bandwidth than the router: b oth of the test programs for Directed Load Balancing only require lo cal communication and scans, the scans are implemented using the This chapter has intro duced load balancing, has summarily presensome existing load balancing algorithms, and has intro duced concepts, sucas scans, that will b e used in presenting Scan Directed Load Balancing. latter half of the chapter has describ ed the class of computations and computers to which Scan Directed Load Balancing is b est suited. Chapter uses all these concepts to describ e and analyze in detail the algorithm of Directed Load Balancing. The following two chapters do the same for twcomputations on which Scan Directed Load Balancing has b een

The MP-1 also provides diagonal connections among pro cessors : these are useful practice, but are do not signi�cantly a�ect the material presente d in this 30