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Early refutational theorem proving procedures were direct applications 
of Herbrand's version of the completeness theorem for first-order 
logic. These instance-based theorem provers created propositional 
instances of the first-order clauses to be proved unsatisfiable, and 
tested the instances on a propositional calculus prover. This 
methodology was not pursued for several decades as it was thought to be 
too slow. Moreover, the invention of the resolution inference rule 
changed the direction of theorem proving forever. The success of 
resolution was largely due to unification. Recently, unification has 
been incorporated in creating instances of first-order clauses. 
Furthermore, high-performance propositional calculus provers have been 
developed in the past few years. As a result, it is possible to 
realize effective instance-based first-order methods for several 
applications. 

We describe the design of instance-based methods for three different 
purposes. First, RRTP is a theorem prover based on the idea of 
replacing predicates with their definitions. We compare its 
performance with some state-of-the-art theorem provers. Second, we 
describe a proof procedure for Horn theories. The proof procedure 
creates instances of the input clauses by backward chaining and reasons 
forward among the instances to find the proof. Third, we describe the 
construction of a finite-model finder. Finally, we describe the 
application of the theorem prover and the model finder on an 
application--- description logics. We show by empirical means that, 
contrary to general belief, theorem provers compare well with 
specialized application-specific techniques for description logics. 
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Early refutational theorem proving procedures were direct applications of Her· 

brand's version of the completeness theorem for first-order logic. These instance-based 

theorem provers created propositional instances of the first-order clauses to be proved un-

satisfiable, and tested the instances on a propositional calculus prover. This methodology 

was not pursued for several decades as it was thought to be too slow. Moreover, the in-

vention of the resolution inference rule changed the direction of theorem proving forever. 

The success of resolution was largely due to unification. Recently, unification has been 

incorporated in creating instances of first-order clauses. Furthermore, high-performance 

propositional calculus provers have been developed in the past few years. As a result, it is 

possible to realize effective instance-based first-order methods for several applications. 

We describe the design of instance-based methods for three different purposes. 

First, RRTP is a theorem prover based on the idea of replacing predicates with their defi-

nitions. We compare its performance with some state-of-the-art theorem provers. Second, 

we describe a proof procedure for Horn theories. The proof procedure creates instances of 

the input clauses by backward chaining and reasons forward among the instances to find 

the proof. Third, we describe the construction of a finite-model finder. Finally, we describe 

the application of the theorem prover and the model finder on an application~·- descrip-

tion logics. We show by empirical means that, contrary to general belief, theorem provers 

compare well with specialized application-specific techniques for description logics. 
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Chapter 1 

Introduction 

1.1 Historical Background and Motivation 

1.1.1 Mechanizing Reasoning 

Automated Theorem Proving (ATP) is concerned with the task of mechanizing 

mathematical, or logical, reasoning. It is concerned with the mechanical derivation of 

conclusions from a. set of axioms by means of inje1v:nce rule.s 1 . It is concerned with the 

application of computer programs to perform the task of deriving conclusions using in­

ference rules. It is concerned with applying chese computer programs to areas such as 

verification[Bra92], program synthesis[Gog96], expert systems[.Jac89], even solving open 

conjectures in mathematics[Ko196]. The field of automated reasoning has been around as 

long as the digital computer; computer programs to prove theorems appeared as early as 

the late 1950's[Gel59]. 

Interest in mechanizing rea•oning, however, predates the computer by centuries; as 

early as the seventeenth century Leibniz dreamed of "lingua characteristica" and "calculus 

ratiocinator" -a universal language and a calculus for reasoning. Following the invention of 

first-order logic as a formalism in the nineteenth century, and following attempts at formal­

izing set theory and number theory by Peano and Frege, Hilbert initiated and deveioped the 

"formal axiomatic method". Ideally, this methodology would allow the mechanization of 

proofs with no room for human intuition. For example, all truths and non-truths about the 

natural numbers could be mechanically detected using the axioms of number theory. This 

assure the reader that these notions are rigorously formalized in the next chapter 
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VAUO SAnSF!ABLE NOT \ 
BUT NOT VAI.ID SATlSFIASLE i 

Figure 1.1: The Universe of Well-Formed First-Order Formulas 

ideal was first doomed for number theory by Goedel's incompleteness result., and then, by 

the undecidability result, of first-order logic by Turing, for any first-order theory. However, 

not all hope was lost- the completeness of first-order logic established that it was possible 

to mechanically verify validity. For an interesting overview of the history of calculus and 

mathematical logic that led to these results we refer the reader to [NS93]. 

1.1.2 Automated Theorem Proving 

Consider the universe of first-order sentences as depicted in figure 1.1. Since there 

is no decision procedure for validity in first-order logic, the boundaries between the regions 

are not recursively determinable. The scope of automated theorem proving, in the context 

of first-order logic, is limited to confirming either that a formula is valid, or that it is 

unsatisfiable. Note that there is an isomorphism between valid formulas and formulas thar 

are not satisfiable: for any valid formula., there exists a formula that is not satisfiable- its 

negation. Similarly, for every formula that is not satisfiable there exists a valid formula. 

The theorem proving problem can be expressed as follows: Given a set of first-order 

formulas, or axioms of a theory, and another first-order formula, or a conjecture, determine 

whether the conjecture is a logical consequence of the theory. If the conjecture does indeed 

follow from the theory then the conjecture is said to be a theorem of the theory. 

ATPs solve the theorem proving problem in two different ways: the affirmative 

approach involves systematically computing consequences from the axioms. Highly elegant 

approaches such as Hilbert Systems[Fit90] and the Sequent Calculus[Fit90] are examples 

of affirmative theorem proving. The affirmative approach can locate sentences that are 

present in the region marked as "VALID" in the Figure 1.1. The second approach is the 

refutational method of proving theorems. The refutational method resembles the "proof by 
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contradiction" mechanism used by mathematicians (and by the rest of us). Refu tational 

methods can locate sentences in the region marked as "NOT SATISFIABLE" in the figure. 

Since any formula that is valid has an unsatisfiable counterpart, theoretically neither ap­

proach is superior to the other. However, researchers have tended to favor refutational 

systems, sacrificing the elegance of proofs for computational efficiency. 

Refutational theorem proving is largely due to Herbrand. Herbrand's important 

result is that if a first-order formula is unsatisfiable, then there is a computable set of 

formulas in a less-expressive formalism, the propositional logic, that is unsatisfiable. Unlike 

first-order logic, propositional logic has a sound and complete decision procedure where it 

is possible to decide whether a propositional formula is valid or not. Note that determining 

whether a propositional calculus formula is satisfiable is an NP-complete problem. 

Early theorem proving procedures[Gil60, PPV60] were direct applications of Her­

brand's theorem. Now known as instance-based procedures, they consist of two components: 

a generator of propositional formulas from the first-order formulas, and a propositional cal­

culus decision procedure. These methods did not meet with much success because: a) effi­

cient methods to generate the propositional formulas did not exist; b) efficient propositional 

decision procedures were not available. Researchers did little to pursue such methods, as 

around this time, J .A Robinson revolutionized the field with invention of Resolution[Rob65]. 

With resolution, relatively efficient theorem provers were realized. The resolution inference 

rule is based on an operation called unification. Unification allows a theorem prover to 

avoid creating ground instances of the input clauses when searching for a proof. 

Resolution has since then conquered the field of symbolic computation as no other 

technique has. Several semantic and syntactic variants of resolution have been proposed and 

implemented as theorem provers and other deductive procedures[Apt90]. Donald Loveland 

lists over twenty-five resolution-based ATP procedures[Lov78]. However, because resolution 

incorporates unification by combining formulas, usually there is duplication and redundancy 

in the proof search. Resolution's poor performance in the propositional calculus is well 

documented[Pla94]. 

Recently, David A. Plaisted[LP92] developed the clause linking method that com­

bines unification with instance-based methods. Some theorem provers[LP92, Let97] have 

been built based on this idea and they are comparable to the state of the art provers based 

on resolution. Moreover, variations of clause linking have been used to incorporate special 

techniques for equality[Ale95] and semantics[Chu94a, PZ97]. 
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theory[Apt90] and the programming language Prolog [CM81]. The attraction of logic pro­

gramming is that it is declarative- the denotational semantics of logic programs agrees with 

their operational semantics. As far as the programmer is concerned, ideally, the execution of 

such programs is left to methods that maintain the declarative meaning. Although, among 

programming languages, Prolog exemplifies the declarative paradigm best, efficiency issues 

have forced several extra-logical constructs into the Prolog programming language. 

Resolution-based theorem proving methods thought to be suitable for Horn theo­

ries actually perform poorly. These methods either involve too many redundancies in the 

proof search, or are not specific to the theorem being proved at all. We present a sound 

and complete technique that selects instances sensitive to the theorem being proved, and 

searches for the proof by not combining any of the instances, thus avoiding redundancy. 

First-order Finite-model Finder 

Finding a model for a formula corresponds to locating the formula outside the 

region marked "NOT SATISFIABLE" in Figure 1.1. Suppose that a first-order formulas is 

not unsatisfiable. Then, a model for the formula may be regarded as a counter-example 

to the proof of unsatisfiability of the formula. Unlike theorem proving, model finding has 

received very little attention from researchers. This is primarily because first-order model 

finding is not even recursively enumerable. However, there are many decidable sublanguages 

of first-order logic with the finite-model property[DG79]. All satisfiable formulas in such 

sublanguages have finite models. 

We present a technique that finds models provided that the formula is satisfiable 

and has a finite model. Our idea is to encode the model finding problem into a propositional 

satisfiability problem. The propositional model is then translated back to a first-order 

model. The idea is very simple and the model finder is extremely quick in uncovering small 

models. 

Description Logics 

Finally, we apply our theorem-prover to the domain of description logics, a subset 

of first-order logic. Description logics, or Concept Languages, are used for representing 

knowledge using concepts and roles. Description logics have a sound formalism allowing 

the creation of sound and complete decision procedures. The chief reasoning component 
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provided in description logic systems is the ability to detect whether some concept is "more 

general than" (or subsumes) another. This is called subsumption checking. The systems also 

come with the ability of "classifying" the knowledge-base, that is, rapidly checking several 

subsumptions. Description logics typically have the finite-model property and it seemed 

apt to use the prover and the model-finder for subsumption checking. Theoretically the 

theorem-prover-model-finder combination is a complete decision procedure for description 

logics with the finite-model property. Our effort is completely empirical. We use test cases 

devised by Heinsohn et al.[HKNP92] to compare several state-of-the-art description logic 

systems. VVe report the results of running our tests and also present some propositional 

techniques for rapid classification. 

1.3 Organization of this Dissertation 

This thesis is organized as follows: In Chapter 2 we present the preliminaries. The 

reader may skip this section and come back to it whenever necessary. Chapter 3 describes 

the construction of RRTP. We describe replacement and bow it is used to select instances 

to create the prover. We also go over t,he proofs of completeness and soundness of the 

underlying algorithms, and present some performance results. In Chapter 4 we describe an 

instance based proof procedure for Horn theorie.s. This proof procedure is compared with 

some existing theorem provers. Chapter 5 outlines the construction of the model finder. \Ve 

describe how we encode any first-order formula as a propositional formula and search for 

its models. In Chapter 6 we compare the performance of the prover and the model-finder 

with the inferential techniques of some description logic systems. These comparisons are 

unabashedly empirical. We also describe some new ideas to classify knowledge bases rapidly 

using propositional methods. 

Some of the material in this thesis has been published. Preliminary versions of 

Chapters 3, 5 and 6 appear in [PP97a], [PP95) and [PP97b]. 



Chapter 2 

Preliminaries 

In this chapter we briefly introduce the propositional calculus, first-order logic and 

logic programming. VIe also review some specific theorems and techniques in the literature 

that are relevant to our thesis. This chapter is by no means a complete introduction to logic. 

For a more thorough presentation the reader is referred to the literature [CL73], [Fit90]. 

The reader is invited to skip this chapter if and until it is needed. Specifically, the sections 

on the propositional calculus and first-order logic may be treated as reference material. 

2.1 Propositional Calculus 

2.1.1 Syntax 

A proposition is an atomic or an elementary fact that is either true or false but 

never both. A declarative sentence such as "Coal is Black" expresses the proposition that 

coal is black. Another example, "Colorless green ideas sleep furiously" expresses a proposi­

tion too. And this may very well be true or false. It does not matter what these sentences 

mean; their internal structure is irrelevant. As propositions, it only matters whether they 

are true or false. 

We simply represent propositions with letters. For example the letter P, may 

denote the proposition "Coal is Black", and the letter Q denote the proposition "Colorless 

green ideas sleep furiously". 

Definition 2.1.1 An atomic proposition is a propositional letter, T or F. 
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Compound propositions may be constructed from atomic propositions using logical 

connectives. Five logical connectives of interest are: "-1 (negation), A (conjunction), V 

(disjunction), :J (implication, also-+) and= (equivalence). Apart from negation, which is 

unary, the connectives are all binary. Table 2.1.2 gives an intuitive idea of the semantics of 

each connective. The semantics are formally introduced in the next subsection. The logical 

connectives allow the construction of propositions such as "Coal is Black" and "Colorless 

green ideas sleep furiously", or, P 1\ Q. The following definitions dictate how the atomic 

propositions may be combined with logical connectives to create legitimate or well formed 

expressions or formulas. 

We first define a propositional literal or, simply, a literal. 

Definition 2.1.2 A literal is an atom or the negation of an atom. 

If A is an atom, then the negation of A is written as ~A. Atoms are termed as 

positive literals and their negations are negative literals. 

Definition 2.1.3 An atom and its negation are termed as complementary literals. 

Definition 2.1.4 Well-formed formulas in the propositional calculus are defined induc­

tively as follows: 

(1} A literal is a well-formed formula; 

(2} If G and H are well-formed formulas. then G 1\ H, G V H, G-+ H, and G = H are all 

well-formed formulas. 

(3) All well-formed formulas are created according to the above two rules. 

For example, (P V Q) 1\ R is a well-formed formula, whereas P V 1\Q IS not a 

well-formed formula. 

Definition 2.1.5 Given well-formed formulas Ft, Fz, ... , Fn, the formula F1 V Fz. V ... Fn 

is the disjunction of F 1 , Fz, ... , Fn; and the formula F1 1\ Fz 1\ ... 1\ Fn is the conjunction of 

F1, F2, ... , Fn-

A clause is a disjunction of literals. All well-formed formulas can be converted to 

conjunctive normal form using simple mathematical properties such as distributivity and 

De Morgan's laws. This is a normal form that is convenient for theorem proving purposes. 

There are other normal forms as well. 
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p Q ..,p (G 1\ H) (GV H) (G ::J H) (G =H) 
T T F T T T T i 

T F F F T F F 
F T T F T T F 

I F F T F F T T 

Figure 2.1: Propositional Connectives and their Semantics 

Definition 2.1.6 A well·for·med formula that is a conjunction of seveml disjunctions of 

literals is said to be in conjunctive normal form. A well· formed formula that is disjunction 

of se·verol conjunctions of literals is said to be in disjunctive normal form. Formulas in 

conjunctive normal form are also said to be in clause form. A conjunction of a set of 

disjunctions of literals is also referred to as a set of clauses. A clause that has only positive 

literals is called all-positive. A clause that has only negative literals is called all-negative. 

For example, (P V Q) A R is in conjunctive normal form. (P 1\ R) V (P A Q) is in 

disjunctive normal form. 

2.1.2 Semantics 

Classical propositional logic is two-valued. Atomic propositions take truth values 

that are either true or false, that is, T or F. The truth value of an a,rbitrary well formed 

formula can be evaluated by evaluating the subformula.s it is made of using Table 2.1.2. 

Definition 2.1. 7 Given F, a propositional formula, the distinct propositional letters, or 

the atoms, in the formula make up its atom set. 

The truth-value assignment to the atoms in a formula is made by a function called 

the interpretation of the formula. 

Definition 2.1.8 Given rl, the atom set of a formula F, an interpretation fo~ F is a 

mapping from A to { T,F }. An all-positive interpretation maps A to {T}. An all-negative 

interpretation maps A to {F}. 

Consider the formula, Fo = (pV q) A (..,pV •q). The function, I: (p ~ T; q ~ FL 

is an interpretation of Fo. We note that the formula F0 maps to T under I. 
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Definition 2.1.9 An only positive literals representation of an interpretation, I, fo'r a for­

mula F is a subset of the atom set ofF, that I maps to T, 

The only positive literals representation allows for succinct descriptions of inter­

pretations. In the above mentioned example I would only contain the literal p, In future, 

we refer to propositional models in their only-positive form. 

Definition 2.1.10 An interpretation M for a formula F, is said to be a model for· F, ifF 

evaluates to T under lvl. 

In the above example, I is a model for F0 • 

Definition 2.1.11 A formula F is said to be valid, denoted by f= F, if it evaluates toT 

under all interpretations of F. 

Consider the interpretation function, I : (p >-7 T; q >-7 T). F0 maps to F under the 

interpretation I. Since there exists an interpretation under which F11 is not true, Fa is not 

a valid formula. However, the formula PV ,pis a valid formula; no matter how the literal 

P is interpreted, the formula evaluates to T. Valid formulas are also called tautologies. 

Definition 2.1.12 A formula F is said to be unsatisfiable if it evaluates to F under 

interpretations ofF. 

It is easy to see that if a formula F is valid then ,p is unsatisfiable. 

Lemma 2.1.1 Every unsatisfiable setS of clauses contains at least one all-positive clause 

and at least one all"negative clause. 

Proof. If S does not contain any all-positive clauses then an all-negative interpretation 

models S, If S does not contain any all-negative clauses then an all-positive interpretation 

models S. 0 

Lemma 2.1.2 If a set 5 of pl'Opositional clauses is satisfiable, then there is a model P that 

contains a litem!/ from the atom set of S only if l appears as a positive literal in one of the 

clauses. 

Proof. If S is satisfiable then there is a model M for it. Suppose that there are literals 

which appear in M but do not appear as positive literals in any of the clauses in S. Then, 
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construct P by removing all such literals. We know !J;f models every clause in S. Therefore, 

for any clause in S, either iYf contains some positive literal that appears in the clause·- in 

which case P contains such a literal as well; or Af does not contain some negated literal that 

appears in the clause- in which case P does not contain it either, because Pis a subset of 

Nf. Therefore, P models every clause inS. D 

Definition 2.1.13 A propositional formula F is a logical consequence of a propositional 

formula G, denoted by G F, if any model for G is a model for F. 

Example. The formula P V Q is a logical consequence of P. The formula P is a logical 

consequence of P II Q. This can be verified by inspecting Table 2.1.2. 0 

2.2 First-Order Logic 

In this section we review the syntax and semantics of classical first-order logic. 

First-Order logic is more general than the propositional logic, it has more expressive power 

and as a result systematic decision procedures are not to be found. The syntax and semantics 

of first-order logic are a good deal more complicated titan the propositional case. We at­

tempt to be concise but self-contained, however the reader is referred to the literature[Fit90] 

for a more expository introduction to first-order ~ogic. 

2.2.1 Syntax 

Definition 2.2.1 A first-order la.ng1lage is characterized by: 

(1) Boolean Logical connectives. 

( 2) Quantifiers 

(3) Variables 

{4) A finite or countable set F of ftmction symbols, each of which has a positive integer 

associated with it. A function symbol associated with zero is also known as a constant. 

(5) A finite or countable set R of predicate symbols, each of which has a positive integer 

associated with it. 

Additionally, languages also have the usual punctuation symbols such as ",", ")" 

'"(" et.c.. 
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Example. E = [{/1, V,-+ }, {\', 3}, {x, y, z}, {f /1, gfl }, {p/2, q/2}] is an example of a first­

order language. Example sentences in this language are: 

(Vx)(3y)(p(x,y)V q(x,y}) and 

('tx) (3y)(p(f( x), y) /1 q(x, g(y))) 0 

In future we will denote-constants by letters from the beginning of the alphabet, 

and variables from the end of the alphabet. We will use f, g, h to denote function symbols 

and p, g, r to denote predicate symbols. 

Definition 2.2.2 are defined recursively as follows: 

( 1) A constant is a term. 

(2) A variable is a term. 

(3} Iff is an n-place function symbol, and t 1 , .. , , in are terms, then f( t1, ... , tn) is a term. 

Example. Some example terms from E are f(x), g(f(y)), z, f(g(f(y))) 

Definition 2.2.3 The size of a term is defined recursively as follows: 

( 1) .4 constant has size one. 

( 2) A variable hase size one. 

0 

(3) Iff is ann-place function symbol, and tl> ... , tn are terms, then the size of /(It,,,., tn) 

is one added to the su,m of the sizes of ti. 

Example. The size of the terms f(x),g(f(y)),z, f(g(f(y))) are two, three, one and four 

respectively. The size of h(J(y), g(f(y))) is six. c 

Definition 2.2.4 If P is a predicate symbol with arity n and t1, ... , tn are terms, then 

P(tt, ... , tn) is an atom. 

Example. Some atoms from~ are p(f(x),g(y)),p(x,z),q(f(x),y). D 

Definition 2.2.5 A literal is an atom or the negation of an atom. 

Similar to the propositional logic we have positive and negative literals. An atom 

is a positive literal, and a negated atom is a negative literal. 

Definition 2.2.6 Well-formed formulas, 01' wff's for short, are defined as follows: 

( 1) A literal is a wff. All var•iables that appear in literals are free-variables. 

{2) IfF and G are wff's and o is a binmy propositional logical connective then FoG is a 
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wff. 

(3) If Pis a wff, and x is a free-variable, then (\fx)F and (3x)F are wff. The variable x is 

now said to be bound. 

(4) All wff's are created by a finite numbe·r of applications of the above rules. 

Example. Some well-formed formulas in 2:: are: 

p(x,z) -t q(z, z) 

Yx'ty(p(x, z) A q{f(x),g(y))) 

Definition 2.2.7 A wff is said to be closed wff if it contains no free va1-iables. 

0 

In the rest of the dissertation we will restrict our attention to well-formed closed 

formulas. 

2.2.2 Semantics 

Definition 2.2.8 A first-order structure I= (Llr, .r) of a formula F, consists of a set c,T 

(the domain of I) and a function .T (the interpretation function of I) such that: 

(1) Every constant symbol in F is mapped by .I to an element in t;I; 

( 2) For every f that is an n-place function symbol in P, jT is a mapping from !::. rn to !::. r; 

(3) For evevy p that is an n-place predicate symbol in P, pi is a mapping from Ll rn to { 

T, F} 

Example. Consider the formula P VxVyp(x, y) Aq(f(x), g(y)) created from E. We describe 

I= (t:.T, .r) an interpretation for F. 

c,r = {d1, d2} 

ji = {d! >-+ d,, d2 rl d,} 

gT = {d! rl d2, dz >-7 d2} 

r = {(dt,d!) >-+ T,(di>d2) >-+ F, (d2,d1) r-+F,(dz,d2) >-+ F} 

gi = {(d1, d1) >-+ F, (d~> d2) >-+ F, (d2, d1) >-+ T, (d2, d2) >-+ F} 0 

We sometimes choose to represent the interpretation of a predicate as a set of 

domain tuples that are mapped to T. In the above example we can describe pT to be the 

set {(d1, d2}. 



17 

From here on all references to first-order claus~B will refer to skolemized clauses. 

All our algorithms and procedures work only on skolemized clauses. Moreover, we will 

express clauses only as a set of literals. All variables will be assumed to be implicitly 

quantified. A set of clauses will refer to the conjunction of the clauses. Some clauses in 

skolem standard form are listed as examples: 

Example. {p(x, y), q(f(x), g(y))} 

{-,q(j(x)), p(x, y), r·(x, y, z)} 

{ -,q(j(x), y, z), p(x, y), m(f(x))} 

0 

Vl/e describe some special kinds of clauses that are of interest to us. 

Definition 2.2.22 A Horn clause is a clause that has at most one positive literal. A 

unit clause ;_, a clause that has exactly one literal. A grotmd clallse is a clause that has 

no variables. A clause in which all the clause variables appear in the negative literals of the 

clattse is said to be range-restricted. 

Example. The following clauses are Horn clauses. The first clause is a unit clause and the 

last one is a ground clause. The third clause is a range-restricted clause. 

{p(x, y)} 

{ -,q(f(x)), p(x, y)} 

{-,q(j(x), y, z),p(x, y)} 

{ ~q(a, b), -.p(a, b)} 

Unification 

0 

We now address an important technique used in automated theorem proving. It 

is the process of making a set of terms or clauses identical by appropriate substitutions. 

For example, the set of terms {g(x,J(a)),g(h(y),z),g(h(b),v)} can be made identical by 

applying the substitution () = { x I-t h(b), y >-+ b, z 1-t f( a), v 1-t f( a)}. But first we need to 

define what a substitution is. 

Definition 2.2.23 A substii1dion is a finite set of the form { Vr >-t tr, ... , Vn I-t tn}, where 

every Vi is a variable, every t; is a term different from v;, and all the v; 's are distinct. When 

t 1 , .•. , tn are ground ter·ms, the substitution is called a ground substitution. 
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Example. The following sets are substitutions: 

{x t--7 f(a), y t--7 f(z)}, {x t--7 f(g(a)), y t--7 h(c, d)}. 

The second substitution is ground. 0 

Applying a substitution to a clause creates an instance of the clause. 

Definition 2.2.24 Let C be a clause, and x 1 , •.• , Xk be variables in the clause. Let B be a 

substitution of the form {xi t--7 tJ, ... ,xk >-+tk}· The instance ofC by B, denoted by CB, is 

the result of simultaneously replacing each variable Xi in C by the term ti. An instance of 

clause C by a ground substitution B, is said to be a ground instance. 

Example. Let C be the clause {p(x,y),q(x,y)}. Let B be the substitution {x >-+ f(a),yt--7 

f(z)}. Then {p(f(a), f(z)), q(f(a), f(z))} is an instance of C by B. 0 

Successive substitutions may be combined by the composition operation. 

Definition 2.2.25 Let B = { XJ t--7 t1, ... , Xn t--7 tn} and IJ = {YI t--7 SJ, ... , Ym t--7 Sm} be 

two substitutions. Then the composition of B and IJ, denoted by B o IJ, is the substitution 

given by the set { XJ t--7 t11J, ... Xn t--7 lniJ, Y1 t--7 SJ, •.. , Ym t--7 sm} and deleting any element 

Xi 1-7 tia if Xi is the same as tia, and any Yi 1-7 Si if Yi appears in { x1, ... 1 Xn}. 

Example. Let B = {x t--7 w, y t--7 f(z)} and IJ = {x t--7 t, w t--7 f(a), z t--7 g(y)}. Then 

WIJ = t, f(z)iJ = f(g(y)). 

Therefore B o IJ = { x t--7 t, y t--7 f(g(y)), w t--7 f(a), z t--7 g(y)}. 0 

Now we define unification. 

Definition 2.2.26 LetS= {L1, ... , Ln} be a finite set of terms or literals. A substitution 

B is a unifier of S if L1 B, ... , LnB are identical. S is unifiable if there exists a unifier of S. 

Sometimes it may be possible to unify a set of terms by using a number of substi­

tutions. Of these, there is a unique substitution that is more general than the others. We 

characterize it as follows. 

Definition 2.2.27 LetS= {L1, ... , Ln} be a finite set of terms or literals. A substitution 

B is a most general unifier of S if for each unifier ¢ of S there exists a substitution ry such 

that S¢ is identical to SBry. 

A large number of algorithms for finding the most general unifier of a set of ex­

pressions have been developed. These algorithms, when given a set of terms, either return 
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the most general unifier or report that the terms are not unifiable. Any theorem proving 

text [Fit90],[Lov78],(CL 73] will have a description of an algorithm to fiud the most general 

unifier. 

Equality 

Equality is considered to be a binary predicat<e. It is denoted by the infix operator 

The meaning of equality is represented by the following set of formulM; which are 

referred to as the equality axioms. 

Definition 2.2.28 The reflexivity axiom is the formula Vxx = x. 

Definition 2.2.29 Let f" be a function 8ymbol. 'l'he substitution axiom fat f" is the for­

mula Vx1, .. . , Vxn Vy1, .. . , Vy,(xl = Yl II .. . I\ x, = Yn)-:+ f(xl, ... , Xn) = f(yJ, ... , Yn)· 

Definition 2.2.30 Let p" be a predicate symbol. The sub.;titution axiom for pn is the for­

mula lfx1, .. . ,'ifxn Vy!, ... , Vyn(XJ = Y! II ... II Xn = Yn)-+ (p(xt, ... , Xn) -+ f(YI< · ·., Yn)). 

2.3 Topics in First-Order Theorem Proving 

Refutational Theorem Proving and Herbrand's Theorem 

A very important approach to mechanical theorem proving WM; given by Her brand. 

We outline the facts leading to Herbrand's theorem in this section. 

Recall that a wff F is unsatisfiable if and only if it is false under all interpretations. 

Since these may be over several potentially infinite domains, it is inconvenient to consider 

all of them, Herbrand observed that it was possible to consider just one domain which is 

made of atoms from F. 

Definition 2.3.1 LetS be a set of clauses. The Herbmnd Universe H of S is inductively 

defined as follows: 

(1) Any constant symbol that appears inS is a member of H. If no constant symbols appear 

in S then H contains a single arbitmry constant symbol, say a. 

{2) Iff is ann-place function symbol that appears inS and terms t1, ... ,t,. are members 

inH, thenf(tJ, ... ,tn) isamembe?'ofH. 
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(3) His the smallest set containing {1) and (2). 

Example. LetS be {{p(x,y)},{q(f(a),g(y,y))}}. The Herbrand 1Jniverse of Sis as 

follows: 

{a, f(a), g(a, a), f(f(a)), f(g(a, a)), g(a, f(a)), g(f(a), a),g(f(a), f(a)), g(a,g(a, a)) ... } C 

Definition 2.3.2 LetS be a set of clauses. The Herbrand Base of S is defined as follows: 

For every n-place predicate symbol p inS, p(t1 , ... , tn) is in the Herbrand base of S where 

t 1, ••• , tn are terms from the Herbrand Universe of S 

Example. LetS be {{p(x, y)}, {q(f(a),g(y, y))}}. The Herbrand Base of Sis as follows: 

{p(a, a), q(a, a),p(a, f(a)),p(f(a), a), ... } 0 

-

Definition 2.3.3 A Herbrand Interpretation I for a clause setS is defined as follows. 

( 1) Every constant is mapped to itself 

(2} Let f be ann-place function symbol and h1 , ••• , hn be elements of the Herbrand universe, 

H, of S. In I, f is assigned a function that maps (ht, ... ,h,.), an element in Hn, to 

f(ht, ... , hn), an element from the Herbrand universe of S. 

(3) Every n-place predicate symbol is assigned a mapping from lin to {T, F}. 

A Herbrand interpretation may be conveniently described as a subset of the atoms 

in the He.rbrand Base that are assigned toT in this interpretation. 

Definition 2.3.4 If a clause set S is true in a Herbrand interpretation I, then I is a 

Herbrand model of S. 

Recall that a valid wlf is true under all interpretations. Herbrand developed an 

algorithm to find an interpretation that can falsify a given formula. However, if the formula 

is valid then no such interpretation exists and the algorithm will halt after a finite number 

of trials. One corollary of this algorithm forms the basis of instance-based theorem proving. 

Theorem 2.3.1 A setS of clauses is unsatisfiable if and only if there is a finite unsatisfi­

able subset G of ground instances of clauses of S. 

Proof. Proved in [CL73]. 0 
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Resolution 

We briefly overview the resolution proof procedure. Resolution[Rob6.5] is a refuta­

tional theorem proving strategy that combines The main operation in resolution is a simply 

a single inference rule that takes two clauses, and produces a third clause which is a logical 

consequence of the two clauses. The two clauses are called parent clauses and the third 

clause is called the resorvent. We first define the factoring operation. 

Definition 2.3.5 If two or more liter·als of a clause C have a most general unifier 0', then 

C 0' is called a factor of C. 

Example. Let C be the clause {p(x), p(a), q(x, y)}. {p(a), q(a, y)} is a factor of C. 0 

\-Ve now define resolution. Suppose there are two clauses Cr and Cz such that C 1 contains 

the literal /1 Cz contains the literal /2 .such that lr and l2 are complementary by the most 

most general unifier IJ. Then, the resolution of C 1 and C2 produces the resolvent: 

(Cr \ lr)B U (Cz \ lz)& 

We refer to factors of the resolvents as resolvents ag well. 

Example. Consider the following two clauses C 1 and C2 : 

{p(x, f(y)), ...,q(g(x), z), r(x,z)} and 

{ ...,p(g(u), w), ...,m(u, v), r(v, w)} 

The literals p(x, f(y)) and p(g(u), w), or £ 1 and Lz, unify with the most general unifier 

{x >-+ g(,u), w >-+ f(y)} denoted by B. The resolvent of the two clauses is: 

{ ""IJ(g(g(u)), z), r(g(u), z), ...,m(u, v), r(v, f(y))} 

Sidenote: The above resolvent has the following factor. 

{ ...,q(g(g( u)), f(y) ), r(g( u ), f(y)), ...,rn(u,g( u))} 0 

The resolution proof procedure consists of generating resolvents of a set S of 

clauses, adding these resolvents to S and creating, more resolvents, and so on. A clause 

C is said to be derived by resolution from S if and only if it it can be generated by a 

sequence of resolutions as described above. We denote this derivation by S f-R C. S is 

unsatisfiable if{} can be derived from S by resolution. 

Theorem 2.3.2 The Resolution pmof procedure is sottnd and complete. S f= {} iFand only 

if 5 1-R {}. 

Proof. For the proof we refer the reader to [CL 73]. 0 
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We illustrate the resolution proof procedure with the following example. For the 

sake of clarity we show only resolvents that are used to derive the empty clause. 

Example. Consider the following set of clauses: 

1. {•p(x,g(y)),•q(f(y))} 

2. {p(a, z), •p(a, f(z))} 

3. {q(f(b))} 

4. {p(x, f(g(b)))} 

We get 

5. {•q(f(y)),•p(a,f(g(y)))} from 1. and 2. 

6. {•p(a,/(g(b)))} from 3. and 5. 

7. {}from 4. and 6. 

Since we get the empty clause the resolution procedure indicates that a proof is 

found and terminates. 0 

There are several variants of the binary resolution operations. We list some that 

are of interest to us. Unit Resolution is a resolution operation where at least one of the 

clauses is a unit clause. Unit-resulting resolution (UR resolution) is a multi-step resolution 

operation on a single clause telescoped into one operation such that final resolvent is a unit 

clause. These, and several other variants of resolution, are described in detail in [CL73]. 

The following example helps illustrate the above two variants. 

Example. Consider the following set of clauses: 

1. {•p(x, g(y)), •q(y), r(x, y)} 

2. {p(a,z)} 

3. {q(g(b))} 

We get the following resolvent by unit resolution of (1) and (2) 

4. {•q(y), r(a, y)}. 

We get the following UR-resolvent by UR-resolution of (1) with (2) and (3) 

5. {r(a, g(b)}. 

Instance-Based Proof Procedures 

0 

Another refutational approach to theorem proving is the instance-based approach. 

Instance-based proof procedures are direct applications of Herbrand's theorem. Recall that 

a set of first-order clauses, S, is unsatisfiable if and only if there exists a finite subset of 
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ground instances of S, G, such that G is unsatisfiable. A proof procedure that naturally 

follows from Herbrand's theorem is to systematically generate ground instances of the input 

clauses and to use a propositional calculus decision procedure to periodically test the ground 

instances for satisfiability. 

Gilmore[Gil60] implemented the first such theorem prover. His prover generated 

ground instances of the input clauses using the Herbrand base and periodically tested this for 

satisnability. The results were predictable~ the prover performed poorly. Herbrand bases 

are generally huge. Therefore, too many instances were created by this prover. Moreover, 

the propositional calculus procedure used was highly inefficient. For several decades the 

instance-based methodology was not pursued chiefly because of the above reasons, and 

because of the overwhelming influence of resolution on ATP research. 

Plaisted and Lee [LP92] describe an idea to combine unification with instance­

based methods. The prover based on this idea, CLIN ,- uses the hyper linking strategy to 

create ground instances. 

Definition 2.3.6 Suppose S is a set of clauses. Let C be a clause in S of the form, 

{LI. ... , £,.}. Suppose there exist literals that appear inS, tv!,, ... , i\In, and a substitution 

B, such that the literals L;B and M,l) are complementary. Then the clause instance C(J is 

said to be a hyper-link instance of C. 

Briefly, the clause-linking proof procedure creates hyper-instances of the input 

clause set, S, adds them to S and creates more hyper-instances, and so on. Periodically, 

all the variables in the set of hyper-instances are replaced by some ground term t from the 

Herbra.ud universe, and the resulting ground instances are then tested for satisfiability. 

Theorem 2.3.3 {LP92} Clause linking is a complete proof procedure for first-order logic. 

Example. Consider the following set of clauses: 

1. {p(x,g(y))} 

2. { -.p(f(x), y), g(h(y))} 

3. {-.q(z)} 

4. {q(l(x)), r(y)} 

The following hyper-instances are created and added to the set: 
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of the replacement paradigm. In RRTP, input clauses are automatically converted into 

replacement rules. Replacement rules may be derived from input clauses using a variety of 

ways or replacement strategies. 

In clause form tepresentation, the theorem to be proved is a unit clause, and is 

often ground. Literals in such clauses are already known to be relevant to the proof search, 

and are called relevant literals. The replacement rules and relevant literals are used to 

generate instances of the input clauses. \'Ve note that in RRTP, replacement rules are 

used only to select the instances from the input clauses- no explicit replacing of predicate 

definitions is done. The instances are tested for nnsatisfiabi!ity by a propositional calculus 

decision procedure. 

The rest of the chapter is organized as follows: First, we formalize replacement and 

describe some replacement strategies that are used in RRTP. vVe then describe a version of 

RRTP that is complete for range-restricted clauses. Following which we describe extending 

the range-restricted prover to make it complet.e for first-order logic. Finally we discuss the 

performance of the prover when compared to other state-of-the-art theorem provers on some 

difficult theorems. 

3.2 Replacement 

Consider the clause C = { L1, ... , Lk, N1, ... , Nm}· A replacement strategy creates 

one or more replacement r~.tles of the form -.£1, ... , -,£k --+ N1, ... , Nm from this clause. 

The commas to the left of -t represent logical "and" and the commas to the right of -t 

represent logical "or". l'iote that L; could be negative, that is, L; = -,pi· In such cases 

-.L; refers to P;. If there exist literals, -.lH1 , •.. , -,Ji,1k from the set of relevant literals and 

there exists a most general unifier 0 such that L;{J = M;B for 1 ,-; i :;;; k, then CO is a 

replacement instance. We call the literals £ 11}, ••• , Lk() antecedent literals and the literals 

1'hll, ... , NmO consequent literals of the replacement instance. A variable that is present only 

in some consequent litera! but not in any of the antecedent literals is a positive replacement 

variable. Extending the definition of a range-restricted clause (see definition 2.2.22), we say 

that a replacement rule is range-restricted if it has no positive replacement vari!!.bles. A 

replaceme!lt strategy is called range-restricted if it creates only range-restricted replacement 

rules. 

RRTP uses three kinds of replacement strategies: forward, definitional, and natu-
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ral. Definitional and natural replacement are both refinements of a general range-restricted 

strategy. The strategy simply is to distribute the literals of a clause such that all the clause 

variables are present in the literals that appear on the left-hand side of the resulting re­

placement rule. Such a general strategy creates too many unintuitive replacement rules. 

However, imposing constraints on the number of literals on each side of the replacement rule 

leads to more intuitive and useful strategies including definitional and natural replacement. 

3.2.1 Definitional Replacement 

Suppose there exists a clause C = {L, L1, ... , Lk} containing a literal L such that 

the variables of L are the variables of C. A definitional replacement rule obtained from 

this clause is •L --+ L1, ... , Lk. Accordingly, if ·M is a relevant literal, and there exists 

a substitution B such that LB = MB, then CB is a replacement instance. Ld, ... , LkB 

are added to the set of relevant literals. Definitional replacement can be extended to two 

literals. If the variables of literals L 1 and L2 in a clause C = { L1 , ... , Lk} are the variables 

of C, then •L1, •L2 --+ L3 ... Lk is a definitional replacement rule. The following example 

illustrates definitional replacement. 

Example. Consider the following clause: 

{ •pl(X), •p2(Y),p3(Z), •p(X, Y, Z)} 

One definitional re'placement rule obtained from this clause is: 

p(X, Y, Z)--+ •pl(X), •p2(Y),p3(Z) 

Suppose at some point in the proof search we have that p(a, b, c) 1s a relevant 

literal, then the clause instance { •pl(a), •p2(b),p3(c), •p(a, b, c)} 

is a definitional replacement instance. The literals •pl(a), •p2(b) and p3(c) are added to 

the set of relevant literals. 0 

3.2.2 Natural Replacement 

Suppose there exists a clause C = {L, L1, ... , Lk}, such that the set of variables 

of literal L is a subset of the set of variables of L1, ... , Ln, then •L1, ... , •Lk --+ L is a 

natural replacement rule. In many cases, several natural replacement rules may be derived 

from a single clause. One variant of natural replacement that is more desirable is to turn 

a clause { L 1 , ... , Lk} to a replacement rule of the form ·L1 , .•. , •Lk --+ _L We term this 
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Example. Consider the following clause: 

{ -,pl(X), '""P2(Y), p3(Z), -p(X, Y, Z)} 
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There are several natura.! replacement rules that may be derived from this clause. 

Since none of the literals have variables unique to itself, there is a natural replacement rule 

for each litera.! as a consequent literal. In our system, we refine natural replacement rule.~ 

to be simple natural replacement rules; where there are no consequent literals, or if the 

consequent literal in the rule has all the variables in the clause. In this case the natural 

replacement rule is the contrapositive of the definitional replacement rule from the same 

clause. 

The two natural replacement rules that are create from the above clause are: 

pl(X), p2(Y), -,p3(Z), p(X, Y, Z)-+ ..L 

pl (X), p2(Y), -,p3(Z) -+ '""P(X, Y, Z) 

The first rule is a simple natural replacement rule. The second is a contrapositive 

of the definitional replacement rule from the same clause. 0 

3.2.3 Forward Replacement 

Suppose there exists a clause C {-,£1, ... , '""Ln, P1, ... , Pj} where the •Li's are 

negative literals and the P;'s are positive literals. Then, L1, ... , Ln-+ ?;, ... , Pj is a forward 

replacement rule. 

Unlike the other replacement strategies that depend on the variables in the clauses, 

forward replacement orients the clause ba..<ed on the positive and negative literals in the 

clause. As a result, exactly one forward replacement rule can be derived from every clause. 

Furthermore, forward replacement is not a range-restricted strategy; it creates rules that 

have positive variables. 

Example. Consider the following clause: 

{~pl(X, Y, Z), -,p2(X,Z),ql(X, Y), q2(Y, Z)} 

The forward replacement rule from this clause is 

pl(X, Y, Z),p2(X, Z)-+ ql(X, Y),q2(Y, Z) 

0 
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3.3 RRTP 

RRTP performs several rounds of replacement using rnles created by the replace­

ment strategies. We describe how one round of replacement is done and characterize it in 

terms of its inputs and outputs. 

Definition 3.3.1 Replace takes as input a set of replace rules, R, and two sets of r·elevant 

literals, M I and A12. For every replacement rule of the form Pr' ... ' pk -t Nr' ... ' N m E n' 
suppose there exist literals, .!Vi}, ... , Mk in A1 1 U ;1.1z, such that 1\11 , ••• , lvik and P1 , ... , Pk 

unify with (l most gener-al unifier 9, and at least one of M1 , .•• , Mk is present in M 1 , then, 

Replace outputs the replacement instance, P1 9, ... , Pke -t N1 e, ... , Nme and the. relevant 

literals, N18, ... , N,.e. 

That is, Replace('R., ,VIr, M2) =< I,£ >, where I is the set of replacement in­

stances returned and £ is the set of relevant literals created in this round. The reason for 

dividing the input relevant literals into two sets is to avoid recreating the same replacement 

instance in every round. This will become dear during the algorithm's discussion. 

3.3.1 A Prover for Range-Restricted Clauses 

We first describe a prover for range-restricted clauses. Replacement rules created 

from these clauses using deflnitional, natural and forward replacement are range-restricted. 

The reason for describing this version of the prover is twofold: completeness of RRTP can be 

demonstrated more easily by first shov.'ing that this prover is complete on range-restricted 

clauses. Secondly, it is not uncommon to find theorems that involve only range-restricted 

clauses, and most theorems have many range-restricted clauses, including ground positive 

clauses. 

Figure 3.1 shows the prover for range-restricted clauses. The prover repeatedly 

performs rounds of replacement. In each round the prover uses the relevant literals cre­

ated so far to produce replacement instances, to create more relevant literals and ground 

instances. The ground instances are tested for unsatisfiability every round. 

Completeness 

\Ve discuss the completeness of this prover for range-restricted clauses. From Her­

brand's theorem, if a set of clauses Sis unsatisfiable then there is a set of ground instances 



Algorithm 1 (RRTP, Range-Restricted Version) 
Input: Set S of skolemized range-restricted first-order clauses 

Output: Proof of U nsatisfiability of S. 

1 Round r 1; 
2 PROOF r false; 
3 SATISFIABLE r false; 
4 £ r ¢; 
5 Lor¢; 
6 R r Replacement rules from S using replacement strategies; 
7 
8 while not PROOF and not SATISFIABLE do 
9 i r Round; 

10 < S;, L, > r replace(R, L;_ 1, £); 
11 £ r £UL;; 
12 
13 S r SuS;; 
14 
15 if S is PCunsatisfiable then 
16 PROOF r true; 
17 endif 
18 if L; is ¢ then 
19 SATISFIABLE r true; 
20 endif 
21 
22 endwhile 

Figure 3.1: RRTP for range-restricted clauses 
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of S that is proposition ally unsatisfiable. Let the minimal unsatisfiable subset of the ground 

instances be G S· It suffices to show that the replacement instances created by the prover 

will eventually contain the minima.! unsatisfiable set. Vve need only forward replacement to 

show completeness, and we assume that the prover uses only forward replacement. 

The proof is along the lines of the following argument: Every round of replacement 

creates at least one new ground instance that is part of the minimal unsatisfiable set. Since 

the number of ground instances in G s is bounded, the prover eventually generates .all ground 

instances in the minimal unsatisfiable set. 

Lemma 3.3.1 Suppose ther-e exists a satisfiable set of replacement instances, then there is 

a model for the replacement instances, that contains only ?'Cievant litemls. 

Proof. From Lemma 2.1.2, there is a model that contains only positive literals of the 

clauses. From the definition of forward replacement, all-the positive literals in the replac,. 

ment instances are relevant literals. o 

We refer to such a model as the relevant literal model. 

Lemma 3.3.2 Given an unsatisfiable set of range-restricted clauses, S, as long as the 

replacement instances created thus far are satisfiable, each new round of RRTP cr-eates a 

new replacement instance belonging to the set of minimal unsatisfiable set, Gs, of ground 

instances of S. 

Proof. The proof is by induction. The first round of replacement produces all the all­

positive ground clauses as replacement instances. By Lemma 2.Ll, at least one of them 

belongs toGs. Therefore the basis holds. 

Suppose that for k rounds the prover creates one new replacement instance that 

belongs toGs. If the replacement instances are unsatisfiahle then we are done. Otherwise, 

there exists at least one ground instance, CO E Gs that is, following Lemma 3.3.1, contra­

dicted by the relevant literal model lvfR. Therefore, for each negative literal ~LIJ in C8, 

there exists a relevant literal LIJ in MR. Following the definition of forward replacement, 

the replacement instance CIJ is created in the k + lth replacement round. 0 

Theorem 3.3.1 RRTP is complete for range-restricted clauses. 

Proof. Given a setS of clauses, from Herbrand's theorem, there exists a finite subset of 

ground instances of 8 that is unsatisfiable, called Gs. From Lemma 3.3.2, every replacement 
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round of the prover creates at least one new instance in the unsatisfiable set of ground 

instances of S. Since the number of instances is bounded, the prover eventually creates all 

ofGs. 

We illustrate the working of the prover with a simple example. 

Example. Consider the following set of range-restricted clauses: 

1. {largest(!)} 

2. {smallest(m)} 

3. { inRange(x, y, z), larger(x, y), smaller(x, z)} 

4. {~largest(x),smaller(z,x)} 

5. { ~smallest(x), larger(z, x)} 

6. {~larger(x,y),smaller(y,x)} 

7. {~smaller(x, y), larger(y, x)} 

8. { ~larger(x, y), ~larger(y, x)} 

9. { ~smaller(x, y), ~smaller(y, x)} 

10. {~inRange(a,l,m)} 

0 

The above clauses define what it means for an object to be in the range of two other 

objects. The also provide partial definitions for relations between objects in terms of size. 

The theorem states that any object lies in the range between the smallest and largest object. 

Some replacement rules that are derived from the above set of clauses are as follows: 

1. --+ largest(!) 

2. --+ smallest(m) 

3. ~inRange(x, y, z)--+ larger(x, y), smaller(y, z) 

4. ~zargest(x),~smaller(z,x)--+ _]_ 

5. ~smallest(x),~larger(z,x)--+ _]_ 

6. larger(x, y)--+ smaller(y, x) 

7. smaller(x, y)--+ larger(y, x) 

8. larger(x, y)--+ ~larger(y, x) 

9. smaller(x, y)--+ ~smaller(y, x) 

10. --+ ~inRange(a, l, m) 

Rules 1,2,6 and 7 are forward replacement rules from clauses 1,2,6 and 7 respectively. Rules 

3,8,9 and 10 are definitional replacement rules from clauses 3,8,9 and 10 respectively. Rules 

4 and 5 are natural replacement rules from clauses 4 and 5. 

In the first round, from rules 1,2 and 10 we get the following replacement instances: 
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1. {largest(!)} 2. {smallest(m)} 3. {•inRange(a,l,m)} 

The relevant literals created in this round are underlined. The next round produces the 

following replacement instance by rule 2: 

4. { inRange(a, l, m), larger( a, l), smaller(a, m)} 

Following this, we get from rules 6 and 7: 

5. {•larger(a,l),smaller(l,a)} 

6. {•smaller(a, m), larger(m, a)} 

In the next round we get, from rule 8 and 9: 

7. {•larger(m, a), •larger( a, m)} 

8. { •smaller( I, a), ~smaller(a, I)} 

Finally we get the following instances from rules 4 and 5: 

9. { •largest(!), smaller(a, l)} 

10. {•smallest(m), larger(a, m)} 

The above instances are prepositionally unsatisfiable. 

3.3.2 Instantiating Replacement Instances 

0 

To make RRTP complete for full first-order logic, positive variables in the replace­

ment rules that are not range-restricted have to be systematically instantiated by terms 

from the Herbrand universe. One way to do this is to modify the replacement rules them­

selves and make them range-restricted by the introduction of domain predicates. This is 

similar to the prover SATCHMO[MB88]. 

Suppose we have a set S of first-order clauses. For every clause C in S we perform 

the following modification, which is based on the forward replacement rule created from C. 

For every positive variable, X, that appears in a replacement rule, a literal domain{X) is 

added to the list of antecedent literals. For example, the replacement rule 

p(x, y), q(y, z)-+ r(x, y, z), t(x, w) 

is modified to 

p(x, y), q(y, z), domain(w)-+ r(x, y, z),t(x, w) 

We refer to the modified clause as Cdomain, and the modified set of clauses as Sdomain· The 

following replacement rules are added to Sdomain as well: For every constant symbol c, that 



appears in S a replacement rule 

-t domain( c) 
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is added. If there are no constant symbols in the clause set, then an arbitrary constant 

symbol is chosen. For every n,p]ace function symbol f that appears in the clause set the 

repla.cement rule 

domain(xJ), ... ,domain(x,.) -t domain(f(x 1, ... ,x,)) 

is added, where Xt, ••• , Xn refer to universally quantified variables. 

The rationale for the above replacement rules is obvious: For every term t in the 

Her brand Universe of terms, these forward replacement systematically creates a relevant 

literal of the form domain(t). In the first round of replacement, from these rules, all 

the constants in the universe appear in the relevant do·main predicate literals. Subsequent 

replacement rounds produce domain predicate literals that contain terms fl'Dm the Her brand 

Universe of S. 

Lemma 3.3.3 Any model for Sdomain must interpret the domain predicates as true. 

Proof. The proof is by induction on the size of the term in the domain predicate. 0 

Theorem 3.3.2 Svomain is satisfiable iff S is satisfiable. 

Proof. (If) Suppose Sdomain is satisfiable and is modeled by lvfdcmain· Construct M from 

1Hdomain by removing exactly the interpretation for the domain predicate. Consider any 

clause C E S. The clause Cdomain E Sdomain contains all the literals in C and, possibly, 

some negative domain literals. By lemma 3.3.3 any model of Sdomai·n interprets alf domain 

predicates as true. Therefore, if ,I;Jdomain models Cdomain> then l'vf models C. 

(Only If) Suppose 8 is satisfiable and is modeled by l'vf. Construct Mdomain 

from lvf by adding the interpretation of the domain predicate; all domain predicates are 

interpreted to be T. Therefore, l'daomain models all the Horn clauses describing the domain 

predicates. For the other clauses in Sdomain 1 suppose 1Vfdoma-in contradicts Cdomain, then 

since lv[ is identical to li!Iaomain except for the domain literals, lvf must contradict C. This 

is not possible as C E S and lV[ models S. Therefore Mdomain models Sdamain. 0 

Corollary 3.3.3 Suppose 8damain is unsaiisfiablc, then by Herbrand's theorem there exists 

a finite set of ground instances G domain that are unsatisfiable. Let G be a subset of the 
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each I;, bounding the number of replacement rounds for each I; compromises the prover's 

completeness. 

Vve desire a version that is complete and prefers small replacement instances. To 

accomplish this we postpone the instantiation of the variables until after the replacement 

instances are created. The relevant literals are now possibly non-ground, and have to be 

unified with the antecedent literals of the replacement rules; previously they only needed 

to be matched. This results in replacement instances that may have non-positive variables 

that need to be ground. This strategy allows us to choose an instantiation mechanism that 

prefers small instances in terms of the substitution size for the positive variables, and keeps 

the prover complete. 

Before we describe the algorithm, we describe an instantiation scheme that is 

based on the size of the substitution and the number of variables to be substituted. The 

exact substitution used on an instance depends on the round the replacement instance was 

created, and the round of the algorithm currently taking place. \'Ve define hcrbrondTerms 

that creates substitutions given the number of variables, the function symbols to create the 

Herbrand terms and the size of the substitution. 

Definition 3.3.2 herbrandTerms takes as input a set, :F, of function and constant terms; 

a size, N; and the number of variables in the substitution, and outputs all substitutions of 

size N, of the variables, with substituands made of Herbrand terms created from :F. 

The size of a substitution is the sum of the sizes of the substituand terras. For 

example the substitution {x r-t f(c), y r+ f(g(a), b)} has a size of three, whereas the sub­

stitution {x >-+ f(c)} has a size of one. 

That is, e t- herbmndTerms(:F, N, NumVar) where e is the set of substitutions 

created. 

The following example illustrates herbrandTerms: 

Example. Let :F be {f($,$),g($),a}. Let the size of the substitution be one, and the 

number of variables be two: x1 and "'2· Then, herbrandTerms(:F, 1, 2) returns the following 

substitutions: 

{x1 >-+ a,x2 >-+ g(a)} 

{x1 >-+ g(a), xz >-+a} 



{ x1 >--+ a, x2 >--+ f( a, a)} 

{x, >--+ f(a, a), x2 >--+a} 

3.3.3 The RRTP Algorithm 
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The algorithm that describes RRTP is shown in Figure 3.2. Using the replacement 

rules created from the input clauses, and the relevant literals computed thus far, every round 

of replacement produces replacement instances and some new relevant literals. The input 

relevant literals are divided into two groups to avoid creating the same replacement instance 

each round. 

Every round also creates substitutions, increasing in size, with the Her brand terms 

of the input clauses. The replacement instances are made ground with the substitutions to 

create ground instances. Every round, the ground instances created thus far are tested for 

unsatisfiability by a propositional calculus decision procedure. 

3.3.4 Completeness and Soundness 

Theorem 3.3.5 RRTP is a sound proof procedure for first-order logic 

Proof. The soundness of RRTP is easily established. if RRTP indicates the clause set S 

is unsatisfiable, then there exists a set of ground instances of S that are propositionally 

unsatisfiable. Therefore, by Herbrand's theorem, S is unsatisfiable. 0 

We use the Lemma 3.3.4 to prove the completeness of RRTP. 

Lemma 3.3.4 For every replacement instance CdomainB created by the range-restricted 

prover, RRTP creates a ground instance C¢ such that C¢ is the same as CO. 

Proof. Follows from Definition 3.3.1 and Definition 3.3.2 0 

Theorem 3.3.6 RRTP is refutationally complete for first-order logic. 

Proof. Let S be an unsatisfiable set of first-order clauses. By Theorem 3.3.4 the range 

restricted version of RRTP creates an unsatisfiable set of ground instances from Sdomain· 

From Lemma 3.3.4 RRTP creates a set of ground instances of S that are, by Corollary 3.3.3, 

unsatisfiable. 0 



Algorithm 2 (RRTP, Basic Description) 
Input: Set S of skolemized first-order clauses 

Output: Proof of Unsatisfiability of S. 

1 Round +-- 1; 
2 PROOF +--false; 
3 SATISFIABLE +-- false; 
4 £+-<f;; 
5 La +-- <f;; 
6 R +-- Replacement rules from S using replacement strategies; 

7 
8 while not PROOF and not SATISFIABLE do 
9 i +-- Round; 

10 si +-- ¢; 
11 < R;, Li > +-- replace(R, Li-b£); 
12 £ +-- LULi; 
13 
14 for j = 0 to i do 
15 k +-- i-j; 
16 forall I E Rj do 
17 forall 8 E herbrandTerms(F,NumVars(I),k); do 

18 si +-- si u I.e; 
19 enddo 
20 enddo 
21 enddo 
22 
23 S +-- S u Si; 
24 
25 if S is PCunsatisfiable then 
26 PROOF t- true; 
27 endif 
28 if Li is <f; then 
29 SATISFIABLE +-- true; 
30 endif 
31 
32 endwhile 

Figure 3.2: Outline of RRTP Algorithm 
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3.3.5 UR Resolution 

UR-Resolution combines well with replacement. A set of unit consequences U of 

the input clauses is maintained, starting with the unit clauses from the input. Suppose that 

there is a natural replacement rule of the form A1 , ..• , An -t L. If there exist U1 , ... , Un 

in U, and a substitution (} such that A;IJ = U;B, then L8 is added to U. Unsatisfiability is 

detected by the creation of a replacement instance _L from a replacement rule of the form 

A1 .... 4n -t _L. 

Unit consequences are treated like relevant literals when creating replacement in­

stances, except the literal in the replacement rule that unifies with a unit consequence is 

resolved away in the replacement instance. For example, suppose that there is a. replace­

ment rule, Lt, .. . , Lk -+ A1, .•• , Aj, and there exist relevant literals, M1, ... , !vfm, such that 

LiB= lvfi(), 1 ~ i ~ m, axtd Lm+ie = Uie, 1 ~ i ~ k m,_where Ut, ... , Uk-m belong to the 

set U. Then, the replacement instance { ~L 1 &, .•. , ~Lm8,A1 8, ... , Aj8} is created. If the 

replacement instance is made of a single consequent literal, then that literal is added to U. 

Example. Consider the following replacement rule: 

pl(X, Y, Z),p2(X, Z) -t ql(X, Y), q2(Y, Z) 

Suppose we have the relevant literal pl(a,b,c) and the literal p2(a,c) is a. unit 

consequence literal. Then, the following replacement instance is created. 

pl(a, b, c) -t ql(a, b), q2(a, c) 

The literals ql(a, b) and q2(a,c) are added to the set of relevant literals. 0 

Bxample. Consider the following replacement rule: 

pl(X, Y),p2(X, Z) -t ql(X, Y, Z) 

Suppose we have the unit consequence literals pl(a, b) and p2(b, c). Then, the 

following replacement instance is created: 

{ql(a, b, c)} 

The literal ql(a, b, c) is then added to U. 
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Figure 3.3: The chart on the left depicts the Replacement phase, while the one on the right 
depicts the Instantiation phase. 

3.3.6 Improvements and Variants 

Ground Replacement 

In many cases, the theorem is represented by ground unit clauses in the in put 

set. Clearly, these literals are relevant to the proof. Moreover, any positive clause that 

is relevant to the proof is likely to be ground. Other positive clauses are usually unit 

clauses and such clauses are not used as replacement rules. The prover can be modified 

to use relevant literals from the ground unit clauses and only range-restricted replacement 

rules, to create replacement instances that are all ground. Of course, such a modification 

destroys the prover's completeness. So we simply delay the instantiation phase. This 

modification substantially reduces the number of replacement instances and the number of 

relevant literals created, and results in marked performance improvement. Further, in our 

experience there is not a significant drop in the number of theorems proved. 

In the ground replacement version of RR:fP is shown in Figure 3.3. There are 



two phases: replacement and instantiation. At the beginning of the replacement phase, as 

before, replacement rules are created from the input clauses. These rules are then used 

to generate replacement instances. Some of the instances may already be ground and are 

tested for unsatisfiability. After a few rounds of replacement, the prover times out and 

enters the instantiation phase. D>uing the instantiation phase, the non-ground replacement 

instances are systematically grounded and tested for unsatisfiability. 

Size Increasing Replacement Instances 

Consider the replacement rule 

p(X) -tp(f(X)),p(g(X)) 

Any replacement instance from this rule is size-increasing as a relevant literal created using 

this replacement rule is larger than the antecedent literal. Further, suppose that p(a) is 

some relevant literal, then we get the following relevant literals: 

p( a), p(f( a)), p(g( a)), p(f (g( a))) ,p(g(f(a))), ... , p(J( . .. ) ) 

in successive rounds of replacement by the same replacement rule. Typically, such literals 

create larger and larger instances that do not help the proof. 

Definition 3.3.3 A replacement instance is said to be size-increasing if some consequent 

literal is larger than all of the antecedent literals. The consequent literals of size-increasing 

replacement instances are te1•med as size-increasing literals. 

To control the effect of such literals on the proof search, the addition of size­

increasing literals to the set of relevant literals is delayed until no more replacements can 

be performed. This restriction, usually allows the prover to go more rounds, and find deep 

proofs that do not involve size increasing relevant literals. Of course, proofs involving size 

increasing relevant literals are delayed. 

Equality and Brand's Transformation 

One way for a theorem prover to handle equality is to simply use the equality 

axioms presented in Chapter 2, definitions 2.2.29,2.2.30. However, this approach is not very 

suited to the way RRTP functions. The chief problem is that the substitution axioms for 

the function and predicate symbols tend to outnumber axioms that are more central to 

the theorem being proved. As a result, several relevant literals that contribute little to the 
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3.4 Performance 

3.4.1 TPTP Library 

Geoff Suttcliffe and Christian Suttner have in [SS97] described a classification 

of theorems under four categories: easy- solved by all state-of-the-art ATP systems; 

difficult- solvable by some state-of-the-art ATP systems; unsolved- solvable by no state­

of-the-art ATP system and open- it is not known whether the problem is a theorem. Of 

the thousands of problems archived in [SSY93], around five hundred are categorized as dif­

ficult. These problems exemplify what is currently within the reach of ATP technology. In 

most cases, there are only one or two provers that can prove these selections. 

The problems are categorized under several domains. For a detailed introduction 

to th~>.se domains and the problems we refer the reader to [SSY93]. 

We summarize results of the performance of RRTP on these problems in Table 3.1, 

in comparison with some other provers. Since the provers did not all run on the same 

architectures, we do not include the times each problem took. 'vVe only present summary 

information in this table. A more detailed table is presented in Appendix A. Expectedly, 

RRTP does very well in theorems involving set theory (SET). Replacement is a natural way 

to solve problems in the von Neumann-Bernays-Godel set theory where many predicates are 

defined in terms of other predicates. The performance of RRTP on problems not involving 

equality is even more encouraging. This is shown in Table 3.2. 1 

We briefly comment on the provers compared. Otter[McC90] is the state-of-the­

art resolution prover. This theorem prover is the culmination of over thirty years of ATP 

research and development in Argonne Y\ational Labs. Recently, Argonne National Labs 

enjoyed some some publicity[Kol96] as one of their provers proved an open conjecture in 

mathematics~ the Robbins problem. SETHEO[LSBB92] is a theorem prover based on the 

idea of mode! elimination[Lov78]. The proof procedure is implemented as an extension of 

the Wa.rren Abstract Machine. It is a fairly substantial software product that incorporates 

many ideas in theorem proving research. The pervading philosophy in SETHEO is that "one 

ingenious idea is not sufficient; the engineering aspect forms a substantial component of the 

system". As a result it is difficult to pinpoint the reason for SETHEO's performance. A 

the theorems used in the CADE-14 Automated Theorem Proving Competition 1 when only non­
Horn non-Equality problems are considered, RRTP exlUbits performance that was superior to aU the other 
systems. 
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Comparison of Some Provers on difficult TPTP problems 
Domain # Problems l Otter SETHEO I CLIN CLIN-E Linus I RR:TP i 

BOO 13 11 5 !4 1 9 6 
CAT 32 26 12 l1o 10 22 17 

·I CID 2 2 0 !o 0 0 0 
I I. COL 6 1 2 1 1 lz 1 I li GEO 31 9 5 5 11 I ~o 9 ,, 
! ji 

GRP 35 16 8 6 ~ 3 ' HEN 20 20 2 4 7 9 5 
LAT 2 2 0 0 0 0 0 
LCL 23 18 21 13 3 19 16 • ' 
LDA 1 1 0 1 1 1 0 ' 

i 
MSC 1 • 1 1 0 1 1 1 
NUM 25 11 10 7 2 9 11 
PLA 23 0 23 0 2 0 I~ RNG 13 13 4 5 4 8 

' ROB 2 2 0 0 o· 1 lo I 
II 

SET 116 55 33 ll 0 53 62 
SYN 37 35 '26 35 1 35 35 35 

II Total ' 382 223 I 152 102 85 186 171 I 

Table 3.1: Comparison of RRTP wrth other provers 

version of SETHEO incorporating equality won the OADE-13 Automated Theorem Proving 

System Competition. Linus[Let97],CLIN and CLIN-E are all theorem provers based on 

hyper-linking. CLIN-E uses a smallest instance preference strategy. Linus, like RRTP, 

incorporates UR-Resolution as well. 

3.5 Conclusions 

RRTP does extremely well on near-propositional problems, and range-restricted 

problems. It also exhibits superior performance on non-Horn non-E<:juality problems. The 

prover is ineffective on problems where the theorem is a non-ground clause. This is especially 

apparent with the planning problems (PLA) from the TPTP. We address this' class of 

problems with a proof procedure for Horn theories described in the next Chapter. 

Furthermore, replacement can be used with any theorem prover; given any theo­

rem, any prover may create some replacement. instances from the input clauses and then 

proceed with its own proof procedure. We have observed that this improves performance 
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Difficult TPTP problems without equality 
Domain Otter SETH EO CLIN CLIN-E Linus RRTP 
GRP (1) 1 0 0 1 1 1 
LCL (21) 17 20 12 3 18 16 
NUM (6) 4 5 5 1 4 6 
PLA (22) 0 22 _0 1 0 0 
SET (13) 4 7 1 0 6 13 
SYN (35) 35 26 35 35 35 35 
Total (98) 61 80 53 41 64 71 

Table 3.2: Comparison with other provers on problems not involving equality 

in provers like CLIN-S[Chu94b}. 



Chapter 4 

A Proof Procedure for Horn 

Theories 

4.1 Introduction 

There is considerable interest in decision and semi-decision procedures for sublogics 

of first-m·der logic. Of these sublogics, Horn theories are particularly interesting because 

Horn clause logic can be viewed as a programming language, and Horn theories resemble 

programs. Horn clauses are first-order clauses that have only one positive literai, and 

therefore can be viewed as implication rules. A clause of the form, £ 1 , ... , Ln -t R, is 

interpreted as the definition of the procedure R in terms of the sub procedures L1, ... , Ln. 

This interpretation forms the basis of logic programming and is realised in the language 

Prolog. Several applications are rooted in Horn clause logic. The most notable among these 

is logic programming, with a well-understood theory[Apt90] and the programming language 

Prolog [CM81]. 

The attraction of logic programming is that it is declarative- the program is 

simply a set of rules or clauses. As far as the programmer is concerned, ideally, the execution 

of such programs is left to methods that maintain the declarative meaning. Changing the 

order of the clauses or the order of the literals within the body of the clause does not change 

the declarative meaning should not cause the execution methods to behave differently. 

Such a system allows the programmer to convey specifications simply that ca,n be directly 

executed. 
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Prolog was invented to serve this declarative need. Although Prolog is an ad­

mirable declarative language, it deviates from the ideal in many ways. The most notable 

deviation is that Prolog does not have declarative control. This implies that the meaning of 

a Prolog program changes with the order in which the clauses are provided in the program. 

Reordering the clauses in one program may change it to another. Other problems such as 

the use of negation as failure, and unification without occurs-check make Prolog unusable 

for classical Horn logic[Pla84]. 

Since Horn clause logic is only partially decidable, there has been interest in sublog­

ics of Horn clause logic. Several restricted forms of Horn clause logic form the basis for many 

decidable, tractable, database languages. Horn clause logic has also been used to encode 

plans as they provide a natural means for expressing rules of cause and effect. There has 

been considerable work in the database community [CGT90] towards languages that have 

simple, efficient and terminating approaches. Such languages are based on restricted Horn 

theories. In fact, the technique we present resembles Backchain lteration[Wal93], which is 

a decision procedure for stratified datalog programs. Datalog programs are logic programs 

that have only variables and constants. 

Theorem proving techniques such as binary resolution do not distinguish the goal 

and usually end up creating all consequences of the input. This is pathological for problems 

such as planning where the objective is to come up with a plan given certain plan criteria 

in terms of some clauses, and the input configuration as unit clauses. A purely· forward 

chaining strategy such as positive hyper-resolution[McC90] results in all the possibilities 

that may be derivable from the initial configuration. It is often the case that there are too 

many states that are reachable from the initial configuration, and this approach is unsuited 

for determining a plan for a specific action. A purely backward chaining strategy such as 

negative hyper-resolution results in clause combination and redundant searches. It seems 

to be the case that most strategies are either inefficient on Horn clauses or are not sensitive 

to the theorem being proved. It seems unlikely that simply combining general axioms will 

make much progress to proving the theorem[Pla94]. On the other hand, working backwards 

from the goal using all-negative resolution seems to be highly inefficient for Horn clauses. 

The motivation for our work continues from previous efforts for such a decision 

procedure [Pla82],[Pla88a]. We are interested in a sound and complete, goal sensitive, proof 

procedure that does well for first-order Horn theories. Our strategy can broadly be classified 

as combining forward and backward chaining, but the novel aspect is that we interleave the 
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two strategies so that we work from the goal to produce instances of the input clauses, and 

use forward reasoning within these instances for proving the theorem. It is instance-based 

and refutational in nature. Since Horn theories are in general only partially decidable, this 

strategy may not terminate if there is no proof. However it is possible to bound the search 

by some other measure, for example when using it to generate a plan, information about 

the length of the plan may be used to bound the search. 

This chapter is organized as follows: we first go over the terminology used in the 

rest. of the chapter, following which we describe our algorithm in detail. After proving the 

soundness and completeness of the basic algorithm, we present some refinements that make 

it more efficient from a practical perspective. 'vVe present results of running this· method 

and compare it with the results of some other theorem provers. 

4.2 Background and Definitions 

We briefly overview the terminology used in the rest of the chapter. A term 

is a well-formed expression composed of variables and function and constant symbols. For 

example, f(x, g( a, b)) is a term. An atom is a predicate symbol, that is either a propositional 

constant, or has terms for arguments. For example, P and Q(f(x,g(a,b),z)) are atoms. A 

literal is an atom or an atom preceded by a negation sign. P and -,Q(f(x, g{a, b), z)) are 

literals. A positive literal is one that has no negation sign preceding it, and a negative literal 

is one that has a negation sign preceding it. A clause is a disjunction of literals,. usually 

written as a set for brevity. We consider only skolemized clauses, that is the variables in the 

clauses are all implicitly universally quantified. Since tile skolemization process preserves 

unsatisfiability and our proof-procedure is refutational, skolemizing the clauses is w::ceptable 

to us. For example the formula (vx)(lfy)((-,Q(f(x, g(a, b),z)), P(x)) 1\ (R(x, f(x)), -,S(y))) 

is skolemized to {{-,Q(f(x,g(a,b),z)),P(x)},{R(x,f(x)),-.S(y)}}. The symbols a and b 

are known to be constants. Variable names in clauses are freely renamed to avoid confusion. 

A substitution is a mapping from variables to terms. When applied to a clause, 

a substitution replaces the variables of the literals of the clause with the correspond­

ing terms. The result is an instance of the clause. For example, when the substitution 

{x H- f(a), y H x }, is applied to the clause { P(x, y), ...,q(y, y)}, we get the clause instance, 

{P(f(a), x), -,Q(x, x)}. A literal A is said to be more gtner·al than another literal B ifthere 

exists a substitution that when applied to A results in B. Two literals are rmifiable if there 
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exists a substitution that when applied to the literals creates the same literal instance. Such 

a substitution is called unifier of the literals. The most general unifier of two literals is at 

least as general as any other literal. The definitions for general, unifiable and most general 

unifier are extended to clauses as well. 

A clause is all-negative if it has only negative literals. A clause is all-positive if it 

has only positive literals. A unit clause has only one literal. A Horn clause is a clause that 

has at most one positive literal. We represent Horn clauses that have at least one positive 

literal and are not unit clauses, such as {--,£1 , .•. , -,£k, R}, where Lt, .. . , Lk, Rare positive 

literals, as Lr, ... , Lk -7 R. The natural reading of this representation is that R is a logical 

consequence of Lr 1\ ... I\ Lk. We refer to L 1 1\ ... I\ Lk as the antecedent literals, and R as 

the consequent literal. An instance of a Horn clause is· a Horn instance. A Horn theory is 

a theory that is made of ony Horn clauses. A logic program is a Horn theory that has no 

all-negative clauses. A goal is an all-negative clause. It is usually a unit clause. 

A logic program P entails a goal a if and only if a is a logical consequence of P, 

or if P 1\ {~a} is unsatisfiable. A strategy that proves theorems by contradiction is termed 

refutational. A clause C E P is said to be relevant to a proof if P 1\ {~a} is unsatisfiable, 

but { P \ C} 1\ {~a} is satisfiable. 

Given a set of Horn clauses, we define the backward depth of a clause instance C 

inductively: If C is an all-negative clause then the backward depth of C is zero. Suppose 

that C is a Horn clause of the form Lr, ... , Lk -7 R. If R unifies with the negative literal 

of a Horn instance that has a backward depth of i, by a unifier 8, then C8 has a backward 

depth of i + l. Note that the backward depth of a clause instance is not necessarily unique. 

Forward Depth of a positive unit is defined as follows: If L; is a positive unit clause, then 

forward depth of L; is zero. Suppose C8 is an instance of the input clause C of the form 

L 1 , ••• ,Lk-+ R. Suppose further that M1, •.• ,Mk unify with L1 , ••. ,Lk by the unifier 8, 

then the forward depth of R8 is 1 + max(fd(M1), •.• , fd(Nh)), and is given by fd(R8). 

where fd(M;) is the forward depth of literal M;. The forward depth of a unit is not unique 

either. 

The following example illustrates the above definitions. 

Example. Consider the following set of Horn clauses: 



{-.P(f(x))} 

{S(g(y)), T(y)-+ P(y)} 

{Sl(x), S2(x)-+ S(x)} 

{Tl(x), T2(x)-+ T(f(x))} 

{Tl(a)} 

{T2(a)} 

{T(f(a))} 

.so 

The clause instance {-.P(f(x))} has a backward depth of zero. As P(f(x)) and P(y) 

are unifiable by the substitution {y r-t f(x),x r-t x}, the instance {S(g(f(x))),T(f(x))-+ 

P(f(x))} has a backward depth of one. Similarly, {Sl(g(f(x))), S2(g(f(x)))-+ S(g(f(x )))} 

has a backward depth of two. The literals Tl(a) and T2(a) have forward depth zero, and 

the literal T(f(a)) has forward depth both one and zero. 

4.3 An Instance-based Proof Procedure 

In this section, we describe an instance-based proof procedure for Horn claus<>.s. Vve 

refer to this procedure as Hom-prover. We assume that there is only one all-negative clause; 

moreover, this clause has only one literal. This allows us to view the set of Horri clauses 

as a logic program P and a goal G. Goal sensitive proof procedures for logic programs 

work backward from the goal by constructing subgoals. In SLD-resolution, this is done by 

resolving the goal clauses with clauses in the program. Implementation of SLD-resolution 

is convenient if a depth first approach is used, and this leads to incompleteness as well. 

Our proof procedure is goal-sensitive as well. Instead of creating subgoals, however, 

the Hom-prover creates instances of the input clauses, of increasing backward depth starting 

from the goal. The process of creating the instances resembles backward chaining; we refer to 

it as backchain. The Hom-prover periodically searches among these instances for the proof. 

This search resembles forward chaining proof procedures such as positive hyper-resolution, 

or positive unit resolution for Horn clauses. We refer to this as forward Chain. \Ve overview 

how backchain and forwardchain are interleaved: After every round of backchain , upon 

which several instances of some backward depth are created, a round of forwardcha·in is 

performed. Each round of forwardchain is made of several levels of a controlled form of 

unit resolution. The number of such levels is the same as the number of rounds of backchain 

performed thus far. 
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4.3.1 BackChain 

We define the procedure backchain. backchain takes as input a set of Horn clauses, 

11., and a set of Horn instances, I. For every clause I 1, ... , Lk -; R E 11., suppose there 

exists an instance in I that contains R' as an antecedent literal, and R and R' unify with 

most general unifier 8, then backchain outputs the clause instance ~L1 0, ... , -.LkO-; R&. 

If I is empty then backchain trivially returns all the all-negative clauses in 11.. The 

procedure is called as backchain(1i., I). We use backchain as follows: In each round, the 

input clauses, including the goal, and instances of backward depth k are used as input to 

backchain. This produces, by definition, instances of backward depth k+ 1. During the first 

round, backchain picks the goal clause from the input set. 

We illustrate backchain with the following exa.mple. Consider the following clauses 

belonging to a set of Horn clauses. 

{pl(X, Y, Z), -.ql(X, Y), --,q2(X, Z)} 

{p2(X, Y,Z), ...,ql(X, Y), -.q3(X, Y)} 

{p3(X, Y, X), •q2(X, Y), --,q3(X, Y)} 

Let the following clause instances be instances with backward depth k 

{l"l(X, Y), •pl(X, f(X), Y)} 

{r2(X, Y), ...,pl(X, Y, f(Y))} 

{r3(X, a), •p3(X,X,a)} 

From the above two as input, backchain creates the following instances. Their backward 

depth is k + 1. 

{pl(X, f(X), Y), -.ql(X, f(X)), •q2(X, Y)} 

{pl(X, Y, f(Y)) I ~ql(X, Y), -.q2(X, f(Y))} 

{p3(a, a, a), ~q2(a,a), -.q3(a,a)} 

4.3.2 ForwardChain 

We now describe forwardchain. It is very similar to positive unit resolution, how­

ever the procedure is divided into several levels. We describe a single level of fonvardchain. 

forwardchain takes as input a set of Horn instances, I, and a. set of positive unit 

literals, P. It is invoked as forwardchain (I, P). Each level of forwardchain proceeds as 
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follows: For each clause instance C, of the form L1 , .. . , Lk -t R, in I, suppose there exist 

positive literals P1, ... , Pk in P, such that £1, ... , Lk and P,, ... , Pk unify with most general 

unifier I) then, R8 is output or that RO is proved. If there are unit positive clauses in I, 

then forwardchain naturally outputs them. 

4.3.3 The Prover 

We now describe the algorithm Horn-prover. It is basically a combination of for­

wardchain and backchain : Each round of Horn-prover is made of one round of backchain 

and one round of forwardchain. In the dth round of Horn-prover , backclwin creates in­

stances of backward depth d -1. The first level of forwardchain takes as input the instances 

of the greatest backward depth -in this case d L and no positive units. The resulting 

positive units, and instances having backward depth d-: 2, are the input to the next level 

of forwardchain. The total number of levels in fm-wardchain is the same as the number 

of rounds of Hom-prover taken pla.ce so far, this being d in this case. If the final level of 

forwarrlchain outputs J.., then we have a proof in the dth round of the Horn-prover. Other­

wise, Horn-pmver moves on to the next round. The algorithm is shown is Figure 4.1. We 

illustrate Horn-prover using the following example. 

Example. Consider the following set of Horn clauses. 

{~P(f(x))} 

{Pl(x),P2(x) -t P(x)} 

{Ql(x),Q2(x) -t P(x)} 

{P3(x),P4(x) -t Pl(x)} 

{Q3(x),Q4{x) -t Ql(x)} 

{P2(f(a))} 

{P3(f(a))} 

{P4(x)} 

{Q2(f(g(a)))} 

The first round of backchain produces 50 , illStances of backward depth zero: 

forwardchain outputs nothing at the lowest level. 



Algorithm 3 (HornProver, Basic Description) 
Input: Set S of Horn Clauses. 

Output: Proof of Unsatisfiability of S. 

1 So t- backchain(S, ¢); 
2 k t- 0; 
3 
4 while not PROOF do 
5 k t- k + 1; 
6 Sk t- backchain(S, Sk- 1); 

7 Fl, t- ¢; 
8 for i = k to ·i = 0 do 
9 +-- forwm·dChain(Si, F;); 

10 enddo 
11 if l.E Fo then 
12 PROOF t- true; 
13 endif 
14 endwhile 

Figure 4.1: A proof procedure for Horn clauses 

.53 
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The next round of backchain produces S1 , the instances of backward depth one: 

{Pl(f(x)),P2(f(x))-+ P(f(x))} 

{Ql(f(x)),Q2(f(x))-+ P(f(x))} 

Again, forwardchain outputs nothing at its first level. Due to there being no units 

created at this level, the activity of forwardchain at the next level with backward instances 

of depth zero, will be no different from the previous round. Therefore, there is no need to 

continue to the next level. 

The third round of backchain produces Sz, the following instances having back­

ward depth two: 

{P3(f(x)), P4(f(x))-+ Pl(f(x))} 

{P2(f(a))} 

{Q2(f(g(a)))} 

forwardchain outputs Fz, the positive units Q2(f(g(a))) and P2(f(a)) at this level. 

With these units and the instances of backward depth one, the next level of forwardchain 

outputs nothing. 

Next, backchain produces S3- instances having backward depth three: 

{P3(f(a))} 

{P4(f(a))} 

forwardchain outputs the following positive units from S3: P3(f(a)) and P4(f(a)). 

Using these units and Sz, forwardchain outputs Pl(f(a)), P2(f(a)), and Q2(f(g(a))) at 

the next level. This produces P(f(a)), which finally at the last level with the single instance 

from So, forwardchain outputs, F0 which includes l_. 

Note that forwardchain differs from unit resolution in a couple of aspects. Firstly, 

as seen from the example, positive unit literals do not indiscriminately resolve with the 

backward instances. More specifically, positive units created at level Fi combine only with 

backward instances Si. Secondly, the resolution is done on an instance only if all the nega­

tive literals of the instance can be resolved away. In this respect forwardchain is more like 
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positive hyper-resolution on Horn clauses. Furthermore, note that in every round forward­

chain repeats the work done on previous rounds. vVe address this and other improvements 

later. 

4.4 Completeness and' Soundness 

In this section, we show that Horn-prover is sound and complete. The soundness of 

Hom-prove•· is trivially established by showing that it is a restricted form of unit resolution. 

Theorem 4.4.1 Horn-prover is sound. 

Proof. The proof of unsatisfiability is found during forwardchain . Recall that for-ward­

chain is a restricted form of unit resolution. In forwardchain unification takes place only 

between certain positive units and negative literals of the input clause instances. All of 

these unifications can be emulated in unit resolution. If forwardchain outputs then unit 

resolution derives the empty clause. Since unit resolution is sound (CL73J, Horn-pmver is 

sound. D. 

Showing completeness of Horn-prover is more complicated. We develop it by 

proving some lemmas first. From Herbrand's theorem, if a set of first-order clauses is 

unsatisfiahle, then there exists a finite set of ground instances of these clauses that are 

unsatisfiable. Furthermore, from a set of unsatisfiable ground Horn clauses, GH, it is 

possible to obtain the following semantic tree T: The nodes ofT are all unsigned literals, or 

two special symbols, T ("true") and _!_ ("false"). For each non-leaf node N, and its children 

N1, ... , Nk, there exists an instance N1, ... , Nk-+ N, in GH. The root of the tree is _Land 

every leaf is T. \¥e refer to an instance to be at depth din 1' when the consequent literal in 

the instance is at depth d. The following example illustrates the idea of the semantic tree. 

Example. Consider the following set of ground unsatisfiable clauses. 

{~P} (or {P -+_!_} ) 

{Pl,P2,P3-+ P} 

{P4, P5-+ Pl} 

{Pl,P5-+ P3} 

{P2} (or {T-+ P2}) 

{P4} 
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Figure 4.2: An example proof tree 

{P5} 

The semantic tree that corresponds to these clauses is shown in Figure 4.2. D 

We use the idea of this semantic tree to prove completeness of Horn-prover . VVe 

refer to the unsatisfiable set of Horn clauses as S. The semantic tree made of ground 

instances of S is denoted by T. The proof is divided into two lemmas. We first show that 

backchain selects instances of S that are either in T, or are more general than the instances 

in T. We then show that forwardchain creates the empty consequent literal (1_) from the 

instances selected by backchain . 

Lemma 4.4.2 For every ground instance, fa at depth d in T, there exists an instance of 

S, IE, that has a backward depth d, and is more general than fa, 

Proof. We prove this by induction on d. The basis is as follows. The root of T is 1_. 

Therefore, the instance at depth zero is an instance of some all-negative clause in S. From 

the definition of backchain , all-negative clauses in S have backward depth zero. The basis 
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for induction holds. 

The induction hypothesis is that, for every ground instance fa in T at depth d, 

there exists an instance, Is of S, with backward depth d, such that Is is more general 

than I a. Vve now show that for every ground instance at depth d + 1 in T, there exists an 

instance of S with backward depth d + 1. 

Suppose that there exists an instance, G1, ... ,Gk-+ G, at depth d+ 1 in T. Since 

G1, ... , G k -+ G is an instance of some clause in S, there exists a clause in S L1 , •.• , Lk -+ L, 

that is the same or more general than G1,., .,Gk-+ G. Trivially, G unifies with the literal 

L. 

The parent of G in T is some node H at depth d. The ground instance I H at this 

node is of the form ... , G, ... -+ H. By the induction hypothesis, there exists an instance 

of backward depth d, that is more general than I H. Therefore, it contains an antecedent 

literal B that is more general than G. Since B is more general than G, B must also unify 

with L, with most general unifier, say, EJ. The clause instance, L 1 , ... , Lk -t L0, therefore 

has backward depth d + L D 

We refer to the instances created by backchain that are more general than the 

ground instances in the T as relevant instances. We next show that from the relevant 

instances forwardchain creates l.. vVe first show that forwardchain creates l.in the ground 

case and then lift the idea. 

Lemma 4.4.3 Given a set of instances, containing more general instances than every in­

stance in :T, forwardchain outputs l. after d levels, where dis the height ofT. 

Proof. First, we show that given the ground instances in T, with their depth in T denoting 

their backward depth, fm'Wardchain produces l.after d levels. It follows from the definition 

of forwardchain that given an instance G1 , .. ,, Gk-+ G, and the positive literals G 1, ... , Gk, 

forwardchain outputs G. From this, and the definition of the semantic tree, forwardchain 

outputs the literals at depth k in 7', with literals at depth k and instances in depth k - 1 

as input. Therefore, starting with the instances at depth d- 1, which are all positive units, 

forwardchain outputs the nodes of T from the bottom to the empty consequent literal at 

the top of the tree. 

Now we extend the above results to non-ground relevant instances. If forwardchain 

produces G from Gl, ... , Gk -+ G, and positive literals Gl, ... , Gk, then, from· a more 
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general instance, Bl, ... , Bk-+ B, and positive literals, 51, ... , Sk, forwardchain produces 

a literal that is more general than G. Any literal more general than l_ is still _!_, 0 

Theorem 4.4.4 Horn-prover is complete. 

Proof. This follows from Lemma'4.4.2 and Lemma 4.4.3. 0 

4.5 Refinements 

4.5.1 Caching Forward Units From the Input Clauses 

Typically, the number of backward instances created each round grows substan­

tially. That is, as k increases the number of instances in Sk increases, sometimes to the 

extent that computing them is a long task. We can precpmpute some of the consequences 

of the input positive units and cache them. That is, we compute all positive units up to 

a predetermined forward depth. This is usually quick and does not increase the search 

space, and trims the number of levels of the proof. Once precomputed, the positive units 

are assigned forward depths of zero. 

4.5.2 Caching Forward Lemmas and Deleting Duplicate Instances 

One of the problems of the procedure is that, every round, all of the work done 

in the previous rounds of forwardchain is repeated. For example, consider again the proof 

in Figure 4.3. The proof takes four rounds. The literal Pl, marked with a square, that 

appears in the second level, is proved in the third and the fourth round of Horn-prover. 

In most theorem proving procedures, the work done in each round is substantially 

more than the work done in all of the previous rounds, and effort to curb the repetition is 

usually not worth the payoff. However, in this case, it is worthwhile to prove every forward 

unit only once and cache that unit as a consequence of the input. Note also that another 

occurrence of the literal Pl, circled in the Figure 4.3, causes the same proof to be repeated 

elsewhere. We would like to avoid having to repeat proofs of the identical literals regardless 

of where they appear. 

vVe first discuss how to avoid repeating proofs of the same literal during different 

rounds of the algorithm. Recall that forwardchain takes as input a set of Horn instances, 

and a set of positive literals. We modify the input to be a set of Horn instances, I, and two 
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Algorithm 4 (HornProver, Caching Forward Units) 
Input: Set S of Horn Clauses 

Output: Proof of U nsatisfiability of S 

1 So +- backchain(S, ¢); 
2 k f- 0; 
3 
4 while not PROOF do 
5 k f- k + 1; 
e Sk +- backchain(S, Sk_!): 
7 Fi: +- ¢; 
a c" +- ¢; 
9 for ·i = k to ·i = 0 do 

10 Gi-l +- forwardChain(Si, C,, F;); 
11 Fi-l +- C; u F;; 
12 enddo 
13 if .LE Fb then 
14 PROOF +- true; 
15 endif 
16 endwhile 

Figure 4.4: Caching positive units to avoid recreating them every round 
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sets of positive literals, 'P1 and 'P2. It is invoked as forwarrlchain (I, 'P1, 'Pz). Ea.ch level of 

forwardchain now proceeds as follows: 

For each clause instance C E I, of the form L1, ... , Lk--+ R, suppose there exist 

positive literals Ph ... , Pk in 'P1 U 'P2, such that L1, ... , Lk and Pr, ... , Pk unify with most 

general unifier 8, and that at least one of P1> ... , Pk is taken from 'P~, then RO is output at 

this leveL forwardchain returns the positive units in I only if 'P1 and P2 are both empty. 

The new algorithm is shown in Figure 4.4 As in the earlier version, a positive unit 

created from an instance of backward depth i belongs in F;. At every level, forward units 

created at this round are separated from the ones created in earlier rounds using Ci and 

Fi. The new definition of forwardchain , which now takes two sets of positive units, ensures 

that if a positive unit is output at level j, and its forward depth is rl, then it is output in 

the j + dth round of Horn-prover. 
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Figure 4.5: Fibonacci Example 

P(s(O)) 

I 

P(s(s(O))) 

Now we direct our attention to avoiding repeating proofs for the same literal al­

though they may appear at different positions in the tree. The need is best illustrated by 

the following example modeled after generating Fibonacci numbers. 

Example. Consider the following unsatisfiable Horn clauses: 

{P(s(s(X)) ), ~P(s(X)), ~P(X)} 

{P(s(O))} 

{P(O)} 

{ ~P( s( s( s(s( s( s(O)))))))} 

0 

The semantic tree corresponding to the proof of unsatisfiability is shown in Fig-

ure 4.5. 

Consider the instances, 

{P(s(s(s(s(O))))), P(s(s(s(O))))---+ P(s(s(s(s(O)))))} and 
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{P(s(s(O))), P(s(s(s(O))))--+ P(s(s(s(s(O)))))} 

at level two. The antecedent literals, P(s(s(s(O)))), marked in the figure, appear in both 

these instances, and appear at the same depth in the tree. Clearly, it is not necessary 

to have two copies of the backward instance {P(s(O)), P(s(s(O))--+ P(s(s(s(O))))}, at this 

backward depth; to prove these 1.mits during forwardchain , backward instances created 

from only copy is needed, and the other can be deleted. This idea can be extended to 

keeping only the most general instance at any level. 

Now consider the positive unit P(s(s(s(O)))) in the lower level as shown in the 

figure. Since it is in a different level than the other two occurrences of P(s(s(s(O)))), for 

the instance {P(s(O)),P(s(s(O))--+ P(s(s(s(O))))} to be deleted, some bookkeeping needs 

to be done. 

An instance is deleted provided a more general instance of lesser backward depth 

is already present. The record of deleted instances is kept associated with the more general 

instance and the backward depth of the more general instance. Whenever forwardchain 

creates a positive unit from the most general instance, the unit is made available at the 

appropriate levels for use in the next round of the Horn-prover. 

4.6 Experimental Results 

There are about thirty planning problems from the TPTP[SSY93] collection. We 

ran Horn-prover on them and have tabulated the results of the run, and have compared it 

with other provers as indicated in Table 4.1. Otter [McC90] is a resolution-based prover 

that uses forward chaining for Horn problems. It is interesting to see that it gets very 

few problems; the long standing belief is that resolution-based forward chaining methods 

are very well suited to Horn clauses. We believe the lack of goal-sensitivity to be the chief 

reason for Otter's poor performance. SETHEO [LSBB92] is a sophisticated prover ipvolving 

many strategies but the basic idea is model elimination. Linus[Let97] and CLIN-S[Chu94a] 

are both clause linking provers. Since the provers ran on different architectures we do not 

present the times taken, however it is worth mentioning that all the provers, except CLIN-S, 

take only a few seconds to get the proofs. CLIN-S takes several minutes to get the proofs. 

The proof procedure for Horn theories is incorporated in RRTP. The Horn prob­

lems are addressed by this technique. Table 4.2 reflects the superior performance of RRTP 

when combined with the Horn procedure on eligible problems. 
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Comparison of Planning Problems over several Provers 
Problem BackChain Otter SETHEO LINUS CLIN-S 
PLA001-1 y N y y y 

PLA002-1 y y y y y 

PLA002-2 N N N N y 

PLA003-1 y y y y y 

PLA004-1 y N y N y 
PLA004-2 y N y N y 
PLA005-1 y N y N y 

PLA005-2 y N y N y 

PLA006-1 y y y y y 
PLA007-1 y N y N y 
PLAOOS-1 N N y N N 
PLA009-1 y N y N y 

PLA009-2 y N y N y 

PLA010-1 N N y N N 
PLAOll-1 y N y N y 

PLAOll-2 y N y N y 

PLA012-1 N N y· N N 
PLA013-1 y N y N y 

PLA014-1 y N y N y 

PLA014-2 y N y N y 

PLA015-1 N N y N N 
PLA016-1 y N y N y 

PLA017-1 y y y y y 

PLA018-1 N N y N N 
PLA019-1 y N y N y 

PLA020-1 y y y y y 

PLA021-1 y N y N y 

PLA022-1 y N y N y 

PLA022-2 y N y N y 

PLA023-1 N N y N N 
Total 23 5 29 6 24 

Table 4.1: A comparison of different provers on Horn problems 
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Difficult TPTP problems without equality 
Domain Otter SETHEO CLIN CLIN-E Linus RRTP(Horn) 
GRP (1) 1 0 0 1 1 1 
LCL (21) 17 20 12 3 18 16 
NUM (6) 4 5 5 1 4 6 
PLA (22) 0 22 -· 0 1 0 17 
SET (13) 4 7 1 0 6 13 
SYN (35) 35 26 35 35 35 35 
Total (98) 61 80 53 41 64 88 

Table 4.2: A comparison of different provers on non-Equality problems 

4. 7 Extensions and Conclusions 

The contribution of this chapter is a proof procedure for Horn theories that com­

bines backward chaining with forward chaining techniques. Our view is that good theorem 

proving strategies for Horn clauses should be goal-sensitive without having the usual in­

efficiencies associated with backward chaining strategies. We believe that the procedure 

we present illustrates this view. We have not analytically established the efficiency of this 

method to be superior to non-goal sensitive techniques, but we believe that the performance 

comparison on Horn problems to be some indication of our claim. We also have some ideas 

on extending this to a full first-order theorem prover. The prover can be extended along 

the lines of hyper-resolution. Another way is to modify the input clauses to be all Horn 

clauses or all-positive clauses and use almost the same strategy. 



Chapter 5 

A Finite-Model Finder 

5.1 Introduction 

It is known that many decidable sublanguages of first-order logic have the property 

that if there is a model, there is a model with a finite domain. This includes many decidable 

theories of interest, such as many of the description logics that are useful in knowledge 

representation as well as decidable subclasses of first-order logic based on the form of the 

quantifier prefix. If there is a model with a finite domain, then one can search for. it in an 

exhaustive manner and verify that it is a model. Therefore, by searching for finite models 

and also using a theorem prover for proofs of unsatisfiability, we obtain a decision procedure 

for many decidable sublanguages of first-order logic (those having the finite model property). 

In addition, we obtain a useful tool that can sometimes demonstrate the satisfiability of 

sets of clauses that do not lie in any of the specialized languages. 

There are a considerable number of complete theorem provers varying in efficiency 

and capability. However, on the other hand very little effort seems to have gone into finding 

whether a set of formulas is satisfiable. The primary reason is probably the nature of 

the problem itself~ undecidable in the general case. Recent developments have brought 

out some diverse strategies. Most strategies for first-order logic exhaustively search for 

models. FINDER(Sla94] is a highly efficient model finder that performs an exhaustive 

search using contraint processing techniques. It has been used to discover several new 

results in quasigroups. Modgen(KZ94] is a theorem prover for finite domains that uses clause 

transformation. Given a domain, ModGen transforms first-order clauses to propositional 

clauses in a fashion that preserves satisfiability over that domain. Tammet(FLTZ93] and 
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Fermuller[FL94] describe model-finding strategies for several sublanguages of first-order 

logic. 

In this chapter, we describe model-finder that is similar to Mod Gen. We describe 

the algorithm in the next section, and an alternate clause transformation. We also present 

results of comparing it with a mcrdel-finder for a subclass of first-order logic described in 

[Tam90]. 

5.2 Finite Model Finding Algorithm 

To provide a meaning to sentences in first-order logic, some form of structure 

or interpretation is needed. Recall that an interpretation is made up of a domain and 

an interpretation function. The interpretation function connects the vocabulary of the 

first-order sentences to the domain. More specifically, co-nstant symbols are interpreted to 

elements in the domain; function symbols of some arity k are defined by interpreting each 

k-tuple of domain elements uniquely to some domain element. A predicate symbol of arity n 

is interpreted to some set of n-tuples of domain elements. A model for a first-order formula 

is an interpretation that satisfies the formula. Our objective in this section is to describe a 

scheme to construct a model with a finite domain for a set of first-order clauses. We refer 

to a model with a finite domain as a finite model. 

Suppose we wish to check if some set of clauses S in first order logic is satisfiable 

with a finite domain of size n. We can translate S to a ground set G(S, n) in such a 

fashion that G(S, n) is prepositionally satisfiable if and only if S has a model of size n. We 

view the finite-model finder to be made of two distinct parts- a clause translator and a 

propositional prover. The clause translator takes a set of first-order formulas and obtains 

a set of propositional clauses. The propositional clauses are then tested for satisfiability 

with a very fast Davis-Putnam procedure[ZS94]. If it is known that the formulas that have 

models, have small models, then we can start at some domain size, say 1, transform the 

formulas and test them for satisfiability. If the propositional clause set is satisfiable, then 

from its model it is possible to construct a model for the first-order set. If the propositional 

clause set is unsatisfiable, then there is no model for the first-order set with this domain 

size and the next domain size can be tried. 

We define a domain instance of a first order formula C; to be a propositional clause 

created by replacing every variable in C; with an element from the domain. Therefore a 
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clause with v unique variables has vn domain instances, where n is the domain size. A 

domain instance of an atom, and that of a function term (including constants, which are 

treated as functions without arguments) are similarly defined. For example if we had the 

clause: 

{P(f(X, Y), Z), •Q(c, g(Z))} 

and the domain { 1, 2}, then one domain instance of the clause would be: 

{P(f(1, 2), 1), •Q(c,g(1))} 

A domain instance of P(f(X,Y),Z) would be P(f(1,2), 1), and one of f(X,Y) 

would be /(1, 1). 

Given a set of, first order formulas S = {Co,Ct, ... ,Ck}, and a domain D = 

{b1 , •.. , bn}, we show how to compute the set of propositional clauses G(S, n) such that 

G(S, n) is satisfiable if and only if S has a model of size n. G(S, n) has four kinds of clauses. 

• Function Interpretation Clauses 

These clauses are added to obtain an interpretation for the functions appearing in S. 

For every function f of arity k appearing in S we add the following clauses: 

These clauses express the completeness of the function definition. The dij are chosen 

from D = { bt, ... , bn} in all possible ways. 

We also add the following clauses which constrain the function definition to be single­

valued. 

f(di[, ... ,dik) f bt v f(dil, ... ,dik) f b2 

f(dit, ... , dik) f br V f(dir, ... , dik) f b3 

f(dir, ... , dik) f bn-2 V f(dir, ... , dik) f bn 

f(dir, ... , dik) f bn-l V f(dil, ... , dik) f bn 
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!( dil, ... , dik) = h corresponds to !( dil, ... , dik) being interpreted to b1 . Similarly 

f(dil> ... , dik) =J b1 means that f(dil, ... , dik) is not interpreted to b1. Naturally, tl:ie 

literals are complements of each other. 

• Universal Quantification Clauses 

If S is satisfiable, and has a model with a domain D, then, from the definition of 

universal quantification, the set of the domain instances of all the clauses is satisfiable 

as well. We call this set Svr, which is a part of G(S, n). The literals of the clauses in 

this set are domain instances of the atoms appearing in S. 

• Predicate Interpretation Clauses 

For every literal P(t1, ... , tk) appearing in the above computed domain instances of 

clauses Svr we add the following propositional clauses: 

P(dil, ... , dik) 1\ t1 = di1/\, ... , 1\tk = d;k =? P(t1, ... , tk) 

--,P(dil, ... , dik) 1\ h = di1/\, ... , 1\tk = dik =? --,P(t1, ... , tk) 

where d;1, ... , d;k are chosen from D in all possible ways. These clauses correspond 

to evaluating a domain instance under an interpretation. The ground literal t; = dki 

can be viewed as the term ti being interpreted to the domain element dki· Sometimes 

the domain instance of an atom may contain elements of the domain as arguments. 

That is, tm could itself be a domain element. In that case, we may view tm as already 

interpreted to some domain element, and the literals of the form tm = dij are not 

included in the clauses. This is to eliminate vacuous implications and thus reduce the 

number of clauses generated. 

• Subterm Interpretation Clauses 

These are similar to predicate interpretation clauses. For every domain instance of a 

function term j(t1, ... tk) appearing in Cm we add the following propositional clauses: 
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where d;1 , ... , dik and are chosen from D in all possible ways. These clauses correspond 

to evaluating a function term under an interpretation. As described for the Predicate 

Interpretation Clauses, if function arguments contain domain elements then the literals 

corresponding to them are not included. 

Lemma 5.2.1 G(S, n) is satisfiable if and only if S is satisfiable in a model of size n. 

Proof. SupposeS is satisfiable, and has a model M, with domain D = {dr, . .. ,dn}· From 

the interpretation of the functions in M, we can set the corresponding literals in the Func­

tion Interpretation Clauses to be true. Since the function terms are uniquely interpreted 

in the model, the Function Interpretation clauses are satisfied. The Predicate Interpreta­

tion Clauses and Subterm Interpretation Clauses correspond to evaluating a predicate or 

a subterm under an interpretation, and so they are satisfied as well. By the definition of 

universal quantification, we can know that Universal Quantification Clauses are satisfied. 

Therefore G(S, n) is satisfied. 

Suppose G(S, n) is satisfiable. Then it has a model Mg. We construct a model M, 

with finite domain D = { dr, ... , dn}, for S from M9 • Mg satisfies exactly one literal of the 

form f( d;r, ... , dik) = dv for each f in S and all d;r, ... , dik in D; we can take dv to be the 

interpretation of f(d; 1 , ••• , d;k) in M. Similarly we can extend this to interpret all subterms, 

using the Subterm Interpretation Clauses. Each of the domain instances of the clauses has 

at least one literal satisfied by Mg. If Mg satisfies P(tr, ... ,tk), then by the Predicate 

Interpretation Clauses it also satisfies P(d;r, ... , d;k) where d;j is the interpretation oftj in 

M. M satisfies P(d;r, ... , d;k) and also P(tr, ... , tk)· SoMis a model of S. 0 

Given the above translation, the outline of the model finding algorithm is given in 

Figure 5.2. The algorithm does not terminate if there is no finite model. 

There are some other clauses that are also added to G(S, n) before testing it for 

satisfiability. To define equality, we add the unit clauses { d; = d;} for all i and { d; # dj} 

for all different i and j. This provides an extensional definition for equality. Clearly, these 

additions only change the satisfiability of G (S, n), by allowing the usual meaning of equality. 

We illustrate the working of the model-finder with the following simple exam­

ple. This example also illustrates the growth in the number of propositional clauses with 

increasing domain size. 
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Algorithm 5 (Computing a Finite Model for a set of First-Order Formulae) 
Input: [A Satisfiable Clause Set S that has a finite model] 

Output: [A finite model for S] 

1 procedure find_finite_model(S) 

2 begin 
3 D +--- {} 
4 n+---0 
5 done +--- false 
6 while done =false do 
7 n=n+l; 
8 D +---DUn 
9 compute G(S, n) 

10 if G(S, n) is satisfiable with model M9 then 
11 M +--- transform ( M 9 ) 

12 done +--- true 
13 endif 
14 endwhile 
15 return M 

16 end 

Figure 5.1: Finite-Model finding Algorithm 



Example. Consider the following set S of clauses: 

{~p(x,x)} 

{p(x, f(x))} 
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First, a domain of size one is tried. G(S, 1) contains the following propositional 

clauses: 

The Universal quantification clauses or domain instances: 

1. { ~p(1, 1)} 

2. {p(1, f(1))} 

The function interpretation clauses: 

3. {!(1) = 1} 

The predicate interpretation clauses: 

4. {~p(1, 1), ~(!(1) = 1),p(1, !(1))} 5. {p(1, 1), ~(!(1) = 1), ~p(1, !(1))} 

From clauses 1,2,3 and 5 it can be seen that G(S, 1) is unsatisfiable. The next 

domain size is tried. G(S, 2) contains the following propositional clauses: 

The Universal quantification clauses or domain instances: 

1. { ~p(1, 1)} 

2. {p(1, f(1))} 

3. { ~p(1, 2)} 

4. {p(1, !(2))} 

5. { ~p(2, 1)} 

6. {p(2, !(1))} 

7. { ~p(2, 2)} 

8. {p(2, f(2))} 

The function interpretation clauses: 

9. {f(l) = 1, f(1) = 2} 

10. {!(2) = 1, f(2) = 2} 



11. {-,(!(1) = 1),-,(!(1) = 2)} 

12. Hf(2J = 1), ..,(!(2) = 2)} 

The predicate iuterpretation clauses: 

13. {-,p(1, 1), -,(!(1) = l),p(l, /(1))} 

14. {p(l, 1), ..,(!(1) = 1), •p(1, f(l))} 

15. {-,p(1,2),•(!(1) = 2),p(1,/(1))} 

16. {p(1, 2), -,(j(l) = 2), •p(l, /(1))} 

17. {-,p(2, 1), -,(j(l) = l),p(2,/(1))} 

18. {p(2, 1), -,(!(1) = 1), -,p(2, /(1))} 

19. { -,p(2, 2), -,(j(l) = 2), p(2, /(1))} 

20. {p(2, 2), -,(j(l) = 2), -,p(2, /(1))} 

21. { •p(l, 1), -,(j(2) = l),p(1, /(2))} 

22. {p(1, 1), -,(j(2) = 1), •p(l, /(2))} 

23. {-,p(1, 2), •(/(2) = 2),p(l, /(2))} 

24. {p(l, 2), -,(!(2) 2), •p(l,f{2))} 

25. {•p(2, 1),•(!(2) = l),p(2,/(2))} 

26. {p(2, 1), ..,(!(2) = 1), •p(2,/(2))} 

27. {-,p(2, 2), -,(!(2) = 2),p(2,J(2))} 

28. {p(2, 2), -,(!(2) 2), •p(2, /(2))} 

G(S, 2) is satisfiable and has the following model, showing only the positive literals 

{p(2, l),p(l, 2), /(2) = 1, /(1) = 2, p(2, /(2)),p(l,/(1))} 

From this model the following first-order model (D, I) is obtained: 

D = {1,2} 

jl:1 ..... 2 

jl: 2 ,_. 1 

plis{ < 1, 2 >, < 2, 1 >} 

D 
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Problem 
2.2 
2.3 
3.1 
4.1 
9.1 
14.1 
14.2 
14.7 
15.2 
15.7 
16.3 
17.4 
18.3 

Prefix 
\13 

333\1 
3V33 

\13 
W3 
W3 
W3 

33\13 
3\13\1 
3W3 
\13\13 
33W3 

Tam met 

. 

y 
y 
y 
y 
y 
y 

-
-
y 
y 
y 

-
y 

::V1odel Size 
2 
1 
2 
1 
2 
7 

-
-

2 
2 
2 

-
4 

I 

., 

FMFinder 
y 
y 
y 
y 
y 
y 

y 
y 
y 
y 
y 

' 

Table 5.1: Experime11ts with the Model Finder 

5.3 Performance 
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Model Size 
1 

2 li 
1 :1 ,, 

1 if 

2 " 
6 
-
~--

1 
1 
1 
2 
3 

Church[Chu56] presents a large set of formulas in several decidable subclasses of 

first-order logic. Some of the formulas are satisfiable. The Table 5.1 presents the results 

of running some of the satisfiable problems on the model-finder. The results are compared 

with 'I'ammet's specialzed method for finding models thesis[Tam90]. Each row of the table 

contains the problem number from Church's book, the quantifier prenx associated with the 

formula, whether the system found a model and the size of the domain of the model found. 

Our model finder did not take more than a few seconds for any problem. 

li is interesting to see that our model finder despite the number if propositional 

clauses it generates for large domains compares well with the specialized technique for 

problems of this class. Further, in most cases our system found smaller models. In one case 

the specialized technique did not find a model of size 2. This puzzles us. 



Chapter 6 

Description Logics 

6.1 Introduction 

Description Logic Systems 1 :BH91, Mac91, PSMB+91, Pet91, BS85] provide a 

means for representing knowledge using concepts and roles. Although there is no sin­

gle definitive description logic, many of the prevalent systems are descended from KL­

ONE[BS85]. They are generally made of two distinguishable components. One .provides 

the user with a formalism to represent knowledge in an abstract sense-· a provision to rep­

resent relationships between concepts and roles in a general sense. The other allows the user 

to concretize this abstraction by allowing extensional instantiations of the general defini­

tions. Retrieval of information is usually based on some deductive processes involving both 

of these components. Description logics are motivated by the search for expressive knowl­

edge representation languages that also allow computationally decidable reasoning faculties. 

This has resulted in differing approaches to building systems: Some systems[BH91] have 

relatively rich formalisms to express concept definitions but suffer the possibility of hav­

ing to deal with intractable and sometimes even undecidable problems sometimes causing 

the reasoner to not terminate. In fact (BH91] is a semantic-tableaux theorem prover for 

description logics. Some provide extended expressivity[Mac91] but have reasoners that are 

incomplete for even decidable problems. Another kind[PSMB+91] prefer to provide a small 

and compact language for which reasoning is for the most part complete and efficient. 

Buchheit et al[BDS93J point out that description logic systems should provide 

mechanized methods to perform at least the following tasks: To check whether a knowledge-

known as Terminological Knowledge Representation Systems or Concept Language Systems 
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base is consistent- that is whether there exists a model for the knowledge-base; Determin­

ing whether a concept is sat.isfiable-- whether there exists some model in which the concept 

is non-empty; Df.'termining whether a concept is more general than 1 or subsumes, another; 

To check whether a particular individual is an instance of a concept -· if every interpre­

tation of the concept contains the" individual. Of these, determining concept subsumption 

is the most fundamental task [BPS94, HN90]. The subsumption relation defines a partial 

ordering over concepts. Usually, description logic systems are equipped with the capacity 

to construct this partial ordel'ing involving all the defined concepts. This process is called 

classification. 

Heinsohn et a] [HKNP92] describe an empirical analysis of the following descrip­

tion logic systems- BACK, CLASSIC, KRIS, LOOM, MESON and SB-ONE. The systems are 

compared for features and expressivity offered by the language, degree of inferential com­

pleteness, and classification speed. The tests for inferential completeness, by no means ex­

haustive, look for seemingly obvious conc;usions based on a few concept definitions. They 

also include some known pathological cases for existing systems, Classification speeds a1·e 

measured for some realistic and some randomly generated knowledge-bases. The test exam­

ples are described in "a common terminological language". This is an intermediate language 

that is derived from the description logics compared. This language corresponds to.a subset 

of first-order logic, and any concept or role definition in this language is easily translated 

to sentences in first-order logic. 

This chapter examines the performance of a reasoner made up of a first-order the­

orem prover combined with a finite-model finder. when applied to the problem of detecting 

subsumptions between concepts in description logic systems. Theoretically, this combina­

tion can be used as a decision procedure for any finitely controllable subclass (ie if any 

model exists, a finite model must exist) of first-order logic. The logic is then said to have 

the finite model property. The underlying logic of many description logics has the finite 

model property. The idea of using a t.heorem prover with a model finder for performing 

inferences in description logic systems is not new. Hollunder and Nutt [HN90j mention 

it. Tammet [FLTZ93) describes how a resolution-based theorem prover and model finder, 

for a restricted form of predicate calculus, can be applied toward subsumption ~hecking. 

However, the description logic considered is quite limited and the test example considered is 

very trivial. So far such approaches have been dismissed because standard theorem proving 

techniques have not been thought to be fast enough. We demonstrate that this is not the 
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case using tests developed in (HKNP92]. The completeness of the theorem prover and the 

finite-model finder guarantees that the system either determines that a concept subsumes 

another, or presents a model that counters the subsumption. For the system to perform 

efficiently we have developed a number of preprocessing steps. We believe that the rich­

ness in expressivity that this reasoner allows, without compromising efficiency, makes it a 

promising mechanism for discovering subsumptions in description logic systems. 

We examine how RRTP[PP97a] augmented with a finite-model finder compares 

in performance with the description logic systems tested in [HKNP92]. We restrict our 

attention to the tests involving subsumptions. This includes the inference tests, and the 

classification for the realistic knowledge-bases. RRTP obtains "replacement rules" from 

the input clauses and replaces ground terms by their predicate .definitions as dictated by 

the replacement rules. In this fashion ground instances are collected, and are periodically 

tested for unsatisfiabi!ity. The prover has been shown to be complete. 

We have developed some preprocessing techniques that makes our system efficient. 

For subsumption checking we select only clauses relevant to the proof. This is often a small 

subset of the clause set that represents the knowledge-base. Classification poses a differ­

ent problem because determining subsumptions in a pairwise fashion is very tedious and 

impractical. For classiilcation we use the finite-model finder to eliminate checking several 

subsumptions. It should also be noted that the model sizes observed were consistently low, 

permitting the finite~ model finder to detect them very quickly. 

The rest of the chapter is structured as follows: Computing relevant clauses for 

subsumption computation, and tests for inferential completeness are discussed in section 3. 

Classification techniques and test results are described in section 4. In section 5 we discuss 

possible improvements. The appendix outlines a description of the tests. 

6.2 Comparison of Inferential Abilities 

In this section we discuss how subsumption checking is done using RRTP. VVe also 

discuss some tests designed to probe the inferential abilities of description logic reasoners. 

They have been used before to compare some description logics [HKNP92]. Although these 

tests are not a comprehensive suite, they are varied and take into account several language 

constructs offered by description logics. We were also interested in the performance of 

some other theorem provers on these tests, and we ran these tests on OTTER(McC90], 
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CLIN[LP92, Lee90b] and SPRFN[Pla88b] as well. We compared their performance with those 

of the the description logics based on reports in [HKNP92]. It is interesting to note that 

not ail theorem provers were able to derive all of the inferences described by these tests. 

6.2.1 Subsumption Checking in First-Order Clause Sets 

Concepts are used to represent classes of objects in some domain of interest. Roles 

represent binary relations between objects. Starting from basic or atomic concepts and 

roles, complex concept and role descriptions may be defined. Although the specifics of such 

concept-forming (or role-forming) constructs vary across description logics, most of them 

include conjunction, complementation and quantification over roles. Consider, for example, 

the definition of the concept PARENT from [BH91] 

PERSON n 3child:PERSON 

This defines the class of objects that are formed by the intersection of the following: objects 

defined by PERSON; and those objects for which some child role is filled by an object defined, 

again by PERSON. Number restrictions on roles are also commonly available constructs for 

building concepts. For example, PARENT may be defined using number restriction on the 

role child as follows. 

PERSON il ;:, 1 child: PERSON 

Description Logic systems are usually composed of two separate components-- an asser­

tionai part and a terminological part. The T-Box, the terminological part, provides the user 

with a means to define classes and relations in a general sense. The A-box, the assertional 

part, allows the user to assert information about the domain. The A-Box and the T-Box 

together constitute the knowledge-base. 

For example, the T-Box may have the following concept definitions [BH91] 

PARENTn gender:Male 

PARENT n gender:Femala 

which define the concepts FATHER and MOTHER, respectively. 

The A-Box may contain the following assertions: 

PERSON (James) 

PERSON(Susan) 

child(James,Susan) 

gender (James ,Male) 

gender(Susan,Female) 
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From a logical perspective~ concepts can be viewed as unary predicates 1 and roles 

as binary predicates. Concept definitions may be easily translated to sentences in first-order 

logic maintaining the intended semantics of the concept-forming constructs. For example, 

the first definition for PARENT would correspond to the following sentence: 

'ix parent(x) ¢:> (person(x);\ 3y (child(x, y) /\ person(y))) 

Concepts a.re interpreted as subsets of some domain of interest, and roles as binary 

relations over the domain. Formally [BDS9a], an interpretation I= (.6.7:, .r) consists of a 

non-empty set .c,.T ~-the domain of I and an interpretation function .r. The interpretation 

function .T maps concepts to be subsets of .6. and roles to be subsets of .6. X D.. A concept 

is satisfiable provided some interpretation maps it to a non-empty set. To determine if C, 

subsumes c2 it is sufficient to examine if the concept defined by c2 n ~cl is unsatisfiable. 

The problem of determining subsumptions can be converted to one of determining the 

unsatisfiability of a first-order clause set. 

The concepts defined in the T-Box is first translated to an equivalent logical 

description-- a set of skolemized first-order clauses which we shall refer to as T Box. We 

illustrate this with an example. Consider the T-Box containing the single concept definition 

for PAREU 

PARE~IT =' PERSON n 3child:PERSDN 

The logical description of the definition is 

Vx parent(x) ¢:> (person(x) 1\ 3y (child(x,y) 1\ person(y))) 

From this we get Tbo:c~ the conjunction of the following four skolemized first-order clauses. 

{parent(X), not(person(X)), not(child(X,Y)), not(person(Y))} 

{person(X), not(parent(X))} 

{child(X,f(X)), not(parent(X))} 

{person(f(X)), not(parent(X))} 

Each clause is a disjunction of literals. For example, parent(X) and child(X, Y) 

are literals. The function symbol f is a skolem function symbol, which is uniquely con­

structed for this concept definition. Note that all the variables are universally quantified. 

We refer to a predicate symbol that corresponds to a concept, as a concept for the sake of 

brevity. For example, the predicate symbol parent corresponding to the concept PARENT is 

referred to as a concept. 
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Suppose that aT-Box definition includes concepts Ci and C;. For Ci to subsume 

C;, in all interpretations I, ~ Cf. Therefore, logically, C; subsumes Cj if and only 

Tbox =? \fx(Cj(x) =? Ci(x)). This is valid if and only if the set of clauses Tbox A {C;(c)} A 

{~C,(c)} is unsatisfiable.2 Therefore, to determine the validity of the subsumption, the 

refutation theorem prover checks if Tbox 1\ {C;(c)} t, {--,Ci(c)} is unsatisfiable. However, if 

it is satisfiable, and has a finite model then the finite-model finder will find it and negate 

the subsumption. 

Instead of simply running the theorem prover and the finite-model finder on the 

clause set, we make a few observations that make subsumption detection more efficient. 

Definition 6.2.1 Suppose we have a set of clauses S. Then a clause C inS is fully matched 

if for every literal L in C there exists a clause D in S and a literal M in D such that L and 

the complement of M unify. 

Definition 6.2.2 Suppose a clause set S is unsatisfiable. A clause C in Sis relevant to the 

unsatisfiability of S if S- { C }is satisfiable. 

Lemma 6.2.1 Suppose we have a set of clauses S that is unsatisfiable. A clause C in S 

that is not fully matched is not relevant to the unsat·isfiab·ility of S. 

Proof. Assume that Cis relevant. Then S- {C} is satisfiable and has a model. Let L 

be the unmatched literal in C. Without loss of generality assume that L is positive. Since 

no clause in S- {C} contains a literal that unifies with the complement of L, we can set 

L to be identically true in the model of S- {C}. Suppose this model no longer modeled 

some clause; then that clause must have contained a literal that could have unified with the 

complement of L. Thus, the model now satisfies S, contradicting our position. Therefore 

C cannot be relevant. 0 

Definition 6.2.3 An alternating path involving cla,ses C1 and Cn is a seq-uence (L1 , C1), 

(11i!1,C1), (L2,C2), (Mz,Cz), ... ,(Ln,Cn) where Li and Mi are literals inC; and L; oft Mi 

for all i. Also, for ail i < n, M; and the complement of L;+l unify. 

An unsatisfiable set of clauses where every clause is relevant is called minimum unsatisfiable. 

2Note that the symbol cis a skolem constant- a skolern function of arity ze1·o, introduced to replace the 
outermost existentially quantified variable in a quantifier prefix. 
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Tests la - ld are straightforward. These tests involve showing that the conjunction of 

disjoint concepts result in inconsistent concepts. The tests vary in the way the disjoint 

nature of two concepts is expressed. As anticipated, the theorem provers had no difficulty 

in drawing the correct inference in any of the cases. It is interesting to note that ld, 

poses a very trivial inference test when represented in clause form. Furthermore, all of 

these examples took insignificant amounts of time for RRTP. All of them were under a few 

seconds. Tests 2a- b involve detection of inconsistent concept definitions given incompatible 

value restrictions. While 2a is a straightforward manifestation of this, 2b brings in disjoint 

concepts. Tests 3a - 3e further extend the idea of 2a with complicated descriptions that 

combined disjoint concepts with limiting the range of a role and value restrictions. It is 

interesting to note that even some theorem provers were not able to derive the inferences in 

these tests. RRTP derived all the inferences, and most of them in reasonable time~ lesser 

than ten seconds. Tests 4a- 4b use range restriction on roles to test for some form of case­

based reasoning. This construct is not available in all the description logics. The languages 

that have the construct, however, handle it incompletely. Test 5 uses a construct that 

can cause undecidability in subsumption. Test 6 tests equality reasoning over attributes. 

Attributes are like roles but they define functions over the domain. Test 7 is a simple test for 

inverse as a concept-forming operator. The results of these tests are tabulated in Table 6.1. 

We note that in terms of deriving inferences, theorem provers in general were better than 

the description logic systems but not necessarily complete. RRTP turned out to be the most 

complete with respect to these tests. Note~ current versions of some of the terminological 

systems may report better performances. 

Hard Inferences 

There were four categories of tests involving the "hard cases". Concepts may be 

hierarchically defined, leading to a definition tree. If two concepts have such tree-like def­

initions, then to compute the subsumption relation between them, some description logic 

systems often naively expand their definition. This may lead to exponential increase in the 

length of the definition. The first three categories involve similar independent definitions for 

a set of concepts Co, ... , Cn and Do, ... , Dn. The first category involves concepts defined 

as conjuncts of qualified role restrictions in a hierarchical fashion. 
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Ci+l = V R1 : Ci n V R2 : Ci and 

Di+l = V R1 : Di n V R2 : Di and for i ranging from 0 to n. 

For different values of n it is tested if Dn subsumes Cn. If the definition for Ci+l 

(similarly Di+l) is expanded by r~placing occurrences of Ci with Ci's definition and so on, 

then we get definitions for Cn and Dn that are exponential in n. This is avoidable while 

computing subsumption, but some terminological systems incur the exponential blow up in 

the definition. 

The next category is similar to the first, but the concepts are defined as value 

restrictions placed on conjuncts of other concepts. That is, we have for C2i and C2i+l 

C2i = v R1 : (C2i-2 n C2i-d 

C2i+1 = v R2 : ( c2i-2 n D2i-1l 

In the third category of tests, the concepts are defined in such a fashion that 

expansions of definitions are necessary to compute subsumptions, and thus even the best 

algorithms have no recourse but to expand the definition. Not surprisingly, it is in this 

example that RRTP (with the finite model-finder) did substantially better than the other 

description logic systems, as no such expansion of definitions is necessary. Instead, to test if 

a concept Cn does not subsume a concept Dn, a model is sought for the clauses defining the 

concepts with two unit clauses {•Cn(c)} and {Dn(c)}. Since in all of the above examples 

the concepts Ci and Di are unrelated, the finite model-finder took very little time in finding 

a model contradicting the subsumption in each case. The domain size of this model was 

one. Even in general, it was interesting to note that absence of subsumptions were detected 

quickly in most cases because the model sizes were usually very small. This fact is exploited 

in the classification process described in the next section. We note that times indicated, 

include the time taken to perform clause translation. 

The last of these tests were based upon the result that term-subsumption in de­

scription logics that include conjunction, value restrictions and qualified existential restric­

tion is NP-hard. However, only two terminological systems could express this case, and even 

among those KRIS alone successfully drew all the inferences. LOOM, despite its speed, appar­

ently failed to draw the necessary inference. RRTP failed to draw two necessary inferences, 

and took a lot of time drawing another. 
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6.3 Classification 

Recall that a concept Cj is said to subsume a concept Ci, given aT-Box defini­

tion Tbox, provided Tbox =? Vx( C;(x) =? Cj(x) ). Given a T-Box, the computation of 

the subsumption hierarchy of con_cepts is termed as classification. Classification involves 

computing several subsumptions- all the subsumptions that exist between concepts de­

fined in the knowledge-base. Subsumption is a transitive relation. It is easy to see that 

if a concept C subsumes C', and C' subsumes D, then C subsumes D. That is, Tbox =? 

((Vx(D(x) =? C'(x)) 1\ \fx(C'(x) =? C(x))) =? (Tbox =? \fx(D(x) =? C(x)))) Usually the 

subsumption hierarchy that is computed is the smallest relation whose reflexive, transitive 

closure defines the subsumption relation between conc~pts. This relation is termed as im­

mediate subsumption. A concept C immediately subsumes another concept D if C subsumes 

D and there exists no other concept C' such that C subsumes C', and C' subsumes D. Ko 

concept immediately subsumes itself. 

Generally description logic systems classify concepts in an incremental· fashion. 

When a concept is defined, it is inserted into the hierarchy built so far, based on its 

immediate predecessors- the concepts that immediately subsume it; and its immediate 

successors- the concepts that are immediately subsumed by it. These predecessors and 

successors are determined by performing subsumption tests. Some sophisticated ordering 

traversal techniques are usually used to reduce the number of subsumption tests. In some 

cases- for example if all the concepts in the knowledge-base are unrelated-· dassifica­

tion can result in subsumption comparisons between all possible pairs of concepts. This is 

quadratic in ;;he number of concepts. Heinsohn et al [HKNP92] conjecture that the number 

of tests is quadratic in the average case as welL Since subsumption determination is an 

expensive operation, Heinsohn et al stress that the key issue in designing efficient classi­

fication algorithms is minimizing the number of subsumption tests. Motivated by this, a 

strategy for eliminating several non-existent subsumptions very quickly is described. 

This classification technique is novel in that the subsumption relation, which we 

refer to as subsume, is not incrementally built when concepts are being added to the T-Box. 

Instead, using the set of formulas tha.t represent the T-Box and the concepts contained in 

it, a supra-relation of the relation subsume is computed. We refer to the relation defined 

by this supra-relat.ion as possible. The relation possible is then suitably pruned,. to yield 

subsume, by checking whether its members denote valid subsumptions or not. The relation 
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possible is simply a weaker form of the subsumption relation. Suppose that all models of a 

concept C with a domain of size k, satisfy Tbox =? Vx(D(x) =? C(x)), we say C possibly 

subsumes D or (C, D) E possible. It is straightforward to see that subsume <;;;possible. 

Many subsumptions can be detected by simply inspecting the clauses. For ex­

ample, a binary clause may indicate a logical implication between two concepts. Similar 

techniques to detect obvious subsumptions are present in most description logic systems. 

A relation partial is partially built from these obvious subsumptions. Obviously partial 

<;;; subsume. Using possible and partial and the subsumption algorithm described in Fig­

ure 6.1 we compute subsume. We describe two strategies that exploit the transitive nature 

of the relation to minimize the total number of subsumptions to be made. 

Four realistic knowledge-bases were classified using these methods. The times to 

perform the classifications are compared with some description logic systems' performances. 

The times are quite satisfactory. However, what was more impressive was the fact that these 

methods reduce the number of subsumption tests to be made by several orders of magnitude. 

6.3.1 Eliminating Subsumption Tests by Model Generation 

We discuss the construction of the relation possible. Given any set of clauses Tbox 

representing some T-Box and some concepts C1 and C2 defined in it, suppose that we have 

an interpretation I such that dE C[, but d rf. Cf. Then, clearly C2 does not subsume C1 , 

because such an interpretation invalidates Tbox =} Vx( cl (x) =} C2( X)). This observation 

motivates a strategy for eliminating unnecessary subsumption checking between several 

unrelated concepts. 

Recall from Section 2 that G(S, n) is a propositional set of clauses obtained by 

transforming S. G(S, n) has a propositional model- M9 , if and only if S has a first-order 

model M with a domain of size n. Also if M9 maps some literal P(d) to true, then M 

interprets the predicate P to some set containing d. Now suppose that for some value of 

n, we construct the propositional clause set G(Tbox, n) and add to the set the unit clause 

{ Ci(a) }. We refer to this propositional set as ground.Bet(Tbox, Ci, n, a). The constant 

a is chosen from the domain used to construct G(Tbox, n). If ground_set(Tbox, Ci, n, a) is 

satisfiable and has a model, then there exists a first-order model I that satisfies Ci, and 

because of the unit clause { Ci( a) } , a E Cf. Furthermore, for any concept C that subsumes 

the concept Ci, a E cr. It follows that for C to subsume Ci, any propositional model for 



Algorithm 7 ( make_possible: Compute the relation possible) 
Input: [TBox, Smallest model to be tried] 

Output: [The relation possible J 

1 Concept f- concepts occ:urring in Tbox 
2 n ,___ k 

3 possible f- ¢ 
4 repeat 
5 n f- n + 1; 
6 compute G(Tbox, n); 
7 until G(Tbox,n) is satisfiable 
8 forall Ci E Concept do 
9 ground_]Jet(Tbox,Ci,n,a) f- G(Tbox,n) U {Ci(a)} 

10 compute unit consequences U for 
11 ground_13et(Tbox, Ci, n, a) 
12 if C(a) E U then 
13 possible f- possible U ( C, Ci) 
14 endif 
15 enddo 

Figure 6.2: Constructing the relation possible 
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ground_13et(Tbox, Ci, n, a) must interpret the concept literal C(a) to be true. In other words 

ground_13et(Tbox, Ci, n, a) f- C(a). 

If the concept literal C(a) is not a logical consequence of ground_13et(Tbox, Ci, n, a) 

then the concept C does not subsume Ci. 

By computing the unit logical consequences of ground_13et(Tbox, Ci, n, a) the con­

cepts that may possibly subsume Ci can be determined. Based on this we construct the rela­

tion possible, which is simply the subsumption relation defined for domains of size n. That is, 

if (C2,C1) E possible, then any model forC1 of size n satisfies Tbox =? \fx(C1(x) =? C2(x)). 

The algorithm in Figure 6.2 describes the construction of possible. For every concept Ci 

defined in the Tbox, the unit consequences of ground_set(Tbox, Ci, n, a) are computed. 

Sometimes, ground_13et(Tbox, C;, n, a) is unsatisfiable, and so all of the concept literals 

are unit consequences. For such cases a higher value of n can be tried to recompute 

ground_13et(Tbox, Ci, n, a). We use k to decide how small the domain we consider should 

be. Computing unit consequences of propositional clause sets is described in [CP92]. 
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The technique to compute unit consequences of a propositional set has not been 

incorporated yet. However, the finite-model finder has been used to accomplish the same 

objective. To find the concepts in S that subsume C,, the finite-model finder is used to 

create some model lvl for ground.set(Tbox, Ci, n, a). Only those concepts CJ such that 

M I= C;(d) can subsume C;. This is a much weaker way to construct possible. To 

make it stronger, for each such Cj we can try to find a model M;j such that lvl;1 I= 
ground..set (Tbox, C;, n, a) A { "Cj (a)}. If such an i'vfi; exists then C; (a) is not a unit logical 

consequence of of gr·ound...set(Tbox, Ci, n, a) and cannot subsume C;. Otherwise, C; possi­

bly subsumes C;, and (C;, Ci) E possible. Aithough the result of this computation is the 

same as computing unit consequences, this strategy i~ less efficient. 

6.3.2 Determining Subsumptions Using the Theorem Prover 

The first round of subsumptions are detected by inspecting the clauses that logi­

cally describe the T-Box. Suppose we have a clause of the form {C(X), -,D(X)}; it is easy 

to see that C subsumes D. These obvious subsumptions are then extended by transitivity. 

Most description logic systems use similar syntactic methods to detect obvious subsump­

tions. In [BHN+92], C is said to be a told subsumer of D, if the subsumption is readily 

apparent from the definition of D. We construct the relation partial by obtaining all the 

told subsumers of the concepts. 

Using the relations possible, partial, and the subsumption testing algorithm de­

scribed in Figure 6.1, the relation subsume is completely constructed. 1Ne refer to those 

concept pairs in possible, that are not present in partial as possible subsumptions. Basi­

cally, the subsumption testing can be used to check which of the possible subsumptions are 

actual subsumptions. A brute force way would be to test all possible subsumptions and re­

tain them, or discard them depending on the result of the test. By exploiting the transitive 

nature of the subsumption relation, the total number of subsumption tests made is reduced 

considerably. We discuss two strategies described in Figure 6.3 to do this. The main idea 

in both of the strategies is to incrementally modify partial and prune possible until they 

converge to the same relation- which is the desired subsumption relation, subsume. 

The algorithm compute..subsumel uses the transitively closed ordering possible 

and the partially constructed partial, also transitively closed. The result of each sub­

sumption test is propagated within the relation partial- if the test succeeds; and within 



Algorithm 8 (Computing Subsumption Relation for all Concepts) 
Input: [TBox, Subset and Superset of the subsumption relation] 

Output: [Subsumption Relatio~ for all Concepts] 

1 procedure compute_subsume.l (Tbox,partial,possible) 
2 while partial eft possible do 
3 pick some ( C, D) E possible - portia/ 
4 if tesLsubsume (Tbox, G, D) 
5 then mark_subsume(G,D) 
6 else unmark_possible ( G, D) 
7 endif 
8 endwhile 
9 subsume +- partial 

10 ret urn subs,Jme 

1 procedure unmark_possible(C,D) 
2 begin 
3 possible +-possible -- (C, D) 
4 forall {X I (X, D) Epartial}do 
5 unmark_possible(C, X) 
6 enddo 
7 forall {X I (G, X) Epartial}do 
8 unmark_possible(X, D) 
9 enddo 

10 end 

1 procedure matk_subsume(C,D) 
2 begin 
3 parlial +- ( C, D)~ partial 
4 forall {X I (D, X) Epartial} do 
5 mar/uubsume( C, X) 
6 enddo 
7 forall {X I (X, C) Epartial} do 
8 rnark_subsv,me(X, D) 
9 enddo 

10 end 

Figure 6.3: Computing the Subsumption Relation 
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possible- if the test fails. The relation partial is updated by mark_subsume. The possible 

relation is pruned by unmark_possible. The sequence in which the possible subsumptions 

to be tested are picked can influence the performance. There is no specific sequence that 

will work well for all cases. One way is to pick possible subsumptions, that are transitive 

consequences of other possible subsumptions, only after (and if necessary) the antecedent 

subsumptions have been tested. This idea works well if many of the possible subsumptions 

are indeed valid subsumptions. Different methods of choosing the pair to test, have similar 

best and worst case scenarios. Note that this algorithm returns the entire subsumption 

relation- which is the transitive closure of the hierarchy. 

In many examples we noticed that possible is not very different from partial. The 

algorithm compute_subsume2 does very well on such examples. Moreover the subsumption 

hierarchy based on immediate subsumption is returned, as opposed to the entire relation. 

First, possible and partial are first reduced to the smallest relations whose reflexive tran­

sitive closures are possible and partial respectively. 

The difference between compute_subsume1 and compute_subsume2 stems from the 

fact that the transitive nature of the relations are made implicit in the latter. This results in 

more compact definitions of possible and partial. vVhen a possible subsumption is tested, a 

positive test simply involves adding the corresponding concept pair to partial. A negative 

result, on the other hand, can cause the addition of several concept pairs to possible, all of 

which were hitherto implicit by transitivity. This is done by update_possible. The worst 

case of compute_subsume2 is when none of the possible subsumptions hold. This can result 

in a quadratic number of subsumption tests in the concepts. However, this technique works 

quite well in practice, as most possible subsumptions are actually subsumptions. 

Since the clause sets corresponding to the knowledge-bases are fairly large, relevant 

clauses are selected to test for subsumptions. It is interesting to note that in almost all the 

subsumptions left to be tested the distance between the concepts tested for subsumption 

was less than 3, so in many cases the first iteration of the algorithm picked up all the 

relevant instances. The theorem prover's performance significantly improved when relevant 

clauses were used. Time to detect the subsumptions went down by a factor of 100 in some 

cases. 



Algorithm 9 (Computing Subsumption Hierarchy for all Conc.epts) 
Input; [TBox, Subset and Superset of the subsumption relation] 

Output; [Subsumption Hierarchy for all Concepts] 

1 procedure compute.subsume2(Tbox,partial,possible} 
2 begin 
3 while partial f' possible do 
4 pick some ( C, D) E possible - partial 
5 if test.subsume(Tbox, C, D) 
6 then partial f- partial U(C, D) 
7 else update.possibie(C,D) 
8 endif 
9 endwhile 

10 subsume f- partial 
11 return sttbsume 
12 end 

1 procedure update.possible( C,D) 
2 begin 
3 possible f- possible- (C, D) 
4 forall {X I (D, X) Epartial}do 
5 possible +-possible u(C, X) 
6 enddo 
7 forall {X I (X, C) Epartial}do 
8 possible +-possible u(X, D) 
9 enddo 

10 end 

Figure 6.4: Computing the Subsump!.ion Hierarchy 
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6.3.3 Pruning the Clause Set and Reducing Subsumption Tests 

Sometimes it is worthwhile to inspect the clause set and identify concepts that will 

not be relevant to part of the classification process. Such concepts and sometimes the clauses 

that involve them no longer need be considered. Reducing the number of clauses for the 

classification process is desirable because the performances of both the theorem prover and 

the model-finder improve. For example, knowledge-bases sometimes have several concept 

definitions each involving only one other concept. It is easily shown that concepts defined 

in such a manner are immediately subsumed only by the concepts defining them, and the 

clauses involving such concepts can he removed. 

A concept that is not interpreted to any domain element in all models of Tbox is an 

empty concept. For example bot described in Figure 6 .. 5 is an empty concept. Vacuously, an 

empty concept is subsumed by all concepts. Similarly we have a full concept- a concept 

that is interpreted to every domain element in all models of Tbox is a full. top is an 

example of a full concept. A full concept subsumes all other concepts. Suppose that in a 

Tbox definition all the concept literals corresponding to some concept are negative, Then the 

concept is a negative concept. man and woman are examples of negative concepts. Similarly, 

if the concept literals are all positive, the concept is a positive concept. human is an example 

of a positive concept. Positive concepts are subsumed only by full concepts. This makes it 

unnecessary to consider positive concepts while computing the possible relation. 

Suppose that a negative concept C is present in only one clause, and if such a 

clause is binary, say { D(X), • C(X) }. Clearly D subsumes C. Furthermore, D is the only 

immediate subsumer of C. That is, any concept that subsumes C subsumes D as well. \Ve 

show that if there exists any concept A., in Tbox, that does not subsume D, then A does 

not subsume C a.s well. Suppose A does not subsume D. Then there is an interpretation I 

that satisfies Tbox 1\ {•A(a)} 1\ {D(a)}. We modify I such that a E cr. This is possible 

because c is present in only one clause and 1 satisfies that clause- a E nT. So it is easy 

to construct 1 to satisfy Tbox 1\ { •A( a)} 1\ {C(a)}, which means A does not subsume C. 

The binary clause containing Cis relevant only to subsumption tests involving C. 

Since Cis alrendy positioned in the hierarchy- immediately subsumed by D, the binary 

clause and the concept C can be removed from the Tbo:c. The removal of such concepts 

and clauses may result in more concepts becoming negative, and possibly removable. For 

example, the removal of the clauses defining man and woman, makes person a negative 



TOP = THING U , THING 

BOT = THING n , THING 

PERSON (;; HUMAN 

MAN (;;PERSON 

WOMAN (;;PERSON 

{ top(X), thing(X) } 

{ top(X), not(thing(X)) } 

{ not(top(X)), thing(X), not(thing(X)) 

{ not(bot(X)), thing(X) } 

{ not(bot(X)), not(thing(X)) } 

{ bot(X), thing(X), not(thing(X)) } 

{ not(person(X)), human(X) } 

{ not(man(X)), person(X) } 

{ not(woman(X)), person(X) } 

} 

Figure 6.5: Sample T-Box with Positive and Negative Concepts 

94 

concept present in only one clause. So that definition may be removed as well. It is also 

possible to remove positive concepts in this fashion. However, usually there are not many 

that satisfy the conditions for removal. 

6.3.4 Results and Extensions 

The number of subsumption comparisons that were actually made by the general­

purpose system is shown in table 6.2. The number of possible subsumptions left after 

eliminating subsumptions is listed. The actual number of subsumption tests made were 

much less due to transitivity. We also note the performance of the prover when relevant 

clauses are used instead of the entire clause set. The total times taken to do all the sub­

sumptions in each case are listed. The improvement in times obtained by using relevant 

clauses is crucial to obtaining reasonable classification speeds. 

Figures 6.6 shows the performance of the classification technique on randomly 

generated knowledge bases. The number of subsumptions that remain to be tested after 

using make_possible on five random knowledge bases, is plotted against the number of 

concepts. Following Baader et al [BHN+92], the number of subsumption tests made relative 



95 

Classification after Preprocessing 
Knowledge Total Remaining I Possible Subsumption , Time taken (sec) 
Base Concepts Concepts , Subsumptions Tests Made Relevant All 
CKB 80 48 i 157 7 ,, 19 > 500 
FSS 132 64 I 9 2 11 > 300 
Espresso 14.5 55 ' 8 3 12 > 500 
Companies 115 65 I 0 0 -

' 
-

' 

Table 6.2: Subsumption Tests performed by RRTP and Model Finder 
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Figure 6.7: Classifying randomly generated knowledge bases. Plot on the left shows size 
of relation possible/ pa,.tial. Plot on the right shows size as percentage of all possible 
subsumptions. 

to the number of all the possible subsumptions tests is also plotted. In each case, the 

number of subsumption tests to be made is a very small percentage of the quadratic worst­

case. Furthermore, several of the subsumptions are easily obtained by simply examining 

the clause set and determining implications and other trivial subsumptions. This further 

reduces the number of subsumption tests to be made as shown in Figure 6.7. 

A good strategy to use if the knowledge-base is made of unrelated subsets is 

to separate the knowledge-base into these subsets. This can be done by first finding all 

the clauses in all the alternating paths from some clause. In this way all the unrelated 

subsets can be found. Introducing auxiliary concepts has been used in speeding up the 

classification process [Neb90J. This idea can be used here as well. We anticipate that such 

an extension would result in more obvious subsumptions detected and subsequently bring 

down classification time. 

6.4 Summary and Conclusions 

We believe that the contribution this paper makes is to show that state of the 

art theorem provers are quite efficient and practical. We do not claim that such general­

purpose systems are capable of replacing description logic systems, but it is interesting 

that a general-purpose prover performs comparably with specialized techniques. Besides, 
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some description logic systems have improved since [HKNP92]. We note that some realistic 

knowledge-bases when translated run into several hundreds of clauses. We wonder how well 

this system would scale up to knowledge-bases that may result in tens of thousands, even 

hundreds of thousand clauses. 

Although this paper haoo mostly discussed inferencing in the terminological com­

ponent, we believe that it is easy to accommodate assertional reasoning using the same 

techniques. Assertions can be represented as unit clauses. However, asserting a large num­

ber of distinct individuals may make the model sizes too big. 

A point to be made is that although the underlying logic for many description 

logic systems fall under the Goede! class of formulas, that is, the quantifier prefix is :IW:I 

[FLTZ93], the theorem prover and finite-model finder combination would work well for any 

extensions to concepts language provided the underlying logic still has the finite model 

property. Baader and Hollunder[BH91] state that KRIS was designed to include most of the 

description logic constructs with the restriction that the reasoner faces decidable problems 

when determining inferences such as subsumption checking. This is a very descriptive 

language; it also corresponds to some sublogic of first-order logic that has the finite model 

property [HN90]. In fact [HN90] point out that the semantic tableaux calculus used in KRIS 

combines the characteristics of a theorem prover and a finite model finder for that sublogic. 

However, KRIS is not complete for all sublogics of first-order logic that have the finite model 

property. Of course, it is not intended to be complete, but there may be features in the 

future that warrant inclusion in a description logic system and the tableaux calculus may 

require substantial revision to accommodate such changes. On the other hand the system 

we propose is already complete for all sublogics that have the finite-model property. 

Buchheit et al[BDS93] introduce inclusion as a fundamental concept forming op­

erator. For example, to express two concepts to be equivalent, it is sufficient to state that 

each one includes the other. Inclusion can easily be incorporated into the common termino­

logical languages, and the the theorem prover and model-finder already provide a reasoning 

capability for it. On the other hand, some features are hard to represent in our system: A 

key feature of most description logics is number restriction as a concept-forming operator. 

Although this can be easily modeled in first-order logic for small values of the numbers, 

for large values the corresponding clauses become unmanageable. Such constructs cause 

problems for description logic systems as well. 

We developed a number of preprocessing techniques to improve the efficiency of 
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subsumption, and also for pruning the number of subsumption tests to be made during 

classification. These techniques work well within any first-order logic framework that has 

the finite model property. Without these techniques, the running times of the theorem 

prover would be considerably longer, and will not be competitive. We believe that since 

theorem provers did reasonably Well compared to specialized techniques in this domain, it 

is appropriate to examine whether theorem provers perform as well in other domains of 

interest. 



Chapter 7 

Conclusions 

7.1 Conclusions 

In this dissertation, we described the construction of a first-order theorem prover, 

a first-order finite model finder, and a proof procedure for Horn theories. The procedures 

were proved to be sound and complete for their respective tasks. All of these procedures 

were instance-based: the implementations generated instances. Our implementations relied 

on a good propositional decision procedure[ZS94]. We also used our prover and model-finder 

as a decision procedure in the area of Description Logics. We described performance results 

for all implementations. 

We first described the theorem prover. RRTP, in the t1·adition of Herbrand pro­

cedures consists of two components: an instance generator and a propositional calculus 

prover. RRTP used the idea of "replacement" to generate instances. We formalized this 

notion of replacement and described the use of some combination of replacement· and in­

stantiation to create a complete theorem prover. UR-resolution is also added to RRTP to 

make it more powerful. RRTP performs respectably on theorems designated as "difficult" 

for state-of-the-art theorem provers. It is particularly effective on problems that do not 

involve equality. 

The poor performance of RRTP on certain Horn problems prompted us to look for 

a suitable way to solve Horn problems. Our objective was to develop a strategy that would 

be goal sensitive and yet avoid the redundancy in proof search associated with such backward 

chaining techniques. V.fe developed a procedure that creates instances that are sensitive to 

the goal but unlike classical backward chaining procedures our procedure never combines 



100 

the instances. Instead, we reason forward among the instances to arrive at the proof. We 

use UR-resolution to reason forward and obviate the need for using the propositional prover. 

We have added this procedure to RRTP to improve RRTP's performance on Horn problems. 

Next, we described a simple first-ordel' finite model finder. The model-finder is 

extremely useful in finding models for satisfiable formulas that have small models. In our 

observation, non-theorems obtained from theorems by making minor changes in the clauses, 

typically have very small models. As a result the model-finder is useful for detecting minor 

mistakes in theorems, which theorem provers usually do not detect and potentially run 

forever. The model-finder is based on a satisfiability preserving transformation of the first­

order formula to a propositional formula. 

Finally, we explored using our theorem-prover and model-finder as a decision pro­

cedure in Description Logics. The chief reasoning compoaent provided by Description Logic 

systems is testing concept subsumption. Using tests devised to te.st Description Logics, we 

came to the conclusion that our combination performs compares well with the inferential 

abilities of description logic systems. We were only bested by systems that were limited 

in expressiveness. We also developed some techniques to make any prover rur. faster 'i.vhen 

doing subsumption testing. We also describe<! some novel techniques for checking several 

subsumptions rapidly. 

7.2 Extensions 

We first note that there is enormous interest in the area of developing efficient 

solutions to the propositional satisfiability problem. Several real-world problems are being 

encoded as satisfiabillty problems, for example see [KS92],[Lar92] [CB94]. With areas such 

as Nat ural Language Processing and Machine Learning now benefiting from satisfiability 

methods, it is our belief that the continued research into this area will create better algo­

rithms and more importantly better implementations of satisfiability methods. Naturally, 

such improvements stand to improve existing instance-based techniques, including ours. 

We describe some possible extensions to our work. 

Replacement Rule Theorem Prover 

RRTP is very good with range-restricted clauses. The instance generation phase 

of RRTP can slow it down by creating too many instances that are not relevant to the 
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proof. We look to suppress the instantiation phase further by combining replacement with 

hyper-linking. RRTP can also be used to create replacement instances for other provers to 

use. We have observed that this has improved performance in at least one other prover. 

RRTP has minimal equality support. This is evident from it.s performance in 

problems that require equality reasoning. There are some ways in which an efficient equality 

mechanism can be added to such an instance-based technique. One idea is to simulate 

paramodulation, an equality technique that combines well with resolution. 

Proof Procedure for Horn Theories 

The proof procedure for Horn theories is well suited for problems whose Horn 

clauses where the consequent literal is larger than all the antecedent literals. However, 

some work needs to be done to improve it for all Horn problems. We described how caching 

is useful to avoid repeating proofs. We believe that this idea will have an impact on all 

kinds of Horn problems. We also have some ideas on extending this approach to a complete 

theorem prover. A simple clause transformation of all clauses to Horn clauses in a manner 

resembling the prover SP RFN[Pla88b] may not be very efficient. 

Description Logics 

Description Logics provide several non-rea.soning facilities to the user, These in­

clude editing tools and graphical depiction of concept hierarchies etc. We do no intend 

to provide such facilities. The entire point of our exercise was to tl".st the strength of our 

system and offer some insight to future description logic system designers, and not replace 

description logic systems. It would also be interesting to see how the theorem prover and 

model-finder combination works as a decision procedure on other domains such as modal 

logics. 
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The performance of the different provers on the various TPTP problems is detailed 
in this Appendix. For Otter and RRTP, since they were executed on the same machine 
with the same time bound (300s) the times t.aken for the proof is provided. All times are 
in seconds. For the other provers, only an indication of whether the proof was obtained is 
presented, 

Table A.l: Comparison of Some Provers on difficult. TPTP 
problems 

~--·Comparison of Some Provers o" difficult TPTP problems 
Problem Otter SETH EO CL!N CLII\-E Linus RRTP 

' . 
ANA002-2 iN N !f ' N N N • N ,, 

I 
B00003-1 17.7 'y y y y 8.8 
B00004-1 2.8 ly y N y 8.6 ,, B00005-1 10.0 !Y y N y 8.9 

,, B00006-1 25.2 y y N y 189 

ij B00007-1 245.1 N N N N !N 
,, B00008-1 236 7 ,N N N N !N 

B00009-l 26.3 N N N y IN 

I' 
B00010-1 11.6 N '-! N y : 22.8 
B00012-1 I 76.8 ,y N N •Y 

,~ 800014-1 ;N 
IN 

N N IN I B00015-l N N N N N 
I ,N 

B00016-l 12.7 ,N !N N 1Y 27.0 

I 
BOOo1q i 35.7 N IN N ly N 
CAT001-1 5.7 1\' N :N N N 
CAT001-3 1.9 y :N N iy 98 2 
CATOOl-4 I' 155 8 y I y I N I y 24.2 !i 
CAT002-1 9.9 N : N : N i N N I! 
CAT002_-3__,•_1_45_.9--'-_Y __ . .-Ji..ct'_:_' _ ..... i _:_N_. _LY.:._. _ _L_4:.:.:.2~._j 



Problem Otter SETHEO CLIN 
CAT002-4 
CAT003-1 
CAT003-2 
CAT003-3 
CAT003-4 
CAT004-1 
CAT004-3 

12.6 
4.9 

y I y 

IN 
IN 

II CAT004-4 

'I' CAT005-3 
CAT005-4 

I
' CAT006-3 
. CAT006-4 

I
, CAT008-l 

CAT009-l 
CAT009-3 

j . -C \T009 4 
CATOI0-1 
CATOl0-4 
CATOll-3 
CATOll-4 
CAT012-3 

J 
CAT013-3 
CAT014-3 

., CAT014-4 

1. 
CAT016-3 ,, 
CAT017-3 

II CAT018-l 
•• 

r 
CIDOOl-1 

.I CID003-2 

II 
COL002-2 
COL002-3 
COL003-3 
COL003-4 
COL003-5 

N 
N y 
N y 

I
. 134.9 y 

9.6 N 

IN N 
'N I~ I 0.4 .N 
. 0.6 IN 
I 0.3 N 

0.4 N 
2.6 N 
3.3 
N 
N 
3.5 
269 
144.6 
7.7 
65.7 
143.7 
149.1 I 6.6 

. 0.2 
: 0.1 

1 2.7 
I o.1 
l 258.8 

110.4 
N 

' •N 

IN 
,N 

l 

N 
N 
N 

'N 
y 
y 

N 
N 
y 
y 
y 

N 
N 
y 
y 
N 
N 
N 

COL003-6 I N N 
COMOOH N N 

GEOOOl-1 IN N 
GEOOOl-2 N N 
GE0002-l ' 237.1 N 
GE0002-2 N' N 
GE0003-l 1.1 y 

GE0003-2 1.4 y 
GE0006-1 N N 

lv 
iY 
IN 
iN 

I~ 
I~ 
I~ 
I

N 
N 
N 
N 

N 
N 
y 
N 
N 
N 
y 
N 
N 
y 
N 
N 
N 
y 
N 
N 
N 
N 
N 
N 
y 
N 
N 
y 
y 

N 

CLIN-E 
N 
N 

.N 

I~ 
I~ 
I

N 
N 
y 
N 

I~ 
I~ ' ; 

IN N 
N 
y 
y 
y 

N 
y 
y 
y 
y 

N 
N 
N 
y 
N 
N 
N 
N 
N N 
N 
y 
y 
y 
y 
N 

Linus 
y 

N 
N 
y 
y 

N 
y 
y 
y 
y 
y 
y 
y 
N 
N 
N l 

N 
N 
y 
y 
y 
y 
y 

IY 
!Y 
' 

I~ 
iN 

IN 
iy 

y 
N 

,~ 
,N 
'N 
IN 
;N 

IN 
.N 

I~ 
IN 

RRTP; 
6.4 
N 
N 
2.1 
0.9 
N 
77.7 
58.1 
N 
N 

I 

II 
1: 

II 
9.8 .1' 152.6 
18.6 
N 
N 
N l 

N 
N 
N 
112.7 
0.6 
0.6 
N 
N 
0.1 
0.1 

1143.7 
N 

'N 
N 
115.3 
N 
N 
N 
N 
N 
73.6 
N 
N 
N 
2.3 
1.1 
N 

I 
r .j 

I 

,. 
I 

r .I 

II 
ii 
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Problem Otter SETHEO CLIN CLIN-E Linus i RRTP 
G£0006-2 N N N N N N 

I GEOOl0-1 .N N N N N N 

' GEOOl0-2 !N N N N N N 
GEOOll-1 N N N N N IN 
GE0025-2 N N N y N N 

!! GE0026-2 . 4.6 y y ,y y 12.2 
I' G£0027-2 N N y N N 5.7 

II GE0030-2 34.9 N N y y 80.5 

II GE0036-2 ! 116.6 N N y y N 

II GE0037-2 
IN 

N N N N N 

I GE0039-2 8.2 N !\ y y IN 
a G£0040-2 i:K N N N N I s6.9 
' I 

GE0041-2 N N N N N N 
GE0042-2 N N N N N N 

l GE0043-2 N N N N N 'N 
' l GE0048-2 N N N N N N 

GE0058-2 9.8 y N y y N 
GE0059-2 N N N N N : 56.3 
GE0064-2 N N N N N K 
GE0065-2 N N N N N N 
GE0066-2 N N N N N N 
GE0067-2 I 1.8 N N y N JN 
GE0076-4 N N N N N IN 
GE0077-4 N y N N N 28.5 
GRP008-l 11.0 y y ly y 16.2 
GRP012-2 1.2 y y y y 81.9 
GRP012-3 4.2 y N N y i 17.4 
GRP025-2 N y y IN y It\ 

GRP026-2 N y y 'N y I~ GRP027-1 N y y y y 
I 

GRP029-1 0.2 y y y y IN 
GRP035-3 1.1 N N y y N 

' GRP037-3 1.2 y !\'" y y N 
GRP039-1 N IN N N N N 
GRP039-4 N N N N N :N 

' 
' GRP040-3 N N N :N N N i 

GRP048-2 0.1 N N y y N 
GRP051-l N N N N N rN 

l 
I GRP056-l N N N N N 'N 
' GRP057-1 N N N N N N 

GRP072-1 N N N N N N 
GRP074-1 N N N N N N 

I GRP075-1 134.4 N N N N N 
' 
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Problem Otter SETHEO CLIN CLIN-E Linus RRTP 
GRP076-1 268.7 N N N N N 
GRP077-1 N N N N N N 
GRP078-1 202.4 N N N N N 
GRP079-1 90.4 N N N N N 
GRP080-1 N N N N N N 
GRP085-1 2.0 N N N N N 
GRP086-l 1.8 N N N N N 
GRP087-1 10.9 N N N N N 
GRP097-1 N N N N N N 
GRP099-1 N N N N N N 
GRP100-1 151.8 N N N N N 
GRP101-1 N N N N N N 
GRP102-1 N N N N N N 
GRP103-1 185.9 N N N N N 
GRP105-1 N N N N N N 
GRP108-1 N N N N N N 
HEN003-1 0.8 N N y y 89.8 
HEN003-3 0.3 N y y y 2.5 
HEN004-1 3.3 N N N N N 
HEN005-1 1.1 N N N y N 
HEN006-1 3.8 N N N N N 
HEN006-3 14.4 N N N y N 
HEN006-5 3.4 N N N N N 
HEN007-1 18.1 N N N N N 
HEN007-3 47.7 N N N N N 
HEN007-5 17.0 N N N N N 
HEN008-1 0.8 N y y y 5.4 
HEN008-3 0.3 y N y y 4.4 
HEN009-1 15.6 N N N N N 
HEN009-3 119.8 N N N N N 
HEN009-5 38.3 y y y y N 
HEN010-1 12.2 N N N N N 
HEN010-5 45.8 N N N N N 
HEN011-1 110.2 N N N N N 
HEN012-1 1.6 N N y y N 
HEN012-3 0.3 N y y y 4.7 
LA T00 5-5 36.6 N N N N N 
LAT005-6 56.6 N N N N N 
LCL146-1 37.9 N N N N N 
LCL182-1 13.8 y y N y 213.7 
LCL187-1 0.2 y y y y 0.3 
LCL192-1 7.0 y y y y 1.8 
LCL194-1 N y y N y 1.2 
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Problem Otter SETH EO CLIN CLIN-E Linus RRTP 

NUM283-1 3.8 y N N N 247.6 
NUM284-1 0.2 y y y N 81.4 
PLA004-1 N y N N N 26.5 
PLA004-2 N y N N N 26.3 

PLA005-1 N y N N N 25.4 
PLA005-2 N y N N N 25.2 
PLA007-1 N y N N N 5.4 
PLA008-1 N y N N N N 

PLA009-1 N y N N N 5.2 
PLA009-2 N y N N N 5.2 
PLA010-1 N y N N N N 
PLAOll-1 N y N N N 27.6 
PLAOll-2 N y N N N 27.3 
PLA012-1 N y N N N N 
PLA013-1 N y N N N 26.7 
PLA014-1 N y N N N 26.6 
PLA014-2 N y N N N 26.5 
PLA015-1 N y N N N N 
PLA016-1 N y N N N 11.5 
PLA018-1 N y N N N N 
PLA019-1 N y N N N 11.1 
PLA021-1 N y N N N 15.5 
PLA022-1 N y N y N 1.5 
PLA022-2 N y N y N 1.5 
PLA023-1 N y N N N N 
RNG001-1 27.2 N N N y N 

RNG002-1 0.9 y y y y 1.6 
RNG003-1 0.7 y y y y 1.5 
RNG004-1 16.0 N N N N N 
RNG005-1 3.8 N N y y 97.3 

RNG006-3 8.7 N N N N N 

RNG007-1 12.3 N N N N N 
RNG008-1 100.8 N N N N N 

RNG037-1 3.8 N N y y 97.8 

RNG038-1 0.9 N y N y N 
RNG039-1 11.2 N N N N N 
RNG040-1 0.9 y y N y 0.8 

RNG041-1 3.8 y y N y N 
ROBOll-1 0.3 N N N N N 

ROB016-1 0.4 N N N y N 
SET005-1 N y N N y 0.5 

SET007-1 N y N N y 0.7 
SET008-1 3.2 y y N y 0.3 
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Problem Otter SETH EO CLIN CLIN-E Linus RRTP 

SET009-1 1.9 y N N y 0.5 
SETOll-1 257.1 y N N y 0.3 
SET012-1 N N N N N 0.5 
SET012-2 N N N N N 6.2 

SET013-1 N N N N N 0.6 
SET013-2 N N N N N 7.3 
SET014-2 N y N N y 4.0 
SET015-1 N N N N N 0.6 
SET015-2 N N N N N 7.2 
SET017-6 65.2 N N N N 223.1 
SET019-4 10.1 N N N N N 
SET024-4 1.4 y N N N 43.3 
SET024-6 0.6 y y N y 2.6 
SET025-4 0.8 y N N y 2.4 
SET025-6 1.4 y y N y 2.5 
SET025-9 N N N N N N 
SET027-4 N N N N y N 
SET027-6 3.2 N N N y 25.6 
SET031-4 N N N N N N 
SET041-4 N N N N N N 

SET050-6 4.8 y N N y 10.9 
SET051-6 4.8 y N N y 10.8 

SET055-6 25.4 y N N N 33.7 
SET061-6 59.3 N N N N N 
SET062-6 18.9 N N N y N 
SET063-6 18.9 N N N y N 
SET064-6 101.9 N N N y N 
SET067-6 N N N N N N 

SET068-6 N N N N N N 
SET071-6 N N N N y N 
SET072-6 170.8 N N N N 224.7 
SET073-6 58.5 N N N N N 
SET074-6 56.8 N N N N N 
SET075-6 47.7 N N N N N 
SET076-6 N N N N y N 
SET078-6 0.7 y y N y 8.4 

SET079-6 65.2 N N N N N 
SET080-6 N N N N y 12.5 
SET081-6 0.9 y N N y 2.7 

SET082-6 108.2 N N N y N 
SET083-6 108.5 N N N y 8.8 

SET084-6 5.6 N N N y 9.0 
SET085-6 126.1 N N N y 9.7 
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Problem Otter SETHEO CLIN CLIN-E Linus RRTP 
SET238-6 N N N N N 18.4 
SET239-6 N y N N y 3.3 
SET240-6 N N N N y 12.3 
SET241-6 N N N N y 12.1 
SET242-6 N y y N y 3.4 
SET243-6 N N N N N N 
SET245-6 N N N N N N 
SET252-6 N N N N y N 
SET253-6 N N N N N N 
SET261-6 N N N N N N 
SET286-6 N N N N N N 
SET411-6 32.6 N N N y 11.7 
SET454-6 N N N N N N 
SET479-6 149.6 y N N y 24.9 
SET506-6 24.4 N N N N 271.5 
SET507-6 39.1 N N N N N 
SET510-6 124.3 N N N N N 
SET516-6 N N N N N N 
SET517-6 N N N N N N 
SET553-6 N N N N y N 
SET558-6 1.0 N N N N 7.33 
SET559-6 248.1 N N N N N 
SET561-6 281.1 N N N N N 
SET562-6 N N N N N N 
SET564-6 78.7 N N N N N 
SET565-6 242.2 N N N N N 
SET566-6 87.0 N N N N 22.7 
SYN014-1 N N N N N N 
SYN015-1 N N N N N N 
SYN113-1 1.3 y y y y 5.2 
SYN122-1 1.0 y y y y 9.4 
SYN137-1 1.1 y y y y 10.9 
SYN139-1 2.7 N y y y 56.5 
SYN140-1 2.7 N y y y 56.4 
SYN142-1 2.7 y y y y 57.4 
SYN143-1 2.8 N y y y 57.3 
SYN155-1 1.6 N y y y 17.2 
SYN157-1 1.6 y y y y 9.6 
SYN159-1 2.3 N y y y 22.4 
SYN161-1 1.6 y y y y 9.5 
SYN163-1 2.2 N y y y 22.4 
SYN176-1 1.0 y y y y 6.7 
SYN178-1 2.5 y y y y 8.6 
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Problem Otter SETHEO CLIN CLIN-E Linus RRTP 

SYN179-1 1.5 y y y y 12.6 
SYN181-1 1.9 y y y y 10.3 
SYN182-1 1.6 y y y y 7.9 
SYN190-1 1.5 y y y y 13.1 

SYN192-1 1.5 y y y y 9.2 
SYN198-1 0.9 y y y y 3.0 
SYN200-1 0.8 y y y y 3.1 

SYN205-1 2.6 y y y y 56.8 

SYN206-1 1.8 y y y y 8.1 
SYN207-1 i.6 y y y y 45.5 
SYN218-1 0.9 y y y y 3.0 
SYN219-1 1.0 y y y y 6.3 
SYN235-1 2.0 y y y y 43.2 

SYN252-1 2.8 N y y y 56.3 
SYN253-1 2.7 N y y y 56.7 
SYN254-1 2.7 N y y y 56.7 
SYN263-1 1.9 y y y y 4.0 
SYN271-1 2.4 y y y y 18.6 
SYN272-1 2.2 y y y y 6.5 
SYN298-1 1.8 y y y y 8.1 
SYN300-1 1.9 y y y y 8.1 
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Appendix B 

Description Logics 

Table B.l tabulates the performances of the different systems on "hard" examples. 
The examples were designed to bring out bad performances in description logic systems. 
The description logic system times for these tests are takeh from [HKNP92]. These times 
are not comparable at all as they were run on different hardware. Some of these times may 
not be appropriate as some of these systems have been improved upon. For a more accurate 
comparison, we performed the tests on two systems, FLEX and BACK, that were available 
to us, on the platform that the theorem prover and model finder ran on. These results are 
shown in Table B.2. The time given for FLEX is misleading because the system classifies 
the knowledge base upon input. The times provided for FLEX are the classification times. 



II 
il Result of 

Test (sec) BACK I CLASSlC 

"Till~ 1 12 
1 (b) 1 14 
1 (c) !I 2 ]5 
2 (a) 

r 
3 ' 

2 (b) 32 11 
2 (c) ")'"5 16 
3 (a) I ;5 4 
3 (b) p 352 40 
3 (c) 6035 706 
4 (a) - -

4 (b) - -

1, 4 (c) - -.. * Vhth fimte-model finder 
t Inference not computed. 
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Hard Inferences 
System 

KR1S L00'.1 MESON SBONE RRTP• 

3 1 1 11 1 I 
' 77 3 2 1 33 r3 

2680 5 6 56 18 
82 ;7 3 99 '3 I 
1867 1 22 23 859 16 I 
··- 39 84 3263 45 !' 

- --
459 28 29 372 17 
18230 ' 155 5099 1836 15 
j- i 666 9500 30 ], 
14 4t - - 84 

49 8t >10000§ 
745 13t -- -- -§ 

§ When inferences were aided by lemmas times dropped to 200s and 800s respectively. 

Table B.l: Hard Cases on Various Platforms 

' Hard Inferences ! 

Result of System 
Test (sec) II BACK I FLEX RRTP* 

lll (a) ' 1 6 1 
~ .. 1 (b) 

.~ 
7 3 

1 (c) 13 8 
2 (a) I 6 ; 27 3 ' 
2 (b) 1 14 138 16 
2 (c) 45 446 45 
3 (a) 22 ' 25 7 I 
3 (b) I 2s2 ' 59 15 
3 (c) II :14 118 30 
4 (a) -· 

' 
12 84 

' 
4 (b) 1- 149 
4 (c) -· 1186 

Table B.2: Hard Cases on the DEC 5000/120 
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