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Abstract

We present a new approach for establishing correspondence for morphing between
two homeomorphic polyhedral models. The user can specify corresponding feature
pairs on the polyhedra with a simple and intuitive interface. Based on thatees,
our algorithm decomposes the boundary of each polyhedron into the same number of
morphing patches. A 2D mapping for each morphing patch is computed in order to
merge the topologies of the polyhedra one patch at a time. We createph mor
defining morphing trajectories between the feature pairs and by interpoldiem t
across the merged polyhedron. The user interface provides high-levedlasitrell as
local refinement to improve the morph. The implementation has been appiederal
polyhedra composed of thousands of polygons. The system can also handle
homeomorphic non-simple polyhedra that have holes.

1 Introduction

Image and object morphing techniques have gained increagiogtance in the last
few years. Given two objects, metamorphosis involpesducing a sequence of
intermediate objects that gradually evolve from oneeabjo another. The techniques
have been used in a number of applications, includingticiensualization, education,
entertainment, and computer animation. Morphing, wheth@D or 3D, consists of
two basic phases, establishing a correspondence betlweeimages or objects and
interpolating between them, in conjunction with blegdineir colors or textures.



Main Contribution: We present a new approach for establishing correspomdeanc
morphing between two homeomorphic polyhedra. Initialhe tuser selects some
corresponding elements callddature pairs Although we borrow this term from
previous morphing algorithms for images or 3D volumetridet® [2, 26], our concept
of a feature is closer to the sparse control mesh insdd]. Our algorithm includes a
simple and intuitive user interface for feature spec¢ibceand automatically generates a
feature net Based on the feature nets, the algorithm decomposesoimdary of the
polyhedra into morphing patches, computes a mapping forreagbhing patch to a 2D
polygon, merges them, and constructsmerged polyhedronwhose topological
connectivity contains both of the input polyhedra. ides to create a morph, the merged
polyhedron has anorphing trajectoryfor each vertex to move along from one input
polyhedron to the other. The overall complexity of éfigorithm is O(K(m+n)), where K
is a user-defined constant and m,n correspond to the nuhiertices in the two input
polyhedra. Some of the principal attributes of our appreae:

» Simple User Interface: The users only need to select a few corresponding pairs
of vertices on the two polyhedra to define the feahats. The trajectories along
which these features travel during morphing are curreaflyesented as Bézier
curves.

* Fine User Control: The algorithm not only provides the user with highleve
control in terms of specifying the features and trajes, it also provides a
mechanism tdocally refinethe morph or the animation sequence.

» Generality: The algorithm is applicable to all simple or genus zerlyhedra and
makes no assumptions about convexity or star-shape.eFudhe, it can also be
applied tonon-simplehomeomorphic polyhedra.

Organization: The rest of the paper is organized in the following meanin Section
2, we survey related work in this area. We give an aeerof our approach in Section
4, present the algorithm to compute the corresponden8edtion 5, and address the
morphing trajectories and other interpolation issueSeantion 6. We describe the user
interface in Section 7. Then, we discuss the implemient in Section 8 and also
highlight its performance on different models. We aralye algorithm in Section 9 and
mention areas for future research in Section 10.

2 Related Work

The problems of establishing correspondence between icghbjects for shape
transformation and morphing have been widely investibatecomputer animation,



graphics and computational geometry for more than a debémst. of the earlier work
in the area focused on image metamorphosis, though a nomépproaches have also
been proposed for 3D volumetric models and 3D polyhedral siodéh extended
abstract of this paper appears in [14].

2.1 2D Morphing

Given two images, the problem of constructing a metphwsis from one image to
the other has been extensively studied in computer geaphit image processing. The
set of algorithms can be classified into those tipatrate on raster images [2, 10, 25, 41,
42] and those that operate on vector-based or geomefniesentations [15, 35, 36,
40]. A common procedure to establish correspondencepiate a mesh over the entire
image, which implies a bilinear warping function. Warpiofythese features can be
controlled by energy minimization [36] or feature-basedhstraints [35]. Beier and
Neely presented an elegant feature-based approach [2ledtiiees may correspond to
points or lines [2, 39] or to snakes [25]. Mappings that teen used include (bi)linear
mappings [2, 39] and spline-based mappings or free-form deformea({25] in
conjunction with a weighting function which effectivadgntrols the range over which a
feature has influence. Ranjan and Fournier [32] presenteg@oach which uses circles
to partition the objects. Other algorithms for tramsfing one image into another are
based on two-dimensional particle systems to map tlet¢sgB4].

It is possible to generate 2D images from a 3D model gply 2D morphing
algorithms to these. In this case, the intermedigtges of the morph are images. For
many applications in animation and design, the 3D modesndelves should be
transformed and not their images [6, 21]. Furthermoriheifviewpoint or the lighting
parameters are changed, the 2D morph has to be recom@utetie other hand, 3D
morphing is independent of viewing or lighting parametewmsvitif) a 3D representation
also allows the use of computer animation techniquesasikbyframing.

2.2 3D Volume Morphing

Given two volumes, 3D volume morphing involves producinggusence of volumes
to transform them. A number of approaches have beensipedbl[7, 9, 16, 26, 31].
These include use of Fourier transforms that warp IneaFourier space [19]. This is a
simple approach and requires minimal user specification, ibhibits intuitive
understanding of the morph. Lerios et al. [26] have predeat3D extension of Beier
and Neely's [2] approach. It allows the user to spec#gtaof features and permits fine
user control.

3D polyhedral models can be voxelized to allow use of 8Dme morphing.
However, the intermediate stages of the morph are wsuend converting them into



geometric models produces topologically complex objectgerGa geometric surface
description of the model, we can use current graphicersgstor fast rendering as well
as utilize different geometric algorithms for applicatiosuch as physically-based
simulation or 3D object manipulation. Moreover, fortéea-based approaches, it is
simpler and more intuitive to design a user interfacedas the geometric model as
opposed to the volumetric model. For example, a user ckrapy vertex, edge, face or
contour of the original polyhedron as a feature, whicihat easy with a voxel-based
representation. Therefore, approaches based on vaxeliZallowed by 3D volume
morphing have limitations as well.

2.3 3D Shape Transformations and Metamorphosis

Several approaches related to establishing correspondetaeen 3D polygonal
objects for shape transformation and metamorphosie baen proposed. Physically-
based modeling techniques based on deformations [1, 37] awepsystems [33] can
be used for object metamorphosis. Hong et al. [18] presemipproach for polyhedral
models that matches the faces whose centroids aestldcChen and Parent [6] present
an algorithm to transform piecewise linear 2D contamng extend it to 3D cylindrical
objects. Bethel and Uselton [4] add degenerate vertiw$ages to two polyhedra until
they have a common vertex neighborhood graph. Kaul asdigt@ac [21] transform a
pair of polyhedra by using their Minkowski sums. Hodgins awdlaRl [17] have
presented an algorithm for interpolating between cordystems of dynamic models.
Whyvill [43] has described an approach for implicit surfadesrent [30] has presented an
approach that splits the surface of the model into péiskieets of faces and recursively
subdivides them until they have the same topology. P§26nt30] has also described a
method for deformation of polyhedral objects based gtiginfunctions. Kent et al. [22,
23] have presented a shape transformation algorithm farsg@ polyhedra that involves
projecting the models onto a sphere. Chen et al. [5¢ lmmeduced 3D morphs of
cylindrical images. Galin and Akkouche [13] have presentedhlgarithm for blob
metamorphosis based on Minkowski sums. Lazarus and Vel@tjshave proposed a
method based on skeletal curves. Kanai et al. [20] hasepted an algorithm for shape
transformation of genus-O polyhedra using harmonic map€aie and Gallier [11]
have proposed a morphing technique that establishes poncence by allowing the
user to divide the surface into triangular and quadrilaper@hes which can be projected
onto a plane. Our overall approach shares their thétoaiever, we improve upon
several restrictions in their technique making it ead® the user to specify
correspondence between complicated models. For exangkemove the requirement
that the user specified surface patches must be triangutgmadrilateral, and that can
each be directly projected onto a plane.
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3 Terminology

The term polyhedron refers to an arrangement of polygodis that two and only two
polygons meet at each edge. It is possible to travhessurface of the polyhedron by
crossing its edges and moving from one polygonal facadthar until all polygons have
been traversed by this continuous path [28]. Topology gdferthe vertex/edge/face
connectivity of a polyhedron. Simple polyhedra are allylpedra that can be
continuously deformed into a sphere. Non-simple polyhadrdaopologically equivalent
to a solid object with holes in it. In this paper, agssume that each face of a polyhedron
is homeomorphic to a closed disk. The genus g of a polyhasiithe maximum number
of non-intersecting loops that do not divide its surfate two regions. Moreover, we
assume that the given polyhedra satisfy the Euler-P@roamula: v-e + f- 2(1 - g) =
0, where v,e,f and g are the number of vertices, edgess and genus of the
polyhedron respectively. The genus of a simple polyhedraarp.

4 Overview

Given two homeomorphic polyhedra, our goal is to genexat®rph that results in a
smooth and gradual transition from one polyhedron tamther. One key aspect of our
system is to allow the user to identify the importte#tures of each polyhedron and
specify a correspondence between them. The rest ofalf@ithm consists of a
combination of techniques that can produce the desirall fiesn the given user input.

Our algorithm decomposes the problem of morphing two pdighénto morphing
corresponding pairs of surface patches. Given the ugmtsfisation, the algorithm
automatically partitions each polyhedron into a seaésnorphing patches, each of
which is homeomorphic to a closed disk. Based on thisrdpasition, our approach is
applicable to non-simple polyhedra as well. There araynmher advantages of this
approach. It is simpler to compute a 2D parameterizabioarie patch at a time. We use
such mappings to merge the topologies of the polyhedra.dMereit allows us to use a
number of algorithms from computational geometry. Thasgude computing
arrangements of lines, triangulations of polygons andaplatraight-line graphs, and
determining point locations in planar subdivisions. Alége techniques are used for
establishing correspondence between the two polyhedra.

Geometric algorithms are prone to robustness and agcprablems. These involve
dealing with degenerate configurations and inaccuracy pnsbtkie to finite precision
arithmetic. Since an important component of the maoplalgorithm is to merge the
topologies of two polyhedra, we need to make sure thaalgwithm maintains valid
data structures and topology at each stage. In order ttodeveobust implementation



of the algorithm, we have at times opted for simplerngggac algorithms, which may
not have the best asymptotic performance.
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Figure 1. Overview of the polyhedral morphing algorithm.

An overview of our approach is given in figure 1. Givee tiser input, the algorithm
consists of two phases: establishing a correspondezteesén the two polyhedra and
interpolating between corresponding vertex locations.

4.1 Correspondence

» Feature Net Specification: The user specifies a network of corresponding chains
on the surfaces of the two input polyhedra by specifyimg \vertices of their
endpoints as shown in figures 2 and 3. The interior edigg®e achains are then
computed as the shortest path between the specified etzlpidie feature net is
a sub-graph of the vertex/edge connectivity graph of palshedron.

» Decomposition into Morphing PatchesBased on the feature nets, the algorithm
decomposes the surface of each polyhedron into the samber of morphing
patches, each being homeomorphic to a closed disk.



* Mapping: A pair of corresponding morphing patches are mapped to a 2D
polygon.

* Merging: The algorithm merges the topological connectivity ofphing patches
in the 2D polygon.

* Reconstruction: Using the results from merging, the algorithm reconssrtice
facets for the new morphing patch and generates a merggegrn with the
combined topologies of the original two.

» Local Refinement: The user can make local changes to the feature nét,asuc
splitting chains, moving extremal vertices, deletingirchar extremal vertices, or
adding new ones, and then re-compute the merged polyhedron.

4.2 Interpolation

» Trajectory Specification: The user specifies the trajectories for the vertmes
the feature net to follow during the morph. The morpliirggectories for the
remaining vertices of the merged polyhedron are computedthese.

* Morph Generation: The algorithm makes use of the trajectories and intatg®|
the surface attributes to generate a morph.

* Local Control: The user can modify the trajectories and generatevanmaph.
This step does not involve re-computation of the mergédh@dron as shown in
the shaded "feedback loop" of figure 1.

5 Correspondence between Polyhedra

In this section, we present the algorithm to compugectitTrespondence between two
polyhedra. Given two homeomorphic polyhedkaandB, we represent their vertices as
VA = VA, VA, L Vi andVe = VB, VB, L, VP, respectively. Superscripts represent
the corresponding polyhedron. The edges and faces of tfleedod are represented as
E*, E®, F* andF®, respectively. The output is a merged polyhedron withapelogy of
both input models, for which each vertex has a lonatio the two input models.

The algorithm ensures that each face of the input anglbpblyhedra is a triangle.
Otherwise, the algorithm triangulates the face. Thentary and topology information
for each polyhedron is represented usingviaged-edgerepresentation. Given the
polyhedra, the algorithm computes a circularly orderedfsetiges for each vertex. For
each edge, the algorithm stores the following inforomatincident vertices, left and right
adjacent faces, and preceding and succeeding edge in cooctersé order. Along
with the winged-edge representation, the algorithm magi@nadjacency graph The
vertices and edges of the adjacency graph represent thex/gdge connectivity
information of the polyhedron. We will use the symbGIS and G® to represent the



adjacency graph of two polyhedra. Furthermore, we assiggight to each edge of this
graph. The weight corresponds to the Euclidean distancee®etthe two vertices
defining the edge. Based on the Gsgpecification, the correspondence algorithm marks
some of the vertices and edges in these graphs. Towstlyteach edge and vertex in
these graphs is unmarked.

To illustrate the correspondence algorithm describebisnsection, we will make use
of Figs. 2-10. In our illustration, polyhedr@x corresponds to a model of an igloo and
polyhedronB corresponds to a model of a house (shown in Fig. 2). Umassr letters
denote objects in 3D and lower case letters represgts in 2D.

5.1 Specifying Corresponding Features

The user selects a pair of unmarked vertices on eattie afiput polyhedra to be in
correspondence denoted by§\/ V*;,} and {V®1, V®.}, respectively (shown in Fig. 2).
The algorithm computes a shortest path between thesexveairs in the adjacency
graph using only unmarked vertices and edges. Let the shpe#s correspond to:
VA%, VA VAR and {VBi, VP . V% VB, as shown in Fig. 2. All the
intermediate vertices and edges on the shortest paglagingraph are marked. We shall
call such a shortest path astain Moreover, the user-selected vertices are refeaed t
as theextremal verticesf a chain.

A (Igloo) B (House)
B. '
Ve[~ Chain Vertex
/ XA
Chain
A, VB,
V |2/\)/§ 11
1 EA\l Extremal Vertices y Vo1

Figure 2. Input polyhedra with user-specified correspondences.

The selected vertices and chains are used to formulatguae netor each polyhedron.
We will represent the feature nets s andN®. They are sub-graphs & and G®,
respectively. The user needs to specify a sufficientoearand arrangement of chains in
order to partition the boundaries of the polyhedra. &lgwrithm imposes some



constraints on the user. Each extremal vertex muatjaeent to at least two chains, and
each chain must have a connected patch on each sideressilt,N* andN® have the
same number of chains and extremal vertices and thehasespecified a mapping
between each extremal vertex and chain. In this wagy,two feature nets define a
bijection.

Figure 3. User interface for igloo-house morph showing completed feature net (red) with
morphing patches.

Exterior Edge

Extremal Vertex

B
: . VB!
Interior Vertices = '/ VBg

Figure 4. Two selected morphing patches.



5.2 Decomposition into Morphing Patches

The feature nets are used to decompose the boundarylopeltbedron into the
same number omorphing patchesA morphing patch (shown in Fig. 4) is simply a
subset of a polyhedron that is homeomorphic to a claseg thus simplifying the
geometric computations necessary to compute a morph.véitiees and edges are
partitioned into exterior and interior vertices and eddgése exterior vertices of the
morphing patches are those on the specified featuré&iget.

The decomposition algorithm has two steps. First,pgmeters of the morphing
patches are computed by traversing the feature netson&ethe interiors of the
morphing patches are computed. Below is an overvieWweopartitioning algorithm.

Partition polyhedron into morphing patch perimeters(){
For each extremal vertex in the feature net VI {
For each chain Cj adjacent to VI that has no adjacent facet clockwise from VI {
1. OppVert = the extremal vertex at the other end of Cj from VI

CurrentChain = Cj

While (OppVert = VI §
2. CurrentChain = the next clockwise chain adjacent to OppVert from

CurrentChain

3. OppVert = the extremal vertex at the other end of NextChain from OppVert

}

Algorithm to partition Feature Net into Morphing Patch Perimeters

The computation of the perimeter, as detailed in thevelpseudo-code, uses the
circular ordering of edges at each vertex. Beginningvariex and chain of the feature
net, the algorithm walks through the tightest clockwsepl of extremal feature net
vertices it can find. From the first extremal va&rgnd chain, it moves to the extremal
vertex at the other end of the chain (step 1). Nexses the circular ordering of edges
at that vertex to proceed to the closest clockwiséncfstep 2). Then it follows that
chain to the vertex at the other end (step 3). Thisg®s continues until it comes back
to the original vertex, hence traversing the perimeter morphing patch. Note that this
is possible because the chains may not cross. Siere ts a bijection between the
feature nets, this process is performed simultaneouslyotim of the input polyhedra.
For example, in step 2, the next corresponding pair ofkelise chains can be
determined by examining the underlying graph of only orteéefnput models.
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The interior of a morphing patch is computed witldepth-first searchalgorithm
modified to traverse through faces of the graph insteadeudices. It starts with an
arbitrary edge on the perimeter of the morphing patcti, datermines which adjacent
face is interior to the patch by choosing the one sghordering is the same as the
exterior vertices. Then it crosses the face thaini the interior of the morphing patch
and recursively branches out to the faces on its atteredges. The recursion stops at
an edge that has already been traversed or is pae petimeter.

This process is repeated until all vertices, edges, @ed fa the original polyhedra have
been partitioned into morphing patches. These morphinchgmtare represented as
P*,...,P % and P°,,...,PP«. The algorithm ensures that each morphing patch has no
holes in the interior and lEomeomorphid¢o a closed disk. In other words, it is bounded
by a single loop of adjacent vertices.

Non-simple Polyhedron For a genus zero polyhedron, no morphing patch could
contain a hole. If the input polyhedron has genus grehter zero, a user needs to
specify the features in such a manner that each mgrgfitch is homeomorphic to a
disk. Such a decomposition is always possible, as shotg.i 11 for a cup and torus.

5.3 Mapping

Given a morphing patch, our goal is to compute a param&tien over a convex
polygonal region in 2D. Construction of a parameteripatmr complex shapes over
simple domain is an important problem that occurs iewfit applications.

5.3.1 Desiderata

A mapping algorithm requires a parameterization thattustive from the users point
of view. When the user describes a pair of correspgndorphing patches on the input
polyhedra, s/he should be able to intuitively imagine hbevinteriors will be mapped
without any detailed understanding of the system. Afteresexperimentation it appears
that we want the mapping to have the following propdsiyen any two triangular faces
F* and F; of a morphing patch, let them map to the triandlearid f;, respectively, in
the 2D polygon. The ratio of the areas betwegraid F; should be close to that df
and f. Individual triangles are not as important here asfale that the mapping
minimizes the distortion of the area across the pagch whole. This leads to a more
predictable morph for the interiors of corresponding moppatches. For example, in
figure 5, one would not expect that the corresponding maypbatiches to split apart
during the morph, but instead one should bend into the .offfex solution is the
equivalent of taking a uniform coordinate system on thepdlygon as if it were
composed of rubber sheets with no potential energy, acthglit on the surface of the
3D morphing patch such that the energy is minimized.
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Figure 5. Comparison between the area preservation and harmonic mappings. A
corresponding pair of morphing patches A and B are mapped to a 2D polygon using both a
harmonic mapping, and an area preservation mapping. The two mappings are then merged
and reconstructed, and the resulting fifty percent morphs are shown for the patch, HM and AM,
respectively. Note that from a user standpoint one would expect the intermediate patch to look
more like AM than HM. During the morph of AM, patch A appears to bend over into patch B,
whereas during the morph of HM the tip of patch A shrinks into the side of patch B while the tip
of patch B grows out of patch A’s side.
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5.3.2 Previous Approaches

A number of algorithms have been proposed by Kent §22], Maillot et al. [27],
and Eck et al. [12]. One possible solution is to use tlicmaps. They minimize the
metric distortion and preserve the aspect ratios otrihagle, but can introduce area
compression [12]. In figure 5, it is area compression ¢hases the intermediate model,
HP, to have two peaks instead of one. A harmonic mayp mot produce a desirable
mapping. It would treat the morphing patch as if it wermmosed of triangular rubber
sheets with no potential energy in 3D, and minimizé& tioéal energy after being placed
into 2D.

5.3.3 Our Approach

We currently use a divide and conquer approach with anpaesarvation heuristic.
An example is shown in figure 6. Note that if the lesd been mapped using a harmonic
map all the triangles would be very small in the middisiead the areas are more
uniform at the expense of distorting the shape.

Figure 6. A morphing patch containing an ear mapped to a 2D polygon with our algorithm

Given a pair of morphing patcheB’; and P%, we compute a mapping from the
surface of the patch to a regular 2D polygon. Let thesplmrg patches consist of
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extremal vertices. We map the morphing patch intogalae 2D polygon, inscribed in
the unit circle, withm edges. We represent the regular 2D polyggm.as

Figure 7. The morphing patches are mapped to regular 2D polygons.

To compute a mapping, our algorithm first establishegeation between the chains
of the two feature nets by splitting edges on the resgechains on the two models.
The splitting criterion is based on edge lengths. Thétisgliof edges does not require
the splitting of faces into triangles. After splittindpe algorithm has ensured that the
corresponding patches have the same number of extdges @nd vertices.

The extremal vertices of the morphing patches are magpptt: vertices op;.. Each
chain of the morphing patch is mapped to an edge. ofll the external vertices lying in
the interior of a chain are mapped onto the edgegs. ofThe 2D coordinates of the
vertices along the chains are interpolated based cart¢Hength of the chain.

The next step is to compute a mapping for the interidices of P; and P;. We use
a simple recursive technique that tries to preserveatie of areas of the triangles based
on a greedy heuristic. The algorithm divides a morphinghplagcselecting two exterior
vertices W and \/ that do not lie on the same chain. Next it compateBortest path
across the interior of the morphing patch. This patinén adjusted so that the ratio of
the surface area on each side is as close as passithle ratio that it will have once
mapped to the 2D polygon. The vertices and edges lyingiopdth are mapped to the
interior of p;, along the segment connecting;\and V/,. Based on this path, the
algorithm recursively divides the morphing patch and magssttb-patches tp. This
process is then repeated fot.P A pseudo-code description of the algorithm is given
below:

Maplnterior(Perimeter){
if Perimeter surrounds any vertices (encompasses > 1 facet){

14



1 SplitPath = the shortest path btw two Perimeter vertices
that approximately divides the Perimeter in half;

2 If there is no subdividing path between Perimeter vertices
vertices then split the Perimeter edges until there is one;

3 Optimize SplitPath to preserve the area ratio;

4 Interpolate the 2D coordinates at the endpoints of
SplitPath along its interior;

5 LPerimeter = SplitPath + part of Perimeter on its left;

RPerimeter = SplitPath + part of Perimeter on its right;
6 Maplinterior(LPerimeter); Maplinterior(RPerimeter);
7 Remove any extra vertices and edges from added in step 2.

Algorithm to map the interior of a morphing patch to a 2D polygon.

The shortest path found in steps 1 and 2 tends to prebereaeda ratio on each side
from the 3D model to the 2D polygon if the portion of therphing patch enclosed by
the perimeter does not have much curvature. Othenmiselgorithm modifies the path
between V; and VA in step 3, until the ratio of the surface area ofrtimephing patch
on either side of the path 3D is as close as possililet in 2D.

At this point the algorithm has computed a parametesizdtir each morphing patch
such that each triangular facg Bnd Py has been mapped to a corresponding triangle,
4 and fy, respectively, irp. The next step of the algorithm is to compute a mapping
for each interior vertex of'Pto P°; (and vice-versa).

Given an interior vertex d®, the algorithm locates the triangle, s&ythat contains
the image of that interior vertex. Furthermore, talgorithm computes the
corresponding point in®f and represents it using barycentric coordinates insterin
vertices of §,. The barycentric coordinates are then applied to #ndces of B, to
compute the corresponding point Bf.

This process is repeated for all the interior vert@®eR®; andP®;. The time complexity
of this part of the algorithm depends on the compleXitpcating the triangle for each
interior vertex of P%. A simple search procedure would be linear in the nurober
triangles. However, using efficient data structures fangl point location [3], which
involves linear time pre-processing, this search tiane be reduced to be logarithmic in
the number of triangles.
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5.4 Merging

The algorithm has so far produced mappings jitsuch that the vertices®v=> A,
VB => P, and edgesE=> €, E%, => €. The edges”eand € will in general intersect.
We compute the intersections, split the intersecting £dg®l create new vertices (Fig.
8).

Vi2 Vi1
Vi3 Vig
new edgeﬁ:j 7 \r)gnlices
Vig Vit
Vi5 Vi6

Figure 8. The 2D polygons are combined into one polygon with merged topology.

Let n. be the total number of edges dadbe the number of edge pairs that actually
intersect. In the worst cas& can be Qf). Efficient and optimal algorithms of
complexity O, log ne + k) have been proposed by Clarkson and $)do compute
the intersections. However, we are not aware of rafpst implementations of these
algorithms.

In our application, we encounter many degenerate edgeyomations. These include
almost co-incident edges and vertices. Motivated by mityphnd robustness, we used
an algorithm of complexity ®¢) which checks all edge pairs for overlap. Since the
intersection computations can fail on edges that armaxdent, we handle the case
where edges lie on the same mapped path separately. fatbeto avoid creating an
invalid topology, we calculate all the intersectiorm;t $hem and then create the edges
into which they were split. After intersection comgitta and splitting, we denote the
set of all vertices and edgesarby x*® andg™®, respectively.

5.5 Reconstruction

After computing the intersection of all the edges, tlgprahm produces a planar
straight-line graph (PSLG) [3] from those intersectiofise PSLG is constructed from
the xX*® andg"™®. The next step is to compute a triangulation of the3e@. Though
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good theoretical algorithms of linear complexity arewnd38], it is unclear if they can
handle PSLGs (Fig. 7) that have almost collinear edgebawe very small angles
between them. To robustly handle such cases, we usepé givide and conquer
algorithm. From the counter-clockwise ordering of theged edge data structure of
one of the input models superimposed on the other, we sieelyr subdivide the
connected edges and vertices from the merging step mtenthllest counter-clockwise
cycles possible. Since the nature of the intersexiimthe merging step guarantees these
cycles are convex, from this point we can trianguldte regions and handle
degeneracies. After this step has been performed dheathorphing patches we get a
merged polyhedron, as shown in Fig. 10.

Figure 10. The reconstructed merged polyhedron has the combined topology of the two input
polyhedra.
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6 Interpolation

At the end of the correspondence process, the mergedepgadyhhas the combined
topological connectivity of polyhedrA andB. Each vertex on polyhedroh has a
corresponding vertex on polyhedroB. In this section, we discuss issues for
interpolating between the two polyhedra to generateraimo

6.1 Aligning the Input Models

In many cases the location, orientation and sizéhefinput polyhedra are quite
different. For example, in Fig, 11, the igloo is much &nahan the house and has been
positioned centrally on the ground, against the back whlthe house. Scaling,
positioning, and orienting the input polyhedra with respecteach other must be
performed by the user in preparation for 3D morphing andcttjirénfluences the
appearance of the morph. This requirement is quite sitaldhe preparation required
for 2D image morphing[2]. Note that if the user chandpesrelative scale, position or
orientation of the two input polyhedra, only the morghimajectories must be re-
specified and interpolated (shaded feedback loop in Fig. ¥);ctirrespondence
specifications remain valid.

6.2 Morphing Trajectories

During morphing, the vertices travel from their posioon A to their respective
positions onB along morphing trajectories. [22] suggested using Hermiezpatation
between the corresponding vertices with the tangentgipgialong normal directions.
Similarly we allow the user to represent the trajgctes a Bézier curve for each pair of
extremal vertices. Initially, the trajectories aegecified by the user for each extremal
vertex. The trajectories are represented as cubieBéaives and denoted by([B for
each vertex V. The two endpoints lie AnandB, respectively. The user specifies the
tangent directions at each endpoint. Based on the tangbatalgorithm computes the
control points for each Bézier curve using Hermiterpa&ation. The user can modify
the tangents for each trajectory belonging to an ereertex of the feature net, as
shown in Figure 11 (which shows the tangent vectors @engme segments). Starting
from the morphing trajectories of the extremal vedjcthe system computes trajectories
for all other vertices of the merged polyhedron. [Défé methods are used for
interpolating between chain vertices and interiorivest
1. Chain Vertices For each chain vertex of a morphing patch, onlytihe adjacent
extremal vertices of the chain are used. The algortbmputes weighting factors
based on their distances along the chain (or arc lefigth the chain vertex.

2. Interior Vertices: For each interior vertex of a morphing patch, altemal vertices
lying on the boundary of that morphing patch are used. algp@rithm computes
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weighting factors for each extremal vertex based eir tistances along shortest
paths toward the interior vertex. The weighting funci®similar to that of Beier
and Neely[2].

Figure 11. S-shaped morphing trajectories for the extremal vertices of the feature nets. The
highlighted (white) trajectory is shown with its Bézier control points, which are the fixed
endpoints of the trajectory. The green control points can be moved by the user.

In both cases above, the weighting factors are apmli¢bet tangent vectors at each
endpoint of a trajectory. For trajectory endpoints olyhmmlronA, the endpoint vectors
on A are averaged. For trajectory endpoints Bnthe endpoint vectors oB are
averaged. This process results in interpolated tangetbrsefor trajectories at each
vertex, which are then used to compute the two innereBéontrol points (also shown
in green in Figure 11). Note that this may result in mmgplrajectories that are not
straight lines even if the user specifies all extreradiex trajectories as straight lines.

The speed at which a vertex travels along the morphagctory is determined by
sampling based on the “frame” number in the morphing segudfor example, if the
morph is to have 100 frames then at frame 30, each powil be at the position
Bv(0.3). Beyond this, the user may want to specify a normtimeapping between the
frame number and the value tfin order to control the speed at which morphing takes
place. The algorithm also allows the user to individuaflgdify this mapping for
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individual extremal vertices, in order to make some paftshe polyhedrons morph
sooner or later than others. This is analogous totebbniques used for 2D image
morphing [2].

6.3 Interpolating Surface Attributes

In addition to the morphing trajectories required by tgerdhm, other attributes of
the input polyhedra need to be interpolated to generatead gorph. These include
vertex colors, lighting coefficients, normal vectoesc. Interpolation of these surface
attributes occurs during the mapping and merging steps. Sepata¢s are computed
for the attributes oA as well as for the attributes Bf During morphing betweef and
B, the attributes are linearly interpolated betweerr teues corresponding to each
polyhedron.

7 User Interface

The user interface is one of the most important aspetta morphing system.
Although it is easy for the user to conceptualize a mbgitveen two objects, it can be
rather difficult to design a system that allows the weegxpress this easily. Our system
achieves this goal by allowing the user to draw thedogyespondences on the surfaces
of the input models, and to specify the paths that theegponding features will follow
during the morph, taking advantage of graphics hardwareow edlal-time interaction.

The user specifies corresponding chains of the featuseforeinput model#\ andB
by selecting the chains’ endpoints. In order to enfachijection between the two
feature nets, the system requires the user to spedafyfdature net vertices in
corresponding pairs. In the case that a path of unmarkédegeand edges between a
chain’s endpoints is not available, the system cseia¢ev vertices and edges by splitting
the necessary face(s).

As a simple extension to creating a single pair ofesponding chains, we also allow
the user to createmulti-chaing and “loops. When creating a multi-chain, after
specifying the first corresponding feature vertex pachealditional vertex pair the user
specifies makes a pair of chains connecting to thevisex pair. A loop is simply a
multi-chain with the property that the last pair ofresponding vertices is connected to
the first pair with an additional pair of chains.

Once the corresponding pairs of chains have been specifie allow several
techniques forocal refinement. These include splitting a chain into twaics at a
selected vertex on one of the input models, removingpagncand moving extremal
vertices of the feature net. Fig. 3 shows the userfante and the feature nets on the two
input models.
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After a corresponding pair of extremal vertices haventspecified on polyhedroh
and polyhedrom, the user can control thmorphing trajectory The user can position
the tangents of the trajectory, whose endpoints adottation of the vertices on the
two input models as shown in Fig. 11. By default, the marphiajectory is a straight
line. After the user specifies the feature net, the&t of the morph is calculated as
explained in Sections 5 and 6. Another additional feattitheointerface allows the user
to easily fix it bylocally refining the feature net. As already mentioned, indg
necessary to recalculate the merged polyhedron if the ardg edits the morphing
trajectories shown in Fig. 11.

8 Implementation and Performance

We have implemented the system in C++ using the Opem@LTal/Tk libraries. It
features a graphical user interface for specifying featand trajectories and for refining
the morph.

The input polyhedra are specified in a shared vertex remE#®n. The adjacency
graph of each polyhedron is stored such that each viea®xa list of edges stored in
counter-clockwise order, each edge contains the incidemices and two facets, and
each facet contains three vertices and three edgestal®d in counter-clockwise order.
Furthermore, the system ensures that each polyhedsowdiid topology and that it
satisfies thdzuler-Poincaréormula.

When the user specifies the extremal vertices ofamah the feature net, the system
computes the path connecting them using Dijkstsaisrtest pathalgorithm. It starts
with one of the extremal vertices as the startexeand incrementally computes shortest
paths to other vertices of the polyhedron. It stopsnwihhas computed the path to the
other extremal vertex. Since the endpoints of chaiastypically close and the shortest
path consists of a few edges, the system can compuse gwhs fast enough for
interactive response.

Our implementation also utilizes a number of geometgoraghms for triangulating
planar straight-line graphs, edge intersections and fort pmgation. As mentioned in
Section 4, we have opted for simplicity and robustness efficiency or algorithms with
optimal asymptotic performance. Our current implemematman handle many
degenerate configurations.

8.1 Performance Improvement

The merging algorithm described in Section 5.4 computestalisections between
the mapped edges of each morphing patch. Based on the detmmpalgorithm
described in Section 5.2, a morphing patch of a large pirlghemay consist of
thousands of edges. The number of intersections (an@bthehe combinatorial
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complexity of the merged polyhedra) grows with the nunafexdges and in the worst
case is a quadratic function of the number of edges. Assalt, the merging and
reconstruction steps can become a bottleneck in temlbeomputation. To overcome
this problem, we subdivide each morphing patches intolanmlb-patches such that
each sub-patch consists of at mQstdges. A typical value fa@ in our implementation
is 100.

We subdivide the patches using a recursive divide-and-contpeittam. It is quite
similar to the mapping algorithm presented in Section B starts with computing a
path between the external vertices of a patch. Theersycomputes a corresponding
path on the other patch, and tries to preserve the gfthe areas on either side of each
chain. At the same it maintains the bijection betwéhe feature nets. Hence it divides
each patch into sub-patches. This procedure is applied ketyrsll each sub-patch has
less tharQ edges.

The division of morphing patches into sub-patches impravesoverall computation
time as well as the size of the merged polyhedra, rdtaafter the merging and
reconstruction steps. Furthermore, it also speeds uptdreolation algorithm.

8.2 Results

Our system has been applied to a number of complex podfheddels and used to
successfully create several morphs. These include spopleedra (shown in Fig. 10) as
well as non-simple polyhedra corresponding to a torus amghb gshown in Fig. 11). We
have presented the results in Table 1. It includes thwleaity of input models, their
genus, the number of extremal vertex pairs specified hadnumber of morphing
patches. The table also reports the times requiredusglto specify the features and
time to compute the merged polyhedra.

9 Analysis

In this section, we analyze our algorithm. We firgggent an asymptotic bound on its
running time and after that analyze the results producéd by

Assume we have two polyhedra withh andn vertices. Most of the algorithms for
checking the topology of a polyhedra and constructing tingedi-edge data structure
and adjacency graphs takg(m+n) time. Let the number of extremal vertex pairs
specified by the user be For large models is much smaller as comparedrtoandn.
The time to compute the feature nets is dominated bytedtopath computation
algorithm. The worst case time to shortest path dlyorcan takeéO(km + kn + m log
m + n log n)time, but in practice it is much less than that bec#lusdength of shortest
paths is typically small. The number of morphing patctes be at most ®(. The
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computation of feature nets and morphing patches invose®f depth first search, and
its overall time is bounded 9 (k(m+n)). After the subdivision algorithm, presented in
Section 8.1, each morphing sub-patch can have u@ ®dges and the number of
morphing sub-patches can W@((m + n)/Q) The complexity of merging and
reconstructing each pair of morphing sub-patch&3(@). The interpolation algorithm
needs to compute the length of the shortest path framieterior vertex of a morphing
sub-patch to each extremal vertex of the morphing sullxp&Ve make use of single
source shortest path algorithms and compute the patlesadbrextremal vertex on the
boundary of the morphing patch. In the worst case ittakeO((m+n) k log Q)time.
As result, the overall complexity of the algorithmQ¢K (m+n)), whereK = max{k log

Q.Q

Models Triangles Output Morphing User Time to Compute
Triangles Patches Specification Merged Polyhedron
Time
House— 82 40 214 10 ~5min <l1s
Igloo (Fig. 3)
Human- 5,660 17,528 97,900 86 ~6 hours 2.5min
Triceratops
(Fig. 14)
Human 3,426 4,020 32,520 67 ~3 hours 30 seconds
Heads (Fig.
12)
Donut- 4,096 8,452 61,701 50 ~4 hours 1 min
Cup (Fig.
13)

Table 1: Performance of our algorithm on four different pairs of input polyhedra.
The table shows input and output model complexity, the times to specify the
features and trajectories by the user and times to compute the merged polyhedron
on a SGI Onyx 2 with 195 MHz R10000.

Our approach does not suffer from the ghosting problenmsisamage and volume
morphing(2, 26]. However, a similar scenario can occur, self-irgetisn. We can check
for it automatically through collision detection algbnts, but this is prohibitively
expensive. Furthermore, self-intersection may be al@sirand in some cases even
necessary in order to allow some part of a morphingobltp reach its target position.
Hence, it is currently the responsibility of the ugefre-route” portions of a morphing
polyhedron by controlling the morphing trajectories wmwid self-intersections. (For
example, we prevented the two sides of the triceratigs’tail in Fig. 14 from
temporarily passing through each other in this way.)

The visual “quality” of a morph created with our systenguite subjective. As with
conventional 2D image morphing, it is influenced primabyy the number of detailed
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feature correspondences. Beyond that, controlling thepmmy trajectory strongly
contributes to a “smoothly flowing” appearance during mmgHFinally, similarly to 2D
techniques, morphs between objects that are “simifardppearance (for which one
intuitively notices the corresponding pairs of featungsimple visual inspection) result
in smoother transitions than morphs between vastfigreint objects (cf. human heads
morph in Fig. 12 vs. cup-donut morph in Fig. 13).

10 Current Limitations & Future Work

The specification of the feature net suffers from tivatations. First, the feature net
must be connected. It would be nice to remove thisiceésh by automatically dividing
the feature net into connected components, then addowggkrchains to connect them
such that each morphing patch is homeomorphic to a diskorfdly, the chains
connecting the feature net vertices are currentlyicesti to lie on the edges of the
source models. It will be beneficial to allow the userdraw on the surface instead of
the graph of the polyhedron. It would also be useful ooke the restriction that the
input models have to be homeomorphic, one could imagatetk user merely specifies
the correspondence, and then the system creates adg@ghwhich can "appear” to
have the topology of either of the input models.

One of the largest limitations of the current sysiethe user interface for controlling
the morphing trajectories. It can be very difficultcantrol the shape of the intermediate
models by positioning the tangents of a cubic curve. evigsion a vast improvement
would be to allow the user to actually sculpt the inteliate models, and have the
system automatically calculate the morphing trajecsotiiat include the points for the
intermediate models sculpted by the user.

The performance of the mapping algorithm highlighted ini&e&.3 varies based on
the triangulation of the morphing patch. Since it usgseady heuristic, the algorithm
may not be able to preserve the area ratios. Thisesalt in some noticeable distortions
in the morph, especially when the mapping algorithm thices area compression for
one of the patches. Currently the user can work arousdyhadjusting the morphing
trajectories. There is considerable literature inpBrBrawing on planar embedding of
planar graphs. We plan to apply some of those techniquas foroblem.

Texture coordinates can be interpolated together witbragurface attributes of the
input polyhedra. However, this will yield correct resutsy if both the polyhedra use a
common texture map. In such a case, the mapped (uniquaetexti seem to smoothly
flow across the surface of the polyhedron during morphihgy. algorithm currently
handles this case. In many cases, each of the inpgheaoh may have different texture
maps. One possible solution is to use a weighted blemeeertthe textures @& andB,
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controlled by the morphing interpolation factor t. TWisuld result in an effect similar to
an image fade-over between the texturefAcénd B. Our algorithm could easily be
extended to handle this situation. However, we belibaea more powerful effect could
be attained by allowing the user to perform a contloenventional 2D morph in
texture space together with the 3D polyhedral morph spedfy our algorithm.

Morphing between animated models.In traditional 2D morphing, an image
sequence of a moving actor can be morphed into anatheesce showing a different
moving actor. This is typically accomplished by (tediguslre-specifying
correspondences for each pair (or at least for mamg)pai frames within the image
sequences [2]. An extension of our approach could handlgtbblem in the following
way: once correspondences have been specified for puterranimated character, they
can remain attached to the characters topology amgl oger throughout the animation
sequence. In other words, the correspondence featuresiemated together with the
character. As for the morphing trajectories, they @Wddve to be specified at least for
the first and last "frames" of the animation and wohdde to be interpolated for all
other frames.

11 Summary

We have presented a new approach for establishing esporndence for morphing
between two homeomorphic polyhedra, which includes plsjnmtuitive user interface.
It has been successfully applied to a number of simpleangimple polyhedral models.
We believe it is versatile enough to produce visuallygmga3D morphs once coupled
with an effective method for specifying the interpaatbetween the two models.
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