•

•

•

Chapter 7

7.1 Summ ary of results

Summ ary and Discussion

Demonstr able

ge ometric

descriptions

R e gions

b oundaries

fr e e p ar ameter

The ob jective of this research was to develop new techniques for image segmentation and structure

extraction. Several requirements drove this development effort:

reliability in the presence of small-scale noise (small relative to relev ant image

structure)

The ability to measure or detect higher-order geometry within a single, general framework

Geometric inv ariance under orthogonal group transformations

Much of this research was motiv ated by the need to segment images and to find the b oundaries

of discrete patches. A great deal of previous work has fo cused on the problem of detecting “edges”

by isolating places of “high” gradient magnitude. This strategy has two ma jor shortcomings. First,

the differential measurements asso ciated with the gradient magnitude are sensitive to noise. Second,

such a strategy defines algorithms for segmenting images on the basis of luminance (light versus

dark regions), but it do es not provide a general framework for the segmentation of images according

to higher-order geometric information.

I have prop osed a strategy for segmenting images that relies on the lo cal homogeneity of

. A geometric description is a set of measurements that characterize the lo cal shap e of the

intensity surface at every p oint in the image space—geometric descriptions are dense feature maps.

are places in an image where v ariations in the geometric description are small within lo cal

neighb orho o ds, and are the lo ci of places where v ariations in the geometric description

are large.

I have assumed that scale is an essential asp ect of any segmentation algorithm. The construction

of a geometric description of an image requires a series of measurements. Measurements of images,

as physical observ ables, must have an asso ciated scale. F urthermore, no single scale can p erform

prop erly in all situations, so a segmentation algorithm should include scale as a

which controls the size of ob jects that are of interest. Gaussian kernels are scalable filters that

exhibit the appropriate symmetries, and they serve as neighb orho o d op erators for making geometric

measurements. Gaussian kernels can also have the desirable impact of reducing uncorrelated noise.

However, isotropic Gaussian blurring also has the undesirable effect of undermining interesting image

structures and making the b oundaries of regions more difficult to lo cate.

The Gaussian kernel is the fundamental solution of the diffusion equation. Thus, the diffusion

equation is an evolution equation that describ es the changes in images that result from progres-

sively larger Gaussian kernels. This fact motiv ates a v ariable-conductance diffusion equation which n

2 f

k

( )

2

2

2

|∇ |

∇ · ∇

⊗ −

·

∇ · |∇ | ∇

|∇ | −

×

7.1.1 Anisotropic diffusion

∂ f

∂ t f ,

f ⃗ x , t G ⃗ x, t f ⃗ x , G ⃗ x, t

π t

⃗ x ⃗ x

t

.

∂ f

∂ t g f f ,

g f

k ometry-Limite d Diffusion

variable-c onductanc e

mo des

r estor ations

Whitaker, , 1993

accounts for lo cal image structure and preserves interesting structures that might b e essential to

subsequent segmentation algorithms. This structure-pre se rving b ehavior is achieved by selectively

lowering the conductance asso ciated with the diffusion pro cess. The primary result of this disserta-

tion is a framework for constructing diffusion pro cesses . These pro cesses are

“tailored” to capture particular geometric structure s that are relev ant to the task. This framework,

geometry-limited diffusion, derives from a series of generalizations of the v ariable-conductance dif-

fusion pro cess prop osed by Grossb erg (1984) as a mo del of human vision, and later by Perona and

Malik (1990) in the form of anisotropic diffusion. I have presented an analysis of the anisotropic

diffusion pro cess, as well as the generalizations that I have made which include scale, multi-v alued

functions, and higher-order geometry .

I have pursued three different of research in the study of these pro cesses. The first is

a mathematical analysis, which shows how the development from Gaussian scale, to anisotropic

diffusion, and to multiscale and geometry-limited diffusion results from a numb er mathematical

generalizations. This analysis also gives insight in the general b ehavior of these pro cess. The second

mo de of research is the sub jective ev aluation of sp ecific examples. These examples allow qualitative

comparisons of the b ehavior of v arious diffusion pro cesses acting on real and artificial images in the

presence of noise. The third mo de of research in this dissertation is the empirical analysis of Chapt.

5. This is an ob jective, systematic analysis which relies on a set of metrics to quantify the b ehavior

of ensembles of images with resp ect to some goal. The combination of the three research strategies;

the mathematical analysis, the study of examples, and the empirical analysis; offers a great deal of

insight into geometry-limited diffusion and the p ossible v alue of this technique in computer vision

and medical image pro cessing.

Gaussian blurring, while reducing unwanted small-scale structure in images, has the apparent draw-

back of undermining larger structures . This can make subsequent detection and segmentation tasks

difficult. Gaussian blurring is intimately tied to the heat or diffusion equation—the Gaussian kernel

is the fundamental solution (also the impulse resp onse) of the heat equation. That is,

=

so that

( ) = ( ) ( 0) and ( ) =

1

(4 ) exp

4

Anisotropic diffusion is a v ariation on the heat equation which includes a space and time v arying

conductance term that dep ends on the gradient magnitude:

= ( ) (7.1)

where previous authors and I have used ( ) = exp ( ). Examples show that anisotropic

diffusion can reduce noise and preserve or enhance the b oundaries of larger ob jects in images. The

mathematical study of lo cal b ehavior confirms this edge-enhancing b ehavior and shows that Eq.

(7.1) incorp orates a kind of threshold (determined by the conductance parameter ) which draws a

division b etween those edges that are enhanced and those edges that are blurred away .

The empirical analysis of anisotropic diffusion confirms the qualitative observ ations. Indeed,

comparisons of Gaussian blurring and anisotropic diffusion show that anisotropic diffusion offers

b etter rms-error of piecewise constant images in the presence of uncorrelated noise.

F or uncorrelated noise at levels of 25% (of images with 256 256 pixels), anisotropic diffusion can s t

s t rms

ROC

( )

( )

M

M

|∇ |

∇ · |∇ | ∇

|∇ | k

k

k

k

k

g f

s

t

∂ f

∂ t g f f .

s t f

7.1.2 Multiscale diffusion ometry-Limite d Diffusion

b oth

incr e ase

not

Whitaker, , 1993

offer a 70% adv antage in rms error ( ) over Gaussian blurring. The relative magnitude of this

improvement b ecomes progressively smaller with increasing noise levels. At the 100% noise level,

the improvement asso ciated with anisotropic diffusion drops to less than 50%.

Under the same conditions, anisotropic diffusion also offers a b etter tradeoff b etween true and

false p ositive edges. This is indicated by the ROC analysis and the asso ciated metric . F or

Gaussian blurring at small scales, increasing the scale results in a consistent decrease in true

and false edges measurements. F or very large scales Gaussian blurring distorts the shap es of ob ject

b oundaries, and it can the numb er of false p ositives. Anisotropic diffusion shows a very

different b ehavior. With increasing time (scale) it offers a consistent decrease in false p ositives with

little or no decrease in true p ositives. At very large scales true p ositives diminish while false p ositives

continue to decrease, indicating less distortion of b oundaries relative to Gaussian blurring.

An analysis of the conductance parameter shows that p o or choices of conductance result in

relatively p o or results. However, when is measured in terms of the rms gradient magnitude of

the image, there is a range of v alues (0.6–1.2) that offer very go o d results. Greater levels of

noise require greater v alues of . This helps to explain the diminishing adv antage of anisotropic

diffusion with progressively greater levels of noise. F or increasing noise, the b est p erformance of

anisotropic diffusion is achieved with larger v alues of , forcing anisotropic diffusion to b ehave more

like Gaussian blurring.

In cases where the goal is piecewise constant, anisotropic diffusion do es not offer measurably

b etter rms restorations. However, an ev aluation with resp ect to sub jective, user-defined b oundaries

shows that anisotropic diffusion offers an adv antage over Gaussian blurring in the detection of edges.

That is, while anisotropic diffusion do es not offer b etter restorations of the original image (b efore

the intro duction of noise), it do es provide patches with b oundaries that adhere more closely to our

sub jective impressions of the ob jects in the image. This analysis supp orts the strategy of developing

“useful” segmentations by first constructing piecewise constant approximations to images.

The effectivenes s of the anisotropic diffusion pro cess is limited by the inability to make reliable

edge measurements at small scale. Anisotropic diffusion, as presented here, relies on a gradient

measurement to control the conductance, ( ), and this gradient measurement has an asso ciated

scale. In most discrete implementations (Perona and Malik 1990, Nordstrom 1990, Gerig, Kubler,

Kikinis and Jolesz 1991) these measurements are implemented as nearest neighb or differences. Such

measurements are essentially “small scale” and are not useful in the presence of certain kinds of

noise. In situations with very p o or signal to noise, the relative adv antage of anisotropic diffusion

over Gaussian blurring is diminished. This has b een shown qualitatively in Chapts. 2 and 3, and

empirically in Chapt. 5. In cases where image structure is discerned only at very large scales, the

pro cess is virtually ineffective. The construction of a multiscale diffusion pro cess, which combines

information over a range of scales, alleviates this dep endenc y on small-scale structure.

Scale is an essential asp ect of image measurement. Thus, the gradient measurements that control the

flow of the anisotropic diffusion pro cess must incorp orate some scale. As stated ab ove, anisotropic

diffusion implicitly assumes that the relev ant scale is the “inner” scale, pixel scale, or otherwise

the smallest scale av ailable in the discrete implementation. I have prop osed a pro cess, multiscale

diffusion, which makes this measurement scale explicit, and I have tied this scale parameter to the

evolution parameter :

= ( )

This scale ( ) is the size of the Gaussian kernel used in the gradient measurement , and it

determines the size of structure s that influence the “flow” of intensity in the diffusion pro cess. The

O

M

M

head s t

⃗

F m rms

ROC

7.1.3 Geometry-limited diffusion ometry-Limite d Diffusion

interfer enc e

multi-value d images

ge ometric descriptions

ge ometry-limite d diffusion

Whitaker, , 1993

scale ( ) should decrease over time in order to reflect the “increased confidence” that results from

the v ariable-conductance diffusion pro cess.

Multiscale diffusion combines image information over a range of scales by decreasing the scale

of the conductance measurements. Examples indicate that this large-to-small-scale strategy allows

one to measure small-scale structures that are asso ciated with the b oundaries of large-scale ob jects.

Compared to the anisotropic diffusion pro cess, which measures conductance at a single, relatively

small scale, the multiscale approach is less sensitive to noise and is particularly effective in the

presence of correlated noise. Examples show that the multiscale diffusion pro cess is able to group

smaller ob jects together to create patch b oundaries which are consistant with our own sub jective

impressions of larger ob jects. This is shown in the grouping of dots in Fig. 3.5 and in the empirical

analysis of Chapt. 5.

The empirical analysis showed some adv antage in multiscale diffusion over anisotropic diffusion.

This adv antage was particularly evident in situations with high noise levels or correlated noise. The

comparative b ehavior of theses pro cesses dep ended on which metrics were used. F or the function-

based metric, (the lowest rms intensity error among all p ossible scales), and low to mo derate

levels of uncorrelated noise, the multiscale pro cess offers no adv antage over anisotropic diffusion.

However, the structure -based metric , which quantifies the scale-space tradeoff of true and

false p ositive edge measurements, shows that multiscale diffusion do es offer a significant adv antage

over anisotropic diffusion for all levels of uncorrelated noise.

The adv antage of multiscale diffusion is particularly evident when ev aluating the sub jective

b oundaries that are measured on the image from Fig. 1.1. These results indicated that

multiscale diffusion intro duces a 50% improvement over anisotropic diffusion. This adv antage stems

from the fact that the sub jective b oundaries I have identified in the head image were “medium-

scale” ob jects (the brain stem, cereb ellum, scalp, tongue, etc.). Such ob jects are not easily identified

with small-scale measurements, and the anisotropic diffusion pro cess picked up many smaller-scale

structures within these ob jects. The sub jective b oundaries that I chose for the head image have

relegated many smaller anatomical structures to the status of noise, and the anisotropic diffusion

equation was confounded by the presence of this correlated noise.

A systematic analysis of correlated noise confirmed these findings. F or patchwise-correlated noise,

Gaussian blurring was rendered ineffective at improving the rms error of images. The

of correlated noise dep ends on the size of structures in the original image. Correlated noise is

particularly hard to remove when its size approaches the size of interesting structure s in the image.

In such cases multiscale diffusion did improv e rms error and offer a significant adv antage in the

numb ers of true and false b oundaries edges that are detecte d.

V ariable-conductance diffusion can also aid in the detection of higher-order geometric structures.

I have generalized the anisotropic diffusion pro cess to include . Multi-v alued

images are mappings from the image space to an -dimensional feature space. The mathematical

framework asso ciated with multiv alued diffusion is somewhat general. This framework encompasses

the application of v ariable-conductance diffusion to multi-v alued images that result from imaging

devices capable of pro ducing multiple data v alues at each p oint in the image space. Examples are

multiecho MRI (Gerig, Kubler, Kikinis and Jolesz 1991, Y o o and Coggins 1993) and multisp ectral

Landsat images. This framework can also apply to multi-v alued images that result from applying

sets of filters to single-v alued images. multi-v alued diffusion can apply to

of images, which are multi-v alued images that describ e lo cal image structure. I have called this

application .

In much of this dissertation I discuss geometric descriptions that consist of sets of image deriv ax y

1 2

D D f ⃗ x

g

⃗

F

⃗

F

⃗

F ⃗ x ϕ

ϕ

k

f f

⃗

F ⃗ x F ⃗ x F ⃗ x

k

k

k ometry-Limite d Diffusion

dissimilarity

shap e metric

or der

cr e ases

gr adient dir e ction

fe atur es

Whitaker, , 1993

tives. These deriv atives represent lo cal image structure through the truncated T aylor series ex-

pansion of ( ), which exists at each p oint in the image space. In this way , v ariable-conductance

diffusion op erates not on intensity but on sets of deriv atives of the original (input) image. The

conductance ( ) is controlled by the op erator. The dissimilarity op erator is a

generalization of the gradient magnitude as used in anisotropic diffusion, and it is a measure of the

lo cal inhomogeneity of the multi-v alued image . I prop ose the Euclidean norm of the Jacobian of

( ) as a definition of the dissimilarity

. The dissimilarity also requires a , , which

quantifies differences in geometric descriptions. This metric defines the measure of distance in the

feature space and thereby the kinds of structures that are preserve d in the diffusion pro cess.

These developments lead to a general framework which has several unsp ecified items:

1. The particular geometric description or, in the case of image deriv atives, the of the

deriv atives used in the description

2. The shap e metric , which determines the kinds of structures that are preserved under diffusion

3. The scale that is used in the conductance term

4. The v alue of the conductance parameter

These undetermined parameters give the geometry-lim ited diffusion framework its generality

. Their

sp ecification dep ends on the application and they are likely to b e decided on a case-by-case basis.

Chapt. 4 presented several examples of the use of this framework and develop ed some guidelines

that constrain the parameter space.

A diffusion pro cess on first-order deriv atives provides a reliable mechanism for detecting

(ridges and v alleys) of image intensity

. The development of this pro cess follows from the observ ation

that creases are, by at least one definition, places of lo cal inhomogeneity in first-order informa-

tion. In two dimensions, the pair of first order deriv atives, and , form a 2-v alued function,

( ) = ( ) ( ), and the dissimilarity measures the deriv atives of gradient direction (deriv a-

tives of normalized first-order features). This pro cess breaks images into patches based on the

lo cal homogeneity of the . The b oundaries of these patches are creases, and several

second-order measurements provide a means of characterizing these creases by their mean curv ature,

deviation from flatness, etc.

Geometry-limited diffusion incorp orates a nonlinear blurring of image deriv atives, and these

deriv atives are treated as separate v alues or (in the statistical-pattern-recognition sense of

the word). Despite the separate, nonlinear treatment of the deriv atives, the pro cess remains inv ariant

to orthogonal group transformations, as long as the dissimilarity is constructed as a Euclidean norm

of a tensor. Orthogonal group inv ariance means that v alues of scalar inv ariants are indep endent of

the initial choice of basis (except that it must b e orthogonal) used to construct the deriv atives. The

inv ariant b ehavior of geometry-limited diffusion dep ends on the inv ariance of the dissimilarity—this

fact provides a further constraint on the choice of dissimilarity measures.

Besides orthogonal group inv ariance, geometry-limited diffusion can provide dissimilarity mea-

sures that are inv ariant to greylevel (intensity) transformations. The dissimilarity asso ciated with

the first-order diffusion pro cess is inv ariant to monotonic intensity transformations. Measures that

are inv ariant to linear greylevel transformations are achieved by normalizing the geometric features

when calculating dissimilarity

. Such dissimilarity measures are indep endent of the units of intensity .

This has practical implications in the choice of the conductance parameter, . Greyscale-inv ariant

dissimilarity measures enable one to cho ose without regard for the “brightness” or contrast asso ci-

ated with a particular image. This prop erty makes it easier to cho ose v alues of that are appropriate

for a wide range of input images.

These principles apply to the five-dimensional feature space asso ciated with first- and second-

order deriv atives. While there is a v ariety of options for cho osing a dissimilarity measure, a straight-

7.2 Sp ectra-lim ited diffusion

7.3 Empirical analysis ometry-Limite d Diffusion

envelop es

wave p ackets

r elative

c orr e ct answer

Whitaker, , 1993

forward multiplication of first- and second-order tensors in conjunction with the appropriate nor-

malization provides interesting results. Such a dissimilarity measure breaks images into patches that

have as b oundaries b oth the “edges” and “middles” of ob jects (assuming ob jects are light on dark,

or vise versa). The combination of first- and second-order information provides a rich selection of

geometric inv ariants for characterizing the b oundaries b etween patches.

One of the underlying principles of this work is that lo cal inhomogeneity offers a means of con-

straining the diffusion of lo cal image descriptions. This principle applies to the analysis of textures.

I have generalized v ariable-conductance diffusion to the blurring of . An envelop e is a

representation of a function in terms of the magnitude and phase of a characteristic function. F or

this work I used sinusoids as characteristic functions, and the result is a set of reaction-diffusion

equations. Each equation has a characteristic frequency (the frequency of the sinusoidal character-

istic function), and these equations describ e pro cesse s that evolve by the “spreading” or “flow” of

. These wave packets resemble Gab or blobs, sinusoids mo dulated by Gaussians. As

with geometry-lim ited diffusion, the pro cess is nonlinear, and the flow of these blobs slows at places

of high dissimilarity

. A mathematical analysis showed that a group of such pro cesses , each mem b er

with its own characteristic frequency

, can compute a patchwise F ourier transform of an image.

F urther analysis showed that this approach is a sp ecial case of the geometry-limited diffusion

framework. In this sp ecial case, lo cal shap e is captured via a nonstationary pro cedure which is a

multiplication of the image with a space-v arying sinusoid. The principles of dimensionless metrics

suggest a dissimilarity measure that is sensitive to the v ariations in the frequency information

in the lo cal image structure. The result, sp ectra-limited diffusion, is a nonlinear, multiscale pro cess

for segmenting textured patches in images. Early examples of this approach are promising, but

more research is necessary in order to know if this technique is useful for general-purp ose texture

segmentation.

There is no shortage of computer vision and image pro cessing techniques— new algorithms ab ound.

Which algorithms are b etter? And how do es one decide? I prop ose a statistical framework for the

ev aluation of such algorithms. This metho d quantifies the sensitivity of a pro cess to v arious kinds

of image v ariations. The strategy is to sto chastically generate ensembles of images that contain the

same (or similar) for a sp ecific task. Run the algorithm on each image, and quantify

the ability of that algorithm to discern that correct answer in a consistent, reliable manner. The

success of this ev aluation approach dep ends on the construction of useful metrics. These metrics

must b e relev ant to the task and the noise pro cesses , and they must b e sensitive enough to quantify

p erformance differences in v arious pro cesse s. I have asserted that useful computer vision algorithms

should b e b oth reliable and accurate, and I have prop osed two classes of metrics in order to quantify

these criteria.

F or the purp oses of this dissertation, the empirical analysis of Chapt. 5 provided a means of

quantifying the gains in p erformance asso ciated with the v ariable-conductance diffusion pro cesses.

However, the Monte Carlo analysis that I have presented is interesting in its own right as a general-

purp ose to ol for ev aluating image pro cessing algorithms. This Monte Carlo approach is particularly

useful in situations where the statistical b ehavior of an algorithm is difficult to describ e analytically .

This is often the case with relatively complex nonlinear algorithms, such as geometry-lim ited diffu-

sion. Because such algorithms proliferate in vision and image pro cessing, techniques for conducting

S

I

S

M M M M

M

M

M v ar mean rms v ar

mean

rms

ROC

7.4 Relation to previous w ork ometry-Limite d Diffusion

function-b ase d

aver age err or

structur e-b ase d

fuzzy set

ROC curve

Whitaker, , 1993

systematic, empirical comparisons will b ecome even more imp ortant.

I have presented the Monte Carlo framework in a general form. The definition of noise encom-

passes a wide range of p ossible image and scene v ariations. In a scene, these v ariations could include

such diverse characteristics as viewp oint, lighting, and ob ject lo cation. In an image, interesting

characteristics could b e rotation, deformation, and translation, as well as the typ es of additive noise

that are studied in Chapt. 5. This Monte Carlo metho d should b e useful for studying any algo-

rithm which is meant to b e insensitive to such v ariations. The challenges are first, to find a means

of generating samples of noisy images, and second, to construct insightful metrics which quantify

meaningful prop erties of the algorithms under study .

The metrics are intended to quantify how an ensembles of images differs from a goal. I have

constructed two classes of metrics based on two different image represe ntations. The first class

is that of metrics which rely on the conventional representation of an image as a

function defined over the images space, . These are metrics which compare images p oint by p oint

and aggregate p ointwise measures over the entire image space. The result is a set of three metrics

, , and . The v ariance metric, , measures the average pixelwise v ariance

within the ensemble , and it quantifies error within the ensemble due to statistical v ariation, or

noise. The metric captures the average distance from the goal, and it quantifies systematic

biases across the entire ensemble. The rms metric, , quantifies and it combines

error that results from systematic bias and statistical v ariation.

The metrics in the second class are ; these metrics rely on structure sets as a

means of comparing images. A structure set is a subset of the image space which is distinguished

by the application of a detector to an image or set of images. F eature-set images are summed

over an image ensemble in order to pro duce an accumulator image, which is a spatial histogram of

detected structures . The accumulator is treated as a and it can b e compared to a fuzzy

goal which consists of a structure set and a sp ecified tolerance. I have analyzed the p erformance of

the diffusion pro cesse s based on the numb er of true and false (in the fuzzy sense) structure estimates

that result from applying a structure detector to the pro cessed image. The numb er of true and false

measurements over a range of scales generates an , and the “go o dness” of this curve is

quantified by ev aluating the integral of the area ab ove the curve (denoted ).

The exp erience of this research suggests that the construction of metrics is difficult, but several

different metrics can give useful insights into situations where a single, all-encompassing metric is not

p ossible. While these metrics lack an explicit characterization of ob ject (segment) shap e, they were

able to quantify small distortions, and they proved to b e adequate for measuring the differences in

the v arious diffusion pro cesses . The Monte Carlo framework promises to have p otential applications

to the ev aluation of other algorithms and visual tasks. However, its usefulness as a general to ol can

b e verified only by applying it to other ev aluation problems.

As discussed in previous chapters, this work represe nts the extension and generalization of previous

work (Grossb erg 1984, Perona and Malik 1990). These generalizations offer demonstrable adv antages

over the techniques prop osed in this earlier work. These improv ements are threefold:

1. The inclusion of image information at multiple scales into the diffusion pro cess, making the

results less sensitive to noise.

2. The generalization of the v ariable-conductance diffusion to multi-v alued images and the devel-

opment of dissimilarity

, a generalized b oundary measure, as a means of controlling conductance n n ometry-Limite d Diffusion

explicit r e gion lab els

grid dep endent

sc ale-sp ac e blobs

multisc ale me dial axis

Whitaker, , 1993

3. The explicit connection b etween higher-order image geometry and v ariable conductance diffu-

sion

Several authors (Nordstrom 1990, Snyder et al. 1992, Geiger and Gerosi 1991) have established

the relationship b etween v ariable-conductance diffusion and v arious energy minimization pro cesses.

As such, the research in this dissertation has a relationship to a wide range of nonlinear pro cesse s

that seek to minim ize energy functionals. These nonlinear pro cesses include those which attempt

to maxim ize the p osteriori probability distributions asso ciated with Bayesian priors. This work

includes that of Geman and Geman (1984), Leclerc (1989), Mumford and Shah (1989) and Johnson,

W ong, Hu and Chen (1991) among others.

The differences are philosophical as well as practical. These authors typically study the creation

of energy functionals and algorithms for minim izing the same. Some of these algorithms resemble

anisotropic diffusion, while others do not. Two ma jor differences are worth noting. First, these

approaches are usually iterative, but they may include a sto chastic term (as in simulated annealing)

which improves the chances of finding a global (in the state space) energy minim um. Second, when

used for image segmentation, these approaches often apply rather than intensi-

ties or feature v alues at each p oint in the image. Under such circumstances, the fuzzy neighb orho o d

defined by the Gaussian kernel is replaced by the ”clique” which is . That is, it dep ends

on the nature of the discrete sampling. These cliques do not exhibit the scale and space symmetries

of the Gaussian neighb orho o d. This difference reduces the applicability of scale and geometry within

the minim ization pro cesses . The work in this dissertation fo cuses on v ariable-conductance diffusion

as a means of achieving an alternate scale space rather than an energy-minimization pro cess. The

inclusion of scale space and differential geometry in the diffusion pro cess is an imp ortant and novel

asp ect of this work. The development of a framework for constructing conductance functions is also

new.

There is, to date, a b o dy of literature that deals with the notion of scale space. This work

addresses a wide range of visual problems and issues, among them the issues of segmentation and

structure extraction. Witkin and T enenbaum (1983) as well as Ko enderink and Do orn (1990) have

prop osed scale space as an imp ortant asp ect of image analysis. T er Haar Romeny and Florack (1991a)

have discussed the geometric asp ects of scale space and have prop osed differential inv ariance as a

means of constructing structure detectors. Blom (1992) has examined some statistical asp ects of

scale space, and he has prop osed some sp ecific structure detectors, such as a “corner” detector.

Much of this scale-space research incorp orates the assertion that multiscale structure is essential

to image analysis, but it b egs the central question of how of to combine information at different

scales. In this dissertation I have prop osed a means of combining information at different scales

using v ariable-conductance diffusion, and then I have addressed the issues of structure detection

and geometric structure within images by generalizing the basic diffusion framework. Other efforts

to combine information at different scales include Lindeb erg (1990), Pizer et al. (1991), Coggins et.

al. (1985, 1990), and Haring, Viergever and Kok (1993).

Lindeb erg (1990) has prop osed for low-level vision, esp ecially ob ject detection.

Pizer, F ritsch, Morse and others have constructed the as a means of ob ject

definition (and as a mo del of human vision). Both of these approaches have asp ects that make them

different from the multiscale diffusion approach. First, they b oth consider the full scale space, which

is an ( + 1)-dimensional space that results from an -dimensional image. In doing so, they b oth

assume some kind of commensurability b etween space and scale. Multiscale diffusion, on the other

hand, treats a range of scales in a sequential fashion, large to small, and achieves the comp osition

of scales via the net effect that the structure at different scales has on the diffused image. The

second difference is that b oth of these other metho ds assert a basic, well-defined structure for image

ob jects. In the scale-space blob approach, the b oundaries of ob jects or structure s are defined as

the zero-crossings of the Laplacian (or some other differential inv ariant op erator). In the case of

7.5 New researc h directions ometry-Limite d Diffusion

an obje ct is a

r e gion of homo geneity in lo c al image structur e.

not

Whitaker, , 1993

the multiscale medial axis, ob jects are regions that are “attached” to a medial structure, which is

inferred on the basis of multilo cal b oundary information. Multiscale and geometry-limited diffusion,

on the other hand, rely on a simpler, more general definition of a region or ob ject—

The relative merits and shortfalls of these approaches

warrant further research.

Another vein of multiscale research is represe nted by the work of Coggins (1985, 1990), Haring

et al. (1993), and Jones and Malik (1992). These authors create multi-v alued images via a discrete

sampling of scale space. Each p oint in the image is represente d by a finite set of measurements made

over different scales. Both authors treat the multi-v alued image (each v alue represents a different

scale) as a mapping into a higher-dimensional feature space and attempt to p erform classification

and segmentation tasks based on the structure of that space. These metho ds assume very little

ab out the structure of scale space and infer the relationships b etween structure at different scales

based on some sup ervised clustering or classification scheme. As it stands, the multiscale diffusion

approach assumes a continuous, large-to-small progression of scale that results in the “fo cusing”

near ob ject b oundaries. These sampled multiscale metho ds incorp orate techniques for analyzing

multi-v alued images, and they could b e integrated into the multi-v alued diffusion framework. This

a p otential topic of future research.

Besides the work that is similar in either philosophical or algorithmic content, there is very large

b o dy of literature that deals with the basic visual problems of image segmentation or structure

extraction. These v arious approaches typically exhibit interesting differences in three imp ortant

asp ects: (1) the underlying philosophy or principles from which the metho d is develop ed, (2) the

particular algorithm or implementation, (3) the b ehavior and quality of the results. Much of this

dissertation has fo cused on the development of the mathematical formulation, which is based on

the underlying philosophy of lo cal homogeneity of multiscale image structure. I do not consider

the digital implementation of these formulas (covered briefly in the App endix) to b e an imp ortant

or novel asp ect of this work. Indeed, one of the adv antages of the v ariable-conductance diffusion

approach is that it lends it self to straightforward numerical implementations. Perhaps the most

distinctive asp ect of this work is the quality of the results. This quality is shown in numerous

examples, which offer a means of sub jective comparison, as well as the quantitative ev aluation of

Chapt 5, which offers ob jective, empirical evidence of the usefulness of these metho ds. I have not

made a systematic study of a great numb er of other metho ds–I make direct comparisons of Gaussian

blurring, anisotropic diffusion, and multiscale diffusion –but I have presented quantitative evidence

of the relative effectiveness of these techniques, and I have set down some b enchmarks which could

aid future development and ev aluation work.

The results throughout this dissertation raise many questions. Many of the analyses involve simpli-

fications of complex phenomena. These simplifications leave op en the p ossibility of more in-depth

analyses which could offer further insights into the techniques that I have prop osed in this disserta-

tion. In many cases I have noted the shortcomings of the research and have explicitly prop osed more

research on that particular sub ject. The purp ose of this section is to list all of the individual

“lo ose ends” that arise from the limitations of this research. Instead, this section takes a broader

view of the problem and examines some of the general issues that could motiv ate future research.

Thus, I paint my descriptions of “new research directions” with an intentionally broad brush.

I

I

I

2

2

2

2

∫

[ ∫ ]

[ ∫ ]

|∇ |

|∇ |

∇ · ∇

| ∇ |

∇ · ∇

| |∇ | ∇ |

7.5.1 Energy-minimization algorithms

E f f ⃗ x.

E

f f ⃗ x

f f .

g ⃗ x

E

f g ⃗ x f ⃗ x

f g ⃗ x f ,

g f f .

ometry-Limite d Diffusion

first variation

de cr e ases

differ ent kinds

Whitaker, , 1993

Anisotropic diffusion has b een shown to b ear a mathematical resemblance to a family of segmen-

tation and image restoration algorithms that seek to minim ize certain kinds of energy functionals

(Nordstrom 1990, Snyder et al. 1992, Geiger and Gerosi 1991). Many of these energy functionals

include a term which p enalizes the v ariation in luminance, i.e.,

( ) = d

The relationship with diffusion comes from the fact that the (which defines the pattern

of evolution in gradient-descent algorithms) of this term is the Laplacian:

d

d

= d d

d

=

If these energy functionals include a reduction of the p enalty term near susp ect ed edges, the resulting

first v ariation takes the form of v ariable-conductance diffusion pro cess. If ( ) is an edge indicator,

which in the presenc e of an edge, then the first v ariation b ecomes

d

d

= d ( ) d

d

= ( )

which is the v ariable conductance diffusion equation. The relationship b etween energy-minimizing

approaches and anisotropic diffusion could offer some interesting insights into the research of this

dissertation. Two issues come to mind:

1. How migh t the energy-minimizing paradigm b e used to improve up on the techniques presented

in this dissertation?

2. How might the techniques presented in this dissertation b e used to improve up on existing

energy-minimizing approaches?

With regard to the first item, consider the following. The energy-minimizing paradigm provides

a framework for combining of image prop erties into a single algorithm. In this light,

the anisotropic diffusion algorithm seeks to minimize only those energy terms of the form

( )

The intro duction of more energy terms could create more complex evolution pro cesses . Prop erly

constructed energy terms could b e used to “fix” some of the shortcomings of the v ariable-conductance

diffusion pro cesses I have prop osed. Such shortcomings include the “rounding off ” of corners (Sect.

3.3.4), the instability near places of low conductance (Sect. 3.3.3), and the inability to “fill in”

very large gaps in image b oundaries. Several authors have used the minimization approach to form

more complicated evolution pro cesses. Nordstrom, for example, intro duces a “bias” energy term

that keeps the diffusion pro cess from straying to o far from the initial data. Shah (1991) intro duces a

separate diffusion equation that explicitly mo dels the b ehavior of b oundaries and provides a means

of obtaining more complicated b ehaviors at corners and line ends. There are many p ossibilities for

applying such ideas to geometry-limited diffusion.

The energy-minimizing paradigm offers some other p ossibilities for improving the techniques of

this dissertation. One p ossibility is the intro duction of sto chastic pro cesses for energy minim ization.

How might such sto chastic pro cesses improve up on multiscale and geometry-limited diffusion?

Concerning the second item, the techniques of multiscale and geometry-limited diffusion incorp o-

rate some principles that could b e used in some of the energy-minimizing paradigms. F or example, ometry-Limite d Diffusion

7.5.2 Diffusion of lo cal image descriptions

Whitaker, , 1993

one of the ma jor drawbacks of the energy-minimizing approach is the difficulty in finding global

energy minim a. Deterministic mechanisms such as graduated nonconvexity generally do not guar-

antee optimal solutions. Could the multiscale diffusion pro cess b e a means of obtaining lower-energy

solutions to such functionals? How do es it compare with other deterministic algorithms?

The principles of multi-v alued and geometry-limited diffusion are also applicable. One of the

challenges within the energy-minimizing paradigm is the construction of energy functions. The

v arious guidelines for constructing dissimilarity measures could b e used to construct useful energy

functions. Energy functions could include higher-order geometric structures , and geometric inv ari-

ance could b e used as a constraining factor in such circumstances. Information across a range of

scales could b e part of such energy functionals. Many of the techniques I present in this dissertation

in the context of geometry-limited diffusion are relev ant also to the construction and minimization

of energy functionals.

I have purp osely describ ed the techniques of this chapter in somewhat general terms with the hop e

that these techniques could have a wide range of p ossible applications. Y et the question remains,

“How general is it?”. That is, how general is the principle of using the lo cal inhomogeneity of

image structure in combination with v ariable-conductance diffusion. The application of multi-v alued

diffusion to other problems in computer vision has some promise. The examples of Chapt. 6 show

that it has some p otential for texture segmentation. A great numb er of other computer vision

problems involve multi-v alued data. Segmentation on the basis of color, optical flow, and time-series

data are interesting examples.

Generally

, such applications lend themselves to multi-v alued diffusion if the task indicates a need

for a spatially-local averaging (blurring) that preserves selected image structures. A numb er of deep

questions must b e addressed. F or example, consider the application of these techniques to optic flow

fields. Under what conditions do es it makes sense to average over lo cal neighb orho o ds in an optical

flow field? Besides the basic issue of applicability

, each new application will require a sp ecification of

“structure” that can b e describ ed by a dissimilarity op erator. What structures ought to b e preserved

when blurring an optic flow field? The general applicability of the techniques in this dissertation

dep ends on the ease with which such questions can b e answered in new applications.