◯

All Rights Reser ved c 1993

Ross T. Whitaker

Abstract

Ross T. Whit aker. Stephen M. Pizer

Geometry-Limited Diffusion (Under the direction of .)

This pap er addresses the problem of image segmentation and suggests that a numb er of interest-

ing visual features can b e sp ecified as the b oundaries of segments. It prop oses a segmentation

strategy that utilizes the lo cal homogeneity of lo cal image structure. Stable differential measure-

ments are made via a v ariable-conductance diffusion pro cess, sometimes called anisotropic diffusion.

Anisotropic diffusion has b een shown to preserve imp ortant image structure while reducing unwanted

noise.

A multi-scale approach to v ariable-conductance diffusion is describ ed. This technique combines

information at a range of scales and provides a means of obtaining precise b oundaries of “large-scale”

ob jects in the presence of noise. These ideas generalize to incorp orate multi-v alued images and

higher-order geometric structure. The result is a framework for constructing image segmentations

based on the homogeneity of a set of descriptors. When applied to lo cal image geometry

, this metho d

offers a means of breaking images into geometric patches that have interesting visual features as

b oundaries.

Several examples of this framework are presented. While the diffusion of intensity provides a

means of detecting edges, the diffusion of first-order information pro duces ridges and v alleys. A

combination of of first- and second-order information provides a means of detecting the “middles”

as well as the edges of ob jects. A pro of of the geometric inv ariance under orthogonal group transfor-

mations is given. These same metho ds generalize to include systems of frequency-sensitive diffusion

pro cesses . These systems are useful for characterizing patches based on texture.

An empirical investigation of these nonlinear diffusion pro cesses shows they are stable in the

presence of noise and offer distinct adv antages over conventional linear smo othing. This analysis

derives from a novel metho d for ev aluating low-level computer-vision algorithms. The metho d uses

ensembles of sto chastically generated images to compute a set of statistical metrics which quantify

the accuracy and reliability of a pro cess. This ev aluation offers a means of comparing different

algorithms and exploring the space of free parameters asso ciated with a single algorithm.

Ac kno wledgmen ts

I owe a great debt to Steve Pizer. He has b een an excellent teacher, advisor, and friend. He has

b een generous with his time and enthusiasm, and he has had a large part in making my years at

UNC b oth professionally and p ersonally rewarding. Perhaps the b est repayment I can offer Steve is

the promise that I will some day try to give my own students those things that he has given me.

Thanks also to the other memb ers of my committee, James Coggins, James Damon, John Halton,

and Jonathan Marshall. Each of them has sp ent a great deal of time reading this do cument, and

each has given me v aluable feedback during the v arious phases of my research.

Several of my p eers have b een particularly helpful. Thanks to the memb ers of the MIP group for

their feedback during group meetings. Thanks to Bryan Morse and T erry Y o o, to whom I have gone

for technical advice on numerous o ccasions, and thanks to Dave Eb erly for, among other things,

helping me understand tensor notation well enough to complete the pro of of geometric inv ariance.

Thanks to my wife Kerry for her companionship, moral supp ort, and pro of reading.

The greatest thanks go to my mother and father for providing me, throughout my life, with the love

and guidance that have made me a happy and pro ductive p erson.

This research has b een supp orted by NIH grant #P01 CA47982 and the UNC Department of Com-

puter Science Alumni F ellowship.

Con ten ts

1 Intro duction 1

2 Background 5

3 Multi-scale diffusion 19

4 Geometry-limited diffusion 38

1.1 Segmentation and vision 1

1.2 The problem 2

1.3 Strategy 3

1.4 Thesis and contributions 3

1.5 Overview 4

2.1 Image segmentation 5

2.2 Discrete versus fuzzy 5

2.3 Example: edges 7

2.4 Image geometry 8

2.4.1 Lo cal shap e 8

2.4.2 Lo cal homogeneity as a segmentation strategy 9

2.4.3 Patch b oundaries and visual structures 10

2.5 Scale-space 11

2.5.1 Gaussian kernels 11

2.5.2 Diffusion 11

2.6 Example: Gaussian blurring 12

2.7 V ariable-conductance diffusion 13

2.7.1 Regularization 18

3.1 Scale within diffusion 19

3.2 Scale as a function of evolution 21

3.2.1 Grouping and sub jective b oundaries 22

3.3 Analysis 25

3.3.1 Space-stretching kernel 25

3.3.2 Conductance and edge enhancement 28

3.3.3 Instability 28

3.3.4 Two-dimensional analysis 31

3.4 Scale tradeoff 33

4.1 Multi-v alued diffusion 38

4.1.1 Multi-v alued images 38

4.1.2 Diffusion with multiple features 38

4.1.3 Diffusion in a feature space 40

4.2 Describing lo cal geometry 41

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5 Empirical analysis 69

6 Other Applications 112

4.3 Diffusion in the jet space 42

4.4 First-order geometry and creases 43

4.4.1 Creases 43

4.4.2 A shap e metric for creases 44

4.4.3 Results 45

4.4.4 The diffused Hessian 50

4.4.5 Combining information of zeroth and first-orders—corne rs 50

4.5 Inv ariance 52

4.5.1 Geometric inv ariance 52

4.5.2 Greyscale inv ariance and dimensionless metrics 60

4.6 Second-order diffusion 61

4.6.1 Normalized Hessian 61

4.6.2 Combining first- and second-order tensors 62

5.1 Intro duction 69

5.2 Philosophy 71

5.3 Metrics 72

5.3.1 F unction-based metrics 74

5.3.2 Structure-based metrics 76

5.3.3 The zero-order structure detector - edges 80

5.3.4 T ruth 81

5.4 The test images 82

5.5 Noise 82

5.6 Overview of results 85

5.7 Gaussian blurring 85

5.7.1 F unction-based metrics 86

5.7.2 Structure-based metrics 87

5.8 Anisotropic diffusion 90

5.8.1 Comparisons with isotropic scale: function-based metrics 90

5.8.2 The conductance parameter 91

5.8.3 Signal to noise 94

5.8.4 ROC Analysis: structure-based metrics 95

5.9 Multiscale diffusion 96

5.9.1 Effects of the scale trade-off 96

5.9.2 Comparisons with anisotropic and isotropic scale 96

5.10 Dep endence on the test image 98

5.10.1 Sub jective structure goal 101

5.11 Correlated noise 103

5.12 Boundary noise 108

5.13 Discussion 109

6.1 Sp ectra-limited diffusion and texture 112

6.1.1 T exture 112

6.1.2 Blurring the envelop es of functions 115

6.1.3 V ariable-conductance diffusion 117

6.1.4 Patchwise F ourier decomp osition 120

6.1.5 Multi-v alued diffusion 121

6.1.6 Dissimilarity 122

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

7 Summary and Discussion 132

A Implementation 143

Bibliograph y 152

6.1.7 Results 122

6.2 A sup ervised clustering approach 125

6.2.1 Two-class problem 126

6.2.2 Normal distributions 128

6.2.3 Generalizing to more classes 128

6.2.4 Remarks 130

7.1 Summary of results 132

7.1.1 Anisotropic diffusion 133

7.1.2 Multiscale diffusion 134

7.1.3 Geometry-lim ited diffusion 135

7.2 Sp ectra-limited diffusion 137

7.3 Empirical analysis 137

7.4 Relation to previous work 138

7.5 New research directions 140

7.5.1 Energy-minim ization algorithms 141

7.5.2 Diffusion of lo cal image descriptions 142

A.1 Discrete deriv atives 143

A.1.1 Finite differences 143

A.1.2 Gaussian kernels 144

A.1.3 Mo dified Bessel functions 145

A.2 Anisotropic diffusion 146

A.3 Dissimilarity and multi-v alued diffusion 148

A.4 Noise 149

A.4.1 Gaussian white noise 149

A.4.2 Correlated Gaussian noise 149

A.4.3 Patch noise 150

A.4.4 Boundary noise 150

A.5 Highly parallel SIMD algorithm 150

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

†

List of T ables

subje ctively-define d

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5.1 The section numb ers of the v arious combinations of diffusion pro cesses, noise pro-

cesses, and test images where the indicates ROC analysis with

b oundaries 86

∇

1 2 3

rms

time evolution

List of Figures

. . . . . . . . . . . .

. . . . . . . . . . . . . . .

. . . . . .

F , F , F

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . .

. . . . . .

k f . . . . . . . . . . . . . . . . .

k . , . , .

. . . . . . . . . . . . .

s t t

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

α . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . .

1.1 A slice of MRI image of a head shows that segmentations which are “easy” for our

visual systems can b e difficult for computer algorithms. The white outline in (b)

identifies the cereb ellum. Despite the ease with which the (untrained) human identifies

this region as a distinct ob ject, there app ears to b e no simple, consistent rule for

deciding which pixels lie inside the ob ject and which lie outside. 2

2.1 The MRI head image has an asso ciated intensity surface. 6

2.2 The intensity surface is the graph of an image. A finite set of measurements at

every p oint in the image space represe nt the lo cal shap e of the intensity surface. The

cutaways illustrate that each place on the surface has a lo cal surface patch and a set

of descriptors which describ e that patch (to within some approximation). 8

2.3 A set of geometric features, , asso ciate each p oint in the image with a

p osition in a geometric feature space. Each p osition in the space represe nts a different

surface shap e, and the distance (not necessarily Euclidean) b etween p oints in this

space provides a metric for quantifying the differences in lo cal image structure. This

metric will provide a means of computing the lo cal inhomogeneity of image structure. 10

2.4 A noisy white figure (a) on black background shows the sensitivity of (b) the gradient

magnitude to small scale noise. Despite the difference of average intensity b etween

foreground and background in (a), the gradient magnitude in (b) shows little coherent

structure. The deriv ative measurements b ehave as high-pass filters which serve to

accentuate small-scale noise. 13

2.5 The noisy image of Fig. 2.4 with intensity (top) and gradient magnitude (b ottom)

conducted at scales 2.0 (left) and 4.0 (right). 14

2.6 F rom the top left: Canny edges computed at scales 1.0, 2.0, 4.0 and 8.0. 15

2.7 A disc with blurring (top) and noise (b ottom) b efore (right) and after (left) anisotropic

diffusion; 100 iterations with a v alue of 2.0 ( ) . 17

3.1 F rom the top left: A blurred disk with random noise (a) shows the susceptibility of

anisotropic conductance diffusion. Results for = (b) 0 5 (c) 1 0 and (d)2 0 show

that the large-scale structure is lost while the noise remains. 20

3.2 The scale parameter ( ) should b e some decreasing function of , the or

parameter. 21

3.3 The multiscale diffusion equation acting on the MRI head image. F rom the top left:

= 3 0 and the starting scales are (a) 1.0, (b) 2.0, (c) 4.0, and (d) 8.0. 23

3.4 The multiscale diffusion equation acting on the test images from Figs. 2.4 and 3.1 .

F rom the top left: (a) original, (b) pro cessed with starting scale 3.0, (c) original, (d)

pro cess with starting scale 2.0. 24

3.5 White dots on a black background form two larger groups or “ob jects.” 25

0

D

N I

x y

x

y

blob head

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

t k .

. . . . .

. . . . . . . . . . . . . . . . . . . .

β

. . . . . . . . . . . . . . . . . . . . . . . . . .

s t s . , . , . α . . . . . . . . . . . . . . . . . . . . . .

α >

σ . γ . s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

θ ρ

F F

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

F

F

⃗

F

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x y

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x y

. . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . .

3.6 A multiscale diffusion pro cess with starting scale 8.0 allows the blurring to pro ceed

from the “inside out” forming two distinct ob jects. Images from top left show the

results after pro cessing time (a) 12.5, (b) 25 (c) 50 (d) 100, where the times are given

in units of pixels squared. 26

3.7 The lo cal “stretching” of space can cause a p oint to move away from the average of

its neighb ors—contrary to Gaussian blurring. 27

3.8 Results from the blurred disk show (a) the image after pro cessing and (b) the gradient

magnitude of the image. This image, which is pro cessed = 20 with = 1 0, shows

that the anisotropic diffusion can pro duce an unstable “staircasing” effect. 29

3.9 Sharp ening is distinguished from flattening by examining the manner in which the

first deriv ative changes in a lo cal neighb orho o d. 30

3.10 Because of the staircasing phenomenon there is a limited range of gradient v alues

that pro duce desirable results. The darkened area on the graph indicates the range

of edge v alues that will b ecome steep er without b ecoming less sharp. The left-hand

side of that area is the v alue , which is the threshold b etween those edges that are

enhanced and those that are blurred. 32

3.11 ( ) for v alues of = 2 0 4 0 8 0 and = 1 0. 33

3.12 The reduction of random noise in finite amount of time ( 0) establishes a rela-

tionship b etween the conductance parameter and scale. This relationship is shown

for = 4 0, = 4 0, = 2 0. 36

3.13 A field of white dots is shown to resemble blurred Gaussian white noise. T op: original

images. Bottom: images blurred at scale 10.0. 37

4.1 Multi-v alued diffusion is a system of diffusion pro cesses that are coupled through the

conductance function. 39

4.2 Every neighb orho o d in the image space maps onto a neighb orho o d in the feature

space. The “size” of the neighb orho o d in the feature space indicates dissimilarity

. 40

4.3 Geometry-lim ited diffusion in which features are geometric measurements made on a

single v alued image. 43

4.4 First-order feature space as represented in p olar co ordinates. Every p oint in this fea-

ture space has a lo cal co ordinate system that is aligned with the d and d directions. 44

4.5 F rom the top left to right: (a) A noisy blob is created by blurring a white on black

figure and then adding uniformly distributed random noise. Shown here are the initial

v alues of the first-order features (b) and (c) and (d) the dissimilarity measure

on these features. 46

4.6 F rom the top left to right: The result v alues of the first-order features (a) and (b)

after the geometry-limited diffusion pro cess and (c) the dissimilarity measure

on these features. 47

4.7 F rom the top left to right: (a) A slice of an MRI image of a head, (b)–(c) the first par-

tial deriv atives in the and directions, and the d) dissimilarity measure computed

in the initial data. 48

4.8 F rom the top left to right: (a)–(b) The first partial deriv atives in the and directions

after pro cessing at a scale of 3.0, (c) the dissimilarit y measure after pro cessing, and

(d) the curv ature measure from (4.7). 49

4.9 The trace (left) and norm (right) of the diffused Hessian for the (top) and

(b ottom) images. 51

4.10 The strategy for finding corners is to isolate the zeroth-order and first order patches

separately and then combine the results. 52 xy

z

z

O

O

O

M M

(2)

(1)

(

(

mean v ar blob

blob

shap e blo cks head

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

F . . . . . . . . . . . . . . . .

K

K . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

K . . . .

K . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

p .

τ . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . .

4.11 Clo ckwise from the upp er left: (a) A test image comp osed of white hexagon on a black

background with additive random noise (pixelwise, uniformly distributed, 50%). (b)

The gradient squared after zeroth-order diffusion. (c) The creases that result from

first-order diffusion. (d) The result of multiplying the edge and crease measures in

order to detect corners. 53

4.12 (a)–(b) The pair of intermediate features in 4.20 (when measured at finite scale) form

a vector which p oints in the direction of edges. Sharp changes in the orientation of

this vector o ccur near edges and at places that lie b etween edges, i.e. middles. (c)

A cross section the gradient magnitude of the ob ject shows that edges have influence

across the entire ob ject Ridges and v alleys form at edges and middles resp ectively

. 63

4.13 A image 63

4.14 F rom the top left to right: (a)–(b) F or the image (Fig. 4.13, the dissimilarity

asso ciated with the second-order pro cess b efore and after pro cessing at a scale of 2.0,

and (c)–(d) the feature b efore and after pro cessing. 64

4.15 F rom the top left to right: Measurements made on the diffused second-order features

include (a) the orientation (black and white pixels denote negative and p ositive

v alues resp ect ively), (b) the second order curv ature , and (c) the first-order cur-

v ature . 66

4.16 F rom the top left to right: First- and second-order features from the MRI head image

pro duce (a) the dissimilarity b efore pro cessing (b) the dissimilarity after pro cessing

at a scale of 3.5, (c) the orientation measure, , and (d) the curv ature 1). 67

4.17 F rom the top left to right: (a) A radiograph of a pair of hands, (b) the dissimilarity

after pro cessing at a scale of 3.5, (c) the orientation measure, , and (d) the curv ature

1). 68

5.1 Samples from a p opulation of noisy images are pro cessed separately so that accuracy

and sensitivity can b e measured based on the statistics from the resulting images. 72

5.2 The two categories of metrics: F unction-based metrics compare functions over the

image space p oint-by-p oint, and structure-base d metrics compare sets of structures . 73

5.3 The accumulator image is formed by 1) pro cessing sampled images, 2) constructing

a structure image (using a detector) for each sample image, and 3) summing the

structure images. 77

5.4 The graph of the exp ected numb er of true and false p ositives for a range of decision

strategies is an ROC curve. The area under the curve, , gives an overall measure

of quality

. 78

5.5 A fuzzy-structur e-se t goal (b) is constructed from the structure image (a) by using a

Gaussian (standard deviation 2.0 pixel units) which falls off as distance to the nearest

structure p oint. 80

5.6 The graph of the exp ected numb er of true and false p ositives for a range of decision

strategies is an ROC curve. The area under the curve, , gives an overall measure

of quality

. 81

5.7 The three test images are the (a) image, (b) image, and (c) image. 83

5.8 Example of the different kinds of noise that are used in the empirical analysis. F rom

the top left: (a) GWN with a standard deviation of 50% of the average contrast in

the image, (b) CGN with a standard deviation of 50% and scale of 2.0 (in pixel units),

(c) PN with a deviation of 25% and a patch size of = 2 0, and (d) b oundary noise

with a scale of 2.0 and an amplitude of 20.0. 84

5.9 The metrics and as a function of Gaussian scale show the tradeoff

b etween accuracy and reliability for 50% GWN. 86

0

0

0

0

0

0

0 he ad

he ad shap e

shap e

shap e

shap e head

shap e

head

M

M

M

M

M M

M G G

G

G

M

M G

G

M

G

G

M

M G G G

M G G G

M

G G

G G G

M G G G

G

G G z

t,k s

t,k

t,k

t,k

s

t,k

s ,k ,α

O iso

s aniso

k ,t s ,k ,α

O iso

s aniso

k ,t s ,k ,α

k ,t s ,k ,α

s ,k ,α t,k s

s ,k ,α t,k s

s ,k ,α

t,k s rms

mean

v ar

ROC

v ar mean

rms aniso iso

aniso

aniso

rms

rms aniso

iso

ROC

aniso

multi

rms 0

rms multi

ROC multi

rms

aniso multi

multi aniso iso

ROC multi aniso iso

multi

aniso iso

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

T F . .

T F

A . . . . . . .

T F

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . .

s t

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

t k

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

k

. . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . .

s α

. . . . . . . . . . . . . . . . . . . . . . . . . . .

. . .

. .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5.10 The metric as a function of Gaussian scale shows that there is an optimal scale

for minimizing the rms error which includes b oth the bias and the v ariance

. 87

5.11 The image with 100% GWN and five different levels of Gaussian blurring. The

standard deviations of the Gaussian kernels are (a) 0.45, (b) 0.70, (c) 1.25, (d) 2.5,

and (e) 5.0. The v alue 1.25 has the lowest rms error. The rms errors are indicated on

the line graph in (f ). 88

5.12 T rue-p ositive and false-p ositive edges as a function of scale for 50% GWN. 89

5.13 The ROC graphs plot versus for three different levels of noise. The integrals

b elow the curves are and the integrals ab ove the curves are . 89

5.14 The ROC graphs plot versus for three different tolerance levels in the presence

of 50% GWN. 90

5.15 The concept of comparing true and false p ositives with a goal or template do es not

capture global shap e prop erties (such as continuity). Left, a goal with a tolerance

takes the shap e of a circle; center, an offset circle shows a low numb er of true p ositives;

right, a set of discontinuous edges gives a comparable resp onse. 91

5.16 WIth 50% uncorrelated noise, graphs of the function-based metrics , ,

and versus or show that and have similar effects on accuracy and

reliability through scale or time. However, shows consistently b etter accuracy

for a given level of reliability

. 92

5.17 The p erformance of the anisotropic diffusion pro cess . Surface plots give the

v alues of metric as a function of and for three levels of noise; 25%, 50%,

and 100% GWN. 93

5.18 The optimal choices of parameters show that achieves a lower rms er-

ror than , but the relative magnitude of this adv antage adv antage diminishes at

greater levels of noise. 94

5.19 The ROC curves with 50% GWN for different v alues of show that the ROC analysis

is relatively insensitive to conductance. 95

5.20 The ROC curves for three different levels of GWN, show that anisotropic diffusion

compares favorably with Gaussian blurring. 97

5.21 F or the metric and the image, comparisons b etween Gaussian blurring

and anisotropic diffusion shows that shows a consistently b etter compromise

b etween to o many spurious edges and the right numb er (and placement) of true edges. 98

5.22 The p erformance of the multiscale diffusion pro cess . Surface plots give the

v alues of metrics as a function of and for three levels of noise; 25% (top),

50% (middle), and 100% (b ottom). 99

5.23 Comparisons of over a range of noise levels for , , and . 100

5.24 Comparisons of over a range of noise levels for , , and . 100

5.25 The function-based metric computed on the image indicates that the

p erformance adv antages that and showed in the image are lost in

the image. 101

5.26 Sub jective goals are defined for the and images by hand drawing b ound-

aries of selected ob jects. 102

5.27 The ROC curves for the image, with 100% GWN and sub jectively-define b ound-

aries indicate that and outp erform . 102

5.28 The ROC metric shows outp erforms b oth , esp ecially at high

levels of noise. 103

5.29 The ROC curves for the image, with 100% GWN, indicate outp erforms

b oth . 104

0 s ,k ,α t,k s

s

⃗ ω

M G G G

M G

M M

M

M

M

M

M

∇ ∇ shap e

shap e

blo cks

shap e

blo cks

ROC multi aniso iso

rms iso

mean v ar

rms

rms

0

rms

ROC

rms

1 2

1

2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . .

p . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

s . . . . . . . . . . . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . .

⃗ ω . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . .

P /P α . . . . . . . . . . . . . . . . . . . . . . . . . . .

⃗ w x . . . . . . . . . . . . . . . . . . .

. . . . . .

5.30 The ROC metric shows outp erforms b oth , at higher levels

of noise. 104

5.31 The metric as a function of isotropic scale for Gaussian blurring of the

image and three different degrees of correlated noise. 105

5.32 and as a function of isotropic scale for Gaussian blurring of the

image and correlated noise of = 3 0. 106

5.33 as a function of isotropic scale for the image in the presence of correlated

noise. 106

5.34 F or multiscale diffusion applied to the image, the metric as a function of

starting scale in the presence of correlated noise. 107

5.35 Comparisons of from Gaussian blurring and multiscale diffusion show the ad-

v antage of multiscale diffusion in the presence of correlated noise. 107

5.36 F or the image, comparisons of for Gaussian blurring and multiscale

diffusion show the adv antage of multiscale diffusion in the presence of correlated

(patchwise) noise. 107

5.37 Comparisons of from Gaussian blurring and multiscale diffusion show that

neither pro cess is “effective” in the presence of b oundary noise. 108

5.38 The ROC curves asso ciated with Gaussian blurring and multiscale diffusion show the

pro cesses are comparable in the presence of b oundary noise. 109

6.1 T extured patch on a textured background. 113

6.2 T extures extended to a rectilinear grid show a great deal of regularity in their resp ec-

tive p ower sp ectra. 114

6.3 Irregular textured patches show the difficulty of using the F ourier transform as a

means of segmenting textured patches. The regularly spaced bright areas indicate

the presence of energy

, but do not offer any immediate way of separating the effects

of the two different textures or retrieving lo cal information. 115

6.4 The op erator is equiv alent to an ordinary gradient that is shifted in the F ourier

domain by the vector 117

6.5 F rom top-left: A one-dimensional nonconducting b ox is constructed (a) and a single

pulse (b) spreads at the characteristic frequency (c) finally filling the b ox (d). 119

6.6 A patch with a nonconducting b oundary is used to show that systems of frequency-

sensitive v ariable-conductance diffusion equations are capable of computing a patch-

wise F ourier analysis. 120

6.7 F eatures represent samples from a rectilinear grid in the frequency domain. 123

6.8 A patch in an image is distinguished from the background by the orientation of the

strip es. 124

6.9 A patch in an image is distinguished from the background by the relative phase of

the strip es. 124

6.10 T extures are distinguished on the basis of orientation and size. 125

6.11 Lo cations in the image space are classified based on their p osition in the feature space. 126

6.12 Dissimilarity is computed in the direction of vectors that are p erp endicular to curves

of equiprop ortionality ( = ). 129

A.1 The conductance applies at a p oint centere d b etween two pixels, requiring a gradient

magnitude that is centered at the p oint + d . 147

A.2 The cut-and-stack virtualization for allo cating image pixels to pro cessors. 151

∑ δ

∂

⃗ def

List of Symb ols

∇

∅

∩

∪

→

⊆

⊂

⊇

⊃

⊗

D

M

F

N

P

G

“nabla”, the gradient op erator

’‘delta”, the Laplacian op erator

“null” symb ol, the empty set

“cap”, set intersection

“cup”, set union

I R the set of real numb ers

I I the set of integers

I D the distance transform in the image space

C the set of complex numb ers

“maps to”

subset

prop er subset

sup erse t

prop er sup erset

convolution

partial deriv ative

= defined as

used with other symb ols indicates a multi-v alued or vector-v alued quantity

“caligraphic D”, the dissimilarity measure

“caligraphic M”, a metric

“caligraphic F”, the F ourier transform

or the set of functions of p olynomial inv ariants

“caligraphic N”, a neighb orho o d

“caligraphic P”, the set of p olynomial inv ariants

“caligraphic G”, a low-level computer vision algorithm or pro cess

sum

/

∫

∈

∈

∀

∃

⇒

⇔

√

·

∞ integral

“element of ”

“not an element of ”

“for all”

“there exists”

“implies”

“implies and is implied by”

square ro ot

“dot”, the dot pro duct of two quantities

or a set of unsp ecified parameters in a function

infinity