2

[ ] [ ] n

x

y

x y

0

0

0

0 0

App endix A

Implemen tation

→

⊂ { ∀ ∈ }

∇

→ ⊂ ∀ ∈

− −

− −

∈

A.1.1 Finite differences

A.1 Discrete deriv ativ es

sampling

c entr al differ enc es x y ⃗ w x, y

f I I

h I nh, mh n, m

I

f

f I I f ⃗ w f ⃗ w ⃗ w I

f

h

δ f x, y f x h, y f x h, y

h

,

δ f x, y f x, y h f x, y h

h

,

δ

∂

∂ x f x, y

δ f x, y ,

∂

∂ y f x, y

δ f x, y ,

x, y I

Much of the analysis in this dissertation treats images as continuous functions. There are, however,

some sp ecific issues that arise when applying these techniques to digital images. This section deals

with the approaches that I have used to “discretize” the geometry-lim ited diffusion equations. It is

not a detailed description of the co de or algorithms that generated the examples that are presented.

Instead, it gives descriptions of the decisions that are made in developing discrete versions of the

v arious evolution equations. These descriptions are sufficiently detailed to b e translated directly

into computer algorithms.

F or this analysis assume that images are two-dimensional and are sampled on a regularly-spaces,

rectilinear grid. Co ordinates on that grid are denoted and , and is used to denote a discrete

pair. A discrete image : [ ] I

R is a mapping from a discrete image domain [ ] to the set of reals.

The spacing of the grid is , and for a two-dimensional image [ ] I

I , where I

I is

the set of integers. The notation “[ ]” is used to indicate the discrete version of a particular op erator

(or a discrete set in the case of [ ]). Thus, [ ], which is not yet defined, is the discrete gradient

op erator. F or this analysis consider the discrete function to b e a of some underlying

continuous function,

~

: I R, where I

R . Thus, ( ) =

~

( ) [ ].

Deriv atives of digital images are made with kernels or test functions, and these kernels has an

asso ciated size. The “smallest” kernel is the one asso ciated with nearest neighb or differences. The

metho d of computes a first deriv ative of the underlying continuous function

~

with an error that is of order :

( ) =

( + ) ( )

2 and (A.1)

( ) =

( + ) ( )

2

(A.2)

where indicates a central difference and the subscripts indicate the direction of the difference.

Discrete deriv atives are defined as follows:

( ) = ( ) and ( ) = ( ) (A.3)

where [ ].

[ ]

−

−

−

− −

0

0

0

0

+

+

+

+ + x

y

u

i

i

x x

x x y y

2

2

2

1

2

1

2

2

2

2 2

2

A.1.2 Gaussian k ernels ometry-Limite d Diffusion

∈

− −

| |

− −

| |

−

− −

| |

− − −

√

−

| |

− −

| |

∈ { }

− ∈ { }

− − −

| |

∇ · ∇

× × x y h

x y ⃗ w I

δ f ⃗ w f ⃗ w x f ⃗ w x

x

δ f ⃗ w f ⃗ w y f ⃗ w y

y

.

u x y v x y ,

δ f ⃗ w f ⃗ w u f ⃗ w x

u

f x h, y h f x h, y h

h

.

δ

h ⃗ w

δ f ⃗ w f ⃗ w i f ⃗ w

i

δ f ⃗ w f ⃗ w f ⃗ w i

i

, i x, y , u, v .

δ δ h f ⃗ w

h f

⃗ w i ⃗ w i i x, y , u, v h

⃗ w

∂

∂ x f ⃗ w f ⃗ w x f ⃗ w x f ⃗ w x

x δ δ f ⃗ w .

δ δ δ δ

,

n n N N

nN

Whitaker, , 1993

In order to further compress the notation, let d and d denote vectors of length asso ciated

with the directions of the and axis resp ectively . F or a p oint in the image space [ ], the

central differences are,

( ) =

( + d ) ( d )

2 d and (A.4)

( ) =

( + d ) ( d )

2 d

(A.5)

The two diagonal directions are also interesting:

d = d + d and d = d d

so that

( ) =

( + d ) ( d )

2 d

(A.6)

=

( + + ) ( )

2 2

(A.7)

Central differences, , intro duce no geometric bias—they assign the v alues of deriv atives (to within

order ) at the “correct” lo cation, which lies at the p oint , the center of the two samples. Beside

central differences , offset differences are also useful. Let

( ) =

( + d ) ( )

d and (A.8)

( ) =

( ) ( d )

d

Offset differences, and , do not pro duce order approximations to

~

at the grid p oint . They

do, however, pro duce order approximations to the deriv atives of

~

in the “cracks” b etween grid

p oints, which are + d and d for . Rep eated offset differences pro duce

approximations to the second deriv ative at the grid p oint :

( ) =

( + d ) 2 ( d ) + ( d )

d

= ( ) (A.9)

The discrete Laplacian in two dimensions is

[Δ] = [ ] = + (A.10)

which generalizes easily to higher dimensions.

The use of Gaussian “test” functions has b een prop osed as an alternative to nearest neighb or dif-

ferences for making stable deriv ative measurements. There are several p ossible implementations.

The first is to compute the kernel over a finite window and then march this window over the entire

image. Using the principles describ ed in Sect. 2.5.1, one can analytically compute a full deriv ative-

of-Gaussian kernel. This metho d is separable and is therefore relatively fast when reduced to two,

one-dimensional convolutions. F or a window that is pixels, and pixels in the image,

the numb er of multiplications (after computing the window) is 2 . This approach suffers from

−

−

1

1

2

2

2

+ +

+ +

0

+

−

− −

− −

−

( )

( )

[ ]

[ ]

F F

F ·

F F F

| |

| |

→

| | x

x y

s

x

t

x x y y

x x y y

x

x x

A.1.3 Mo dified Bessel functions ometry-Limite d Diffusion

after tightest

fitting s

∂

∂ x f ⃗ x ıω f ⃗ w

⃗ ω ω , ω

x y

∂

∂ x f ⃗ x ıω G ⃗ w, s f ⃗ w .

δ

t f ⃗ w

δ δ δ δ f ⃗ w .

f ⃗ w ,

f ⃗ w , t t f ⃗ w , t

δ δ f ⃗ w , t

δ δ f ⃗ w , t t

h

t . t s

⃗ w

∂

∂ x f ⃗ w

δ f ⃗ w ,

∂

∂ x f ⃗ w

δ δ f ⃗ w ,

Whitaker, , 1993

the problem that the window is effectively a sampling of an analytical function. If this sampling is

not fine enough (i.e., the kernel is small relative to the pixel size), then imp ortant information ab out

the kernel is lost. In an extreme case this analytic function migh t have more zero-crossings than the

window has samples, making an accurate analysis of zero-crossings virtually imp ossible. As a result,

this metho d do es not work well where the scale is small relative to the order of the deriv ative.

The second strategy is to use the F ourier domain and the familiar deriv ative relationship

( ) = [ [ ( )]] (A.11)

where [ ] is F ourier transform (FFT in discrete domain) and = is a frequency which has

comp onents that corresp ond to the and directions in the image space. This deriv ative can b e

combined with Gaussian blurring:

( ) = ( ( ( )) ( ( )))

The FFT is separable, and this metho d is efficient. It suffers, however, from the instability of

computing deriv atives in the frequency domain. At large scales this instability is offset by the low

pass effects of the Gaussian. At small scales this approach will “ring” near edges, pro ducing p o or

results.

Lindeb erg (1991) deals with these issues in much greater detail and studies the practical and theo-

retical issues of using neighb orho o d op erators in conjunction with finite differences when computing

deriv atives in the discrete domain. Rather than repro duce his results, I summarize. The appro-

priate blur kernels in the discrete domain are mo dified Bessel functions. These functions are the

fundamental solutions to the discrete diffusion equation, which is given by

d

( ) = + ( ) (A.12)

Equation (A.12) can b e solved by the metho d of finite differences starting with the original image

as the initial conditions ( 0). The recurre nce relation is

( + d ) = ( ) + ( )+ ( ) d (A.13)

Solutions to this equation resemble the continuous case as the grid b ecomes finer ( 0). Alter-

natively

, a Bessel function computed at a large scale resembles a Gaussian kernel. Deriv atives of

discrete images are taken using finite differences as describ ed ab ove.

In the examples in the dissertation, I use the Bessel function approach at small scales and use

Gaussian kernels sampled within windows at larger scales. The Bessel functions are computed by

solving Eq. (A.12) with d = 0 25 and using the relationship 2 = . When using diffusion as a

means of implementing scale, I computed higher-order deriv atives diffusion using the

differences that intro duce no bias, i.e. centered on the grid p oint . F or instance,

( ) = ( )

( ) = ( )

·

[ ]

[ ]

−

− −

−

−

−

−

−

−

− −

− −

0 +

+ +

+

+

+

+ + + +

+ + + +

A.2 Anisotropic diffusion

3

3

4

4

( )

( )

( )

( )

( )

1

2

( )

1

2

1

2

( )

1

2

∈

→

| | ≤

| |

| ∇ |

| ∇ |

| ∇ |

·

− ·

| ∇ |

·

| |

| | | |

| | | | x x x

x x x x

t

y y y

x x x

x

x

x

x

x

x

y

t

x x x y y y

u v u v v v ometry-Limite d Diffusion

gr adient magnitude

∂

∂ x f ⃗ w

δ δ δ f ⃗ w ,

∂

∂ x f ⃗ w

δ δ δ δ f ⃗ w ⃗ w I .

N N

s s

h

h

t .

δ f ⃗ w , t

t δ g f

δ f ⃗ w , t

δ g f

δ f ⃗ w , t ,

g f

⃗ w x, y

δ f

⃗ w x g

δ

⃗ w y

y g ⃗ w

⃗ w x ⃗ w x

g f

⃗ w x

⃗ w x

δ

y g

⃗ w y

δ f

t δ g

δ f

δ f

δ g

δ f

δ f

δ g

δ f

δ f

δ g

δ f

δ f .

Whitaker, , 1993

( ) = ( ) and

( ) = ( ) for [ ]

F or scales larger than 2 , where is the total order of the deriv ative, I use sampled Gaussian

kernels with a windows of size 6 ( is the scale or standard deviation of the Gaussian kernel), and

I do an explicit convolution with this kernel. In all of these measurements the pixel spacing is the

unit of measurement, so = 1.

The analyses of previous chapters concentrate on continuous represe ntations of images under the

assumption that the error in discrete approximations is limited only by the grid spacing. Solutions

to (A.12) converge to the solutions of the continuous diffusion equation as 0 and are stable for

d 0 25 (Petrovski 1967).

The challenge is to extend the algorithm of (A.12) to solve the geometry-limited diffusion equa-

tions. I address first the case of anisotropic diffusion and then generalize this analysis to cover the

multi-v alued case. As a discrete version of (2.9) consider

( )

d

= ( [ ] ) ( ) (A.14)

+ ( [ ] ) ( )

where the subscripts (in parenthesis) on the conductance terms indicate the deriv atives with which

they are asso ciated. The difficulty is in determining the ( [ ] ) terms without intro ducing

any geometric bias. Consider a p oint = , and treat the equation in parts. According to

the principle of diffusion, material flows from one area or element to another in prop ortion to the

difference in concentrations in those areas. The term farthest right, , measures this difference

for the p oint and its d neighb or. The conductance ( ) mo dulates the flow for this difference

(if it is particularly high), and the term computes the net flow into the pixel at from its d

and d neighb ors. Thus, the term ( ) should not apply to the p oint but to the difference

b etween the p oint and its d neighb or. This difference is centered at the lo cation + d . Thus

( [ ] ) should b e computed using a convention for the gradient magnitude that is centered at

+ d as shown in Fig. A.1. The requires two orthogonal deriv atives centered

at + d . One deriv ative can b e taken using , but the other is not so easy—there are not enough

pixels in the d direction. This same problem arises in computing the term ( ) which must b e

centered at + d .

Perona and Malik (1990) address this issue by computing conductance measurements using the

absolute v alue of a directional deriv ative instead of the gradient magnitude. They compute flows to

eight nearest neighb ors, with the result

d

= ( ) + ( ) (A.15)

+ ( ) + ( )

Exp eriments with this algorithm show that it pro duces results which are not rotationally