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1 INTRODUCTION

This paper is concerned with ways of incorporating current Monte
Carlo techniques for solving large linear systems [hereinafter referred-to as
“plain Monte Carlo”—PMC] in accelerative schemes and other numerical
techniques for more rapidly solving both linear and nonlinear systems.

Let & be a system of equations, linear or nonlinear, whose solution
1s an m-dimensional vector x. Write

X =y+z, (1.1)
where y is an estimate of x and z is the corresponding correction. Call

5= x-y|_ = Jzl_ 12

the errorl in the estimate y. Let

31 = l(%, y) (1-3)
be a linear problem, based on & and the estimate y, whose solution is z. Let
M = ML T) - (1.4)

be an algorithm which generates and solves L to yield an estimate Z of z.
We can then take y + Z as an improved estimate of x. While the algorithm

# may be deterministic or stochastic, we shall think particularly

of the case
A = PMC. (1.5)

Write A= |z- Z||m (1.6)

for the error in Z.

Now suppose that we begin with the problem £ and an initial

1 Here we choose to have the norm of any m-dimensional vector v = vy, Vg e vm)

to .be the mo:ximurﬁ {or L*) norm, ||v[|m = max)gicy IUJ|

1
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estimate y'0) of its solution x, and we set out to solve ® iteratively,
by successively using the family of algorithms

My = ML, T (1.7)
to generate and solve the corresponding linear problems

L = LS, y"). (1.8)
At each iteration,? X =y 420 (1.9)
with3 o, = ||:i:—y(’”)]|m = ||z(’”)||w, (1.10)
and we put yr+h) = () 4 70, (1.1
with? A, = |20 -Z0 (1.12)

and cycle through (1.7) and (1.8) until the error in the estimate y{,

8, = ||z(”)||°o < & (1.13)

Clearly, by (1.9) and (1.11),
Zr+1) _ x -yt = x yO_Z0) = g 7", (1.14)

whence, by (1.10) and (1.12),
bt = [209D]_ = [20-Z0]_ = 4, (1.15)

2 Compare (1.1).
3 See (1.2),
4 See (1.6).

—D
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2. SEQUENTIAL MONTE CARLO FOR LINEAR SYSTEMS

One example of this kind of process is the sequential Monte Carlo—
SMC—method, in which the problem & is itself linear, of the form

x = a+ Hx, (2.1)
the initial iterate is ¥0 = o, (2.2)
so that, by (1.9), x = 70, (2.3)

and the initial linear problem ¥, = L(, y'?) is cast in the form
z® = 40 4 HZO), (2.4)

with ' dO = a (2.5)

Now PMC (i.e., Algorithm #, = .#(¥L,, Z(0))5 is applied to (2.4),

with a Markov probability matrix P and a scoring scheme X
(these are generally chosen once and for all), to yield a stochastic estimate

ZO of 700) with error Ag = 6, which is usually estimated by the sample

standard deviation [ssd] o, of the scores whose average is _Z(O).
We then obtain the new iterate

vy = yO L 70 - 70 (2.6)

For each r =2 1, in the same way, Algorithm #, = AL, yAL)

then computes _
d(r) = g+ Hy(r) —_ y(r), (2.7)

whence, by (1.9) and (2.1),
d" = a+ (HX—HZ(T))—(x—z(r)) = 2z - Hz"

or® ' z" = 4 4 Hz(™, (2.8)

5 See(1.4), (1.5), and (1.8).
6 Compare (2.4).
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Algorithm .#, solves this problem by PMC, yielding an estimate Z{"),

g
r

) = Z 7@, (2.9)
q=0

and we accumulate
It is then known that, if the problem is intrinsically convergent, a condition
ensured by making

pPH) <1, pHY <1, pK) <1, (2.10)
where p(A) denotes the spectral radius of a matrix A,7
H.2

HY),; = |Hy| and ®); = 5%; (2.11)

tJ

and, further, if the number of scores computed in each sequential iteration
is sufficiently large,® then the error A, in the stochastic estimate yARS
measured by its ssd, o,, decreases geometrically [linearly, exponentiallyl;
i.e., there are constants = and &, such that |§| < 1l and

o, ~ =2 as r — oo (2.12)

3. © SEQUENTIAL MQNTE CARLO FOR NONLINEAR SYSTEMS

Another example is a more complicé.ted application of SMC,
~for a nonlinear problem,

Fv) =0, (3.1)
using Newton’s method. By Taylo_r’s Theorem, if we write
v = w4 x(n) (3.2)
7 This is defined as the supremum of all absolute values [moduli] of eigenvalues:
max { [A]: Gx # 0) Hx = Ax }.
8 This number can be the same for all sequential iterations (stages).
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then Fv) = F(w® 4+ x(n)

F(w®) + (x".V)F(w) + lé(x(”)-V)zF(w(“))

+ %(X(n)'V)SF(W(n)) +..=0. (3.3)
We linearize this problem to yield the approximation
F(w®) + (x.WV)F(w) = 0, (3.4)
ie., Jwmx®) = —F(wh), (3.5)
where J(w() is the value of the Jacobian matrix of F at w'™):
oF,
(Jw)); = Bw; (3.6)

Now, we select an invertible (regular, non-singular) matrix G and put
al = — GWERwn) (3.7)
and H™ = I-GMWJ(wr), (3.8)
yielding, by (3.5), that
Hmxn) = ) __ G)J(whhxn)

1l

x(M + GIRF(w) = x() . a(),
ie., x(n) = aln) 4 HWx ("), | 39

The analogy to (2.1) is immediate. We now apply SMC, as in §2,°
to the solution of (3.9). This entails successive sequential stages, yielding
stochastic estimates Z*7) of z®) with ssd o™, As in §2, it is then known
that the SMC method is intrinsically convergenti? if, for all n,

pH™) < 1, pHEH™MY) <1, pE™) < 1, (3.10)

and if the number of scores computed in each sequential iteration
is sufficiently large. We then know that, if 0 < a < 1, and we continue

9 This is, in essence, (2.2)4(2.9), with the added superscript (). Note: Algorithm -/3"2";.
is now the entire SMC algorithm of §2, not PMC.

10 See (2.12).
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the n-th Newtonian iteration’s SMC until

Hz(n) HWS
ginr) < aw, (3.1D

we can find constants = and &, such that fél < 1 and

2]~ 22" as r o e (3.12)

i.e., the convergence is quadratic, as in Newton’s method.

4. THE EIGENVALUE PROBLEM
The eigenvalue equation is |
Hx = Ax, 4.1)
with x #z 0. (4.2)

If x is a solution (called an eigenvector), so is any multiple xx, so long as x
is not zero. Thus, x really identifies an eigendirection. The eigenvector x
and the eigenvalue A are then said to belong to each other. If eigenvalues A
and u both belong to the same eigenvector x, we see by (4.1) and (4.2) that

Hx = ix = yx and x = 0
so that | A= q, (4.3

i.e., each eigenvector belongs to only one eigenvalue. Similarly,
if eigenvectors x and y both belong to the same eigenvalue 2, then

Hx = Ax and Hy = 2y,
whence, for any o and j,
H(ox + fy) = Mox + By); (4.4)

More generally, we see that there is always an entire eigensubspace
belonging to any given eigenvalue, and all such eigensubspaces are disjoint
[as is usual in vector space theory, we ignore the null vector 0, which is
in every subspace, but is not an eigenvector].

As is well known, the eigenvalues of a given (m x m) matrix H
are solutions of the polynomial equation of degree m,
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detH- A = 0, (4.5)

which is called the characteristic equation. It has just m solutions
Ay, Ag, .., A, (if we take multiplicity into account), which can always

be ordered so that
I 2 1] 2.2 |4 L. (4.6)

In the general case, the set of all eigenvectors can (if necessary)
be augmented by further vectors, to form a base of the m-dimensional vector
space. In this paper, we shall assumell that

2 s [l > (5] > o5 (4,1 20, 4.7)

and then corresponding eigenvectors x,, Xy, ..., X,, are linearly
independent, so that any vector v can be written uniquely as

V= §X +EXo + EgXg + ..+ §, X (4.8)

Suppose that we have a v such that

[Statistically, this is almost surely the case.] Then
HV = flﬂlxl + 622.2)(2 + ...+ gm/lmxm. (4.10)

11 The complications arising if eigenvalues are not distinet are well-understood
and their treatment, while not easy, is described in the literature; appropriate
techniques are available. In a statistical sense, it is highly unlikely that any two
eigenvalues should be equal, or should even have the same magnitude, unless
the particular class of problems considered constraing such equality.
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5. THE POWER METHOD

Write O(An)) for an asymptotic characterization of a vector whose
norm increases with n — o no faster than a given (usually, a simple)
function f{n).12 Then we see, by (4.8) and (4.9), that we can write

u® = v (5.1)
and, as r — oo,
u® = H'v = &A% + &A%, + O([25]7). (5.2)
If we put k= &8, a=AfA, and B = A /A, (5.3)
so that, by (4.7), 18] < la] < 1, (5.4)
we see, by (5.2), that, as r — eo,
u” = &4 {x; + ka"x, + O(| g1}, (5.5)
or u® = &2,7{x; + 0(| |}, (5.6)
In particular, u® ~ &2 7xy; (5.7)
. . {r) |
1.e., for all i, u; ~ 5111 Xy (58)

Since an eigenvector really identifies an eigendirection,13
we can always assume, without loss of generality, that the base vectors
are all normalized, each having at least one maximal component having
value 1, i.e.,

=il = lI=all, = =sll = - =[xl =1, (5.9)
with : ipy = gy = Agpg = oo = Xppp, = 1. (5.10)

Of course, this defines the indices 2y, kg, ..., £, to within a possible

12 This is an extension of the well-known “big-Oh” notation for asymptotics:
the boldface O indicates a vector,

13 See the explanation just after (3.10).

—8—
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(unimportant) amount of ambiguity [if several components x ik, have

magnitude |x;; | = 11. By (4.7), (4.9), (5.8), and (5.10), we observe that,
for all sufﬁc.tently large r,

u}[l) # 0. (5.11)

Now let us scale the vectors u'”) defined above, by the relation

20 = (Vopu® = (Voyv (5.12)
and z) = (Vo u'. (5.13)
If we put z() = (I/fr)Hz(’" -1, (5.14)

then, by (5.1), (56.8), and (5.14),

27 = (Yo yu™ = (17 )H2"-D = (U1, )H220-2)
= . = Ut 7,_5..7pH™ZO = (U 7,_;...100)HV
= (1/1, 7,_y...7y05u"),
whence O, = T, T._1...T,0p, (5.15)
and 1, = 0,/0,_ ;. (5.16)
If we now specify that the vectors 2™ be normalized, too—
127 =1, | (5.17)
then, by (5.8), o, = ] . (5. 18)

We note that the o, are not yet known beyond their absolute values [moduh]
so that we can ch_oose their sign (or phase angle, if they are complex)
arbitrarily. As for the base vectors, we assume that at least one maximal

component of z) has value 1. Let this component4 be z;i?. Then, by (5.4),

(5.5), (5.11), and (5.8),15
zr) X; as r — oo (5.19)

14 This is modulo the ambiguity referred-to just after (5.10).

15 In the case of any ambiguity, we try to keep the index %, constant, rather than allow it
to fluctuate unnecessarily. '
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and, for all sufficiently large r, we can put

zgl) =1

1.e., kr = hl.

Furthermore, for these values of r, by (5.14),

T. = (Hz(r_l))hl.

ryy (r)
AISO, O'r = uh1/2h1= gl;l'lr{l + Karxzhl + O( Iﬁ l r)},
S0 o, = 51117"{1 +0(|a|D)].

Therefore, by (4.9), (5.4), (5.13), (5.16), and (5.23), as r — 0,16

T, = (Hz(r—l))hl = (1o, ;) (Hu(r—l))hl
flllr[xlhf + Karx2hl + O( Iﬁ ’ ]")]
COEA Ko lagy, o({ ™1
= 4{1-x1-a)am Ly + 01BN} = 4{1+0(l N}
Thus T. = Ay as r — oo

(5.20)

(5.21)

(5.22)

(56.23)

(5.24)

(5.25)

(5.26)

Furthermore, the convergence is geometric, since the error is given by (5.4)

and (5.25) as O(| o |7). This is called the Power Method.

16 Here, we use the WeIl-known properties of asymptotic expressions, that

@ odeal™h = ol a«ln,
and () {1+odelD{1+o( i} = 1400 &l").
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6. RAYLEIGH QUOTIENTS

If the matrix H has additional properties, even faster methods
are available. For example, if H is Hermitian, i.e.,17

H=H* o (Vi,j) H; = Hy*, (6.1)
then x;*Hx; = x*(Hx) = x;*(4,;x)) = Ax*x;
- 7 H)x, = (xH9x, = (Hx)*x; = (Ax)%x; = A%"x,
whence ¥ = A (6.2)

that is, all the eigenvalues are real; and ifi # jand A; # ﬂ,j,
xi*ij = XL-*(I'IXj) = xi*},jxj = ﬂ.jxi*xj
so that xi*xj = 0, (6.3)

1.e., the eigenvectors belonging to distinct eigenvalues are orthogonal.
Hence, by (5.5), (5.8), and (6.3), with a little simplification, we get that

R

r

(HzMyrz() [ grhglr) = (Hy)sy® / aea®.

£ x* + K iz, + O(| BlMHx; + kax, + O] B7))
1217 x* + Ky xy* + O] BIMHx, + xoxy + O] B "}

x,*x; + xo| o | 2rxy*x, + O(] g120)
L ox *x, + k| | Zxy*x, + O(] 127

|

_ 1+0(]a|?)
T Mol

= ),1[1+O(fa|2")]. | ' (6.4)

Thus, - R - M oas 1 = o (6.5)

17 For a possibly complex number z = x + iy, where ¥ and ¥ are real numbers,
z* denotes the complex conjugate number, z* = x —iy. For a possibly complex
matrix, H = L +iM, again with matrices L. and M real, H* denotes the Hermitian

transpose, H* = LT - iMT, as indicated in (6.1).

—3l
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and, furthermore, the convergence is twice as fast as for the regular Power
Method. 3 is called the Rayleigh quotient.

7. THE ITERATE DIFFERENCE

Now consider the difference z7 — z-1), By (5.4), (5.13), (5.16), (5.14),
and (6.1),

2(r) _ g(r=1)

(Vo u@® - (1o,_u=b
(1/0',){51&1" [x1 + KO"Xq + O [ﬁ | "}
— (Wo,y) {& 24, xy + ko 1xy + O(| Bl )]}

(&)1 =7 /A%, + K1 - 7. /A5)a %, + O(| B[N}
{1+0(alDHa - o./)x, + K1 - 1. /A)a"x, + O(| 17}

i

We observe, by (5.25), that

1-1./A = K1- 0" Yy, +0( 17 = om0, (7.1)

while 1-1./g = OQ); (12
so that : ' _ :

2" — 20D = of {1+ 0(aln) {Ax; + Bx, + O(|g/al"), (7.3)

where A and B are constants independent of r. Thus, we can estimate
both 4, (through «) and x, (since we presumably have estimates of 4,

and x;) from the sequence of differences, much as we estimate the principal
eigenvalue A, and eigenvector x; from the 2z, Here, again, convergence
is geometric.

—12—
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8. THE INVERSE POWER METHOD

We return to the eigenvalue problem-—equations (4.1) and (4.2)—
discussed in §4—§7. We shall assume that all eigenvalues of the matrix H
are of different magnitudes!8, and also that the matrix H is Hermitian,19
so that its eigenvalues A, are real and its eigenvectors x; form a base
of m-space and are orthogonal, as in (6.3); indeed, we can assume that they
are orthonormal:29

The theory presented earlier still applies, slightly modified by the new
normalization. We see that (5.9) and (5.10) are replaced by

”x1”2 = ”X‘2”2 = ”X3“2 = e = ”xm,llg = 1, (8.2)

and (5.17) and (5.18) are replaced by
127], = 1 (8.3)
and ol = [u®],. (8.4)

Thus, by (5.14) and (5.19) (which still holds),
Xl ~ (l/Tr)I'le = (HTF)AIX]-;

which implies (5.26), as before. Furthermore, the power meth.od of §6
is entirely unchanged.

18 See (4.7).
19 See (6.1).
20 Here, %- is “Kronecker's delta”—Bij =1ifi = j, Sij = 0ifi 2 j.
This assumption replaces the normalization implied in (5.9) and (5.10).
Instead of the L™ norm, ”V“m = MaXg ey, |vj[, we use the L2 norm, ||v||2

1/2
= (vvw)¥2 - ( IvjlzJ .
J=1

—13—



John H. Halton ON ACCELERATING MONTE CARLO TECHNIQUES FOR SOLVING LARGE SYSTEMS OF EQUATIONS

Now let 1 be any real number and consider the matrix

M = H-ul, (8.5)
Clearly, for any eigenvector x; of H,
Mx; = (H-ulx; = (4, - wx, (8.6)
If we assume that M is invertible,2! and write
N=M!=@H-u} (8.7)
so that MN = NM =1, (8.8)
then?2 Nx; = (H-puD!x; = (4, - Ix, (8.9)

Therefore, by (4.8) and (4.10),

My = (A —wxy + & —xo + ... + & (4, — )X (8.10)
and Nv = £(4; - u)‘lxl + Eo(Ag — y,)—lxz +..+E (A, - u)—lxm. (8.11)
That is to say, the vectors x; are also eigenvectors of the matrices M and N.

Now consider carrying out the power method with the matrix N
instead of H. Suppose that u is nearest to the eigenvalue A, and nearer to it

than to any other eigenvalue, and write

A = [+ v (8.12)
Then minggep |4 -l = 14—l  (8.13)
or _ . minlsiSm,Vil = lvsl. : (8.14)
If we define the parameter x by 7
0 < vl < x = ming, |2 -2], (8.15)
then  ming,|v;l = ming |4 —ul = min, (A, - 40+ A, -],

21 This assumption is equivalent to assuming that y is itself not an eigenvalue of H.

22 To obtain (8.9), premultiply (8.6) by N and divide by the (presumed non-zero) scalar
A= p .
; .

—14—
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so that min#s|vi| > K+ |vs|,

whence max;_ {Ivi|‘1} < (k+ |VS|)_1 < 1
. A

Let us also write 0<a= m <1

Arguing just as in §5, we see that, if23
u® = v and u” = N'v,

then, asr — oo,24

ul) = CeVs Xy O((x + | Vs l yT) = SsVs T [Xs + 0(a].

As before, we can normalize the u'”) as zMwith (8.3),25 and then

uu® = |gv, 7|2 [1+ 0],

whence26
”u(r)”2 = (@) 2 | vl 1+ 0(2],
and so027
20 = (@) = [1+0(2] [x, + O],
Hence, asr — e, | DA X,.

23 See (5.1) and (5.2).
24 Compare (5.6).
25 See footnote 20,

26 QObserve that, by the Binomial Theorem, since || < 1,asr — o,

[1+02)]Y2 = 1+ 150(042”)_ %O(a4r)+ oo = 14002,

(8.16)

(8.17)

(8.18)

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

27 See footnote 16, Furthermore, the sign of x_ is ambiguous. By keeping the sign

(r
of some component of 2" ), say z h)’ congtant, a8 r = =, we can always make

2 ~ x, rather than 27 ~ —X,.

—15—
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Ifwe define  y@) = Nz@-U = (a0-D*ur-1)""240), (8.24)
1 ar-D¥ =1
532V3"2r+2 [1 + O(aZr)]
= £2, T [ o) = % L0l (825
5 '8
Thus, T — v, as r — oo (8.26)
or, by (8.12), T +u— ki as r— o (8.27)

This shows that this inverse power method converges to i, the nearest
eigenvalue to I, as r — <, and the convergence is again geometric.

The computational procedure is thus as follows.

0. Begin with an arbitrary vector v = u®) and an arbitrary real
number . Define 2@ = (v¥v)"12v, so that |20 o, = 1. Taker = 1.

1. 1. Define the matrix

M=H-ul (8.28)
1.  Solve the equation '
| My = 20D | ' (8.29)
and put " - (y gy 20
pu zV) = (y\y v (8.30)
2. Compute afr_l_ = (y(r)*z(’"‘l))—l. : (8.31)
3. Increment r. Repeat [1] and [2] until
(r) _ g(r=1)
|7 = 2], < e (8.32)

28 Compare (6.4), given (8.3).

—16—
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9. ACCELERATING THE INVERSE POWER METHOD

We know that the inverse power method (described above) converges
geometrically to A,. It is also clear that the rate of convergence
of the method is governed by the constant « defined in (8.12)~(8.18). As v,

decreases, so does «, and the convergence becomes faster.
Thus, if we change 4 so as to decrease v, in the course of the computation,

we can only accelerate the convergence of the method to A_.

By (8.24) and (8.25), we can use @, ; = ((Nz{r-1)*z(-Dy)™

= (u(’"“l)*u(’”“1)/11(”)*11("‘”1))_1 to approximate v,. Suppose, therefore,

that we replace the Rayleigh quotient method outlined in §8 above
by a two step sequential method as follows.29

0. Begin with an arbitrary vector v = u'® and an arbitrary real
number i = 9. Define 200 = (v¥v)"12y, so that |]z(0)f|2 = 1. Taker = 1.

1. i. Define the matrix

M- = H - 11 (9.1)

ii.  Solve the equation , '

| MUyl = g-D (9.2)

and put E B zr) = (y(r)*y(r))—1/2y(r)_ (9.3)

2. i. - Compute @r—l = .(y(’”)*z(r“l))_l. (9.4)

ii. Put ) = -V @ (9.5)
3. Increment r. Repeat [1] and [2] until _

| [27 -2, < e (9.6)

29 Compare the closely similar procedure in (8.28)—(8.32). The initialization is [01;
the two major steps are [1] and [2]; the conditional looping command is [3].

The crucial change is the iterative improvement of p(" ) through (9.5), in [2][ii].

—17—
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The change from the inverse Rayleigh quotient method is solely in the line
[2][ii]; in the original method, all u™ = u®. Note, too, that the application
of the-Monte Carlo method is to perform [1}[ii] by PMC.30C

For the original method, we get, by (8.22), that

27 = [1+0®)] x, + O(a?), (9.7)

whence zZ7) —x, = O (9.8)

ie., |27 - x|, = Olen. (9.9)
Similarly, by (8.25),

T i-v | = (T + -4 | = 0. (9.10)

In the new algorithm, it is clear that v, must be replaced
by a changing parameter, '

» 1
R W R e R S AR C R 3V

Going over the previous line of argument, we observe that, if we now write

r—1 r—1 v(t} r—1 v(t)
8 8
P=“oﬁ>=“——z”—, (9.12)
r K &)

=0 =0 t=0 K+ |V,
then31 727 = [1+0®P2)] x,+0(P,), (9.13)
whenced2 | z\r )—XS = O(P,), o (9.14)
ie. 39 27 -x4], = 0@, (9.15)

30 It is also possible to replace the scalar products in (9.3) and (9.4) by MC estimates.
31 Compare (9.7).
32 Compare (9.8).
33 .Cdmpare (9.9).
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The counterpart of (8.25) 1s now, by (9.4),

T_, = h+or2), (9.16)

—1
and so I afr_l - v;r )l = ‘(@:r_l + u(’"“l)) —Ag | = O(Prz). (9.17)

Note that, because each ,u(" ) is an improvement on its predecessor,
and therefore each v;r) is less than its predecessor, P, will necessarily
be less than the corresponding ¢ in (9.7)—~9.10).

By (9.11) and (9.16), we see that

V= TP I P o 2] = Y o2, (9.18)
We can attempt to solve the relations (9.12) and (9.18) by putting, for some
=21 C>1, and 0<gqg <1, (9.19)
(r)
VS
that o) = —— ~ Qq”". (9.20)
r—1 r-1
" Then, by (9.12), P, = i Ioc(t) ~ i quct
. : =0 =0
= Qr q1+0+c2+...+cr—1 = @ glC-DIC-D), (9.21)

so that we need, by (9.18), that

a(r)

-1
qu =4 _

Since, by our assumj)tion, C > 1and g < 1, and (9.22) should hold for all
sufficiently large r, we need

2(C"-1) 2CT

—1 ’
CT-C1 > c-1 2 o-1- (9.23)
This holds for all r if (C-12 > 2C,
ie., if | C2-4C+1 2 0,
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ie., if34 C >2+V3 =~ 3.732. (9.24)

The tightest bound for (9.20) and (9.22) is clearly C = 2 + V3, i.e,

Vgr) - Aq(2+\/3)’" ~ AgdT32 | (9.95)
where A = xQ. Hence, by (9.21),35
P, ~ Bqu[(xls-l)/zl 23y B Q" (q0-366)3.782" (9.26)
where B = ¢ 0366 Of course, by (9.19),
0 <q<qt=gt3-12 . 0366 1 (9.27)

and, as r — oo, however large Q@ may be, @ p (2+V3)" tends to zero
faster than (g7 + £) 2+¥3) for any £ > 0, however small. For relative
gsimplicity, let us write, for some small g,

p=q¢ +g (9.28)

then, by (9.26), P, = ofp@V3)) = o(p37327) | | (9.29)

It now follows from (9.15) that

129 —x,[, = o) = o372 930

and from (9.17) that

'@-1 ~ vér—l)l _ O(pzx('zaexls)f‘)= o(2@) ~ o(p2)3732) | . (9.31)

This shows that the accelerative, sequential method increases
the convergence of the process from linear (sometimes also called
geometric or exponential) to more-than-cubic. By comparison, Newton's
method, which has stood the test of time for over 300 years, converges
only quadratically.

To illustrate this concept in a different way, suppose that we gain d

34 The full solution is C & (=, 2 ~ V3] U [2 + V3, «); the former range is inadmissible,
by our assumption that C > 1.

3B (-1t =63+l = (B-1A3-1) = (V3-1)/2 = 0.366.
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decimal places of accuracy by a single iteration of a linearly-converging
method. Then this is because the error is multiplied by 10-¢. Thus,
subsequent errors after this will be multiplied by 10 also; so that we shall
gain d decimal places of accuracy at each iteration. However, if we were
to gain d decimal places of accuracy by a single iteration of a quadratically-
converging method, like Newton’s method, then we would have, for some

T>0and0 < £ < 1,
Tt2r+1
Ttz

= 2 (9.32)

and subsequent errors would be Tt2r+2, Tt2r+3, and so on, successively
multiplying the current error, first, by 21 - (t2)2 = 1024, then by $27+2

= (tzr)22 = 10742 and so on, doubling the number of accurate decimal
digits gained at each step. This is what leads to the spectacular
convergence for which Newton's method is rightly admired. Finally,

if we use the present method, it is easily seen that the number of accurate
decimal digits gained at each step is successively multiplied by about 3.732!

Although no serious setbacks have been encountered in preliminary
computational experiments, two notes of caution must be made. First,

as g — Ags M() becomes increasingly near-singular and correspon-

dingly ill-conditioned, and its reciprocal N grows accordingly,
and therefore the equation (9.2) becomes increasingly difficult to solve
accurately. This difficulty is intrinsic and puts a limit on the accuracy
obtainable by this method. :

Secondly, it is sometimes difficult to get the eigenvalue
and eigenvector we choose, unless we- begin rather close to the desired
values. This is a familiar problem with iterative methods [compare
the classic inverse power method, or Newton’s method].
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