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ABSTRACT

PAUL A. YUSHKEVICH: Statistical Shape Characterization

Using the Medial Representation

(Under the direction of Stephen M. Pizer, Ph.D.)

The goal of the research presented in this dissertation is to improve the clinical un-

derstanding of processes that affect the shape of anatomical structures. Schizophrenia is

an example of such a process: it is known to affect the shape of the hippocampus, but

the precise nature of the morphological changes that it causes is not fully understood.

This dissertation introduces novel statistical shape characterization methodology that

can improve the understanding of shape-altering biological processes by (i) identifying

the regions of the affected objects where these processes are most significantly mani-

fested and (ii) expressing the effects of these processes in intuitive geometric terms. The

following three new techniques are described and evaluated in this dissertation.

1. In an approach motivated by human form perception, the shape characterization

problem is divided into a coarse-to-fine hierarchy of sub-problems that analyze shape at

different locations and levels of detail, making it possible to compare the effects of shape-

altering processes on different object regions. Statistical features are based on the medial

(skeletal) object representation, which can be used to decompose objects into simple

components called figures and to measure the bending and widening of the figures. Such

features make it possible to express shape variability in terms of bending and widening.

v





2. A new algorithm that identifies regions of biological objects that are most rel-

evant for shape-based classification is developed. In the schizophrenia application, the

algorithm is used to find the hippocampus locations most relevant for classification be-

tween schizophrenia patients and matched healthy controls. The algorithm fuses shape

heuristics with existing feature selection methodology, effectively reducing the inherently

combinatorial search space of the latter.

3. Biological objects in 3D and 2D are described using a novel medial representation

that models medial loci and boundaries using continuous manifolds. The continuous

medial representation is used in the deformable templates framework to segment objects

in medical images. The representation allows arbitrary sampling that is needed by the

hierarchical shape characterization method.
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CHAPTER 1

Introduction

1.1. Motivation

Recent advances in physics, biomedical engineering and computer science have led to

the development of several non-intrusive, safe, and relatively affordable medical imaging

techniques. These techniques produce high-resolution images that allow doctors to look

inside of a living human body. Careful analysis of medical images extends their utility

beyond simple visual inspection, providing answers to critical questions about human

anatomy, physiology, and disease.

Among the research areas that compose the field of medical image analysis lies statis-

tical shape characterization, which studies the variability in the geometric form of objects

found in medical images. It is in this area where the contributions reported in this dis-

sertation fall. The remainder of this section describes the motivation for three different

aspects of the dissertation. While its main focus is on anatomical shape characterization,

it also makes significant contributions to the areas of medial object representation and

feature selection. The following sub-sections briefly describe these areas and the driving

problems within them.

1.1.1. Anatomical Shape Characterization. The term shape characterization can

be defined as the application of statistical methodology in order to measure and describe

the variability in the geometric form of objects, which may fall in a number of known

categories. Anatomical shape characterization studies biological objects, such as organs,



and computes their geometric form by analyzing medical images. This section describes

the goals and driving questions of this important area of scientific research.

One motivation for anatomical shape characterization lies in its potential ability to

serve as a diagnostic tool. There exist a number of diseases that are known to consistently

alter the shape of certain organs. For example, it has been reported that the shape of

the hippocampus undergoes changes with the progress of schizophrenia [Csernansky et al.

1998, Shenton et al. 2002]. By characterizing the shape differences between healthy and

diseased hippocampi, while taking into account the normal variability in the shape of

the hippocampus in the human population, it may be possible to derive a set of decision

rules that can classify new instances of the hippocampus as healthy or diseased. Such

rules could then be used to aid early diagnosis of schizophrenia.

Beyond providing diagnosis, shape characterization can also offer important clues

about the nature of certain diseases by determining whether, where, and how the shape

of different organs is affected. Although the nature of schizophrenia is not fully under-

stood, recent evidence suggests that schizophrenia affects the shape of some parts of the

hippocampus more than others. If confirmed, such evidence would allow neuroscientists

to focus their research on the cells contained in that particular area of the hippocampus.

Shape characterization can also aid the medical field by providing statistical anatomi-

cal atlases. Presently, anatomical books show one typical instance of human anatomy, as

well as some instances of anatomical abnormalities [Netter 1997, Talairach and Tournoux

1988, Hohne et al. 1992]. Researchers are using shape characterization techniques to esti-

mate the variability in the shape of different parts of the human body in order to construct

atlases that can show many realistic variations of human anatomy. Not only do these

atlases serve educational purposes, but they also improve automatic image segmentation

algorithms by imposing a prior on the shape of the objects being segmented.

To conduct a shape characterization study, researchers select a group of qualifying

individuals and acquire medical images of the anatomical area of interest. In studies

2



involving a disease, a group of patients suffering from the disease is selected along with a

matching group of healthy control subjects with similar background. The patient groups

are sometimes further divided into separate sub-groups for patients at different stages of

the disease or for those undergoing different types of treatment. The composition of the

groups in shape characterization studies should reflect the intra-population variability

due to age, sex, ethnicity, and other factors. It is often difficult and expensive to find a

large number of qualifying individuals, so shape characterization methods are forced to

work with small sample sizes.

Shape characterization methodology is a conduit between medical images and stan-

dard statistical methods. The latter require the information about shape to be repre-

sented by a fixed set of random variables, called features. Each individual in a sample

must be represented by a list of numbers, which are the realizations of the features for

that particular individual. The challenge of shape characterization is to derive an appro-

priate set of features to represent the relevant shape-related information contained in a

collection of medical images and to describe each image as a list of feature realizations.

The transition from images to features draws on many areas of image analysis. Au-

tomatic segmentation algorithms may be used to find and extract objects of interest in

medical images. The extracted objects need to be represented in a way that reflects their

geometric properties. For example, it is common to represent an object as a mesh of

points on the boundary. The structure of the mesh should be the same for all instances

of the object in the sample, and corresponding mesh points in different instances should

be placed in corresponding locations on the object. While it is possible to use all of the

parameters that define an object representation as features, such a choice usually leads to

poor statistical performance. It is usually advantageous to perform additional processing

and filtering to derive features from the object representation.

Shape characterization research makes use of standard statistical techniques, such as

classification and density estimation. Classification is used in applications that study the
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effects of diseases on anatomical shape, and is at the center of shape-based diagnostic

applications. Density estimation is used for tasks such as atlas building and automatic

segmentation, where it is necessary to assess the validity of an object by assigning it a

probability density score.

The tasks of classification and density estimation both consist of four phases, which

are model selection, training, testing, and application. The model selection phase involves

choosing an appropriate statistical model for the task at hand. For the task of density

estimation, model selection involves choosing a probability distribution that can reason-

ably describe the variability present in the data. In classification, model selection means

choosing one of many competing classifier methods. Statistical models are often selected

empirically, using some heuristic knowledge about the nature of the problem. During

the training phase, the parameters of the statistical model are learned using a training

sample. In classification, the training sample consists of multiple instances from each of

the classes, with class membership of each instance known. For density estimation, the

training set simply contains multiple valid instances. During testing, the quality of the

learned statistical model is evaluated by applying it to another sample, which is similar

to the training sample, but is distinct from it. Testing can be used not only to vali-

date the statistical model, but to re-learn its parameters. Finally, the application stage

involves applying the statistical model to new data instances, for which the validity or

class membership is not known.

A well selected set of features is of critical importance for classification and density

estimation. For instance, a good choice of features may lead to the Gaussian distribution

being appropriate for describing the variability in a sample, while a bad choice of features

may lead to asymmetrical or multi-modal data. In classification, a good set of features

includes those features that reflect the differences between classes, while excluding the

features that capture intra-population variability and noise. A good set of features leads

to classifiers that perform well during testing and application.
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Figure 1.1. The medial locus of a two-dimensional object.

The overall goal of this work is to develop a general methodology for deriving effective

features for various anatomical shape characterization problems. Contributions are made

to two phases of the feature derivation process. One part of the dissertation deals with

using the medial representation of object geometry as a means of producing “good”

features. The other part of the dissertation deals with selecting the most relevant subset

in a set of features derived from any geometric object representation. The following two

sub-sections briefly motivate these two directions of research.

1.1.2. Medial Representation of Object Geometry. The medial loci of an objects,

also known as skeletons, are a geometric construct widely used in computer vision and

image analysis. One of several possible ways to define the medial loci is to use the

grassfire analogy. In two dimensions, one pretends that the object is a patch of dry grass

whose entire boundary is instantaneously set on fire. The locus of points where different

fire fronts meet and extinguish themselves is the object’s medial locus.

The medial locus of a two dimensional object, as shown in Fig. 1.1, consists of

connected curve segments. Each segment corresponds to a part of the object, called

figure, whose boundary has at most two positive maxima of curvature. Each point on

the medial locus is expressed in terms of its position, as well at the time at which the
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fire fronts reached that point. The latter measurement describes the local thickness of

the object, i.e., the distance to the closest points on the boundary. The bending of the

medial locus is indicative of the bending of the figures themselves, especially in the case

of worm-like objects.

The power of medial loci lies in their ability to describe the geometric form of an

object in terms of bending, thickness, and hierarchical composition into figures. For an

anatomical object, its bending, thickness and figural composition may directly reflect

the biological and physical processes that have formed and deformed the object. There-

fore, the measurements derived from the medial loci are a promising basis for shape

characterization features.

Traditional medial approaches derive the medial locus from the discrete representation

of an object’s boundary. Discrete boundary representations yield bushy medial loci with

a very complex branching structure, in some cases creating nearly as many different

branches as there are points describing the boundary. The literature contains a number

of skeleton regularization methods, which eliminate the unstable and spurious parts of

bushy medial loci, leaving only those branches that are relevant for qualitative shape

description [Kimia et al. 1995, Siddiqi et al. 1999b, Ogniewicz and Kübler 1995, Näf

et al. 1996].

These methods, however, are poorly suited for shape characterization, because they

have no way of enforcing consistency of the branching topology of skeletons derived from

a sample of similarly shaped objects. Even objects that are nearly identical may yield

different medial loci using the boundary-to-medial approach. Since shape characteriza-

tion requires all instances in a sample to be described using a fixed set of features, being

able to guarantee a common medial branching topology is essential.

Using a representation of the skeleton computed by pruning Voronoi diagrams, Styner

and Gerig [2001b], Styner [2001] have shown that such a common topology can be found
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for populations of various anatomical objects. Styner and Gerig demonstrated that sub-

cortical structures such as the lateral ventricle, the hippocampus, and the pallide globe,

can be accurately described using a single medial sheet.

The ability to describe populations of objects using a fixed medial branching topology

makes it possible to combine the geometrical expressive ability of medial loci with the

theoretical principles of the deformable templates theory [Mumford 1996]. Such is the

approach taken by the m-rep methodology. M-reps, short for medial representations,

are deformable models that simultaneously describe the medial loci of objects and their

boundaries. A single m-rep template with a fixed medial branching topology can be

fitted to different instances of similar objects. M-reps have been shown by [Styner 2001]

to be effective in accurately modelling populations of biological objects. While an m-rep

does not give the precise medial locus of an object, it nevertheless captures its important

qualitative geometric properties, such as bending, thickness and figural composition.

M-reps explicitly define the level of detail, or scale, at which they approximate ob-

jects. By varying the scale parameter, it is possible to describe a single object using a

coarse-to-fine family of m-reps, each describing different qualitative aspects of the object’s

geometry.

This dissertation develops a framework for deriving features from coarse-to-fine fam-

ilies of m-reps and for leveraging the special properties of these features in order to

localize shape variability. In the process, it introduces a novel new kind of m-reps that

are particularly well suited for shape characterization.

1.1.3. Feature Selection. Classical statistical discrimination techniques are designed

for problems with large samples and relatively small numbers of features. In high di-

mensional, low sample size problems commonly encountered in shape classification, such

techniques tend to grossly over-fit the training data, resulting in poor generalization

performance.
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This problem has been addressed in the machine learning literature by a technique

called feature selection. Feature selection is used to reduce the dimensionality of clas-

sification problems by finding the subset of features that best captures the differences

between classes. Classifiers restricted to the selected subset of features are less affected

by sampling noise and tend to generalize better than the classifiers trained on the entire

feature set. Feature selection has been shown to dramatically improve the generaliza-

tion ability of classifiers in high-dimensional problems [Bradley and Mangasarian 1998,

Weston et al. 2001].

The potential benefit of using feature selection algorithms in shape characterization

problems extends beyond the improved generalization ability. Examination of features

deemed most relevant by such algorithms may reveal the areas of organs that are most

affected by a disease, leading to improved localization and understanding of the biological

processes responsible for the disease.

Feature selection algorithms in machine learning literature usually address general

classification problems and make minimal assumptions as to where the different features

come from and how they may be related. In shape classification problems, where fea-

tures are usually derived from dense geometric object representations, there exist special

relationships between neighboring features. By incorporating the knowledge of these re-

lationships into feature selection algorithms, it is possible to improve their performance

and stability when applied to shape classification. The two properties of shape features

that are particularly useful for improving feature selection are thus structure and locality.

I use the term structure to indicate the importance of the order in which the features

are arranged in a classification problem. In many problems the order of the features is

arbitrary, as is the case, for example, when all the features describe different physical

properties of an object, such as its height, weight, age or density. However, when the
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features are measurements regularly sampled from a lattice, as is the case in many geo-

metric object representations, the order of the features is important, as nearby features

are more likely to be correlated than the far-away features.

A biological process responsible for variability in the shape of an anatomical object

exhibits locality if it affects the object at one or at most a few locations, which are

consistent across the population of objects. In reference to a feature set, I use the term

locality to mean that some components of the statistical variability in the data can be

localized to one or more subsets the features.

In the absence of structure and locality, the feature selection problem is purely com-

binatorial, since in the set of n features there are 2n possible subsets and all of them are

considered a priori to be equally worthy candidates for feature selection. The properties

of structure and locality constitute prior knowledge about the kinds of feature subsets

that ought to be selected. Feature sets consisting of one or a few contiguous subsets are

more likely candidates than feature sets in which the selected features appear scattered.

By assuming that shape features exhibit structure and locality, it is possible to effectively

reduce the number of possible solutions of a feature selection algorithm.

This dissertation presents a novel feature selection algorithm that rewards the locality

and structure of selected feature sets, and effectively improves the generalization rate of

shape-based classifiers. The algorithm is applicable to features derived from various

object representations.

1.2. Thesis

In this dissertation I assert and verify that

(1) The multi-scale medial representation of object geometry can yield statistical

features that (i) are appropriate and effective for the shape characterization tasks

of classification and density estimation, (ii) can describe shape variability in
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intuitive terms of bending and thickness, and (iii) can detect and pinpoint local

components of shape variability.

(2) The localization and discrimination abilities of shape classification methods can

be further improved by applying a feature selection algorithm that incorporates

heuristics that reward locality of the selected set of features.

(3) The effectiveness of shape characterization based on the medial representation

can be further improved by using a continuous medial representation.

1.3. Claims

The following are the key claims and contributions made by this dissertation in the

fields of anatomical shape characterization, medial object representation, and feature

selection.

Claim 1. New concept: A focus on locality in shape characterization.

I assert that shape classification methods should make use of special properties of

biological processes that are responsible for the variability in anatomical objects. In

particular, I make an assumption that such processes exhibit locality, meaning that they

affect anatomical objects at one or at most a few locations, which are consistent across

the entire population. I then adapt shape characterization methodology to make use of

locality.

Claim 2. New method: Using a multi-scale medial object representation for localizing

and describing components of shape variability.

I develop a new shape characterization method that uses the medial representation

of object geometry in order to describe shape differences intuitively, in terms of bending

and growth. By using a medial representation that describes objects at different levels

of detail, the method is able to find and describe local components of shape variability.
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Claim 3. New method: Selecting statistically relevant features in shape classification

problems.

I develop a new feature selection method that is tailored to shape classification prob-

lems. The method is unique because it looks for a set of relevant features that is not

only small, but also structured and localized.

Claim 4. Result: New feature selection method is shown superior to a similar method

in synthetic examples.

I generate a number of synthetic shape classification problems and show that the

new feature selection method that rewards structure and locality of the selected feature

set outperforms a similar feature selection method that does not make use of feature

neighbor relationships. The simulations include two-dimensional examples based on the

corpus callosum and three-dimensional examples based on the hippocampus.

Claim 5. Application: New feature selection method is applied to clinical 3D hip-

pocampus data.

I apply the new feature selection method to real clinical data from a shape classifi-

cation study that examines the relationship between schizophrenia and the shape of the

hippocampus. I contrast my results with reported findings of the study.

Claim 6. New method: Representing 2D and 3D object geometry using a continuous

medial representation based on splines.

I develop a new representation for object geometry that simultaneously defines the

boundary and the medial locus of an object as functions on a continuous parameter space.

The differential geometric properties of the medial locus and the boundary can be easily

and accurately derived from the representation. The representation provides a powerful

framework for establishing an object-centric coordinate system.
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Claim 7. Result: Continuous medial representation shown capable of describing and

segmenting objects in 2D and 3D medical images.

I apply the deformable segmentation technique to accurately fit a continuous medial

template that has a complex branching structure to the cross-section of the vertebra

in a 2D slice of a computer tomography (CT) image. I also show that the continuous

medial representation can be automatically fitted to binary three-dimensional images of

the hippocampus with a high level of accuracy.

1.4. Overview of the Chapters

The dissertation is organized into six chapters:

Chapter 2 presents the background information on the related methodology in im-

age analysis and computer vision. The represented methods fall into areas of shape

categorization, medial object representation and feature selection.

Chapter 3 presents the general framework for applying statistical shape characteriza-

tion methodology to objects that are represented using coarse-to-fine families of discrete

m-reps.

Chapter 4 presents the novel feature selection methodology that rewards structure

and locality of the selected feature sets. It describes the algorithm and validates it

using simulated data examples. The feature selection algorithm is applied to clinical

hippocampus data.

Chapter 5 presents the novel medial representation, called continuous m-reps, which

is constructed using splines. The chapter covers topics in 2D and 3D medial geometry,

defines the representation, and shows results of using continuous m-reps for 2D image

segmentation and 3D binary image segmentation.

Chapter 6 revisits the claims made in this thesis and discusses the work that remains

to be done in order to combine the separate research accomplishments reported in this

dissertation into a single cohesive shape characterization framework.
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CHAPTER 2

Background

In so far as the statements of
geometry speak about reality, they
are not certain, and in so far as
they are certain, they do not speak
about reality.

Albert Einstein

2.1. Medial Representation of Geometrical Objects

This section presents the background material necessary to fully introduce and con-

textualize m-reps, the medial object representation that is central to this dissertation.

The section is organized as follows. Subsection 2.1.1 defines the medial locus, which is a

geometric construct widely used in computer vision to capture local symmetric proper-

ties of objects. Subsection 2.1.2 describes the structure of medial loci and their use for

decomposing objects into simple figures. Subsection 2.1.3 explains the local geometric

properties of medial loci. Subsection 2.1.4 presents a number of skeletonization algo-

rithms used to extract medial loci from boundaries of objects. Subsection 2.1.5 defines

medial atoms, which are the building blocks of m-reps and describes their use in core-

tracking methods, which are a predecessor to m-reps. Subsection 2.1.6 talks about the

theory of deformable models, which gives a foundation for the m-rep approach. Finally,

subsection 2.1.7 describes the m-rep methodology.

The conceptual structure of this section is designed to introduce the reader to medial

geometry first, then to show the traditional approach to medial representation of shape,

which computes medial loci as a function of a given object, and finally to describe the



m-rep approach, which starts with a model that is medial in nature and fits the model to

different instances of an object. After reading this section, the reader should understand

the underlying medial geometry, which is modelled by m-reps, as well as the advantages

of using m-reps for shape characterization purposes.

2.1.1. The Definition of the Medial Locus. Medial loci enjoy wide use in computer

vision and image analysis, as well as in other fields of computer science such as graph-

ics, computer aided design, and human-computer interfaces [Bloomenthal and Shoemake

1991, Sherstyuk 1999, Storti et al. 1997, Blanding et al. 1999, Igarashi et al. 1999]. The

modern interest in medial loci originates with the work of Blum, who defined the me-

dial locus of a two-dimensional object, studied its geometric properties, and noted its

usefulness for describing the shape of objects [Blum 1967, Blum and Nagel 1978]. While

the definition itself is deceptively simple, the thorough understanding of the properties of

the medial locus requires rigorous mathematical treatment. Only recently have a number

of mathematically rigorous studies of the medial loci of higher-dimensional objects been

published [Damon 2002, Giblin and Kimia 2000].

I begin by defining the medial locus using a formulation that slightly extends Blum’s

original definition. Later in this section I mention some alternative definitions of the

medial locus. The basic element of Blum’s definition is the maximal inscribed ball.

Definition 1. Let S be a connected closed set in R
n. A closed ball B ⊂ R

n is called

a maximal inscribed ball in S if B ⊂ S and there does not exist another ball B ′ 6= B

such that B ⊂ B′ ⊂ S.

Next let us give a formal definition of the term object to avoid any ambiguity that

the use of this word may bring.

Definition 2. A set in R
n is called an n-dimensional object if it is homeomorphic

to the n-dimensional closed ball.
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Let Ω denote an n-dimensional object and let ∂Ω denote its boundary. We are now

ready to define the medial locus of Ω.

Definition 3. The internal medial locus of Ω is the set of centers and radii of all

the maximal inscribed balls in Ω.

Definition 4. The external medial locus of Ω is the set of centers and radii of all

the maximal inscribed balls in the closure of R
n/Ω.

Definition 5. The medial locus of Ω is the union of its internal and external medial

loci.

Definition 6. The tuple {x, r} that belongs to the medial locus of an object Ω is

called a medial point of Ω.

The medial locus is thus a subset of the space R
n × [0,+∞]. I will sometimes use the

term medial locus to refer just to the set of the centers of the maximal inscribed balls,

forgetting about their radii. The terms skeleton, medial axis, and symmetric axis have

been used by other authors to describe both the internal medial locus and the entire

medial locus as a whole, with or without the inclusion of the radial component.

It turns out that the medial locus consists of a countable number of manifolds whose

codimension in the space R
n × [0,+∞] is no less than 2. Hence, the medial locus of a

two-dimensional object consists of a number of curves and isolated points, and the medial

locus of a three-dimensional object consists of surface patches, curves, and isolated points.

The manifolds composing the internal medial locus lie inside the object and are bounded,

while the manifolds in the external medial locus lie outside of the object and extend to

infinity. Fig. 2.1a. shows the internal and external medial loci of a two-dimensional

object.

Moreover, it turns out that the inscribed disks whose centers and radii compose the

medial locus of an object generically are bitangent to the object’s boundary. In fact,
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a. b.

Figure 2.1. a. The internal and external medial loci of an object. b.
The symmetry set of the same object, which contains the internal and
external medial loci (shown in grey) as well as some cusped structures
(black).

the medial locus is a subset of a more general geometric construct called the symmetry

set, defined as the closure of the locus of centers and radii of all balls bitangent to the

boundary of an object [Giblin and Brassett 1985]. The balls that generate the symmetry

set are not restricted to lie either inside or outside of the boundary of the object. Hence, in

addition to the medial locus, the symmetry set of an object contains connective structures

such as the cusps shown on Fig. 2.1b.

A number of alternative geometric definitions of the medial locus of a planar object

have been proposed in the literature. Leyton [1987] compares different definitions that

start with maximal inscribed disks and construct the medial locus not only from the

centers the disks but form other points as well. For example, Leyton’s own definition

(Process Inferring Symmetric Axis or PISA) uses the midpoints of the arcs connecting

the points of bitangency between the inscribed maximal disks and the object boundary.

A similar definition due to Brady uses the midpoints of the chords connecting the points

of bitangency [Brady and Asada 1984]. The endpoints of the medial loci that result
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from both of these definitions lie on the boundary of the object. In this dissertation I

only work with Blum’s definition of the medial locus and its extension to three or more

dimensions.

The medial locus can also be defined analytically using the following grassfire analogy.

The object is imagined to be a patch of grass whose boundary is set on fire instanta-

neously. As the grass burns away, the fire fronts propagate inward and outward from the

boundary. Grassfire propagation can be described by the following differential equation:

(1)
∂ C(t, p)

∂ t
= −αN(p),

where C(t, p) denotes the fire front at time t, parameterized by p, N(p) is the unit outward

normal to the fire front, and α is a constant, positive for inward propagation and negative

for outward propagation. As the propagation progresses, segments of fire fronts that

originate from disjoint parts of the boundary begin to meet and quench themselves at

points that are called shocks. The medial locus is defined as the set of all the shocks,

along with associated values of time t at which each shock is formed. This analytic

definition of the medial locus is equivalent to the geometric definition given previously;

a proof was given by Calabi [1965a] and Calabi [1965b], Calabi and Hartnett [1968].

2.1.2. Structural Geometry of Medial Loci. Giblin and Kimia [2000] give a rigorous

description of the structural composition and local geometric properties of medial loci

of three-dimensional objects. Their description classifies medial points based on the

multiplicity and order of contact that occurs between the boundary of an object and the

maximal inscribed ball centered at a medial point.

Each medial point P = {x, r} in the object Ω is assigned a label of form Am
k . The

superscript m indicates the number of distinct points at which a ball of radius r centered

at x has contact with the boundary ∂Ω. The subscript k indicates the order of contact

between the ball and the boundary.
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a. b.

Figure 2.2. a. Different classes of points that compose the medial
locus of a three-dimensional object, as categorized by Giblin and Kimia.
b. Three possible ways in which maximal inscribed disks can be tangent
to the boundary of a two-dimensional object.

The order of tangent contact is a number that indicates how tightly a ball B is fitted

to a surface S at a point of contact P , and can take take the following values:

A1 contact: B is tangent to S at P ;

A2 contact: B is one of the spheres of curvature of S at P but not at a ridge 1 of

the corresponding curvature. In other words, B is tangent to S at P and one of

the principal curvatures of S at P , say κi, equals the reciprocal of the radius of

B. However, κi does not attain a local extremum at P ;

A3 contact: P lies on a ridge of S, and B is a sphere of curvature of S at P ;

A4 contact: P is a turning point on a ridge of S.

The following theorem specifies all the possible types of contact that can generically

occur between the boundary of a three-dimensional object and the maximal inscribed

balls that form its medial locus. The theorem also specifies how medial points with

different associated type of contact are organized to form surfaces and curves in the

medial locus.

1The term ridge has multiple uses. In this context it refers to the locus of points on a surface at which one
of the principal curvatures is positive and has a local maximum or is negative and has a local minimum.
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Theorem 1 (Giblin and Kimia). The internal medial locus of a three-dimensional

object Ω generically consists of

(1) sheets (manifolds with boundary) of A2
1 medial points;

(2) curves of A3
1 points, along which these sheets join, three at a time;

(3) curves of A3 points, which bound the free (unconnected) edges of the sheets;

(4) points of type A4
1, which occur when four A3

1 curves meet;

(5) points of type A1A3 (i.e., A1 contact and A3 contact at a distinct pair of points)

which occur when an A3 curve meets an A3
1 curve.

Proof. See [Giblin and Kimia 2000] for a rigorous proof. �

In two dimensions, a similar classification of medial points is possible. The internal

medial locus of a two-dimensional object generically consists of (i) curves of bitangent

A2
1 points, (ii) points of type A3

1 at which these curves meet, three at a time, and (iii)

points of type A3 which form the free ends of the curves. The three classes of contact

are illustrated in Fig. 2.2a. In two dimensions, A3 contact means that the inscribed disk

and the boundary osculate at a local maximum of boundary curvature.

The geometric properties of the external medial locus are similar to those of the

internal locus, with the exception that the sheets and curves are no longer completely

bounded and may stretch out to infinity. Less effort has been devoted in the literature

to the study of external medial loci.

Theorem 1 states that each surface composing the internal medial locus of an object

joins another two such surfaces or terminates at a point of type A1
3, which correspond

to ridges of curvature on the boundary surface. Similarly, curve segments composing the

internal medial loci of two-dimensional objects either connect with pairs of other curve

segments or terminate at points corresponding to positive maxima of boundary curvature.

Hence, the number of such ridges or maximal points limits the number of surfaces and

curves in the internal medial locus. It can be shown by induction that the number of
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Figure 2.3. Decomposition of a planar object into figures with joints.
Each curve in the medial locus corresponds to a single figure.

curve segments composing the internal medial locus of an object whose boundary has M

positive maxima of curvature may not exceed 2M − 3.

I will use the term stratum to refer collectively to curves in medial loci of two-

dimensional objects and to surfaces in medial loci of three dimensional objects. The

composition of medial loci into interconnected strata makes it is possible to decompose

geometrically complex objects into simple components called figures. Roughly speaking,

a figure is the part of an object that corresponds to a particular stratum in the medial

locus. A particularly simple mathematical definition of a figure is the following:

Definition 7. The union of closed balls whose centers and radii form a single stratum

in the medial locus of an object is called a figure with joint2.

Figures generated by strata belonging to the internal medial locus of an object are

bounded, and the union of all such figures is the object itself. The intersection of a

pair of figures with joints is non-empty if the generating strata of the two figures are

connected. This non-empty intersection is called the joint, and it comprises of balls of

triple boundary contact.

2As distinguished from figure, which will be discussed later in the context of m-reps
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Figure 2.4. All four of these objects fall into the category of figures
with joints according to Def. 7, even though none of them have an actual
“joint”. Notice that the figure on the right has more than two positive
maxima of curvature.

The internal medial locus of a figure has only a single stratum and figures can be said

to be geometrically simple and easier to study than whole objects. Fig. 2.4 shows some

examples of two-dimensional figures with joints.

The relationship between the structure of symmetry sets (which are a superset of

medial loci) and the extrema of boundary curvature of two-dimensional objects are central

to Leyton’s theory of symmetry [Leyton 1987]. For planar objects, Leyton’s curvature-

symmetry duality theorem states that

Any section of curve, that has one and only one curvature extremum,

has one and only one symmetry axis. This axis is forced to terminate

at the extremum itself.

The extension of this theorem to three dimensions is given by Yuille and Leyton [1990].

Leyton’s theory states that the curves composing the symmetry set of an object repre-

sent the history of events that have formed the object. According to Leyton’s postulates,

“memory is always in the form of asymmetry,” meaning that asymmetry makes it possi-

ble to recover information about the formation of an object, while “symmetry is always

the absence of memory.” The more complex the structure of an object’s symmetry set,
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the more asymmetry is there in the object, the more can we learn about its formation.

Moreover, Leyton states that the extrema of curvature are the places where the boundary

has been pushed in from the outside, or pushed out from the inside, indicating growth.

The medial curves that terminate at these extrema are in a sense arrows in the direc-

tion of the push. Hence, the symmetry set is a diagram of protrusion and indentation

operations that have been applied to an object [Leyton 1992].

Other researchers have shown that figural decomposition of objects often corresponds

to the cognitive processing performed by the human brain. Quoting Chapter 2 of Katz

[2002],

Burbeck and Pizer [1995]... show how figures encompass many of the

phenomena shown in psychophysical studies. Figures are formed at

the places of highest negative boundary curvature, which studies have

shown are the places where we visually decompose objects [Hoffman and

Richards 1984, Biederman 1987, Braunstein et al. 1989]. The junctions

of figures also have special importance, matching Biederman’s work on

the junctions of visual parts [Biederman 1987]. The ends of figures have

also been shown to match work showing their special visual significance

[Hubel and Wiesel 1977, Orban et al. 1979, Leyton 1992]. [Rock and

Linnett 1993] shows that figures are captured preattentively by our vi-

sual systems.

2.1.3. Local Geometry of Medial Loci. Prior to describing the local geometry of

medial loci, let us introduce a useful notation for referring to the points of contact between

a ball places at a medial point and the boundary of an object.

Definition 8. If P = {x, r} is a medial point of an object Ω, then the set of points of

contact between a ball of radius r centered at x and ∂Ω is called the boundary pre-image

of P .
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In other words, a medial point labelled Am
k has a boundary pre-image that contains

m points. Since at most of the medial points m is equal to 2, the following definition is

quite useful.

Definition 9. If points A and B form the boundary pre-image of a medial point P ,

then A is called a medial involute of B and vice versa.

Said in another way, medial involutes are pairs of points on the boundary of an object

that are symmetric with respect to the medial locus. It is possible for a point to have

multiple medial involutes, for example one with respect to the interior medial locus, and

one with respect to the exterior medial locus.

The major part of Blum’s work on the internal medial loci of two-dimensional objects

is devoted to the study of the geometric relationships between medial points and their

boundary pre-images [Blum 1967, Blum and Nagel 1978]. Blum showed that the points

in the boundary pre-image can be expressed in terms of the position and radius of the

medial point and from their derivatives with respect to movement along the medial locus.

For the purposes of studying local geometry of internal two-dimensional medial loci it

suffices to focus on medial points that lie on interior of the curves composing the medial

locus and thus have two-point boundary pre-images. The geometric properties of the free

endpoints and connecting endpoints of medial curves can be derived as the limit cases of

the interior point properties.

In addition to using the position x and the radius r to characterize each point on the

medial locus, Blum uses two first order properties. The first property is the slope of the

medial curve at the medial point, which can be expressed as an angle α, a unit-length

tangent vector b, or as a rotation matrix R. The second is called the object angle and is

given by

(2) θ = arccos

(

−dr
ds

)

,
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a. b.

Figure 2.5. Local medial geometry. a. Local geometric properties of
a medial point and its boundary pre-image. b. The rowboat analogy for
medial points.

where s is the arc length along the medial curve. The object angle is indicative of the

narrowing rate of the object with respect to movement along the medial curve. When

the object angle is equal to π/2, the radius has a critical point and as one moves along

the medial locus, the object retains its local width.

Given a medial point characterized by x, r,R, and θ, the two points y1 and y−1

comprising its boundary pre-image are given by

U±1 = R





cos(θ)

± sin(θ)



 ,

y±1 = x + rU±1,

(3)

where U1 and U−1 are unit-length vectors orthogonal to the boundary of the object at

y1 and y−1.

Fig. 2.5a describes the local geometry of a medial point and associated boundary

pre-image points y−1 and y1. The angle formed by the points y−1, x, and y1 is bisected

by the vector b, the unit tangent vector of the medial curve at x. The angle between b

and the vectors y−1 − x and y1 − x is the object angle.

24



The quantities x,y±1, r,b, and θ appear frequently in this dissertation. To better

remember these quantities, consider an analogy between a medial point and a one-person

rowboat, illustrated in Fig2.5b. The position of the rower in the boat corresponds to x,

and the length of the oars corresponds to r. The vector b represents the direction in

which the boat is moving and θ is the angle that each oar makes with b. The points y−1

and y1 correspond to the tips of the oars, and the directions of the oars are given by the

vectors U1 and U−1. The movement of a point along the medial locus is analogous to

the rowboat navigating down the middle of a stream, with the rower adjusting his oars

in such a way that their tips always just touch the banks of the stream (of course, the

oars are made of a stretchable material, and as the boat moves, their length changes).

A similar analogy to a sailboat is made in m-rep literature, and the term sail vector is

used instead of the term oar.

The values of x, r, and their derivatives can be used to qualitatively describe the local

bending and thickness of an object. The measurements x and b along with the curvature

of the medial curve describe the local shape of the medial locus, and subsequently describe

how a figure bends at x. A figure that has a line for its medial curve is symmetrical under

reflection across that line. The measurement r describes how thick the figure is locally,

while cos θ describes how quickly the object is narrowing with respect to movement along

the medial curve. A figure with a constant value of r has the shape of a worm.

Free ends of medial curves, where the maximal inscribed disk and the boundary

osculate and the boundary pre-image contains a single point, are a limiting case of the

bitangent disk situation. As our imaginary rowboat approaches such a point, its oars

come closer and closer together until they collapse infinitely quickly at the end-point,

forming a single vector in the direction b. The object angle θ, which is equal to half of

the angle between the oars, is zero at such endpoints.

The geometry of medial loci of three-dimensional objects is considerably harder to

visualize and express than the planar medial geometry. A number of researchers have
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studied the differential geometry of three dimensional medial loci [Nackman 1982, Ver-

meer 1994, Gelston and Dutta 1995, Hoffmann and Vermeer 1996, Teixeira 1998].

Chapter 5 presents in detail the relationship between medial points of three-dimensional

objects and the boundary pre-images of these points. Many of the results reported there

are based Damon’s work on skeletal sets [Damon 2002]. This work follows the generative

approach to medial geometry, as opposed to the previously described approaches that

derive the medial locus from the boundary description of a given object. In the generative

approach, the medial locus is defined first, and the object and its boundary are generated

by outward flow from the medial locus. As the following sections demonstrate, the gen-

erative approach to medial geometry is more applicable for problems of object modelling

and shape description than the derivative approaches. The generative approach is the

cornerstone of m-rep methodology.

Damon’s skeletal set is a stratified set3 of arbitrary dimension, on which a multi-valued

vector field, called the radial vector field is defined. At most points in the skeletal set a

pair of radial vectors is defined; these vectors point in the different directions relative to

the tangent space of the skeletal set. At edges of skeletal manifolds (i.e., the boundaries

of the manifolds with boundary) that are not shared by more than one manifold the

radial vectors come together to form a single vector that lies in the tangent space of the

manifold. At shared edges, more than two radial vectors are defined. The endpoints

of the radial vectors form a locus that is called the boundary of the object described

by the skeletal set. Damon describes a number of constraints that must be satisfied by

the skeletal set and the radial vector field in order for the boundary to be continuous

and differentiable. These constraints are expressed in terms of the radial shape operator,

which measures how the radial vectors bend with respect to the skeletal set. This operator

not only describes the local properties of the radial vector field but can also be used to

express the local differential geometry of the boundary.

3A stratified set consists of interconnected manifolds with boundary of different codimension.
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The Blum medial locus can be constructed as a special case of the general skeletal

set by requiring that the radial vectors at each point be symmetric with respect to its

tangent space of the skeletal set.

2.1.4. Extracting Medial Loci of Objects. The computer vision literature describes

a large number of skeletonization methods, which extract medial loci of objects starting

from some boundary representation. In most practical applications the object and its

boundary are represented discretely, for example as a set of pixels of the same intensity

in a characteristic image or as mesh of points. Skeletonization is made difficult by the

inherent sensitivity of the medial locus to the fine details of the boundary representation.

Given two different discrete representations of the same object, the true medial loci of

the two representations can have a different medial branching topology, i.e., a different

number of figures and a different connectivity graph between the figures.

Hence, the challenge of skeletonization is not to find the precise medial locus of an

imprecisely specified boundary, but rather it is to compute an approximation of the

medial locus that is consistent with respect to different discrete representations of the

same object. Moreover, a good skeletonization method should yield similarly structured

medial loci for objects that are similar objects and for versions of the same object that

have been differently rotated and magnified.

This subsection offers a detailed look into two approaches to robust skeletonization:

hierarchic Voronoi skeletons and shocks of boundary evolution. These two approaches,

together with the core tracking approach described in Subsection 2.1.5, are compared in

the overview paper by Pizer et al. [2002]. A special property of these approaches is that

they provide a scale parameter that makes it possible to tune the accuracy with which

the result matches the precise medial locus of the input boundary. The loci computed at

larger values of the scale parameter generalize better to different discrete representations
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Figure 2.6. Examples of Voronoi diagrams. a. Voronoi Diagram of six
points. b. Voronoi Diagram of points sampled from the boundary of the
corpus callosum. The skeleton of the object is just the internal portion of
the Voronoi Diagram.

of the input object as well as to other similar objects. For completeness, a number of

alternative skeletonization methods are referenced at the end of this sub-section.

2.1.4.1. Voronoi Skeletons. Voronoi skeletons [Ogniewicz 1993, Székely 1996] are com-

puted by calculating the Voronoi diagram of a set of points sampled from the boundary

of an object. Fig. 2.6a shows a Voronoi diagram of a set of six points on a plane. The

diagram consists of Voronoi regions, which are sets of points located closer to a particular

generating point than to any other generating point. The line segments in the diagram

are called Voronoi edges ; they separate Voronoi regions and are loci of points that are

equidistant from a a pair of generating points. The points where Voronoi edges meet are

equidistant from three or more generating points.

When the generating points of a Voronoi diagram are sampled from the boundary of

an object, as shown in Fig. 2.6b, the similarity between Voronoi edges and the curves

composing the medial locus becomes apparent. A circle of appropriate radius centered

at a point on a Voronoi edge contains two generating points, i.e., has two points of

contact with the boundary. A circle centered at an intersection of two Voronoi edges

contains three generating points, i.e., has three points of contact with the boundary, as

do disks centered at intersections of curves in the medial locus. The Voronoi diagram is
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also related to the grassfire analogy: if some points on the boundary are set on fire (as

opposed to the whole boundary), the places where fire fronts meet and quench themselves

are the edges in the Voronoi diagram of these points.

The Voronoi diagram of a set of boundary points contains edges that extend outside of

the object, possibly to infinity. The discrete approximation of the boundary obtained by

connecting the generating boundary points with line segments cuts the Voronoi diagram

into internal and externals parts. The internal part is called the Voronoi skeleton.

The Voronoi skeleton generated by a discrete representation of an object’s bound-

ary is an approximation of that object’s internal medial locus. Schmitt proves that as

the number of generating boundary points increases, the Voronoi skeleton converges in

the limit to the continuous medial locus, with the exception of the edges generated by

neighboring pairs of boundary points [Schmitt 1989].

The Voronoi skeletons, such as the one shown in Fig. 2.6b, contain many branches,

some of which are spurious and sensitive to the slightest changes to the generating bound-

ary points. For instance, a Voronoi skeleton computed from the set of pixels forming the

boundary of an object in an image can change significantly if the object in the image is

rotated.

In order to make Voronoi skeletons more robust to small boundary changes, re-

searchers have proposed to isolate parts of the Voronoi skeletons that are most stable

and significant. A number of measures of significance for edges and groups of edges in

the Voronoi skeleton have been introduced in the literature [Ogniewicz and Kübler 1995,

Székely 1996]. The significance measures make it possible to establish trunk-branch re-

lationships between connected edges in the Voronoi skeleton, and thus to establish a

hierarchy of figures and sub-figures. The edges that fall far from the root of this hier-

archy and have small significance values do not contribute to the descriptive ability of

the Voronoi skeleton and are trimmed. Trimming on the basis of significance introduces

a component of scale into Voronoi skeletonization. By adjusting the threshold level of
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significance at which edges are discarded from the skeleton, it is possible to generate a

coarse-to-fine spectrum of skeletons.

Both local and global measurements of significance have been proposed to organize

and trim Voronoi skeletons. Local measurements assign a significance score to each

edge in the Voronoi skeleton using a heuristic, such as the distance along the boundary

between the pair of generating points to which the edge is equidistant [Ogniewicz 1993].

Global methods, on the other hand, compute the significance of an edge or a group of

connected edges by measuring its impact on the appearance of the whole object, for

example measuring the effect that removing the edge or edges from the skeleton would

have on the shape of the boundary[Näf 1996, Styner 2001, Katz 2002].

The construction of Voronoi skeletons of three dimensional objects, while analogous

to the two-dimensional construction, is much more difficult to implement. One difficulty

arises during the traversal of Voronoi edges. The connectivity of Voronoi edges in two

dimensions organizes them into a tree structure which can be traversed from the trunk

to the leaves; in three dimensions the Voronoi edges may form a graph that contains

cycles and is more difficult to traverse. Methods for organizing three-dimensional Voronoi

skeletons into figures have been developed by Näf [1996], Attali et al. [1997], and Styner

[2001].

2.1.4.2. Shocks of boundary evolution. As mentioned in subsection 2.1.1, the medial locus

of an object can be defined as a set of points, called shocks, where a grassfire instanta-

neously started at the boundary of the object extinguishes itself. A number of methods

for finding the medial locus by simulating the grassfire propagation equation has been

developed [Kimia et al. 1995, Siddiqi et al. 1998, 1999a, August et al. 1999].

The methods of Kimia et al. [1995] and Siddiqi et al. [1998] start with a parameterized

object boundary, C(p), and evolve this boundary over time using the following differential
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equation:

(4)







∂C(t,p)
∂t

= (α− βκ)N

C(0, p) = C(p)

In this equation N denotes the unit outward normal to C(p) at p, κ denotes the curvature

of C(p) at P , and α and β can be functions or simply constants. The deformation depends

only on the local geometry of the boundary at time 0. The component βκN, known as

mean curvature flow, has a regularizing effect on the deformation. When β is zero, the

deformation is equivalent to the grassfire transform (1).

In cases where the curvature term of the curve evolution equation (4) is zero or is

negative, the evolution results in formation of sharp corners and folds. However, since the

evolving curve represents the boundary of an object and therefore may not cross itself,

such folds must not be allowed to happen. According to Sethian [1996], the evolution

of curves that enclose matter must adhere to the entropy condition, which requires that

once the evolving curve forms a corner, matter is permanently dislodged from the curve,

so as to prevent folding. The formation of a corner and the subsequent dislodgement of

curve points is referred to as a shock. Sethian shows that the entropy condition poses a

problem for any straightforward numerical approach to curve evolution and proposes the

use of the level set method, which embed the boundary curve as a level set of a higher-

dimensional manifold, to which evolution can be applied in a robust fashion [Sethian

1996].

Kimia et al. [1995] and Siddiqi et al. [1998] use level set methods to find the shocks of

the evolution equation (4). An alternative approach to finding the shocks using distance

transforms and the Hamilton-Jacobi equation was more recently introduced by Siddiqi

et al. [1999b].

Kimia et al. classify the shocks of the boundary propagation equation into four types.

A first order shock is a discontinuity in the normal of the boundary of the object, i.e., a
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positive maximum of curvature that at some point during the evolution forms a corner.

A second order shock is formed when two opposing boundaries collide at a single point.

A third order shock occurs when the two boundaries collide not just at a point, but

along a small neighborhood. Third order shocks occur when boundaries are parallel.

Fourth order shocks are events when a closed boundary collapses to a single point. This

classification is similar to the geometric classification of medial points due to Giblin and

Kimia [2000], which is described in subsection 2.1.2.

Siddiqi et al. [1999a] gives a framework for describing planar objects using directed

acyclic shock graphs. Each vertex in the graph represents a shock of type 2 and 4

or a connected set of shocks of type 1 and 3 since the latter do not occur at isolated

points. Each shock or shock group is indexed by a number and by the time (or times) of

formation. The structure of the graph is the reverse of the grassfire transform. At the

root are the last shocks to be formed (which correspond to the most important shape

features), and the leaves contain the earliest shocks, ones most sensitive to boundary

noise. The graph is converted to a tree. Two shapes are compared using a recursive tree

matching algorithm which matches vertices based both on the topology of their rooted

subtrees and the types of shocks at each vertex. The algorithm successfully matches up

instances of similar shapes even in presence of noise and occlusions.

By organizing shocks into a tree structure with nodes at different levels, Siddiqi et

al. imposes a significance measure on the shocks. This significance measure can be used

to extract the robust components of the medial locus of an object similarly to the way a

significance measure is used to trim Voronoi skeletons. By selecting different thresholds

of this significance measure, it is possible to produce a coarse-to-fine family of medial

loci.

August et al. [1999] use the concept of ligature as a measure of significance of parts

of the medial locus. Ligature is defined by Blum as a set of medial points whose bound-

ary pre-image contains a concave corner of the boundary. August generalizes ligature
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to medial points whose disks touch the boundary in an ε-neighborhood of a negative

maximum of curvature. Regions of the medial locus are then characterized in terms of

stability. The most stable are the order 4 shocks (also called ‘seeds’) and order 3 shocks

generalized to almost parallel boundaries (also called ‘bends’). The least stable segments

correspond to the ligature.

August, et al. demonstrate that by removing ligature one can simplify the medial

locus and remove unstable branches without changing the shape of the object signifi-

cantly. The results are applied to shock matching: as ligature nodes are removed from

shock graphs, similarly shaped objects become more likely to have the same shock graph.

August, et al. also show that the instabilities associated with ligature can not simply be

removed by smoothing the boundary with diffusion and hence require special treatment.

2.1.4.3. Other skeletonization approaches. In this subsection I presented two skeletoniza-

tion methods that can produce a coarse-to-fine family of medial loci by adjusting the value

a scale parameter. The ability to produce medial descriptions at different levels of detail

is critical for a skeletonization method, as without it the method is prone to have sta-

bility issues. However, in addition to the two approaches just described, the computer

vision literature proposes many other skeletonization algorithms. Among them are based

on mathematical morphology, others based on constructive solid geometry and yet other

based on Euclidean distance transforms.

The mathematical morphology approach [Serra 1982, Matheron 1998, Malandain et al.

1993, Jonker and Vossepoel 1995] uses as its input the binary characteristic image of an

object. Erosion is applied to the binary image iteratively, thinning the object until it is

one pixel thick. Much research has been focused on finding structural elements (kernels)

that preserve the topology of the object through erosion. Erosion is inherently a discrete

process and it is highly sensitive to the rasterization of the object. Medial loci yielded by

erosion are sensitive to the rotation and magnification of the object prior to the imaging
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process. Working at pixel level, erosion often can not discern the local geometry of the

medial locus near branch points.

The medial locus of an object represented by a binary characteristic image also can be

approximated as the set of ridges of the Euclidean distance transform [Danielsson 1980,

Arcelli and Sanniti di Baja 1992]. For instance, Golland et al. [1999] obtain a medial

description of an object by fitting a snake to the critical set of the distance transform.

The element of scale can be introduced by blurring the distance transform image with a

Gaussian kernel. Ends of distance transform ridges are difficult to find and the branching

topology of these ridges is sensitive to the resolution of the input image. This sensitivity

is exhibited not only at the level of branches that can be easily removed by pruning but

also at branches nearer the root of the branching hierarchy.

The constructive solid geometry approach [Lee 1982, Culver 2000, Sherbrooke et al.

1996] is geared towards human-made objects with boundaries that have sharp corners

and can be described accurately using a small number of polygons. This approach finds

the exact medial locus of the polygonal representation of an object’s boundary. Such a

locus consists of polygons and paraboloid surface patches. Elements of this approach are

similar to Voronoi skeletonization.

2.1.5. Medial Atoms and Core Tracking. I dedicate an entire section to core track-

ing because it is a skeletonization approach that was the precursor to the m-rep method-

ology, which is used extensively in this dissertation. In particular, the concept of medial

atoms, which is central to m-reps, evolved from the core tracking research. A reader

interested in understanding the upcoming chapters of this dissertation should become

familiar with the contents of the first part of this section, which is devoted to medial

atoms.

A medial atom is a modelling primitive that represents a place on the medial locus

of an object. A medial atom describes such a place up to a specified differential order
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and with a specified level of tolerance. The continuous medial locus of an object can be

discretely sampled into a set of medial atoms. However, medial atoms should be thought

of as entities that exist independently any medial locus, as demonstrated by the following

definition, which makes no mention of the latter.

Definition 10. An n-dimensional medial atom of order 0 (n = 2, 3) is a tuple

m = {x, r} that satisfies

(5) x ∈ R
n, r ∈ (0,+∞).

Geometrically, a medial atom of order 0 is simply interpreted as a ball. Such medial

atoms essentially correspond to maximal inscribed balls whose centers and radii form the

medial loci of objects. Given a structured collection of medial atoms of order 0 sampled

from the medial locus of an object, is is possible to approximately reconstruct the object’s

boundary by ‘shrink-wrapping’ the balls defined by the atoms, as shown in Fig. 2.7.

The use of the word “order” in the above definition refers to the fact that medial

atoms can be used to approximate medial loci up to a given order. An order 0 atom

describes zeroth order medial properties, which are position and radius. An order 1

atom, which is defined below, describes the derivatives of position and radius.

The shortcoming of medial atoms of order 0 and the shrink-wrap boundaries derived

from them lies in the fact that while both the medial locus and the boundary can be

approximately recovered from a set of order 0 medial atoms, the local symmetry rela-

tionships between pairs of medial involutes can not be directly reconstructed. However,

medial atoms of higher order can be used to capture these symmetry relationships and

are more useful for object representation.
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Figure 2.7. Boundary of an object reconstructed by shrink-wrapping a
collection of order 0 medial atoms.

Definition 11. An n-dimensional medial atom of order 1 is a tuple

m = {x, r,R, θ} that satisfies

(6) x ∈ R
n, r ∈ [0,+∞), R ∈ SO(n), θ ∈ [0, π/2] ,

where SO(n) is the symmetric orthogonal group, i.e., the group of all rotations in n-

dimensional Euclidean space.

The additional components of the medial atom of order 1 are R, called its orientation,

and θ, called its object angle. Recall that these are precisely the same first order quantities

that were used in equation (3) to relate medial points to their boundary pre-images.

The orientation of an atom can be expressed as a rotation matrix R, or equivalently

as an orthogonal frame of unit vectors {f1 . . . fn} placed at the position x. In two di-

mensions, f1 defines the tangent direction of the medial curve at x and f2 defines the

normal direction. In three dimensions, the vectors f1 and f2 define the tangent plane of

the medial surface at x, with f1 defining the direction of greatest decrease in r.

The rowboat analogy used to describe the first order geometry at a point on the

medial locus can be used equally well to describe medial atoms of order 1. The atom’s
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position and radius correspond to the position of the rower and the length of the oars;

the orientation corresponds to the direction of the boat’s bow, and the object angle to

the angle between the bow and the oars. Unlike their order 0 cousins, which one could

visualize as an inflated rubber tube (a rather low-tech floatation device), medial atoms

of order 1 explicitly define a pairs of points on the boundary of the object that they

describe. These points are, of course, the tips of the oars and are given by the following

definition.

Definition 12. The tuples {y−1,U−1} and {y1,U1} given by

Up = R











cos(θ)

p sin(θ)

0











, p = ±1 ,

yp = x + rUp

(7)

are called the implied boundary nodes of the medial atom m = {x, r,R, θ}.

Medial atoms of order 1 correspond to medial points of type A2
1, whose boundary

pre-images contain two points.4 Medial points of other types can be represented either

using special medial atoms, as discussed later in Sec. 2.1.7, or as limit cases of A2
1 medial

points. In this dissertation I deal only with order 1 medial atoms because these atoms

contain all the information necessary to reconstruct the boundary pre-images of medial

points and the symmetry relationships between pairs of medial involutes.

Medial atoms are used by core tracking methods [Pizer et al. 1998, Furst and Pizer

1998, Morse et al. 1998, Eberly et al. 1994, Fritsch et al. 1995a] to find medial structures

in images. Core tracking methods differ from other skeletonization methods because they

operate directly on grayscale images and do not require an explicit specification of the

boundary of the object of interest. However, when the boundary is given, core tracking

4The A
j

i taxonomy of medial points, due to Giblin and Kimia [2000], was discussed in Sec. 2.1.1
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a. b.

Figure 2.8. Medial atoms used for core tracking. a. A medial atom
defined by position, radius, orientation and object angle. b. An Gaussian
derivative filter associated with the atom, as used for core tracking.

can be applied to the characteristic binary image formed by the boundary, in which case

the results are analogous to the results of other multi-scale skeletonization methods.

Core tracking methods extract cores, which are loci of medial atoms that optimally

agree with the image information. Different types of medial atoms have been used in core

tracking, including order 0 atoms, order 1 atoms, and even hybrid atoms that include

the orientation parameter but fix the object angle to always equal 90 degrees [Stetten

and Pizer 1999, Fridman et al. 2003]. For the purpose of this discussion let us restrict

ourselves to order 1 medial atoms.

The agreement between a medial atom and an image is measured by a medialness

function, the domain of which is the set of parameters defining a medial atom. Given a

tuple of parameter values, the medialness function measures how well the position and

orientation of the boundary nodes of a medial atom defined by these parameters match

edge-like structures in the image.

The medialness function most widely used in the core tracking literature is computed

using the image intensity gradient at boundary node locations. Given an image I and
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an order 1 medial atom m = {x, r,R, θ}, this function is defined as

(8) M(m) = ∇σI(y
−1) · U−1 + ∇σI(y

+1) · U+1 ,

where ∇σI(y) is the image gradient computed at the point y by convolution with the

gradient of the isotropic Gaussian kernel with aperture σ :

(9) ∇σI(y) =

∫

∇Gσ(y − z)I(z) dz .

The aperture σ is proportional to the radius of the medial atom. This proportionality

makes the medialness function invariant to the magnification of the structures in the

image.

The generic cores in a p-dimensional parameter space are p − 1 dimensional height

ridges of the medialness function. A p−k height ridge of a function f is a continuous locus

of points, which are relative maxima of f in p − k linearly independent k-dimensional

subspaces of the parameter space. A mountain crest is an example of a 2−1 height ridge

since the crest is a relative maximum in the subspace defined by the direction of the

gradient of the altitude function. In general, the vectors defining the p− k subspaces in

which f is maximal are themselves dependant on f and are different at distinct points in

the parameter space. Core tracking literature has made two different choices for defining

these sub-spaces, resulting in two classes of cores: maximal convexity cores and optimal

parameter cores. In maximal convexity cores the subspaces in which the maxima are

attained are defined by the p−1 directions of greatest second derivative of M , computed

at each point as the unit eigenvectors of the Hessian matrix [Eberly 1996]. In optimal

parameter cores, the atoms are required to attain a local maximum in radius, orientation,

and object angle, as well as in the direction orthogonal to the tangent space of the core

in Euclidean space, which is defined by the optimal orientation [Furst and Pizer 1998,

Fridman et al. 2003].
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Core tracking methods work by following a core from a starting point in the parameter

space. A user specifies a location, size, orientation and object angle of an initial medial

atom and the algorithm searches for a ridge point in the vicinity of this initialization.

The algorithm then tracks the core, taking small steps in the parameter space until

some termination condition is met. Core tracking has been implemented using marching

cubes methodology [Furst and Pizer 1998, Lorensen and Cline 1987] and using predictor-

corrector methods [Fritsch et al. 1995b].

Core tracking methods reported in the literature track a single height ridge and thus

yield a medial locus without branches. However, it has been shown that height ridges

are connected by other relative critical structures, such as height valleys and saddle

manifolds which could be tracked in order to extract a branching medial locus from an

image [Damon 1999, Miller 1998, Keller 1999].

Cores, shock loci, and Voronoi skeletons constitute three classes of approaches to

approximating the medial locus of an object at any given level of detail. The ability to

extract medial loci at a scale makes these three methods robust with respect to small

boundary differences. However, these three methods are deterministic in the sense that

the medial locus is defined entirely by the boundary of the object. These methods do

not provide a way of incorporating prior knowledge about the shape of the medial locus

into the extraction process. This limitation makes it difficult, if not impossible, to use

skeletonization methods to produce features for shape characterization.

2.1.6. Pattern Theory and Deformable Models. Some of the most important driv-

ing problems of m-rep research, such as medical image segmentation and shape charac-

terization, fall into the realm of Grenander’s pattern theory [Mumford 1996, Grenander

1976, 1978, 1981]. Pattern theory provides a mathematical framework for solving a gen-

eral category of problems that use observations of the world to discover its true state.

M-rep methodology uses many of the results of pattern theory.
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The fundamental conceptual elements of pattern theory are the world and the obser-

vations of it. The world may assume many different states and each state of the world

w has some probability p(w) of being the true state. Neither the true state of the world

nor the probability distribution on the states are known to the observer.

Observations such as images, signals, or geometric measurements reflect the state

of the world in a limited and often obscure fashion. The perceptual process used to

produce the observations is error-prone and many different observations can be made

from a particular state of the world. The perceptual process is governed by a probability

distribution p(f |w), which describes the likelihood of obtaining an observation f given

that the world is in state w. In order to compute the likelihood term p(f |w) it is necessary

to understand the uncertainty that different stages of the sensory process introduce while

forming an observation.

Pattern theory holds that observations in nature are formed and transformed accord-

ing to a fixed set of rules. The perceived image is the output of a stochastic deformation

pipeline at whose input lies the true, uncorrupted image of the world. The possible de-

formations in this pipeline are classified by pattern theory into the categories of (i) noise

and blurring, (ii) superposition, (iii) domain warping, and (iv) interruption. Noise and

blurring are caused by the relatively low resolution of our sensors. Superposition is a

term that describes the linear or nonlinear combination of several underlying processes

to form an observation. The mixing of sounds from different sources or the combination

of shape and lighting conditions in producing intensity edges in an image are examples of

superposition. Domain warping refers to a diffeomorphism of the image domain caused

by the imaging process. Interruption describes interference between observations, such

as occlusion of an object by another in an image. Pattern theory goes a far way in

describing the mathematical and stochastic properties of these four deformations.

The hypothesis of pattern theory states that in practical problems the loss of informa-

tion in the sensory process is so great that no algorithm can adequately discover the true
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state of the world using feed-forward deterministic analysis of observations. According

to pattern theory, an observer must maintain a prior model of the world and adapt it to

observations in an iterative analysis-synthesis sequence.

The observer’s prior model of the world can be based on past experience of on em-

pirical knowledge. For instance, an anatomist segmenting an organ in a medical image

uses her expertise to come up with a general idea of the expected shape of the organ and

its likely location in the image. A prior model of the world is expressed as a probability

distribution P (w) on the different states of the world w.

Bayesian decision theory provides a framework for updating the observer’s prior model

of the world P (w) using a new observation f . The updated model of the world is

represented is the posterior distribution given by Bayes’ rule

(10) P (w|f) =
p(f |w)P (w)

p(f)
.

The posterior distribution is the ‘best possible guess’ at the unknown distribution p(w)

that can be made using the observation and the observer’s prior knowledge. The term

p(f) in the denominator carries little importance: its purpose is to make P (w|f) integrate

to 1. The state

ŵ = arg max
w

P (w|f) = arg max
w

[p(f |w)P (w)] .

is the optimal guess at the true state of the world and is called the maximum a posteriori

(MAP) estimate.

Direct computation of the MAP estimate is prohibitively expensive in practical prob-

lems where the number of variables needed to describe the state of the world is large.

Pattern theory provides a general framework for constructing an algorithm that fol-

lows the principles of MAP estimation but does not require explicit computation of the

prior and posterior probability distributions. The algorithm must model the following

deformable models framework :
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(1) start with a guess w;

(2) generate synthetic image fw;

(3) compare fw to observation f ;

(4) update w accordingly;

(5) repeat steps 2 through 5 until convergence.

This generative process resembles human perception: our knowledge of the world is not

given at birth, but rather learned by contrasting prior experience with new observations

and learning from the differences over and over again.

Let us examine the analysis-synthesis idea in the context of image segmentation. A

pattern theoretic algorithm begins with a model of the object of interest. The expected

appearance of the object, given the model is then synthesized and compared to the input

image. The places in the model where the agreement between the synthesized image

and the input image is weak are adjusted and the process is repeated until convergence.

The following section described this process in detail in context of m-rep based image

segmentation.

A general overview of deformable models is given by McInerney and Terzopoulos

[1996]. Deformable model methods differ in the way that they represent objects and in

the way that they construct priors. Examples of object representations include point

distribution models [Cootes et al. 1995], simplex meshes [Delingette 1994], basis function

representations [Staib and Duncan 1992, Székely et al. 1996], and representations based

on the interiors of objects [Joshi et al. 1997, Christensen et al. 1997]. Prior terms may be

based on statistical learning (e.g., [Cootes et al. 1995]) or on heuristic knowledge about

geometric properties of objects, such as smoothness (e.g. [Caselles et al. 1995]).

2.1.7. M-Reps: A Medial Object Representation. The term m-rep can refer both

to a geometric object representation and to a methodology that uses this representation
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for image analysis, following the deformable models framework. This section discusses

both aspects of m-reps.

The distinguishing properties of m-reps as an object representation are

• The medial locus of an object is represented explicitly.

• A fuzzy approximate representation of the object’s boundary is implied by the

medial locus representation.

• An accurate description of the boundary is given by a smooth fine-scale defor-

mation of the fuzzy implied boundary.

The explicit specification of an object’s medial locus by m-reps makes it possible

to compare similar objects in terms of symmetries. In contrast, medial loci yielded by

applying a skeletonization method to similar objects are poorly suited for such comparison

because their branching topology is not explicitly specified and may differ drastically, as

in the case of nearly circular objects.

M-reps come in different flavors. Discrete m-reps, due to Pizer et al. [1999], represent

the medial locus using a structured sparse set of medial atoms. Continuous m-reps,

defined in Ch. 5, represent the medial locus as approximation curves or surfaces defined

by a set of {x, r} control points. This section describes discrete m-reps.

M-reps specify the figural composition of an object explicitly. An m-rep representing

a complex object contains multiple components called figures. Each figure is an array

of medial atoms. These figures are are organized into a hierarchy of parent-child rela-

tionships, with parents representing the substantial parts of the object, such as the palm

of the hand, and children representing protrusions and indentations, such as the fingers.

The figural graph of an m-rep resembles the composition of a geometric object into fig-

ures with joints but does so only at a conceptual level. The manner in which an m-rep

is organized into figures is guided by structural and conceptual reasons, rather than by

desire to precisely mimic the medial branching topology of the objects being represented.
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Figure 2.9. (Left). Representation of an object using a discrete m-
rep. The m-rep is organized into a hierarchy of figures based on structural
properties of the object. At the root of the hierarchy lies the main figure
whose implied boundary is indicated by the dotted curve. The children
of the main figure are the protrusion and indentation figures. (Right).
Continuous medial locus of the same object. Branches in the medial locus
are determined by the geometry of the boundary and include branches that
do not contribute to the structural description of the object.

The difference between the figural composition of m-reps and the branching topology of

corresponding objects is illustrated in Fig. 2.9.

An m-rep figure is defined as a lattice of order 1 medial atoms (defined in subsection

2.1.5). In two dimensions medial atoms composing an m-rep figure are organized into a

linked list, or chain. In three dimensions atoms are organized into a mesh structure. The

edges connecting neighboring atoms in a chain or mesh are called intra-figural links in

contrast to inter-figural links that describe relationships between atoms across different

figures.

The locally cylindrical geometry of nearly-tubular three-dimensional structures such

as blood vessels is represented by m-rep figures containing chains of special medial atoms.

These atoms can be envisioned as a regular medial atom that is spinning around its

bisector b, or in terms of the rowboat analogy as a kayak doing an Eskimo roll. Aylward

and Bullitt [2002] use m-reps consisting of such atoms to model vessel trees.
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a. b.

Figure 2.10. Medial geometry of end atoms. a. The continuous relation-
ship between a point on a medial curve and the points of contact between
a disk inscribed at the point and the boundary of the object asymptotes
at the end point of the curve: equal steps along the medial curve result
in increasing steps along the boundary. b. To account for this asymptotic
relationship m-reps describe ends of figures using special end atoms that
describe the entire end-cap of the figure as an arc of an oval.

Another class of special medial atoms is used at ends of chains that form two-

dimensional figures and at edges of meshes in three-dimensional figures. These atoms

correspond to medial points of type A1
3, which are located at the ends of medial curves

and at edges of medial surfaces and thus have a single-point boundary pre-image. The

medial geometry in the neighborhood of an A1
3 medial point is singular. As we approach

such a terminal medial point along the medial curve or along any path on the medial

surface, the object angle collapses to zero and its derivative with respect to arc length

asymptotes. In terms of the rowboat analogy, the rower approaching an such a point

brings the oars together in front of the boat infinitely quickly. This asymptotic behavior

is demonstrated in Fig. 2.10a.

The special end atoms used at edges of m-rep figures do not represent the precise

A1
3 medial point, but rather describe a whole section of the object in the neighborhood

of this point. In two dimensions an end atom represents the end-cap of a figure using

an oval arc, as illustrated in Fig. 2.10b. An end atom is defined as a medial atom that
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Figure 2.11. A diagram of three-dimensional m-rep figure organized as
a 3× 3 quadrilateral mesh of medial atoms. The atom in the middle of the
mesh in a regular medial atom, the rest are end atoms.

contains a third boundary node {y0,U0}, which describes the point at the tip of the oval

arc. This third boundary node is defined as

U0 = b ,

y0 = x + η rU ,

(11)

where η is an additional elongation parameter that end atoms contain in addition to the

standard parameters x, r,R and θ. The elongation parameter satisfies η ≥ 1 to ensure

that the oval arc described by the end atom is at least as sharp as a circular arc. End

atoms in three dimensions appear at edges of meshes of atoms and thus are connected

into chains. A chain of end atoms describes the shape of a figure in the neighborhood of a

crest of the boundary. Each end atom represents the cross section of this neighborhood in

the plane orthogonal to the crest line using an oval described by the elongation parameter

η. Fig 2.11a shows diagram of a medial figure in three dimensions as mesh of medial

atoms and end atoms.

I stress that the boundary node {y0,U0} is used to describe a tip of a figure using an

oval arc or to describe the crest of a figure using a locus of such arcs. The position of the

node {y0,U0} need not correspond precisely to the position of the maximum of curvature

or the crest on the boundary of the object described by the m-rep. End atoms make it
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possible to stabilize the medial object description at the ends of figures. One of the

reasons why the skeletonization process is considered unstable is because small changes

to the boundary of an object can displace local maxima of boundary curvature by large

amounts. Since these maxima correspond to end points of medial curves, the medial

locus is sensitive to small boundary changes. By not explicitly specifying the position

of the maximum of curvature on the boundary, m-reps can consistently describe similar

objects whose exact medial loci differ at the ends of figures. The elongation parameter

η allows one to coarsely represent ends of differently shaped figures with more stability

than would be possible if the m-rep end-caps were always constrained to be circular (or

spherical in 3D), in which case the radii of end atoms would have to match very closely

the radii of maximal curvature of the figure and thus, the position of the end atoms would

be significantly affected by slight changes to the object’s boundary.

By representing the medial locus of an object Ω using a collection of order 1 medial

atoms m1 . . .mN , an m-rep M explicitly defines a set of corresponding boundary nodes

{y•
1,U

•
1} . . . {y•

N ,U
•
N}. By connecting neighboring nodes using continuous patches of

curves or surfaces a closed continuous description of ∂Ω can be constructed. This contin-

uous description is called the boundary implied by the m-rep M . The implied boundary

can be constructed using Beziér patches or using subdivision surfaces, which, according

to Thall [2002], are more appropriate for describing three-dimensional objects. Fig. 2.12b

shows the implied boundary of a single-figure three-dimensional m-rep.

In direct contrast to skeletonization methods, m-reps derive the boundary descrip-

tion of an object from its medial description. Since the composition of an m-rep into

figures and atoms is explicitly imposed, one can describe different objects using m-reps

with the same figural composition. The ability to describe a set of related objects using

m-reps with the same figural composition makes it possible to compare objects based

on their medial properties. To compare two m-reps that have the same figural compo-

sition, one only needs to compare the values of the medial atom parameters, assuming

48



a. b.

Figure 2.12. a. A three-dimensional m-rep figure organized as a quadri-
lateral mesh of medial atoms. b. The implied boundary constructed by
using subdivision surfaces to interpolate the boundary nodes of the medial
atoms in the figure. (Courtesy A. Thall.)

that medial atoms represent corresponding locations in the objects. However, to com-

pare medial structures with different branching topologies, such as medial loci produced

by skeletonization algorithms, one needs to employ complex tree matching algorithms.

Common figural composition makes it possible to estimate probability distributions on

the parameters of medial atoms and hence makes medial based shape characterization a

reality.

The ability to impose an common figural compositions on m-reps describing a set

of similar objects comes at the price of accuracy. The accuracy with which an m-rep

describes the boundary of an object in not only limited by the resolution of the m-

rep, i.e., the number of atoms used, but also by the explicit a priori specification of

the structural composition of the m-rep. For instance, a single figure m-rep that can

accurately represent many worm-like objects can not be used to represent an object in

the shape of a cross, regardless of the number of atoms used. The work of Styner on

modelling various subcortical organs shows that in many practical applications collections
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of biological objects can indeed be accurately represented by m-reps sharing a common

figural composition [Styner 2001]. However, in applications such as modelling of botanical

trees a common figural composition is unfeasible.

To address the issues of accuracy, m-reps methodology uses the idea of controlled

tolerance. The boundary implied by an m-rep is not considered a fixed curve or surface

but rather a maximal set of a probability density defined on the ambient space. This

density is called the fuzzy boundary of the m-rep.

Earlier m-rep methodology defined the fuzzy boundary by placing one-dimensional

Gaussian densities at a grid of points regularly sampled along the implied boundary.

Each Gaussian density is oriented in the direction normal to the implied boundary and

its standard deviation is proportional to the local width of the object (i.e., the value of

r interpolated between the values of the adjacent medial atoms). The proportionality

between the radius of a medial atom and the tolerance of the fuzzy boundary at the

atom’s boundary nodes makes the fuzzy boundary get tighter as the object narrows.

The constant of proportionality ρ is specified explicitly for each set of similar objects

that must be represented by m-reps with a common figural composition. The coarse-to-

fine shape analysis method described in Ch. 3 uses this definition of fuzzy boundary.

The limitation of this early approach Pizer et al. [1999] is its inability to model the

correlation in the tolerance of neighboring points on the fuzzy boundary. The model is

analogous to white noise, as each Gaussian is uncorrelated with its neighbors in the grid.

Neither did the older model take the variability in a population of objects into account

when describing boundary tolerance.

In more recent work by Lu et al. [2003b], the fuzzy boundary is described using

a probabilistic Markov random field model that is constructed using a training set of

objects. In this work, m-reps are treated as a hierarchical representation that describes

objects and object complexes at different levels of detail. These levels include the object

level, at which the configuration of separate objects in an object complex is described,
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the figural level at which relative configuration of the m-rep figures in each object is

described, the medial atom level, which describes figures in terms of medial atoms, and

the boundary level which describes object boundaries in terms of boundary nodes. The

Markov random field model describes the distribution of the residual between primitives

used at each level of the representation (e.g. objects, figures, atoms, boundary nodes) and

the positions of these primitives implied by the previous level of representation. Following

the Markov assumption, the probability distribution of each residual is conditioned only

on the residuals of its immediate neighbors. Under this model, the fuzzy boundary of an

m-rep is described in terms of the distributions of boundary-to-medial residuals. This

fuzzy boundary captures the local variability of boundary nodes in the training set of

objects. It also models the correlation between neighboring boundary nodes.

Up to this point I described m-reps as a data structure used to represent objects, i.e,

a graph whose vertices are formed by medial atoms and whose edges are formed by inter-

figural and intra-figural links. Let us consider the class of operations that can be applied

to this data structure. These operations can be categorized into structural operations and

structure-invariant operations. Structural operations add vertices to the graph, remove

vertices from it, and change the connectivity between the vertices. Structure-invariant

operations only change the values of medial atom parameters at the vertices.

In current m-rep methodology, structural operations on m-reps are performed through

user interaction, while structure-invariant operations are used as a step in m-rep based

segmentation and other automatic algorithms. In this section I only discuss structure-

invariant operations. Among them two special types of operations are of interest: sim-

ilarity transformations and figural transformations. Similarity transformations apply

translation, magnification, and rotation about a fixed point in space to all the medial

atoms in an m-rep. Similarity transformations change the pose of an m-rep without
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affecting its geometric form 5. Figural transformations apply translation, magnification,

rotation, and elongation to a single figure in an m-rep. A figural transformation changes

the geometric form of the m-rep but, with the exception of elongation, keeps the geometric

form of the figures constant.

The algorithm for image segmentation using m-reps follows the deformable models

framework defined in the previous subsection. The details of m-rep segmentation method-

ology can be found in papers by Fritsch et al. [1997], Pizer et al. [1999], and Joshi et al.

[2002]. The basic outline of the algorithm for segmenting an object Ω in an image I is

the following:

(1) Explicitly specify a template m-rep M with a suitable figural composition. Com-

pute a prior distribution P (M) on the parameters of the m-rep.

(2) Using Bayes rule, compute the match between the template M and the image

as the posterior probability density P (M |I)

(3) Deform parameters of M using structure-invariant operations in a way that

would increase P (M |I).

(4) Repeat steps 2,3 until convergence.

The actual segmentation task is organized into several stages, each following the

above four-step procedure. In each stage a different set of structure-invariant operations

is used in Step 3. In the earliest stage only similarity transformations are allowed: the

template moves, rotates, and changes size relative to the image but retains its geometric

form. In the next stage, figural transformations are allowed. Optionally there may

be an intermediate stage between the similarity and figural stages in which groups of

connected figures are allowed to move relative to each other. This optional stage is used

5In this dissertation the term “geometric form” is used instead of the word “shape” to describe the
geometric properties of an individual object, which do not change when the object is translated, rotated,
or uniformly scaled. The term “shape” is used to describe the collective geometric form of a population
of objects.
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when segmenting object complexes, such as groups of organs. In a later stage, individual

medial atoms or small groups of them are allowed to deform.

The final state of m-rep segmentation involves a boundary deformation. Let M be

an m-rep optimally fitted to an image after the similarity, figural, and atom stages of the

deformation. The shape of the implied boundary of M is restricted by the predetermined

figural composition of M . In order to better segment the true boundary of the object

in the image, the implied boundary is deformed by moving each point on the boundary

along the boundary normal, as to maximize a posterior density.

Each stage of the deformation algorithm uses the same image match term p(I|M) (the

likelihood term in Bayesian terminology). The image match is computed by integrating

a local measure of match over the implied boundary. The local measure can be the

strength of the image edge in the direction normal to the boundary, or the correlation in

the neighborhood of the boundary point between the image I and some atlas image. In

either case, the degree of match is weighted by a Gaussian kernel whose aperture is the

same as the local tolerance of the fuzzy boundary: ρ r. The Gaussian weighting gives

a width-proportional tolerance of the image match measure. This tolerance allows the

deforming m-rep to be attracted to the true boundary of the object in the image.

The prior probability density is defined differently in each of the four stages of segmen-

tation. In the similarity stage the prior density uses empirical or statistical knowledge

about the position of the object of interest in the image. For instance, the expected

position, size, and orientation of the heart in a chest x-ray is known from basic anatomy.

In the figural stage, a prior is defined on the relative poses of the figures: when seg-

menting a hand, we roughly know how the fingers are situated in respect to the palm

and to each other. In the atom stage, this density combines the prior knowledge about

the geometrical form of each figure with a regularity term that rewards smoothness and

orderliness of the medial atom mesh. This smoothness term is based on the empirical
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fact that medial loci of objects must follow certain geometric rules. For instance, con-

figurations of atoms whose boundary nodes can not be interpolated by curve or surface

patches to form a continuous impled boundary are deemed illegal and assigned a zero

prior probability density. During the boundary deformation stage, a regularity prior is

applied to the boundary displacements. One of the goals of the statistical shape char-

acterization research reported in this dissertation is to compute prior probabilities for

m-rep deformation using a set of training objects.

Much more remains to be said about m-reps and their properties. Later in the dis-

sertation, I will come back to this topic, covering in detail the notions of correspondence,

figural coordinate systems, and medial atom interpolation. However, the amount of back-

ground on medial methodology that is section covers should prepare the reader for the

upcoming chapters and for medial literature in general.

2.2. Shape Characterization

Ham. Do you see yonder cloud that
‘s almost in shape of a camel?
Pol. By the mass, and ‘t is like a
camel, indeed.
Ham. Methinks it is like a weasel.
Pol. It is backed like a weasel.
Ham. Or like a whale?
Pol. Very like a whale.

Shakespeare, Hamlet

The objective of this section is to introduce the reader to the statistical shape charac-

terization methodology that was motivated in Ch. 1. The section is organized as follows.

Subsection 2.2.1 introduces the concept of statistical features and summarizes a num-

ber of approaches to extracting features from various object representations. Subsection

2.2.2 describes how statistical methods such as density estimation and principal compo-

nent analysis are used to model shape variability in a population of objects. Subsection
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2.2.3 covers statistical classification of the basis of shape: it describes some common dis-

crimination techniques and discusses their application to clinical diagnosis and disease

understanding. Subsection 2.2.4 addresses the problem of describing objects in a pop-

ulation using homologous sets of primitives, known as the problem of correspondence.

Finally, subsection 2.2.5 presents feature selection, a technique used to reduce the number

of features in high-dimensional low sample size classification problems.

First, a warning regarding notation. In computer vision literature, and in the English

language in general, the word “shape” can have multiple distinct meanings. The confusion

between the following two is of concern here. “Shape” can refer to the geometric form of

a particular instance of an object: i.e, “his nose has an unusual shape.” “Shape” can also

refer to the geometric properties that make a class of objects distinct, without making

a reference to an individual instance: “the nose looks like a tetrahedron with smoothed

corners, a pair of holes, and perhaps a bump.” For clarity, I always use the word shape

in the second sense, sometimes qualifying it by an adjective “collective”. I use the term

“geometric form” when talking about a particular instance. I would say, “his nose has

an unusual geometric form.”

In these terms, the goal of shape characterization is to express the shape of a pop-

ulation of objects or to express the differences in shape between two classes of objects.

The input to a shape classification method consists of a set of typical instances of the

object. This input is called the training sample, and it is denoted Ω1 . . .Ωn. Typically,

the objects in the training sample are represented as segmented boundaries, but other

object descriptions are possible.

In applications where the population is not separated into classes, the typical objective

of shape characterization is to estimate a probability distribution on the space of all

geometric forms that can be assumed by an object. When the population is divided

into classes, the typical objective is to construct a classifier function, which assigns class

labels to objects. A good classifier has a high probability of correctly guessing the class
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membership of a previously unseen object. One says that such a classifier generalizes

well.

2.2.1. Representing Objects for Statistical Analysis. In order to make the theories

of probability and statistics applicable to the study of object shape, it is necessary to

interpret objects in a population as samples from a multivariate random variable. Hence,

each object must be represented using a fixed number of homologous measurements.

These measurements are called statistical features.

The measurements that constitute statistical features must be invariant with respect

to translation, rotation, and uniform magnification because these operations do not alter

the geometric form of objects. The term similarity transform is used to refer to any com-

bination of the above three operations. In other words, statistical features are invariant

under the similarity transform.

Shape characterization literature describes many approaches to representing objects

using statistical features. In this subsection I will briefly mention some of them, includ-

ing the landmark representation, the point distribution model, the basis decomposition

representation, and the volumetric representation.

The features most commonly used in biological shape analysis are based on landmarks.

A landmark is “a point of correspondence on each object that matches within and between

populations,” as defined by Dryden and Mardia [1998], who go on to define three types

of landmarks. An anatomical landmark is a point of special biological or structural

significance. For example, in face analysis, the center of the iris or the corner of the mouth

are anatomical landmarks. A mathematical landmark is a point with unique geometric

properties, such as a singularity or a critical point. A pseudo-landmark is a point whose

position is derived from the positions of other landmarks, for example a point on the edge

of the face located half way between the base of the ear and the tip of the chin. Each type

of landmark has its advantages and disadvantages. Anatomical landmarks can be found
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consistently on all objects in a population, but their identification is costly because it

requires human expertise. Mathematical landmarks are easy to locate automatically, but

in many populations critical points and singularities are not found consistently between

objects. Pseudo-landmarks are also easy to find but their significance is unclear. For

example, a point located on the outline of the hand half way between the tip of the

thumb and the tip of the pinky finger may lie on the tip of the middle finger on one

person’s hand and on the side of a finger on the hand of another person.

In early shape analysis literature statistical features were constructed by taking angles

and relative distances between landmarks [Dryden and Mardia 1998, Reyment et al. 1984],

and this approach is still widely used. In the work of Kendall [1984], Bookstein [1989],

and Dryden and Mardia [1998], features are constructed by taking the coordinates of

landmarks after first optimally aligning the objects using the Procrustes algorithm. For

each object in the population this algorithm finds a similarity transform that minimizes

the mean squared distance between the landmarks on the object and the corresponding

landmarks in a template object. Features based on the coordinates of aligned landmarks

lie in the Euclidean space and are better suited for statistical analysis than measurements

such as angles and relative distances, which are cyclic and non-negative.

The number of anatomical and mathematical landmarks that can be used in most

real-world applications is limited by the practical cost of identifying the anatomical land-

marks and by the inconsistency of the mathematical landmarks. The cost of producing

landmarks is especially prohibitive in three dimensions.

Methods that compute probability distributions on sparse sets of landmarks, such as

Bookstein’s principal warps method [Bookstein 1989], use interpolation to reconstruct

the geometrical form of objects between the landmarks.

In the context of this dissertation, the disadvantage of sparse landmark methods lies

in their inherent inability to capture local geometry. Even if some of the landmarks

capture truly local information, they do so only at the locations that are a priori deemed
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to be important. Using sparse landmark methods, it is not possible to find the important

local components of geometric variability in a population of objects.

An example of a shape model that uses a dense set of pseudo-landmarks is found in

the work of Cootes et al. [1995]. Their point distribution model(PDM) is constructed

by taking the coordinates of pseudo-landmarks after aligning them using the Procrustes

algorithm. In early research, these landmarks were obtained by manually identifying

a few anatomical landmarks on the boundary of each object and by densely sampling

points located at equal intervals along the boundary between the anatomical landmarks.

Fully automatic pseudo-landmark selection requires an algorithm that can identify corre-

sponding locations across a population of objects. The development of such an algorithm

is perhaps the most important and difficult problem facing the shape characterization

field. Subsection 2.2.4 covers this problem and the recent advances toward its solution.

Cootes et al. use PDM as a part of a combined model that describes both the shape

of objects and their appearance in images. In their work on Active Shape Models [Cootes

et al. 1995], appearance is represented by a statistical description of image intensity in the

neighborhood of each landmark in the PDM. In more recent work on Active Appearance

Models, Cootes et al. [1998] compute a statistical model of image intensity over an set of

image voxels that are enclosed by the boundary of an object or lie in a band surrounding

the boundary.

Statistical features based on points densely sampled from interiors of objects are also

used in shape characterization methods developed by Davatzikos et al. [1995], Christensen

et al. [1997], Joshi et al. [1997], Csernansky et al. [1998], and others. These methods derive

statistical features from deformation fields that optimally warp a template object to each

object in the population. The warp is based on maximizing the image intensity match

between the warped template and each object, while adhering to physical constraints,

such as rules of elastic deformations or rules of fluid dynamics. Displacement vectors

sampled from deformation fields serve as statistical features for shape characterization.

58



The above methods densely sample the boundary or volumetric object representation

to produce local features. A different class of methods computes features by decomposing

the boundary of each object into a set of basis functions. For instance, Staib and Duncan

[1992] decompose boundaries of three-dimensional objects into Fourier surfaces and use

the first few Fourier coefficients as features. Similarly, Székely et al. [1996] use spherical

harmonics as the basis into which they decompose three-dimensional object boundaries.

Unlike the statistical feature derived from landmarks, features computed as coefficients of

basis functions have global support: a local change to the geometrical form of an object

can change the values of all of the features describing the object. However, features with

local support can be derived by regularly sampling Fourier surfaces.

In this subsection I gave examples of how statistical features can be computed from

object representations. In the following subsection I will discuss how these features are

used to model shape.

2.2.2. Shape Density Estimation and PCA. Let Ω1 . . .Ωn be a training sample

drawn from a population of objects that are described using k features. Let each object

Ωi be described by the vector of values

(12) ai = [ai1, . . . , aik].

In the case of landmark-based object representations, these values are formed by the

grouped coordinates of the aligned landmarks: ai1 = xi1, ai2 = yi1, ai3 = xi2, ai4 = yi2, . . ..

The matrix A = {aij} whose n rows are the transposed feature vectors is called the feature

matrix.

Shape characterization problems treat the feature vectors a1 . . . an as a sample from a

random variable a. Standard statistical techniques can estimate the probability density

of a using the sample. A common approach is to model a with the multivariate normal
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distribution whose parameters are estimated from the training sample:

(13) a ∼ N(ā,S),

where ā is the sample mean, and S is the sample covariance matrix.

Under the Gaussian assumption, the sample mean represents the typical or average

geometric form of the objects in the training sample. However, when the features have

a non-Gaussian distribution, the geometric form corresponding to the sample mean may

be that of a very unlikely object, or it may not be a valid geometric form at all. For

instance, if the underlying distribution forms a two-dimensional ring in feature space, the

mean is the center of the ring and is not a representative of the training sample.

The components of the random variable a can be strongly correlated, especially in

shape characterization problems that use densely sampled features. For example, the

coordinates of a pseudo-landmark sampled along the outline of a smooth object strongly

correlate to the coordinates of its neighbors. In such cases the variability in the training

sample can be accurately captured using only a few appropriately chosen uncorrelated

univariate random variables. These variables can be found using a statistical technique

called principal components analysis (PCA).

PCA expresses the random variable a as a weighted sum of n − 1 uncorrelated uni-

variate random variables β1 . . . βn−1, which have zero means and unit variances:

(14) a = ā +
n−1
∑

j=1

βjvj .

The vectors v1, . . .vn−1 define orthogonal directions in feature space space that are called

principal components.

Given a random sample a1, . . . , an, the principal components are computed in terms

of eigenvalues and eigenvectors of the sample covariance matrix. The vector vi is given
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by multiplying the square root of the i-th eigenvalue (where eigenvalues are arranged in

order from largest to smallest) by the corresponding i-th eigenvector.

For any d < n, the subspace of the feature space that passes through the mean ā and

is spanned by the first d principal components is the best d-dimensional mean square fit

to a1, . . . , an. For example, v1 coincides with the line that passes through ā and has the

smallest mean square distance to the training vectors, v2 has the same property in the

subspace orthogonal to v1, and so on.

Typically, when PCA is applied to correlated features, only the first few principal

components have lengths that are an order of magnitude above the standard deviation of

the noise that is inherently present in the feature extraction process. Said less formally,

only a few components are needed to express the variability in the ‘signal’, and the

residual variability that is not captured by those few components may as well be ‘noise’.

In their active shape models algorithm, Cootes et al. [1995] apply PCA to features

computed from a dense pseudo-landmark object representation. Landmark representa-

tions make it possible to reconstruct the geometric form associated with each point in

feature space. By reconstructing a sequence of geometric forms corresponding to points

sampled along one of the first principal components, Cootes et al. produce visual de-

scriptions of the principal modes of shape variability. Different principal modes may

correspond to geometrically or biologically distinct deformations: for example, one mode

may account for bending and another for thickening. However, more often than not, the

geometric deformation associated with a principal mode consists of a mix of different geo-

metric operations, and it need not be indicative of some underlying biological process.

PCA-based visualization of shape variability can be used to construct medical atlases

that show typical variations in the shape of human anatomy. [Thompson and Toga 2002,

Christensen et al. 1996].

In shape characterization problems where the correlation between features is high,

PCA is used to reduce the dimensionality of the problem. As a preprocessing step, PCA
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can be used to take a thousand-dimensional problem and make it a ten-dimensional

one. In machine learning terminology, PCA is called a feature recombination technique.

Feature recombination techniques like PCA have a disadvantage: new features yielded

by them are weighted sums of all of the original features, so each one of them is a global

shape measurement. Thus, PCA loses the locality of the original features.

PCA is most effective when applied to features that are normally distributed. In

that case, the uncorrelated random variables β1 . . . βn−1 are indeed independent. The

principal components describe independent components of shape variability and can be

used to find the biological processes responsible for this variability. However, when

the features are not normally distributed, the geometrical forms corresponding to the

traversal of the principal components may be very unlikely to occur in nature, or they

may be geometrically invalid. For instance, if the feature vectors form two equal size

clusters in feature space, the geometrical form corresponding to the mean of the feature

vectors may not resemble the objects in either of the clusters, and it is by no means the

‘most likely geometrical form’.

The normal distribution is commonly used to model shape because it frequently

occurs in nature, because it has nice mathematical properties, and because it requires a

relatively small number of parameters to define. More elaborate models of the feature

distributions are possible. For example, Aylward [1997] uses cores, which are similar to

those used for image analysis, in feature space to construct continuous mixture models.

Such models use more parameters than the simpler Gaussian model, and in order to

generalize well, they require a large training sample.

2.2.3. Shape-Based Classification. This section discusses the problem of shape-based

classification, which deals with using the geometric form of objects as a basis for auto-

matically placing objects into categories. The input to a classification problem consists

of a training set of tuples {a1, y1} . . . {an, yn}. Each tuple consists of a feature vector ai
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that describes an object Ωi and of an associated label yi that indicates the class to which

Ωi belongs. The goal of shape-based classification is to compute a class membership

function c, which, given a previously unknown object, returns the correct class label.

The quality of a classifier can be tested using a second set of objects with known class

membership. Let this training set be denoted as tuples {a′
1, y

′
1} . . . {a′

n′ , y′n′}. The error

rate of the classifier c is computed as

(15) ε =
1

n′

n′

∑

i=1

L (y′i, c(Ω
′
i))

where L(yi, yj) is the loss function, which describes the cost associated with incorrectly

misclassifying an object of class yi as belonging to class yj. The simplest loss function,

called the 0-1 loss, assigns the cost of 1 to a misclassification and a cost of 0 to a correct

classification. Other loss functions become necessary in diagnostic problems where the

cost associated with incorrectly classifying a diseased person as healthy is much greater

than the cost of labelling a healthy person as diseased. A classifier is said to generalize

well if it achieves a low error rate when applied to test data. A classifier that achieves

a low error rate when tested using the training data but generalizes poorly to other test

data is said to be overfitted.

A classifier divides the feature space into regions over which the classifier attains

constant values. The boundaries between these regions are called decision boundaries.

Points on decision boundaries are as likely to belong to one class as to another. Examples

of decision boundaries of different classifiers are shown in Fig. 2.13.

The description of a large number of classification methods and a discussion of many

related issues can be found in Duda et al. [2001]. One common classification approach

involves using the training sample to estimate class-conditional probability densities

p(a|c(a) = 1) . . . p(a|c(a) = Nc). The classifier c is then computed as the following a
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Figure 2.13. Two-dimensional classification example. a. A training set
consisting of random samples of size 10 taken from two bivariate normal
distributions, indicated by red dots and blue squares. b. Difference of
means classifier constructed on the training set. The pink and light blue
colors indicate the class label assigned by the classifier to each point in
feature space. c. Linear classifier based on the Fisher linear discriminant.
d. Maximum likelihood classifier for Gaussian distributions with non-equal
covariances. e. k-nearest neighbor classifier with k = 3. f. Support vector
machine classifier with margin denoted by yellow bold lines.

posteriori likelihood estimate:

(16) c(a) = arg max
i
p(a|c(a) = i)P (c(a) = i) ,

where the probabilities P (c(a) = i) are based on prior knowledge of the frequency with

which the classes are expected to occur. In the absence of this information the prior
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probabilities P (c(a) = i) are taken to be equal and c is called a maximum likelihood

classifier.

The Fisher linear discriminant is an example of a classifier that is commonly used

in shape classification literature. It is the maximum likelihood classifier for a two-class

problem when the class-conditional densities are modelled with a pair of multivariate

Gaussian distributions that share a common covariance matrix. The decision boundary

of the Fisher linear discriminant is a hyperplane that separates estimated means of the two

class-conditional densities. The discriminant is optimal when the true class conditional

densities are indeed Gaussian and identically covariant, but when they are not, this

classifier may generalize poorly.

Accurate estimation of class-conditional densities requires the size of the training

sample to be large with respect to the number of number of features that describe each

object. Classifiers that rely on these densities tend to generalize poorly in the high-

dimensional low sample size (HDLSS) situation. Classifiers that use Gaussian density

models tend to be sensitive to outliers, i.e., elements of the training sample that have

a very low probability of occurrence or have been corrupted by the feature extraction

process. Non-parametric classifiers tend to overfit the training data.

The Support vector machines (SVM) method developed by Vapnik [Vapnik 1995,

1998] is a classification approach that has become a popular choice in shape classification.

SVM methodology does not estimate class-conditional densities. Instead, it looks for a

pair of parallel hyperplanes, called a margin, that optimally separates the elements in

a two-class training sample into two groups with different class labels. If there exists

a margin that can perfectly separate the training sample, the widest possible margin

that does so is considered optimal. If such a margin does not exist, i.e., the groups are

inseparable, the optimality is based on the combination of rewarding the width of the

margin and penalizing the number of wrongly separated elements. The optimal margin

passes through some of the elements of the training sample; these elements are called
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support vectors. Support vectors are the elements of the training sample that are most

difficult to separate and thus, according to the SVM point of view, should contribute

the most to constructing the classifier. The decision boundary of an SVM classifier is

formed by the hyperplane that passes in the middle between the hyperplanes forming the

margin, as illustrated in Fig. 2.13f.

Generally SVMs are less affected by outliers than the methods that estimate condi-

tional densities. They generalize well in many HDLSS problems where other methods fail.

However, the number of support vectors is generically equal to the number of features

plus one, and in cases where the number of samples is roughly the same as the number

of features, almost every element of the training set becomes a support vector. In these

cases SVMs overfit the training data as do the other approaches. The HDLSS situation

presents a challenge to all kinds of classifiers. Subsection 2.2.5 addresses this issue by

discussing a number of methods that can reduce the dimensionality of the training data

prior to classifying it.

Shape-based classification has been used by clinical researchers to relate shape differ-

ences with disease progress. For instance, researchers have confirmed that schizophrenia

and Alzheimer’s disease affect the shape of the hippocampus. Csernansky et al. [1998]

obtain this result using features that characterize deformations of a template object

into other objects in the population. Shenton et al. [2002] obtain a similar finding for

schizophrenia and the amygdala-hippocampus complex using features derived from the

spherical harmonic object representation. Styner et al. [2003] confirms these results with

features derived from a hybrid object representation that uses m-reps to describe objects

at a coarse scale and uses spherical harmonics to describe them at a fine scale. Such

results may eventually lead to shape-based classification being used for early diagnosis

of schizophrenia. Gerig et al. [2001] and Styner [2001] study subcortical structures of

66



discordant twins (one twin is afflicted by a disease, and the other is healthy) and demon-

strate that differences in shape are better detectable and more correlated with disease

than are volume differences.

In theory, shape-based classification can also be used to discover biological processes

that are responsible for making the shape of an organ affected by a disease different from

the shape of a healthy organ. Shenton et al. [2002] write

For example, there is evidence to suggest that shape deformations may

be associated with the physical properties of morphogenetic mechanisms

that directly impact on the particular shape of brain regions during neu-

rodevelopment (Van Essen [1997]; Van Essen and Drury [1997]; Van Es-

sen et al. [1998]). The physical tension of brain growth during neurode-

velopment may lead to shape deformations that might be observed using

shape measures of brain structures.

A shape classification algorithm that detects a difference between classes of objects and

then describes this difference in terms of simple geometrical processes such as thickening,

bending, or bump formation can reveal the location and scope of these “morphogenetic

mechanisms”. For example, if a classification algorithm shows that some disease causes

some organ to develop a bump at some particular location, then clinicians can focus their

attention on the biological processes that cause tissue growth at that location in that

organ.

Subsequently, there recently has been a push in developing methods that qualitatively

describe shape differences between classes of biological objects. For example, the algo-

rithm developed by Golland et al. [2001, 2002] uses the gradient of a classifier function

taken with respect to the individual features to compute a deformation, which corre-

sponds to the differences between a pair of classes but ignores intra-class variability.
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Visual examination of the deformation reveals areas of the object where differences be-

tween classes are most pronounced.

2.2.4. Issues of Correspondence. In the context of landmark descriptions, corre-

spondence is the problem of automatically finding a set of landmarks that are consistent

across a population of objects. In a more general context, it is a problem of extract-

ing a set of corresponding measurements from objects in a population. The problem of

correspondence can be very difficult or impossible to solve, especially when geometry is

the only kind of information available. For example, the correspondence between hand

outlines can be established fairly well as long as every hand has four fingers and a thumb:

mathematical landmarks can be automatically selected at tips and bases of fingers, and

between them pseudo-landmarks can be placed at regular intervals. Such an approach

would fail miserably if we used it to extract landmarks on the surface of the cerebral

cortex because very few mathematical landmarks can be found consistently across a pop-

ulation of cortical surfaces. Points sampled between such mathematical landmarks on

the surface of the cortex would fall on the gyri in some instances and sulci in others, and

they could by no means be considered corresponding.

The problem of correspondence can be inherently discrete, or it can be continuous.

In the discrete case, each object in the population is represented using a finite set of

primitives that can not be moved or resampled. Methodology such as the SoftAssign

algorithm by Rangarajan et al. [1997] has been developed for combinatorially matching

up corresponding primitives, possibly ignoring some primitives that do not match up

well.

The continuous correspondence problem occurs when objects in a population are de-

scribed with a continuous parameterized representation, i.e., a continuous mapping from

a parameter space to the object space. Examples of continuous parameterized represen-

tations include Fourier and spherical harmonics shape descriptions [Staib and Duncan
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1992, Kelemen et al. 1999], splines, and continuous m-reps described in this dissertation.

In statistical analysis, a set of points in the parameter space can form the features and the

problem of correspondence can be recast as the following reparameterization problem.

Let R1(p), . . . ,Rn(p) be set of parameterized continuous representations of objects

Ω1, . . . ,Ωn. The representation Ri(p) can be a mapping from a domain in R
2 to the

continuous surface of a three-dimensional object Ωi, a mapping from a domain in R
3 to

the interior of Ωi, or a mapping from a domain in R
2×Z

+ to the object’s continuous medial

locus. The problem of establishing correspondence between the objects is equivalent to

finding a set of diffeomorphic mappings φ1, . . . , φn that maximize over all values of the

parameter p some local measure of match between the n representations:

(17) φ1, . . . , φn = arg max
φ1,...,φn

∫

M [R1(φ1(p)), . . . ,Rn(φn(p))] dp .

A simple and commonly used choice is to base the mappings φ1, . . . , φn on the ar-

clength parameterization of the surfaces or curves R1, . . . ,Rn. The arclength parame-

terization is uniquely defined, up to the choice of a point of origin and the directions of

the level curves of at the origin. Arclength parameterization is used to establish corre-

spondence for the SPHARM object representation, which is based on spherical harmonics

[Brechbühler et al. 1995]. Arclength parameterization provides a heuristic solution to the

problem of correspondence, but it makes no guarantee that the geometric or anatomic

properties of the points deemed corresponding are indeed similar. Arclength parameter-

ization of the cortex makes no effort to match sulci to sulci and gyri to gyri. However,

Davies has reported that that the arclength parameterization used to define spherical

harmonics representation of a population of hippocampi yields a correspondence that

comes very close to his definition of optimal correspondence Davies et al. [2002], which

is described later in this section.
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The work of Tagare et al. [1995], Tagare [1997] is an example of a correspondence

approach that follows the form of the Equation 17. His work applies to two-dimensional

objects whose boundaries are represented by closed curves. The function M , which mea-

sures the match between points R1(φ1(p)), . . . ,Rn(φn(p) is computed as a function of

similarity between discrete derivatives of normal vectors at these points. Another exam-

ple can be found in the work of Bello and Colchester [1998], who treat the continuous

correspondence problem as a problem of non-rigid registration and use the mutual infor-

mation metric as a measure of correspondence. Methods that derive statistical features

deformation from deformation fields [Davatzikos et al. 1995, Christensen et al. 1997, Joshi

et al. 1997, Csernansky et al. 1998] implicitly solve the correspondence problem in the

form given by Equation 17 because the deformation fields themselves are the optimal

mappings φ1, . . . , φn.

A different formulation of the correspondence problem can be found in the PDM

literature. Kotcheff and Taylor [1997] consider the correspondence optimal if it yields a

set of features whose variability in the first few principal components is maximal. Davies

et al. [2002] treat correspondence as a minimum description length problem. They search

for reparameterizations φ1, . . . , φn that allow the PDM to be expressed using the shortest

possible message. The length of this message directly relates to having as much variability

as possible occur in the first few principal components while keeping the variability in

the remaining components on the order of imaging noise.

2.2.5. Feature Selection. In classification problems, the generalization ability of a

classifier can be improved by removing irrelevant features, i.e., features that do not

contribute to classification. A number of algorithms for automatic feature selection have

been developed in the machine learning literature.
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Feature selection methods can be categorized into filter methods and wrapper meth-

ods. Filter methods deal with the feature selection task independently of the classifica-

tion: they find and remove irrelevant features first, and pass the rest on to the classifica-

tion [Kira and Rendell 1992]. Wrapper methods use classification as a sub-task; as they

try different subsets of features, they perform classification and cross-validation on each

subset, until an optimum is found [John et al. 1994, Kohavi and John 1997]. Wrapper

methods generally perform better than filter methods but are much more time consum-

ing, as each iteration of the method requires an execution and testing of the classification

method.

Feature selection methods can also be categorized as exhaustive, randomized or se-

quential, based on the search algorithm that they employ for finding the optimal feature

subset [Aha and Bankert 1995, Jain et al. 2000]. Exhaustive methods search for an opti-

mal subset of n features using either a combinatorial search of all the 2n possible subsets,

or using AI techniques, such as the branch and bound algorithm [Narendra and Fuku-

naga 1977]. Sequential feature selection methods achieve polynomial time complexity by

iteratively adding and subtracting features to a subset in a greedy fashion. Randomized

methods employ stochastic search techniques, such as simulated annealing and genetic

algorithms. Comparisons of a number of popular feature selection techniques can be

found in [Aha and Bankert 1995], and [Jain and Zongker 1997]. According to [Cover

and Campenhout 1977, Jain et al. 2000], only the exhaustive search procedure can be

guaranteed to produce the globally optimal feature subset.

71





CHAPTER 3

A Coarse-to-Fine Approach to Shape Characterization in 2D

Beauty depends on size as well as
symmetry. No very small animal
can be beautiful, for looking at it
takes so small a portion of time
that the impression of it will be
confused. Nor can any very large
one, for a whole view of it cannot
be had at once, and so there will be
no unity and completeness.

Aristotle, Poetics

The work described in this chapter was done in collaboration with Dr. Stephen M.

Pizer, Dr. Sarang Joshi, and Dr. J. S. Marron at the University of North Carolina who

contributed to the conception and implementation of the research. The experimental

results reported below were made possible thanks to the contribution of clinical data by

Dr. Guido Gerig, who provided the corpus callosum data from a study of schizophrenia.

3.1. Introduction

This chapter presents a novel coarse-to-fine approach to solving the problem of shape

characterization, which is described in detail in Sec. 2.2. Given a population of similar

objects, which are represented as images, the problem requires the use of statistical

techniques to analyze the principal components of variability in this population or to

find differences between distinct subgroups of the population. For example, given images

of the corpus callosum of patients in a schizophrenia study, the problem may be to analyze



the typicality and variability of the corpus callosum shape and describe differences in this

shape between schizophrenics and healthy subjects.

The coarse-to-fine approach is based on the assumption that form perception and

understanding are multilevel hierarchical processes. Often, the overall geometrical form of

an object can be perceived when the fine details of the object’s boundary are undetectable

or distorted. For example, we can tell a potato when we see it from ten feet away.

On the other hand, careful examination of the fine details of the boundary may be

necessary to distinguish between two similar objects. Moreover, the examination of fine-

scale geometric properties of objects can often be performed independently at different

object regions. Thus, even though we can see a potato from far away, we need to examine

it more closely to tell whether or not it is rotten. The close examination is performed by

focusing in turn on each part of the potato’s surface, not by simultaneous analysis of the

surface in its entirety. Traditional shape characterization methods, such as active shape

models, indeed would examine the whole potato at once, using a fine scale description of

its surface.

The coarse-to-fine approach uses m-reps to describe the geometric form of objects at

different scales. It then analyzes the variability in the global shape of objects using a

coarse-scale m-rep description, and it uses the fine-scale description to separately ana-

lyze the local shape variability at different regions of objects. By separating the shape

characterization problem into a global subproblem and a set of local subproblems, the

new approach reduces the number of features used in each subproblem, making shape

characterization more manageable in the high-dimensional low sample size setting.

Statistical features used in each coarse-to-fine shape characterization sub-problem

are based on relations between neighboring medial atoms. Recall from Sec. 2.1.5 that a

medial atom is formed by components that approximately describe curves (or surfaces in

3D) that form the medial loci of objects, as well as by components that approximately

describe the radius scalar field defined over the medial locus. By basing statistical features
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on these components, it is possible to express variability in the shape of an object in

terms of bending, widening, and elongation of the m-rep figures composing the object.

Such terms are often more intuitive than the purely local geometrical properties, such

as curvature, which can be inferred from boundary representations. Features used to

measure local shape variability are expressed in terms of the residual difference between

the fine-scale description of an object region and the coarse-scale description of the same

region. Such residual features capture just the new information that is introduced by

going from a coarse-scale description to the fine-scale description.

When applied to the problem of shape-based discrimination, the new approach cre-

ates a hierarchy of coarse-scale global and fine-scale local classification subproblems. By

measuring and comparing how significantly the classes are separated in each one of these

subproblems, it is possible to gain a qualitative understanding of the morphological pro-

cess or processes that cause the classes to differ in shape. For instance, if discrimination

between the coarse-scale descriptions of the classes is more significant than the localized

fine-scale discriminations, we may conclude that the morphological process acts glob-

ally on the objects. On the other hand, if the fine-scale discrimination associated with

one of the object regions proves to be most significant, that would in effect localize the

morphological process to that object region.

In this chapter, the coarse-to-fine approach is applied to shape characterization of the

corpus callosum in two dimensions. Results are reported for both a clinical data set and

a synthetic data set. The clinical data set is used for visualizing components of shape

variability. It consists of binary segmentations of the corpus callosum in the midsagittal

MRI projections of 71 subjects in a schizophrenia study. The synthetic data set is used

for the purpose of studying discrimination, and it is based on the corpus callosum images

in the clinical data set. The corpus callosum images in the synthetic data set fall into

three classes. Characteristic representatives of each of the classes are shown in Fig. 3.1.

The coarse-to-fine approach can detect that the three classes are different, and it can
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Figure 3.1. Representatives of three classes of corpus callosum shapes.
Class 1 differs from class 2 in terms of global geometry, and the difference
can be detected by examining the classes at a coarse level of detail. The
difference between class 1 and class 3 is exhibited only at the middle of
the object, i.e., is local. An examination at a finer level of detail may be
needed to detect such local differences.

show that the difference between classes 1 and 2 is global, while the difference between

classes 1 and 3 is exhibited locally at the corpus callosum midbody (the middle section

of the structure).

The methodology presented in this chapter only deals with simple two-dimensional

objects like the corpus callosum, which can be described accurately using an m-rep con-

sisting of a single medial figure (i.e., one chain of medial atoms). However, many of

the ideas presented here straightforwardly extend to multi-figure objects and to three

dimensions.

The following sections describe the details of the coarse-to-fine approach and the ex-

perimental results. Section 3.2 shows how a coarse-to-fine family of m-reps is fitted to

images of objects in a population. Section 3.3 discusses the construction of statistical

features on the basis of m-reps and shows the experimental results of shape characteriza-

tion using the new approach. Finally, Sec. 3.4 gives a brief discussion of the many issues

brought up by this chapter.

3.2. Coarse-To-Fine Object Representation using Discrete M-Reps

The coarse-to-fine approach to shape characterization describes objects in a popu-

lation using sets of measurements taken at different scales (i.e., levels of detail). Each
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object is described with a set of coarse-scale measurements, a set of fine-scale measure-

ments, and possibly, a range of intermediate sets of measurements. M-rep methodology

allows such sets of measurements to be computed in a consistent manner from images

of objects because, as mentioned in Sec. 2.1.7, the level of detail at which m-reps de-

scribe objects can be adjusted explicitly. The following paragraphs describe how this

adjustment is made in the process of deformable template-based image segmentation.

Let M be a single-figure m-rep consisting of medial atoms m1 . . .mn. A discrete

implied boundary of M is formed by the sequence of boundary nodes of the medial

atoms

(18) x0
1, x

1
1, . . . , x

1
n, x

0
n, x

−1
n , . . . , x−1

1 .

Recall from Sec 2.1.5 that each atom has a pair of boundary nodes with superscripts

±1, which correspond to the tips of the oars, and the first and the last atoms in a figure

have an additional boundary node with superscript 0, which corresponds to the tip of the

object. A continuous representation of the implied boundary of M can be constructed

by interpolating this sequence of boundary nodes using Hermite splines.

As described in Sec. 2.1.7, m-rep segmentation is implemented by fitting a template

m-rep to an image in a Bayesian energy minimization framework. The energy consists of

a prior term that measures the typicality of the deforming m-rep and a likelihood term

that measures the match between the boundary of the deforming m-rep and the edge

structures in the image. This image match term is implemented by sampling the con-

tinuous implied boundary of the deforming m-rep at many points and by measuring the

agreement between image intensities in the neighborhoods of these points and Gaussian

derivative kernels oriented orthogonally to the implied boundary.

Let xi be a point sampled from the continuous implied boundary of M and let ni be

the unit normal to the implied boundary at that point. The measure of match between
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M and the image at xi is computed as

(19) [I ∗ ∇Gσ] (xi) · ni ,

where I denotes the image and ∗ is the convolution operator. The standard deviation σ

of the Gaussian derivative kernel is taken to be proportional to the local width ri of the

m-rep near xi:

(20) σi = ρri.

This width is computed by interpolating the r values of the medial atoms whose boundary

nodes form the segment of the continuous implied boundary on which xi lies. Using

distances that are object-width proportional is in keeping with the basic requirement

that shape at any level of scale must be magnification invariant.

By applying m-rep segmentation to the same image using different values of the

constant of proportionality ρ, one can produce a family of m-reps that describe the

object in the image at different levels of detail. As ρ decreases, the m-reps become more

sensitive to local boundary details. An m-rep produced for a given value of ρ can serve

as the initialization to the deformable segmentation that uses the next smaller value of

ρ.

Following basic intuition from sampling theory, the number of medial atoms used to

represent objects at finer levels of detail should be larger than the number of atoms used

at the coarser level. Indeed, Gaussian smoothing performed during the segmentation

process causes the more high-frequency shape information to be lost for larger values of

ρ, thus requiring fewer samples according to Nyquist law.

However, in order to compute residuals between m-reps fitted to an object at different

levels of scale, it is necessary to have for each atom on the fine m-rep a corresponding

“point of reference” atom on the coarser m-rep. This reference atom is computed by
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a. b.

c. d.

Figure 3.2. Examples of coarse and fine m-reps. a. A typical simulated
corpus callosum image. b. A coarse m-rep M0 fitted to the image. c. A
prediction m-rep M ′

0 formed by interpolating the coarse m-rep. d. A fine
m-rep M1 fitted to the image at a higher level of detail.

interpolating the atoms forming the coarse m-rep using a technique described in Sec.

3.2.1. For example, Fig. 3.2b shows a coarse-scale m-rep that describes the corpus

callosum using 5 medial atoms and Fig. 3.2c shows a fine-scale m-rep that describes it

using 9 atoms. In order to compute the residuals between the two m-reps, the atoms in

the coarse m-rep are interpolated forming a continuous locus, and the locus is resampled

yielding an m-rep with 9 medial atoms, shown in Fig. 3.2d. The residuals are computed

by comparing the 9 interpolated medial atoms to the 9 medial atoms that form the fine

m-rep.

The following is the summary of the procedure that is used to compute a coarse-to-fine

family of m-reps describing an object in an image. A template m-rep with a few medial

atoms is constructed manually. This template is fitted to the image using a large value of

ρ, resulting in a coarse level m-rep denoted M0. Next, the atoms in M0 are interpolated

and the interpolation is resampled to a higher resolution, forming an m-rep denoted M ′
0,

which is called the prediction m-rep. M ′
0 is again fitted to the image, this time using a
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smaller value of ρ, yielding the fine-level m-rep M1. The interpolation and refitting are

repeated for a desired number of coarse-to-fine levels. The procedure is illustrated in Fig.

3.3.

The homology between the positions of corresponding medial atoms in m-reps that

represent different instances of an object is ensured by constraining the distances between

pairs of neighboring medial atoms in the coarse m-rep M0 to be equal (this constraint

is enforced during deformable segmentation). Homology between corresponding atoms

in m-reps Mi and Mi+1 that describe the same instance of the object at different levels

of detail is ensured by requiring that during the deformation of the prediction m-rep

M ′
i , its atoms are constrained to move only in the direction orthogonal to the medial

axis, with the exception of end atoms, which are allowed to move freely. This constraint

ensures that the statistical features computed by comparing corresponding atoms in M ′
i

and Mi+1 measure geometrical differences between the two representations of an object

at different scales and do not reflect the movement of non-terminal medial atoms in the

direction along the medial axis, which is irrelevant for describing shape differences.

The following section describes in detail the interpolation procedure used to compute

a continuous medial locus from a set of medial atoms. Readers interested in the statis-

tical aspects of the coarse-to-fine shape characterization approach may skip over to the

subsequent section.

3.2.1. Medial Axis Interpolation. The two-dimensional medial interpolation prob-

lem can be stated as

Given two medial atoms m1 and m2, connect them using a continuous

locus of medial atoms.

A plausible approach to this problem would be to express the continuous medial

locus by interpolating the positions and radii of m1 and m2. Such an interpolation

would have to obey a set of constraints over the entire continuous locus and satisfy
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Figure 3.3. Outline of the procedure used to fit a coarse-to-fine hier-
archy of m-reps to an image. First a template m-rep with few atoms is
deformed to fit a binary image with large tolerance. The resulting coarse
m-rep is interpolated and resampled, forming a prediction m-rep, which is
in turn deformed to fit the same image with lower tolerance, thus forming
a fine m-rep.
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first order boundary conditions imposed by the object angles and axial angles of m1

and m2. The constraints and boundary conditions can be expressed in the following

form. Let x(s), y(s), r(s) be a medial locus connecting m1 and m2, and let this locus be

parameterized by the arclength s . Define α(s) = arccos dx
ds

, and θ(s) = − arcsin dr
ds

; these

two quantities correspond to the frame angle and object angle in a medial atom. The locus

must satisfy the boundary conditions imposed by m1 and m2 on x(s), y(s), r(s), α(s), and

θ(s), as well as the following constraints:

(21) r > 0,
dr

ds
> 0,

sin θ

r
6= dα

ds
± dθ

ds
,

which follow from [Blum and Nagel 1978] and state that (1) the radius is always positive,

(2) the object angle is defined everywhere, and (3) the radius of curvature of the left

and right implied boundaries is non-zero. A satisfactory solution to this interpolation

problem has not yet been found.

An alternative approach to medial atom interpolation is taken in this chapter. This

approach interpolates the boundary nodes of m1 and m2 and then finds the symmetry

set of the interpolated boundary segments. A first order interpolation of the boundary

nodes is constructed using cubic Hermite splines (this is identical to the interpolation

employed to construct a continuous m-rep boundary used during segmentation). A pair

of medial atoms and Hermite boundary curves fitted to their boundary nodes are shown

in Fig. 3.4.

The following procedure is used to compute the symmetry set of the Hermite boundary

curves. Let xL and xR denote the left and right boundary curves, parameterized by

arclengths s and t respectively. A bitangent circle, and hence a medial atom, can be

fitted at a pair of boundary locations xL(s) and xR(t) iff

(22) F (s, t) = [xR(t) − xL(s)]T
[

dxR(t)

dt
− dxL(s)

ds

]

= 0.
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Figure 3.4. Medial axis interpolation. The symmetry set is found by
solving an implicit equation that holds when a circle can be fitted tangent
to two points on the boundary.

The symmetry set is computed by finding the locus of pairs {s, t} that satisfy (22) and

constructing a medial atom for each pair. In a brute force approach, the locus is found

by using Brent’s numerical root finder [Presse et al. 1988] to compute s for given values

of t. This symmetry set necessarily passes through m1 and m2 because the boundary

curves are tangent to the circles defined by the positions and radii of m1 and m2. The

symmetry set is a superset of the Blum medial locus that may include bitangent circles

that cross one of the Hermite boundary curves. The Blum medial locus can be found by

checking validity of each point of the symmetry set and discarding the invalid points.

This medial interpolation approach does not yield valid medial loci (i.e., loci for which

the constraints in (21) are satisfied) for all configurations of medial atoms m1 and m2.

Some configurations produce interpolated boundaries that cross or fold. If at any point on

the locus one of the elements in the vector ∇F is negative, the symmetry set experiences

retrograde motion: a step forward along the symmetry set results in a step backwards

along one or both of the boundaries.

Retrograde motion can occur inside the object formed by the two boundaries if one

of the boundary curves contains a codon1 with a positive curvature maximum and thus

induces branching of the medial axis according to [Leyton 1987]. At branches the sym-

metry set of an object forms a swallowtail, and the medial axis has C0 continuity. The

1A codon is a portion of a curve contained between two minima of curvature
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medial axis can still be traced successfully, by removing the points where ∇F has a

negative component.

Special difficulty occurs when ∇F has a negative component at one of the two end

atoms. In such a case the medial atom does not fall on the Blum medial locus of the

Hermite boundary curves, and tracing of the medial locus is not possible. At a medial

atom ∇F is determined by the position, tangent and curvature at the implied boundary

points. If the medial atom were to include a second order component, as previously

suggested, it would be possible to find illegal configurations of medial atoms regardless

of the function used to interpolate the boundary.

The corpus callosum data set examined in this chapter does not pose serious prob-

lems in terms of medial interpolation. However, when the method is extended to 3D,

problems occur more often, since the zero set of F is now a two dimensional manifold in

four dimensional space. Even for simple m-reps one encounters problems of retrograde

motion. The difficulties of the medial atom interpolation problem has led to the eventual

development of continuous m-reps, which are described in Chap. 5.

3.3. Statistical Analysis of Shape: Methods and Results

This section presents a statistical shape analysis approach whose goal is not only to

describe shape variability but to provide separate descriptions in terms of geometrical

properties (bending or growth), scale (coarse or fine), and location (the whole object or

an area). This goal is achieved by constructing a set of medially derived features that are

separable in these terms and are invariant under the similarity transform. Application

of principal component analysis to these features allows different types of variability to

be visualized. Classification techniques make it possible to measure how significantly

these different aspects of the description contribute to discrimination between classes of

objects. Figure 3.5 summarizes the statistical shape analysis approach.
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Figure 3.5. Computation of features and coarse-to-fine statistical analy-
sis. M-reps at each level of detail are converted to shape features which have
common units and are invariant under the similarity transform. Coarse fea-
tures relate neighboring atoms in a coarse m-rep and refinement features
describe local differences between corresponding atoms in the fine and pre-
diction m-reps.
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This section presents results of experiments conducted on a data set that consists

of binary segmented images of the corpus callosum of 71 subjects in a schizophrenia

study (one such image is shown in Fig. 3.2a). The images are organized into two classes

corresponding to 40 schizophrenia patients and 31 healthy control subjects. The corpus

callosum was selected because its shape can be accurately approximated with a single-

figure m-rep and because it has been a subject of shape characterization study by other

authors in the field [Golland et al. 1999].

The coarse-to-fine m-rep fitting procedure outlined in the end of Sec. 3.2 was applied

to the 71 corpus callosum images. The set of levels of detail at which to represent

these objects was chosen empirically by examining different options. Due to the rather

simple shape of the corpus callosum, just two levels of detail were used; i.e., each corpus

callosum was described by a coarse m-rep M0, a prediction m-rep M ′
0, and a fine m-rep

M1. The coarse m-reps were made to consist of five medial atoms, as any smaller number

of atoms did not provide enough flexibility to capture the shape of the corpus callosum,

even at a very coarse scale. The fine m-reps consist of nine medial atoms, that is, one

atom was inserted between pairs of adjacent atoms. The values of the aperture-to-width

ratio ρ were also chosen empirically. By way of visual observation the value of ρ = 0.25

was chosen for fine m-reps. In most cases, this value yielded m-reps that describe the

boundary of the corpus callosum with a sub-pixel accuracy, with the exception of the

its, where the Blum medial locus of the corpus callosum boundary often contains small

branches, and the single-figure m-rep sometimes can not be fitted accurately regardless

of the level of detail used. For coarse m-reps, the value of ρ = 1 was used. It was chosen

after observing that the choice ρ = 0.5, which is proportional to the sampling rate of

the coarse m-reps, did not result in significantly large differences between coarse and fine

m-reps. Examples of the m-reps used to represent the corpus callosum are shown in Fig.

3.2.
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3.3.1. Statistical Features Derived from M-Reps. The geometric form of an object

is defined as the set of geometric properties that are not affected by translating, rotating,

and scaling the object [Kendall 1984]. Subsequently, statistical features describing shape

must be invariant under the similarity transform. Therefore, the parameters of medial

atoms, which include positions, widths, and orientations, can not be directly used as

shape features.

In order to produce features that do not reflect the global position, orientation, and

size of each object, shape analysis methods commonly use an alignment procedure, such

as the Procrustes algorithm [Gower 1975, Cootes et al. 1994, Dryden and Mardia 1998].

When such procedures are used, local measurements of variability can become “polluted”

by global shape variability because each point’s location relative to the corresponding

points on other objects is influenced by the locations of all the other points in the object.

For example, consider aligning two m-reps that are nearly identical, except for the i-

th medial atom, whose position is very different between the two m-reps. Procrustes

alignment, which minimizes the mean square distance between corresponding points,

would align the objects in such a way that pairs of atoms that were originally coincident

would have different positions, while the disparity in the position of the i-th atom would

be reduced. Thus the alignment algorithm would propagate the large difference in the

i-th atom to all the other atoms, making it more difficult to detect that the difference

between the two m-reps is only exhibited locally by the i-th atom.

As an alternative to alignment, the approach taken in this chapter bases statistical

features on unit free measurements that describe relationships between medial atoms in

m-reps. These features are computed differently for the most coarse m-rep M0 and for

the finer m-reps M1,M2, . . ..

Features that describe the relationships between medial atoms in M0 are called coarse

features. Five types of coarse features are computed; some of them capture geometrical

properties that describe the local bending of objects, while others describe local object
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width and elongation. The definitions of the features are given in Table 3.1. Feature F 1
i

describes how the object’s medial locus bends at a medial atom and F 2
i describes the

bending of the medial axis between atoms. Feature F 3
i captures the width of the object

at a medial atom, and F 4
i describes the local change in width at the atom. Feature F 5

i

is only computed at end atoms and measures the elongation of the object’s ends. All

coarse features are unit free because they describe ratios between different object-related

distances, either explicitly or as sines or cosines of angles.

A fine level m-rep Mj includes the undesirable absolute position information, as well

as the more global shape information already described by Mj−1. When analyzing fine

level m-reps, we are interested in answering the question, “What new information does

the fine m-rep bring to the shape description?” This question is answered by analyzing

the residual differences between the coarser and finer m-reps. Since the m-rep Mj−1 is

equivalent to the same level prediction m-rep M ′
j−1 and since M ′

j−1 and Mj have the

same number of components, the difference between M ′
j−1 and Mj is used as the basis

for constructing a set of residual features that describe the refinement achieved at level

j. These features are called refinement features.

Table 3.1. Definitions of the features used for the statistical analysis.

Coarse Feature Range of i Refinement Fea-
ture

Range of i

F 1
i = sin ∠~li~li+1 2 . . . n− 1 G1

i =
(xi−x′

i
)·⊥~b′

i

||~l′
i
||

1 . . . n

F 2
i = sin ∠~bi,~li 1 . . . n G2

i =
(xi−x′

i
)·~b′

i

||~l′
i
||

1, n

F 3
i = ri

||~li||
1 . . . n G3

i = sinα′
i − αi 1 . . . n

F 4
i = cos θi 1 . . . n G4

i = sin θ′i − θi 1 . . . n

F 5
i = di

||~li||
1, n G5

i =
ri−r′

i

||~l′
i
||

1 . . . n

G6
i =

di−d′
i

||~l′
i
||

1, n

~li =

{

x2 − x1 if i = 1
xi − xi−1 if i > 1
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Table 3.1 lists six types of unit free refinement features computed using a prediction

m-rep M ′
j−1 and a fine m-rep Mj (the subscript j is omitted for brevity and x′

i is used

to refer to the position of the i-th atom in M ′
j−1, while xi refers to the position of

the corresponding atom in Mj). The first two refinement features represent the spatial

displacement of the fine medial atom with respect the corresponding atom in M ′
j−1. G

1
i

measures the component of this displacement in the direction normal to the medial axis

of M ′
j−1. For internal medial atoms this component captures all of the displacement since

these atoms are not allowed to move along the axis during segmentation. End atoms are

allowed to move freely, and G2
i is also used to capture their movement. The remaining

features measure differences in the orientation of the medial axis (G3
i ), int the object

angle (G4
i ), in width (G5

i ), and in end elongation (G6
i ) between corresponding pairs of

medial atoms.

These sets of coarse and refinement features were chosen in a way that makes it

possible to reconstruct m-reps from their feature representation. Given the absolute

location x, orientation θ, and radius r of just one medial atom, the information contained

in the coarse features can be used to rebuild the coarse m-rep M0. Similarly, given a

reconstructed m-rep Mj−1 and the refinement features corresponding to level j, the m-rep

Mj can be reconstructed. Since the inter-atom sampling distance is not included as one

of the features, reconstruction relies on regular sampling of atoms being enforced during

segmentation.

3.3.2. Visualization of Shape Variability. When statistical features are defined in

such a way that the geometrical form of an object can be reconstructed from its feature

space representation, the variability in a population of objects can be visualized using

the procedure outlined in Cootes et al. [1994]. An informative direction in feature space,

such as one of the principal modes of variability computed by PCA, can be displayed as

an animation whose frames are m-reps reconstructed from a sequence of points in feature
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First Mode Second Mode

Figure 3.6. Shapes reconstructed along the first two primary modes
of variability in coarse features. All coarse features are combined in this
figure, without separation into growth and bending. Top row shows the
medial axis and the bottom row shows the implied boundary. In each image
the colors represent positions along the mode: −2σ in red, mean in green
and +2σ in blue.

space sampled along this direction. Alignment of the reconstructed m-reps is necessary

to produce a visually meaningful animation because the coarse statistical features lack

information about the absolute placement of the m-rep. For visualization purposes only,

the Generalized Procrustes alignment algorithm [Gower 1975], which was purposely not

used to compute features in Sec. 3.3.1, is applied to the locations of the medial atoms

belonging to all of the reconstructed coarse m-reps.

The feature space formed by the coarse-to-fine approach consists of subspaces that

describe different aspects of shape variability. The subspace formed by the coarse features

describes the global coarse-scale shape variability, and subspaces formed by refinement

features taken at different regions of the object describe local fine-scale variability. These

subspaces can be further divided into parts that describe variability separately in terms

of bending, widening, and elongation. PCA can be applied separately to any one of these

subspaces, resulting in different informative directions in feature space, which can be

visualized. Such visualizations of different aspects of shape variability are shown in Figs.

3.6 and 3.7.
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a. b. c. d.

Figure 3.7. Modes of variability of corpus callosum shape. a. First
mode in coarse-level bending. b. First mode in coarse-level growth, i.e.
widening and elongation. c. First local mode of variability at posterior of
the corpus callosum. d. Second local mode at the posterior. Shapes at −2,
0, and +2 standard deviations along the mode are shown in red, green and
blue. Top row shows medial geometry and bottom row shows the implied
boundaries.

Figure 3.6 visualizes the principal components of variability in the coarse features

computed for the corpora callosa of the 40 schizophrenia patients. Reconstructed m-

reps and their implied boundaries are shown for the mean shape and for feature space

points sampled ±2 standard deviations away from the mean along the first two principal

modes of variability. We see that the first principal mode of variability captures both the

bending of the corpus callosum and the widening of its ends. The second mode largely

captures the bending of the right half of the corpus callosum and the widening in the

midbody.

Figure 3.8a summarizes the PCA performed on coarse features by plotting the eigen-

values of the covariance matrix and their cumulative sums. This plot shows that k0.95 = 10

dimensions are needed to capture 95% of the variability. Figure 3.8b shows projections of

the coefficient vectors ~ωi onto the coordinate directions in coefficient space. Aside from

a few exceptions, training shapes lie within two standard deviations from the mean.

The ability to separate variability into localized components and the ability to de-

compose global variability into bending and growth are strengths of the m-rep based

shape characterization method. Figure 3.7a visualizes the primary mode of variability

for only the coarse bending features (F 1
i and F 2

i ). It appears that the change in bending
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Figure 3.8. Example of principal component analysis (PCA). a. Eigen-
values of the covariance matrix of features computed from coarse m-reps
(schizophrenic corpus callosum). b. Parallel coordinate plot of the distri-
bution of the coarse m-rep distribution in the PCA coefficient space.

is primarily explained by the fact that some corpora callosa are curved like a ‘C’ while

others are more straight. A similar type of bending can be observed in Fig. 3.6a, which

shows the first mode of variability of the combined coarse features. Figure 3.7b shows

the first mode of variability in coarse widening and elongation features (F 3
i , F

4
i and F 5

i ).

The main action observed here is the uniform widening of the corpus callosum.

Figures 3.7(c,d) show local shape variability that occurs at the posterior end of the

corpus callosum, i.e., in features G1
i , . . . , G

6
i . Here the primary mode of variability mostly

corresponds to elongation of the tip of the corpus callosum. When PCA is applied to

a subset of all the coarse or refinement features, the reconstruction algorithm used for

visualization substitutes the sample mean value for the features not included in the PCA.

Hence the anterior and the midbody of the reconstructed corpora callosa in Fig. 3.7(c,d)

are those of the mean coarse shape.

3.3.3. Simulated Data for Classification Study. The corpus callosum data set is

not well suited for classification experiments because no statistically significant shape

differences between the class of schizophrenia patients and the class of healthy controls

could be found using this chapter’s methodology. For example, Fig. 3.9a shows that

92



−2 0 2
−0.08

0

0.08

Class 1 Class 2 

a. b.

Figure 3.9. A comparison of the schizophrenic corpus callosum shape to
the healthy shape on the basis of coarse features. a. An m-rep correspond-
ing to the mean schizophrenic shape (blue) and the m-rep corresponding
to the mean healthy shape (red). The mean shapes are very similar. b.
Coarse features of schizophrenic and normal corpora callosa projected onto
the Fisher linear discriminant.

the means of coarse features describing these two classes are very similar, and Fig. 3.9b

shows a significant overlap in the projections of the coarse m-rep features of each member

of the schizophrenic class (in blue) and each member of the healthy class (in red) onto

the Fisher linear discriminant computed for these two classes. There is little separation

in the discriminant direction. Leave-one-out validation of a classifier based on the Fisher

linear discriminant constructed on the coarse features yielded the correct classification

rate of 0.51, which is equivalent to random guessing. Other researchers have reported

similar negative results for corpus callosum discrimination in schizophrenia, e.g., [Highley

et al. 1999].

To demonstrate the diagnostic ability of the coarse-to-fine approach in a case that

supports discrimination, artificial classes were constructed. Three classes of objects were

simulated on the basis of the corpus callosum shape. Representatives of these classes are

illustrated in Fig. 3.1. Classes 1 and 2 differ in coarse shape while classes 1 and 3 have

the same coarse shape but differ locally: class 3 has a random bump at the midbody of

the corpus callosum. The method ought to be able to discriminate between classes 1 and

2 globally while discriminating locally between classes 1 and 3.
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The simulated corpus callosum images were synthesized using the elliptical harmonics

representation [Székely et al. 1996] of the segmented corpora callosa, which was kindly

provided by the group headed by Dr. Gerig. In this representation, an object is described

by a set of coefficients yielded by the decomposition of the object’s boundary into elliptical

harmonics basis functions. This representation was used to synthesize the shape of the

coarse corpus callosum coarsely, and in order to do so only the coefficients of the five

lowest-frequency elliptical harmonics were used. Two multivariate normal distributions

with identity covariance matrices were set up in the space whose basis is formed by the

principal modes of the elliptical harmonic coefficients. The means of the distributions

were chosen in such a way that the expected probability of correctly classifying a sample

from either distribution using a maximum likelihood classifier was equal to 0.80.

Classes 1 and 2 were synthesized by randomly sampling from these two distributions.

The differences between these two classes are global (i.e., exhibited over the entire object)

and coarse in scale. Class 3 was sampled from the same distribution as Class 1, but an

additional randomized deformation in the form of a bump was applied to the boundaries

of the objects in Class 3 in order to simulate local shape variability. The bump was

generated by pushing the boundary in a selected region in the midbody of the of the

corpus callosum outwards along the boundary normal. The shape of the bump was

defined using a boundary displacement in the form of a cosine function truncated at

±π/2. The position and amplitude of the bump were sampled randomly from a normal

distribution.

Boundaries of the three classes were used to create binary images, and coarse and

fine m-reps were fitted to these images using the procedure described in Sec. 3.2. M-reps

reconstructed from feature space points corresponding to the sample means of the three

classes are shown in Fig. 3.10.
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Figure 3.10. Mean m-reps of the three simulated classes and their
implied boundaries.

Table 3.2. Classification using five different feature sets. Shown are type
I and II errors for leave-one-out classification of simulated corpus callosum
classes 1 vs. 2 and 1 vs. 3. We use the notation p(Ci|Cj) to mean the
probability of classifying a member of class Cj incorrectly into class Ci.

p(C2|C1) p(C1|C2) p(C3|C1) p(C1|C3)
All coarse features 0.32 0.28 0.12 0.08

Coarse growth features 0.36 0.24 0.08 0.0
Coarse bending features 0.20 0.36 0.08 0.04

Refinement features at anterior 0.36 0.32 0.36 0.24
Refinement features at midbody 0.36 0.36 0.12 0.04

3.3.4. Classification Results. Classification based on the Fisher linear discriminant

was applied to pairs of classes (1, 2) and (1, 3) in leave-one-out cross-validation exper-

iments2. Table 3.2 shows the results of these experiments with classification applied to

different sets of features: (i) all coarse features, (ii) just the bending coarse features, (iii)

just the widening and elongation coarse features, (iv) refinement features at anterior end

of the corpus callosum, and (v) refinement features at midbody of the corpus callosum,

where the bump in class 3 is located.

Table 3.2 shows that the differences between classes 1 and 2 are detected slightly

better by the coarse features than by the local refinement features. This is to be ex-

pected because shapes in these two classes come from different distributions in elliptical

harmonics coefficient space and have relatively less fine-scale difference in boundary de-

tail. The bending features discriminate between classes 1 and 2 better than other coarse

2Since the objects in classes 1, 2, and 3 were generated synthetically, one may ask why the decision to use
leave-one-out cross-validation for testing was made, and not a second separate set of objects generated.
The reason for this decision was the time cost of fitting m-reps to these objects using a procedure that
requires some user intervention.
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C1 midbody C3 midbody C1 anterior C3 anterior

Figure 3.11. Local variability in primary mode of refinement features
in classes 1 and 3 at midbody and anterior of the corpus callosum. Shapes
at −2,−1, 0,+1,+2 standard deviations are shown. This plot is a ‘zoomed
in’ analog of the plots in Fig 3.7 c,d, which show local shape variability in
the corpus callosum of schizophrenia patients.

features, suggesting that global shape differences mostly exhibited in the bending of the

corpus callosum. Classification between classes 1 and 3 based only on the coarse features

yields high accuracy because the coarse description is sensitive enough to detect and be

affected by the bump. However, the localized classification based on refinement features

helps detect the presence of the bump and find its location.

In order to compare the significance of inter-class shape difference in different loca-

tions in the corpus callosum, the object was divided into overlapping neighborhoods. A

neighborhood was defined as a pair of adjacent medial atoms in the fine m-rep model.

The sets of refinement features generated by each of these neighborhoods were analyzed

separately. Fig. 3.12 shows the measure of discriminability between pairs of classes in

each of these neighborhoods. Discriminability of a neighborhood is computed in this

case as the p-value of a multivariate Fisher T-test applied to the features that describe

the neighborhood. A relative comparison of the values leads to a conclusion that a rel-

atively significant shape difference between classes 1 and 3 is found near the middle of

the object, while classes 1 and 2 do not exhibit such a difference. Hence, by measuring

the relative difference in discriminability between classes in each neighborhood and find-

ing the neighborhood with the greatest difference, the bump was detected and localized

successfully.
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Figure 3.12. Discriminability between classes 1 vs. 2 and 1 vs. 3 at
each location in the corpus callosum. The ordinate values are negated
exponents of the p-value of Fisher T-test.

3.4. Discussion

The major contribution of this chapter is the development and partial evaluation of

a hierarchical method of shape analysis that reduces the dimensionality of shape char-

acterization by dividing the problem into a set of subproblems that examine objects at

different scales. Future work will show whether such coarse-to-fine decomposition of the

problem improves shape analysis of clinical data.

The coarse-to-fine approach decomposes the shape characterization problem into sub-

problems of lower dimensionality. In the process it makes an assumption that the shape

variability described separately by the parts (subproblems) sufficiently describes the vari-

ability exhibited by the whole of the parts. The hierarchical decomposition into subprob-

lems incurs a risk that correlational information between parts of the fine-scale repre-

sentation of the object may be lost. For instance, if an object has two fine-scale bumps

that are located in different regions, and whose sizes are correlated, even a hierarchical

method based on Markov random fields [Lu et al. 2003a] might not be able to detect this

correlation, while a method that works with the entire fine-scale representation of the

object may. The effect of this decoupling of correlation on real shape problems remains
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to be studied, as does the question of explicit modeling of the correlations between the

subproblems.

An extensive application of the coarse-to-fine methodology to clinical shape studies

would require the methodology to be extended to handle three-dimensional objects and

objects that require m-reps with more than a single figure for an accurate medial descrip-

tion. Recent progress in m-rep segmentation has made it possible to automatically fit

m-rep templates to collections of images of 3D anatomical structures [Pizer et al. 2000,

Joshi et al. 2001]. Even more recent research by Fletcher et al. [2003b,a] on principal

geodesic analysis promises to produce effective and mathematically founded feature sets

for use in m-rep based 3D shape analysis.

The major theoretical difficulties involved in extending the approach to 3D are tied to

the problem of medial interpolation and to the problem of maintaining correspondences

between m-rep descriptions of different objects. The interpolation problem is addressed

by Chap. 5, where a new flavor of continuous m-reps is developed. These m-reps by

construction allow arbitrary sampling and are well fitted for the needs of the a more

flexible coarse-to-fine approach.

To be ultimately useful in practice, our method can not be limited to single figure

objects. Few shapes can be accurately represented by a single chain of medial atoms

or, in 3D, by a single mesh. The capability to analyze multi-figural objects can be

achieved easily if the medial branching topology is the same for all shapes in the training

set. This capability requires small scale residues, e.g., via the methods of Pizer et al.

[2003] that add the boundary level of detail in terms of displacements along the normal

vectors. In this case, one can simply formulate new features that describe figure-to-figure

relationships and the boundary displacements. The method can even be extended to

data that includes multiple objects, hopefully addressing problems as challenging as the

shape analysis of the whole abdomen.
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Fixed multi-figural medial branching topology is an improvement over single figure

topology in terms of accuracy of the boundary approximation. However, no implemen-

tation with fixed topology can accurately and fully capture certain sets of real-world

shapes, especially at the fine scale. Since the coarse-to-fine approach establishes and uses

rigid correspondences between medial atoms across a set of shapes, major theoretical

advances are required to extend the approach to handle variability in m-rep topology.

The addition of the boundary level of detail will improve the accuracy of fixed topology

analysis. This new level captures the difference between a boundary implied by a fine-

scale m-rep and the actual object boundary in terms of displacements along the normal

vectors. Shapes with different medial topology can be approximated by a combination

of the boundary level of detail and a medial representation with fixed representation.

The problem of correspondence, described in Sec. 2.2.4 is common to nearly all

boundary and medial based shape analysis approaches, including the one described in

this chapter, where homology is established by forcing medial atoms to be equally spaced

in each object. Such correspondence is highly sensitive to the placement of the end

atoms of m-reps. Better correspondence could be achieved by incorporating the statistical

properties of the training set, along the lines of the Davies et al. [2002] minimal description

length method.
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CHAPTER 4

Feature Selection for Shape-Based Classification of Biological

Objects

In this chapter, feature selection methodology from the machine learning literature

is adapted and applied to the problem of statistical shape-based classification of biolog-

ical objects. The feature selection paradigm is used to discover the regions of objects

where the difference between classes is most pronounced. Feature selection can improve

the generalization ability and statistical significance of shape-based analysis. A feature

selection algorithm based on support vector machines is extended to take advantage of

special relationships between neighboring features, which are inherently present in geo-

metric object representations. Performance analysis using simulated and clinical data is

presented.

The research described in this chapter was done in collaboration with Dr. Sarang

Joshi and Dr. Stephen M. Pizer at the University of North Carolina and with Dr. John

G. Csernansky and Dr. Lei E. Wang at the Washington University Medical School, who

together contributed to every facet of the work. The results reported below were made

possible thanks to the contribution of Dr. Csernansky and Dr. Wang, who provided

the clinical data set used to study the effect of schizophrenia on the hippocampus, and

by Dr. Guido Gerig, who provided the corpus callosum data for use in synthetic data

experiments.



4.1. Introduction

This chapter explores the ways in which a machine learning technique called feature

selection can be used to improve shape characterization. Feature selection reduces the di-

mensionality of classification problems by finding the subset of features that best captures

the differences between classes. Classifiers restricted to the selected subset of features are

less affected by sampling noise and tend to generalize better than the classifiers trained

on the entire feature set. Feature selection has been shown to dramatically improve the

generalization ability of classifiers in high-dimensional low sample size problems [Bradley

and Mangasarian 1998, Weston et al. 2001].

The potential benefit of using feature selection algorithms in shape characterization

problems extends beyond the improved generalization ability. Examination of features

deemed most relevant by such algorithms may reveal the areas of organs that are most

affected by a disease, leading to improved localization and understanding of the biological

processes responsible for the disease.

Feature selection algorithms in the machine learning literature usually address general

classification problems and make minimal assumptions as to where the different features

come from and how they may be related. In shape classification problems, where features

are usually derived from dense geometrical object representations, there exist special

relationships between neighboring features. By incorporating our knowledge of these

relationships into feature selection algorithms, we can improve their performance and

stability when applied to shape classification. The two properties of shape features that

are particularly useful for improving feature selection are structure and locality.

We use the term structure to indicate the importance of the order in which the

features are arranged in a classification problem. In many problems, the order of the

features is arbitrary, as is the case, for example, when all the features describe different

physical properties of an object, such as its height, weight, age or density. However,
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when the features are measurements regularly sampled from a lattice, as is the case in

many geometrical object representations, the order of the features is important, as nearby

features are more likely to be correlated than the far-away features.

A biological process responsible for variability in the shape of an anatomical object

exhibits locality if it affects the object at one or at most a few locations, which are

consistent across the population of objects. In reference to a feature set, I use the term

locality to mean that some components of the statistical variability in the data can be

localized to one or more subsets of the features.

In the absence of structure and locality, the feature selection problem is purely com-

binatorial, since in the set of n features there are 2n possible subsets and all of them are

considered a priori to be equally worthy candidates for feature selection. The properties

of structure and locality constitute prior knowledge about the kinds of feature subsets

that ought to be selected. Feature sets consisting of one or a few contiguous subsets are

more likely candidates than feature sets in which the selected features appear scattered.

By assuming that shape features exhibit structure and locality, we can reduce the number

of possible solutions of a feature selection algorithm.

The feature selection method presented in this chapter is best suited for the shape

analysis approaches that use dense object representations. This rich class of represen-

tations includes boundary point distribution models [Cootes et al. 1994], parametric

boundary models based on Fourier and spherical harmonic basis decomposition [Staib

and Duncan 1992, Kelemen et al. 1999], discrete and continuous medial representations

[Pizer et al. 1999, Yushkevich et al. 2002, Golland et al. 1999], as well as functional object

representations, such as distance transforms [Golland et al. 2001], and deformation fields

based on a warping of a template to each object in the training set [Csernansky et al. 1998,

Davatzikos et al. 1995, Joshi et al. 1997]. The features yielded by these representations

exhibit structure and locality because they are densely and regularly sampled.

103



Many of the methods in statistical shape analysis focus on estimating the probabil-

ity distribution on the shape space [Cootes et al. 1994, Kelemen et al. 1999, Staib and

Duncan 1992, Joshi et al. 1997]. Such probability distributions can be used as priors for

deformable segmentation and can be sampled to visualize shape variability. Principal

component analysis, which is used by many of the methods to estimate the shape distri-

bution, is related to feature selection, as it reduces the dimensionality of the data to a

linear combination of the original features.

While the issues of representation and correspondence have been the focus of extensive

research in the shape characterization literature, the application of the feature selection

paradigm to the shape characterization problem has received less attention. However,

there has been considerable work in the literature in using classification techniques to

detect, localize and describe the anatomical differences in the shape between different

populations [Golland et al. 2002, Gerig et al. 2001, Styner 2001, Csernansky et al. 1998,

Joshi et al. 1997, 2002, Yushkevich et al. 2001].

The chapter is organized as follows. Section 4.2 presents the methodology that incor-

porates prior knowledge about structure and locality of shape features into an existing

feature selection method by Bradley and Mangasarian [1998]. Section 4.3.1 studies the

performance of the algorithm in simulated data examples, where the features are nor-

mally distributed and the relevant features are localized. In Section 4.3.2 the method

is applied to a simulated shape classification problem. Section 4.4 shows the results of

applying the method to real clinical data.

4.2. Methods

This section contains the details of the new feature selection method for shape classi-

fication, which is an extension of an existing feature selection algorithm by Bradley and

Mangasarian [1998]. The novelty of our method is that it searches for an optimal set

of windows of features, as described in the following sections. For clarity, I will use the
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term feature selection to refer to the original algorithm, while referring to our extended

version using the term window selection.

This section is organized as follows. Subsection 4.2.1 formulates the feature selection

problem in general terms of energy minimization. Subsection 4.2.2 expands this formula-

tion by adding an energy term that favors feature sets that exhibit locality and structure.

The concept of minimal window cover is used to measure how localized and structured a

feature set is. Subsection 4.2.3 describes how the feature window selection problem can

be formulated and solved using linear programming.

4.2.1. Feature Selection. Feature selection is a machine learning methodology that

reduces the number of statistical features in high-dimensional classification problems by

finding subsets of features that are most relevant for discrimination. Classifiers con-

structed in the subspace of the selected features tend to generalize to new data better

than classifiers trained on the entire feature set.

Feature selection methods fall into categories of filter methods, which use feature

selection as a preprocessing step to classification (e.g. [Kira and Rendell 1992]), and

wrapper methods, which use classification internally as a means of selecting features (e.g.

[John et al. 1994, Kohavi and John 1997, Jebara and Jaakkola 2000, Weston et al. 2001]).

This paper uses and extends a wrapper method developed by Bradley and Mangasar-

ian [1998] and Bradley et al. [1998]. This method uses elements from support vector ma-

chine theory and formulates feature selection as a smooth optimization problem, which

can be transformed into a sequence of linear programming problems.

The input to the feature selection algorithm consists of a training set of objects that

fall into two classes, of sizes m and k. Each object is represented by an n-dimensional

feature vector. The classes are represented by the feature matrices Am×n and Bk×n.

We wish to find the set of features, i.e., a subset of columns of A and B, that are most

relevant for discriminating between the two classes. The idea of Bradley and Mangasarian
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[1998] is to look for a relevant subset of features by finding a hyperplane

(23) P =
{

x ∈ R
n : wTx = γ

}

that optimally separates the two classes, while lying in the minimal number of dimensions,

as formulated by the energy minimization problem

(24) P = arg min
γ,w

Esep(γ,w) + λEdim(w) .

The term Esep measures how well the hyperplane P separates the elements in A from

the ones in B. It is expressed as

(25) Esep(γ,w) =
1

m
‖(−Aw + eγ + e)+‖1 +

1

k
‖(Bw − eγ + e)+‖1

where e represents a vector of appropriate size whose elements are all equal to 1, and

(•)+ is the operation that replaces the negative elements of • with zero.

Let P− and P+ be a pair of hyperplanes parallel to P , whose distance to P is 1/‖w‖.

Then, Esep measures the distance to P+ of those elements of A that lie on the ‘wrong

side’ of P+, as well as the distance to P− of the elements of B that lie on the ‘wrong side’

of P−. By wrong side, I mean that half-space of P− or P+ which contains the hyperplane

P .

The energy term Edim in (24) is used to reduce the number of dimensions in which

the hyperplane P lies. It has the general form

(26) Edim(w) = eT I(w),

where I(w) is an indicator function that replaces each non-zero element of w with 1.

However, since indicator functions are inherently combinatorial and badly suited for

optimization, Bradley and Mangasarian suggest approximating the indicator function
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with a smooth function

(27) I ({w1 . . . wn)}) =
{

1 − ε−α|w1|, . . . , 1 − ε−α|wn|
}

,

which, according to [Bradley et al. 1997], yields the same solutions as the binary indicator

function for finite values of the constant α .

4.2.2. Window Selection for Shape Features. General feature selection algorithms

make minimal assumptions about the nature and the properties of features. For instance,

the same algorithm may be used for classifying documents on the basis of word frequency

or for breast cancer diagnosis. Without prior knowledge of feature properties, the feature

selection problem is purely combinatorial, since in a set of n features there are 2n possible

subsets and all of them are considered to be equally worthy candidates for selection.

In shape classification problems, features are typically derived from dense geometrical

object representations [Cootes et al. 1994, Staib and Duncan 1992, Kelemen et al. 1999,

Pizer et al. 1999, Golland et al. 1999, 2002, Davatzikos et al. 1995, Joshi et al. 1997],

and special relationships exist between features derived from neighboring locations in

the objects. We hypothesize that by incorporating the heuristic knowledge of these

relationships into a feature selection algorithm, we can improve its performance and

stability when applied to shape classification.

Features that describe shape are geometric in nature, and the concept of distance

between two features can be defined. Furthermore, natural biological processes exhibit

locality : geometric features capturing shape of anatomical objects that are close together

are likely to be highly correlated. General features, such as word frequencies in docu-

ments, may not exhibit this property of locality.

Locality makes it possible to impose a prior probability on the search space of a

feature selection algorithm. Locality implies that feature sets consisting of one or a few

clusters are more likely candidates than feature sets in which the selected features are
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isolated. To reward locality, the energy minimization in (24) is expanded to include an

additional term:

(28) P = arg min
γ,w

Esep(γ,w) + λEdim(w) + ηEloc(w) .

The term Eloc(w) rewards selection of neighboring features by favoring vectors w whose

non-zero elements form a small number of clusters.

Let J ⊂ {1 . . . n} be the set of features for which w is non-zero. To measure how clus-

tered the components of J are, we define an ‘alphabet’ of structured subsets of {1 . . . n}

called windows and measure the most compact description needed to express J using this

alphabet.

The neighborhood relationships between the features in the set {1 . . . n} depend on

the structure of the space from which the features are sampled. Typically, as in the case

of parametric shape descriptions, the underlying structure of a feature set is a lattice of

one or two dimensions.

In order to define an alphabet of windows over the feature set, we use a metric d(i, j)

that assigns a non-negative distance to every pair of features i, j. A set W ⊂ {1 . . . n} is

defined to be a window of size q if (i) d(i, j) ≤ q for all i, j ∈W , and (ii), there does not

exist a superset of W in {1 . . . n} for which the condition (i) holds.

The distance function allows us to define windows on arbitrarily organized features.

For instance, when features are organized in a one-dimensional lattice, and the distance

function is d(i, j) = |i − j|, the windows are contiguous subsets of features. By letting

d(i, j) = |i − j| mod n, one can allow for wrap-around windows, which are useful for

periodic features, such as features sampled along the boundary of a closed object. On

higher-dimensional lattices, different distance functions such as Euclidean distance and

Manhattan distance generate differently shaped windows. For features sampled from
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vertices on a mesh, windows can be constructed using the transitive distance function,

which counts the smallest number of edges on a mesh that separate a pair of vertices.

Let W = {W1 . . .WN} be a set of windows of various sizes over the feature set

{1. . . n}. A minimal window cover of a feature subset J is defined as a minimal set

α ⊂ {1 . . . N} for which

(29) J =
⋃

i∈α

Wi .

We take the locality energy component Eloc(w) to be equal to the size of the minimal

window cover of the set of non-zero features in the vector w. While such a formulation

is combinatorial in nature, in the following sections we express it in terms of linear

programming and derive an elegant implementation.

4.2.3. Linear Programming Formulation. Bradley and Mangasarian express the

energy minimization problem in (24) as a series of linear programming problems [Bradley

and Mangasarian 1998]. This section briefly summarizes their approach and extends it

to include the formulation (28).

The term Esep(w, γ) in (25) is linear. The global minimum of Esep can be found by

solving the following linear programming problem:

(30)

minimize
γ,w,y,z

eT y

m
+ eT z

k
,

−Aw + eγ + e ≤ y

subject to Bw − eγ + e ≤ z

y ≥ 0, z ≥ 0 .
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The feature selection problem in (24) can be formulated as the following smooth

non-linear program: 1

(31)

minimize
γ,w,y,z,v

eT y

m
+ eT z

k
+ λeT I(v),

−Aw + eγ + e ≤ y

subject to Bw − eγ + e ≤ z

y ≥ 0, z ≥ 0 ,

−v ≤ w ≤ v .

This formulation does not directly minimize the objective function (24), but rather it

minimizes positive vectors y, z, and v that constrain the components of the objective

function. Such a transformation of the minimization problem is frequently used in sup-

port vector methodology in order to apply linear or quadratic programming to energy

minimization problems.

The vector v constrains w from above and below and thus eliminates the need for

using the absolute value of w in the objective function, as is done in (25). The non-zero

elements of v correspond to selected features.

In order to introduce the locality energy Eloc into the linear program, we can express

the non-zero elements of v as a union of a small number of windows and penalize the

number of windows used. Let W1 . . .WN be an ‘alphabet’ of windows, as defined in Sec.

4.2.2. Let Ω be an n×N matrix whose elements ωij are equal to 1 if the feature i belongs

to the window Wj, and are equal to 0 otherwise. Let u be a sparse positive vector of

length N whose non-zero elements indicate a set of selected windows. Then the non-zero

elements of Ωu indicate a set of features that belong to the union of the windows selected

by u.

In order to implement window selection as a smooth non-linear program, the terms

u and Ωu are used in place of v in the objective function. The resulting formulation

1Bradley and Mangasarian [1998] call this problem Feature Selection Concave (FSV).
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penalizes both the number of selected windows and the number of features contained in

those windows:

(32)

minimize
γ,w,y,z,u

eT y

m
+ eT z

k
+

(

λeTΩ + ηeT
)

I(u),

−Aw + eγ + e ≤ y

subject to Bw − eγ + e ≤ z

y ≥ 0, z ≥ 0 ,

−Ωu ≤ w ≤ Ωu .

This formulation of the objective function is identical to the energy minimization for-

mulation (28) if none of the windows selected by u overlap. In case of an overlap, the

penalty assessed on the combined number of features in all of the selected windows, and

not on the total number of windows in the vector w.

We use the fast successive linear approximation algorithm outlined in [Bradley and

Mangasarian 1998] to solve the program (32). The algorithm is randomly initialized

and iteratively solves a linear programming problem in which the concave term I(u) is

approximated using the Taylor series expansion. The algorithm does not guarantee a

global optimum but does converge to a minimum after several iterations. The resulting

vector u, whose non-zero elements indicate the selected windows, is very sparse. The

Sequential Object-Oriented Simplex Class Library (SoPlex), developed by Wunderling

[1996], is used for solving the linear programming problems.

The parameters λ and η affect the numbers of features and windows selected by the

window selection algorithm. Larger values of λ yield fewer features, and similarly, larger

values of η yield fewer windows. When both parameters are zero, the algorithm performs

no feature selection and in fact acts as a linear support vector machine classifier. The

number of features yielded in this case is bounded only by the size of the training set.
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4.3. Results on Simulated Data

4.3.1. Normally distributed features. This section presents the experiments used

to analyze the performance of the window selection, comparing it to the original feature

selection algorithm without locality and to classification without feature selection. The

experiments were applied in a situation where the true distributions of the classes are

known, only a number of features is relevant for classification, and the relevant features

are arranged in a structured and localized manner. Two similar experiments were per-

formed. In the first, the relevant features are arranged sequentially in a single contiguous

block, and in the second, the relevant features are arranged into two disjoint contiguous

blocks.

In both experiments, samples A and B were drawn from a 15-dimensional multivariate

normal distribution with means µ and −µ and identity covariance matrices. The vector

µ has 9 elements that are equal to zero and 6 non-zero elements. The non-zero elements

are arranged into contiguous groups: in Experiment I, they form one group of 6 elements,

in Experiment II they form two groups of 3 elements each:

µi = {1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0}/(2
√

6)

µii = {1, 1, 1, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 0}/(2
√

6)

The denominator 2
√

6 makes the distance between µ• and −µ• equal to 1.

For each of the means µi, µii, experiments were performed using training sets of sizes

30, 60, 90, and 120. For each training set size, 40 random training sets were drawn from

the multivariate normal distributions N(µ•, I) and N(−µ•, I). For each training set, the

feature selection and window selection algorithms were applied using different values of

energy modulation parameters λ and η (λ = 0.01, 0.02, . . . , 0.2, η = 0.02, 0.04, . . . , 0.2).

For every combination of a training set and a parameter value set, the feature selection

and window selection algorithms were applied using 10 different random initializations,

112



and of the 10 the result with the lowest objective value was recorded. Multiple initializa-

tions were used because the fast successive linear approximation algorithm used to solve

(32) does not guarantee finding the global minimum of the objective function.

The performance of the feature and window selection algorithms on different train-

ing sets with different values of modulation parameters was measured by computing the

expected generalization performance of classifiers trained on the subsets of features pro-

duced by the selection algorithms. While the feature and window selection algorithms

use an L1 support vector classifier internally, that does not dictate the choice of classifier

used for subsequent discrimination. In these experiments, the Fisher linear discriminant

was used for classification, because it is a maximum likelihood classifier for data sampled

from a pair of multivariate normal distributions with equal covariances. In hindsight,

I should have used the classifier based on the hyperplane separating the sample means,

because it is the maximum likelihood classifier in the case of identity covariance matrices.

The expected generalization rate of a linear classifier is computed as follows. Let w

be a unit length discriminant vector, and let {x : wTx = γ} define the decision boundary

of a linear classifier formed by w. Since the underlying normal distributions are known,

the expected error rate ε of the classifier can be computed as

(33) 2ε =

γ
∫

−∞

φ(t− µTw) dt+

∞
∫

γ

φ(t+ µTw) dt,

where φ(t) is the standard normal probability density.

Figure 4.1 shows the average expected error rate achieved by each feature selection

approach for each sample size. For comparison, the error rate of a classifier based on the

Fisher linear discriminant is also plotted. The window selection algorithm outperforms

the original feature selection algorithm in both experiments. The difference between the

generalization rates of the two algorithms is smaller in experiment II than in experiment
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Figure 4.1. A comparison of the average expected error rates of the win-
dow selection algorithm (red diamond, dotted line), the feature selection al-
gorithm (blue square, dashed line), and global discriminant analysis (black
triangle, solid line). The plots show the average error rates achieved with
each algorithm for sample sizes ranging from 30 to 120. The results shown
were computed using λ = 0.03 in both experiments, η = 0.16 in Experi-
ment I and η = 0.02 in Experiment II.

I. As expected, the boost from window selection is stronger when the relevant features

are organized into one window than when they are organized into two windows.

However, the feature selection algorithm has a lower computational complexity be-

cause its formulation as a linear programming problem has an O(m+k+n) variables and

O(m2 + k2 + n2) inequalities while the window selection algorithm generates a problem

with O(m + k + n + N) variables and O(m2 + k2 + n2 + n · N) inequalities. In these

experiments N = n(n+ 1)/2, as the window set contained all the windows possible.

Figure 4.2 shows the frequency with which both algorithms find the correct feature

subset in each experiment. For each sample size, it shows the number of times the

feature subset was found for some parameter value, as well as the number of times that

such a parameter value yielded the smallest cross-validation error. The window selection

algorithm correctly selects the relevant set of features more frequently than the feature

selection algorithm.

4.3.2. Synthetic shape example. The results on normally distributed data show the

superiority of the window selection algorithm in a purely artificial setting. To test whether

this superiority extends to shape-based classification, experiments were conducted on
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Figure 4.2. These charts show how many times out of 40 the two feature
selection algorithms selected the correct subset of features, for a range of
sample sizes. The red double bars (left) describe the window selection
algorithm and the blue double bars (right) describe the feature selection
algorithm. The top part of each double bar shows how many times the
right feature subset was selected for some value of the parameters. The
bottom part shows how often the right feature set was deemed optimal by
cross validation.

synthetic shape data. These experiments were performed on two classes of artificial

objects, which were constructed using a point distribution model of 71 corpus callosum

boundaries. The point distribution model was graciously provided to us by Dr. Guido

Gerig and was computed from the same corpus callosum data set as the one used in the

experiments in Ch. 3.2 The point distribution model consists of 64 boundary points that

had been regularly sampled from Fourier contour segmentations of the corpus callosum.

The segmentation technique [Székely et al. 1996] was used to align the objects in space

and to ensure correspondence.

The two classes were generated in such a way that the differences between them are

restricted to a single area of the corpus callosum. The differences between the classes

were made difficult to detect by addition of a large global variability component that is

common to the two classes.

The global variability component was simulated by randomly sampling members of

both classes from a single Gaussian probability distribution, which was fitted to the

2Note that while this chapter some of the same shape data as Ch. 3, different features are used to describe
the data: Ch. 3 derives features from the medial representation, and this chapter works exclusively with
features derived from object boundaries.
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Figure 4.3. The generation of synthetic shapes. a. Samples from the
Gaussian distribution that describes global shape variability common to
both classes. b. A distribution of random tumors in relation to the average
corpus callosum shape. c. The effect of a embedding a tumor into the
object: the grey outline is sampled from the global shape distribution, the
black outline in the deformed outline, the circle indicates the location of
the warped tumor. d. The relevance measure on the features, as indicated
by the relative sizes of the red dots on the boundary of the corpus callosum.

corpus callosum point distribution model using principal component analysis, following

the methodology of Cootes et al. [1994]. Fig. 4.3a shows a few of the randomly generated

outlines.

A local difference between the classes was induced by applying a randomized defor-

mation to the outlines in Class II, using the following four-step procedure:

(1) A random outline Ornd was sampled from the Gaussian distribution. This is the

same step used to generate the outlines in Class I.

(2) A circular ‘tumor’, described by a point c and radius r, was randomly generated

near a predetermined location inside of the average corpus callosum outline Oavg.

116



Fig. 4.3b shows the outline Oavg and the distribution of the randomly sampled

tumors.

(3) A circular outward deformation field

(34) φ(x) =
x − c

‖x − c‖ 3

2

r

is applied to each point of Oavg, yielding a new outline Otumor.

(4) A thin plate spline warp field, which interpolates the mapping from Oavg to

Ornd, was applied to Otumor, yielding the final outline Odef , which then becomes

a member of Class II. Fig. 4.3c shows the effect of the tumor, by superimposing

the outlines Odef and Ornd.

A single feature was computed at each of the 64 points in the point distribution model

of the corpus callosum boundary. This feature was computed as the distance from the

point to the origin Q. The point sets describing the corpus callosum boundaries are

aligned so that the origin Q is their common center of gravity.

The approach used to produce the outlines in Class II makes it possible to measure

the relative relevance of each feature in terms of how much it is affected on average by the

tumor embedding . The relevance of feature i is computed as the average over all instances

j in the training set of the difference between the distance to Q from the i-th point on the

final outline Oj
def and the distance to Q from the i-th point on the intermediate outline

Oj
def . Fig. 4.3d shows the relevance of each feature in the experiment.

The two classes were generated with 100 objects in each. Another 1000 objects were

generated for testing the generalization ability of the selected feature sets. The feature

selection algorithms with and without locality were applied to the classes using a broad

range of modulation parameters λ and η. The L1 support vector classifier (30) was used

for measuring the generalization ability of feature subsets. Unlike the experiments in Sec.

4.3.1, there is no motivation for using the Fisher linear discriminant or the difference of
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Figure 4.4. The best generalizing subset of features selected by the fea-
ture selection algorithm without locality (a) and by the window selection
algorithm (b). The red dots on the boundary indicate selected features.

means classifier, as they are not the maximum likelihood classifiers for the shape features,

which are not distributed normally.

Experiments using feature and window selection were repeated over a broad range of

values of the modulation parameters λ and η. Of the resulting ranges of selected feature

sets, the ones that yielded best performance on test data are reported here. Figure

4.4a shows the best feature subset for the feature selection algorithm without locality.

This subset generalizes to the test data with the error rate of 0.310 and contains a large

number of irrelevant features. Figure 4.4b shows the best result for window selection,

which achieves the error rate of 0.300 and produces two windows, which together cover

the relevant subset of features. The error rate of a classifier applied without feature

selection is 0.386.

The optimal set of features yielded by window selection contains more relevant fea-

tures that the optimal set reported by feature selection. Even though some irrelevant

features are included in one of the two windows yielded by window selection, the results

are encouraging, taking into account the small sample size, high dimensionality, and

relatively large inter-population variability in the simulated data.

This experiment would have been more compelling if the training set were somehow

used to determine the optimal values of the parameters λ and η. One way to do so is
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to apply cross-validation to search for the best parameter values, as is done in [Bradley

and Mangasarian 1998]. In my experiments I have found that this approach is highly

prone to error and the parameter values that yield optimal cross-validation performance

often result in suboptimal performance on test data. This is illustrated by Fig. 4.2,

which shows that for the normally distributed data with one or two windows of relevant

features, the parameters deemed optimal by cross-validation frequently fail to select the

relevant features.

However, it is not clear that in practical applications one should be interested in

finding the optimal values of λ and η. The values of these parameters directly influence

the number of selected feature and the number of selected windows. The decision about

the roughly desired numbers of features and windows can be made a priori, and the

algorithms can be applied for a narrow range of parameters λ and η. This is the approach

taken in the following section.

4.4. Results for Clinical 3D Data

4.4.1. The Hippocampus-in-Schizophrenia Data Set. The window and feature

selection algorithms were applied to the study of the shape of the hippocampus in

schizophrenia using exactly the data set reported in [Csernansky et al. 2002]. The data

set consists of 117 subjects, 52 of whom are schizophrenia patients, and the remaining

65 are matched healthy controls. The left and right hippocampi of each subject are de-

scribed using boundary meshes that consist of 6,611 vertices and 13,218 triangular faces.

An example of these meshes is shown in Fig. 4.5.

These segmentations were obtained using large-deformation diffeomorphic image match-

ing method described in [Joshi et al. 1997, Haller et al. 1997, Csernansky et al. 1998,

2002]. This method is used to establish a diffeomorphic transformation from a hippocam-

pal template, which is based on one of the subjects in the study, to the hippocampi of

the remaining subjects. The transformation adheres to the laws of fluid dynamics, and
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Figure 4.5. An example of the hippocampus data from the schizophre-
nia study. Shown are, in order from left to right, top view of the left
hippocampus, bottom view of the left hippocampus, top view of the right
hippocampus and bottom view of the right hippocampus.

maximizes an objective function that combines terms based on optimal alignment of

manually placed anatomical landmarks and the optimal match between the MR image

intensities of the corresponding places in the hippocampi. Once such a transformation

is established, the boundary meshes of all the hippocampi in the data set are computed

by applying the transformation to the meshes extracted from the boundaries of the left

and right template hippocampi. The use of anatomical landmarks ensures good corre-

spondence between hippocampi at a global level, and the intensity match coupled with

a smooth template-to-target transformation ensures good local correspondence.

Hippocampus is not a homogeneous structure but rather consists of many identifiable

sub-regions, which may be affected differently by schizophrenia. Indeed, [Csernansky

et al. 2002] stipulates that “the pattern of shape abnormality suggested a neuroanatomical

deformity of the head of the hippocampus, which contains neurons that project to the

frontal cortex”. However, the statistical methodology employed in [Csernansky et al.

2002] is based on the eigenshape formulation that does not allow local specificity of

shape variation. The motivation for applying feature and window selection to this data

set is to find the regions of the hippocampus where the shape differences associated with

schizophrenia are most significant.
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4.4.2. Verification of the Results by Csernansky et al. [2002]. The data set

described above was used by Csernansky et al. [2002] to show that the hippocampal shape

and volume in schizophrenia patients differ from the shape and volume of hippocampi

in control subjects. These results confirm earlier findings of Csernansky et al. [1998]

and the findings of other researchers, such as the work of Shenton et al. [2002] on the

amygdala-hippocampus complex. In order to verify that the data set was received and

processed properly, I attempted to duplicate the results of Csernansky et al. The following

paragraphs describe my steps, which roughly follow the procedure prescribed in [Joshi

1997].

Using the Generalized Procrustes algorithm [Gower 1975], I aligned the corresponding

vertices of the hippocampal meshes, as to minimize the mean square distance to the

common mean. The algorithm was restricted to shape-and-size normalization, which

only translates and rotates the hippocampal meshes and retains their original sizes. The

algorithm was applied separately to the left and right hippocampi in order to minimize

the effect of head size.

The Cartesian coordinates of each point in both meshes were used to form features.

Thus each subject was represented by 3×6611×2 = 39666 features3. Principal component

analysis was used to reduce the dimensionality of the data: the eigenvectors of the

pooled covariance matrix were computed, and each feature vector was projected on the

20 eigenvectors with highest associated eigenvalues. The resulting low-dimensional data

was used for classification and testing.

I began by testing how well the entire set of 20 eigenmodes can be used to discriminate

between healthy subjects and schizophrenia patients. The use of a classifier based on

the Fisher linear discriminant in a leave-one-out cross-validation experiment yielded the

correct classification rate of 67.5%. The use of the L1 support vector classifier (i.e., the

3At this step I deviated from the procedure prescribed by Joshi et al., which weights the coordinates of
the vertices by the local area measure.
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classifier constructed by applying the feature selection algorithm with λ equal to zero)

yielded the correct classification rate of 62.4%.

Csernansky et al. use a logistic regression model to find a subset of the first 20

eigenmodes that can be used to optimally separate the two classes. They do so in a

robust setting, using 10-fold cross-validation [Stone 1974]. The data set is divided into

10 roughly equal parts, and in a series of 10 experiments, one of the parts is set aside

while linear logistical regression is performed on the remaining subjects, yielding a small

number of selected eigenmodes. A classifier restricted to those eigenmodes is constructed

and applied to the withheld data and the error rate of the classifier is recorded. The

average error rate over all 10 experiments is then reported. Csernansky et al. report the

average correct classification rate of 68.3% and note that the eigenvector sets selected in

each experiment are similar.

I replicated this experiment by applying feature selection instead of the logistic regres-

sion model to the 20 eigenmode features inside of a 10-fold cross-validation experiment.

However, in order to gauge the significance of this cross-validation technique, I repeated

the cross-validation 10 times, each time using a different random partition of the data set.

The resulting average correct classification rates ranged between 59.0% and 70.9%. The

large value of dispersion indicates that the significance of a single 10-fold cross-validation

experiment is low. Using feature selection inside of a more expensive leave-one-out exper-

iment, I obtained the correct classification rate of 73.5%. In both types of experiments,

the value of the parameter λ from (24) was chosen to return roughly 4 features on av-

erage. The features returned in each application of feature selection were highly similar,

just as in the experiments performed by Csernansky et al. In fact, in 113 of the 117

leave-one-out experiments, the selected eigenmodes were 1, 7, 16, and 20.

Csernansky et al. also apply the logistic regression model to the entire data set and

report the maximum between-group discrimination rate of 76% for the resulting set of

eigenmodes. My version of this experiment using feature selection yielded the similar
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leave-one-out correct classification rate of 77.3%. However, the significance of these

numbers is questionable because the eigenmodes were selected using the knowledge of

class membership of each subject in the data set may not generalize.

4.4.3. Reducing Mesh Dimensionality for Window Selection. In order to use

window and feature selection to produce regions large enough to cover 10%-20% of the

hippocampal surface, the number of features was reduced from nearly 40, 000 that re-

sult from using the x, y, z coordinates of each mesh vertex as features, to 160 localized

summary features, which describe small patches on the surface of the hippocampus. The

reduction was necessary because window selection and feature selection algorithms yield

fewer features than there are subjects in the training set (as mentioned in Sec. 4.2.3).

Such a limit on the number of selected features among the initial features would not

allow even 1% of the hippocampal surface to be covered with selected regions. Moreover,

the computational cost of applying window selection to nearly 40, 000 features would be

prohibitive.

Patch features were computed as follows. The sets of 117 left and 117 right meshes

were aligned using the Generalized Procrustes algorithm [Gower 1975] restricted to trans-

lation and orientation. In the process, the mean left and right hippocampal meshes were

computed. Each mesh was subdivided into 80 patches of roughly equal area using the

METIS graph partitioning software [Karypis and Kumar 1998] on a graph whose vertices

correspond to the mesh triangles and are weighted by the average areas of the triangles.

The partitioned left and right mean meshes are shown in Fig. 4.6.

Each patch was represented with a single summary feature, which measures the av-

erage inward or outward deformation of the patch with respect to the mean mesh. The

summary feature computed for the j-th patch in the i-th subject is given by

(35) fij =

∑

k∈P(j) (xik − x̄k)
T Nk ∆Ak

∑

k∈P(j) ∆Ak

,
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Figure 4.6. Mean left and mean right hippocampal meshes partitioned
into 80 patches each. The meshes are shown from superior and anterior
viewpoints.

where P(j) is a set of indices of the vertices belonging to the j-th patch, x̄k and Nk are the

the position and approximate unit normal of the k-th vertex in the mean shape, and ∆Ak

is the area element, computed as one third of the combined area of all triangles adjacent

to the k-th vertex in the mean shape. The numerator in 35 is an approximation of the

surface integral of the normal displacement from the mean shape, and the denominator

is just the area of the patch on the mean shape.

In order to gauge how much information was lost by replacing nearly 40,000 features

with only 160 summary features, the latter were analyzed using the same PCA-based

approach that was used in section 4.4.2: the features were projected onto the first 20

eigenmodes and subjected to classification and cross-validation. The leave-one-out rate

for the L1 support vector classifier applied to the entire set of 20 eigenmodes yielded

a 67.5% success rate, while Fisher linear discriminant yielded 66.7%. When feature

selection was used in the leave-one-out loop to select the few best eigenmodes, the success

rate of 69.2% was obtained. The sets of eigenmodes selected in each iteration of leave-one-

out cross-validation were homogeneous, with eigenmodes 1, 12, 13, and 15 being selected

in 111 of the 117 experiments.

4.4.4. Results of Feature Selection and Window Selection. An alphabet of win-

dows was defined over the patch summary features using the transitive distance function,
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which counts the number of patch edges that separate any two patches. Under this func-

tion, single patches form windows of size 0 and sets of mutually adjacent patches (typi-

cally consisting of three patches) form windows of size 1. For computational efficiency,

windows of larger size were not included in the alphabet.

Feature selection and window selection algorithms were applied to patch summary

features in a series of leave-one-out cross-validation experiments. In each leave-one-out

iteration, one subject was removed from the data set, the selection algorithm was applied

to the remaining subjects, an L1 support vector classifier was constructed in the subspace

spanned by the selected features, the left out subject was assigned a class label by the

classifier, and this class label was compared to the true class label of the left out subject.

The average correct classification over 117 leave-one-out iterations was recoded. The

feature selection and window selection experiments were repeated for different values of

modulation parameters λ and η. Table 4.1 shows the results of these experiments.

Recall that in [Csernansky et al. 2002], using a 10-fold cross-validation methodology,

a similar classification rate of 68.4% is reported. The methods in [Csernansky et al. 2002]

are based on eigenanalysis of the entire set of 40, 000 features. The results in Table 4.1

show that with intelligent feature selection a similar classification rate can be achieved

with only 160 summary features. The feature selection methodology also specifies the

local regions of the hippocampus that are significant for discrimination.

The top row of Fig. 4.7 shows the ten patches that were selected most frequently in the

117 leave-one-out experiments conducted with the feature selection algorithm with λ =

0.16. The second row of Fig. 4.7 shows the ten most frequently selected patch windows

in the window selection experiment with λ = 0.12 and η = 0.08. Window selection

results in fewer isolated features than feature selection. For reference, the bottom row of

Fig. 4.7 plots the p-values of mean difference hypothesis tests computed at each patch.

No correction for the repeated nature of tests has been applied. While the pattern of

patches selected by the window and feature selection algorithms closely resembles the

125



Table 4.1. Cross-validation results for clinical data. Each row summa-
rizes a leave-one-out experiment performed on patch summary features
using a different pair of modulation parameters η and λ. For each exper-
iment, the average number of selected windows (except for η = 0), the
average number of selected features, and the average leave-one-out correct
classification rate are shown.

η λ Avg. Win. Avg. Feat. Corr. Rate (%)
0.0 0.04 22.9 55.6
0.0 0.08 16.4 65.0
0.0 0.12 7.5 65.0
0.0 0.16 4.6 68.4
0.04 0.04 11.8 28.7 68.4
0.04 0.08 8.5 19.3 69.2
0.04 0.12 4.2 8.5 62.4
0.04 0.16 2.1 4.0 54.7
0.08 0.04 10.8 28.1 61.5
0.08 0.08 5.7 13.5 64.1
0.08 0.12 2.8 6.1 64.1
0.08 0.16 1.6 2.9 59.0
0.12 0.04 9.2 24.5 68.4
0.12 0.08 3.9 9.9 62.4
0.12 0.12 2.1 4.7 57.3
0.12 0.16 1.4 2.8 61.4

pattern of patches with low p-values, the selected patches do not correspond to the

patches with lowest p-values. As indicated in [Csernansky et al. 2002], the head of the

right hippocampus was shown by window selection to be most relevant for discrimination.

4.5. Discussion and Future Work

Let us summarize the results obtained in this chapter. In three different kinds of

classification experiments, the results show some aspect of superiority of the window

selection method over the generic feature selection method. In the first set of synthetic

experiments, which have normally distributed features with relevant features chosen a

priori in a localized pattern, the window selection method performed as expected, yielding

better generalization rates and correctly selecting the relevant feature subsets more often

than the feature selection algorithm. This result is not theoretically surprising, but it is
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Patches selected most frequently by feature selection

Patches selected most frequently by window selection

Patch wise p-values

Figure 4.7. Top row: ten patches that were selected most frequently
during leave-one-out validation of feature selection. The meshes are shown
from superior and anterior viewpoints. Second row: ten windows that were
selected most frequently during leave-one-out validation of feature selection
( some of the windows overlap, and patches that belong to more than one
window are shaded darker on the cyan-red hue scale). Bottom row: p-
values of the mean difference tests computed at each patch; the negative
logarithm of the p-values is displayed using the cyan-red hue scale (cyan
= no significance, red = high significance).
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rather a way of verifying that window selection really does work in a situation when it

should.

The second set of synthetic experiments involved simulated corpus callosum data and

was designed to test whether or not the advantages of using window selection on localized

features extends to shape data. In these classification experiments the set of relevant

features was constructed by embedding a random bump at the midbody of the corpus

callosum in one of the two classes, causing the relevant features to be localized to two

‘fuzzy’ windows. The classification task in these experiments was made rather difficult

by making the variability common to the classes be much more significant than the inter-

class differences caused by the bump embedding. Although neither selection algorithm

did a perfect job of identifying the relevant subset of features, the window selection

algorithm showed a clear superiority over the feature selection algorithm, returning a

pair of feature windows that overlapped with the true ‘fuzzy’ windows, while the feature

selection algorithm returned a large number of irrelevant features located far away from

the corpus callosum midbody. The superiority of the window selection algorithm in

terms of generalization of the classifier constructed on the selected feature set to test

data was marginal when compared with feature selection and significant when compared

to classification on the whole set of features. Again, these results are not surprising, but

affirming. They also suggest that the advantage of using window selection may lie more

in the area of discovering the locations with significant inter-class differences rather than

improving the generalization ability of classifiers.

The third set of experiments, performed on clinical hippocampus data is of most in-

terest. The truth, i.e., the relevant set of features, is unknown in this experiment, even

though some indications of the significance of the head of the right hippocampus have

been made in the literature [Csernansky et al. 2002]. The results of applying window and

feature selection algorithms to patch summary features did not show significant improve-

ment in terms of classifier generalization rate over the global PCA-based classification. In
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fact, the best leave-one-out cross-validation rates obtained by window selection, feature

selection, and feature selection on eigenmodes lie in the same ballpark of 69%. However,

in terms of selecting the relevant feature sets, the results on patched hippocampus data

are very encouraging. For example, in the experiment shown in Fig. 4.7, the windows

selected most often by the window selection algorithm are nicely localized to three clus-

ters of patches on the right hippocampus and a single patch on the left hippocampus,

with a clear advantage of the head of the right hippocampus. In contrast, the feature

selection results are more scattered around the hippocampi and do not show potential

areas of relevance as strongly.

It is unlikely that a classification technique will one day make it possible to accurately

diagnose schizophrenia only on the basis of hippocampal shape. Therefore, the goal in

developing the window selection algorithm was not so much to build a better classifier

but rather to find the regions of the hippocampus that are significant for discrimination.

With respect to this goal, the results presented in this paper are encouraging. However,

these results require further validation using a different hippocampal data set. I plan to

perform this validation in the future.

I also plan to perform window and feature selection on hippocampal patches selected

manually on the basis of biological homogeneity and function. The use of selection algo-

rithms on anatomically significant patches could open new insights into schizophrenia.

On the theoretical front, I plan to extend this paper’s framework to select features in a

hierarchical manner. Selected patches would be further partitioned into smaller patches,

and the selection algorithms would be performed again on the residuals, resulting in a

high-resolution set of selected features. Hierarchical feature selection would eliminate the

information loss incurred by reduction to patch summary features.

In order for window selection to be integrated into the medially based coarse-to-fine

shape characterization framework developed in Ch. 3, the nuances of applying selection

to features derived from the medial representation need to be explored. The use of
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geometrically descriptive medial features forces one to face the problem of having more

than one feature describe each location in the object. This problem can be tackled simply

by organizing a window alphabet in a way that disallows partial selection of the features

that describe a single location. However, it is also conceivable to define non-zero inter-

feature distances between such features. Moreover, the combined use of medial features

that describe the same locations at different levels of detail (coarse-level and residual

fine-level features) requires considerable theoretical consideration. Some thoughts in this

direction are presented in Ch. 6, which describes a conceptual framework that would

apply feature selection in a coarse-to-fine manner to features derived from the continuous

medial representation, which is described in the next chapter.
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CHAPTER 5

Continuous M-Reps for Geometric Object Modeling

Must a name mean something?
Alice asked doubtfully. Of course it
must, Humpty Dumpty said with a
short laugh: my name means the
shape I am - and a good handsome
shape it is, too. With a name like
yours, you might be any shape,
almost.

Lewis Carroll

This chapter is based on a paper [Yushkevich et al. 2003] that was written together

with P. Thomas Fletcher, Dr. Sarang Joshi, Andrew Thall, and Dr. Stephen M. Pizer.

The coauthors’ contributions were invaluable for the conception, implementation, and

publication of the research described below. Neither would this work have been possible

without the theory [Damon 2002] and extensive help of Dr. James Damon.

This chapter describes a novel continuous medial representation for object geome-

try and a deformable templates method for fitting the representation to images. The

representation simultaneously describes the boundary and medial loci of geometrical ob-

jects, always maintaining Blum’s symmetric axis transform (SAT) relationship. Cubic

b-splines define the continuous medial locus and the associated thickness field, which

in turn generate the object boundary. The chapter describes geometrical properties of

the representation and presents a set of constraints on the b-spline parameters. The

2D representation encompasses branching medial loci; the 3D version can model objects

with a single medial surface, and the extension to branching medial surfaces is a subject

of future research. The representation and the associated segmentation procedure were



used to segmenting 2D and 3D medical images, and the results are presented in this

chapter.

5.1. Introduction

Medial loci, or skeletons, have enjoyed wide use in computer vision and medical image

analysis because they provide important intuition about shape and formation of biological

and anatomical objects. Medial loci naturally divide objects into a hierarchy of simple

figures and describe the inherent symmetry and local thickness of each figure.

As noted in Sec.2.1.4, medial loci of objects have traditionally been computed from

discrete boundary-based descriptions by skeletonization algorithms. Such boundary de-

scriptions yield medial loci with a complex branching structure. For instance, a skeleton

constructed using Voronoi diagrams has roughly the same number of branches as there are

vertices in the discrete boundary description. Methods that simplify and regularize skele-

tons can eliminate unstable branches and yield object-relevant medial loci [Kimia et al.

1995, Siddiqi et al. 1999b, Ogniewicz and Kübler 1995, Näf et al. 1996]. Nevertheless,

the boundary-to-medial transformation is inherently unstable; the resulting branching

topology is sensitive to slight boundary perturbations, especially at the regions known

as ligatures [Blum and Nagel 1978, August et al. 1999].

The continuous m-reps approach described in this chapter, as well as the general m-

reps approach, fall into a category of synthetic medial representations that use the medial

locus itself as a model from which geometric properties of an object, such as its boundary,

are derived. Synthetic medial representations describe the way in which the medial locus

of an object is decomposed into branches (i.e., medial branching topology) and define each

branch of the medial locus using a few parameters. A smooth parameterized thickness

field is defined over the entire medial locus.

The medial locus and the associated thickness field synthesize a stable object bound-

ary by inverting the skeletonization process. The generated boundary is equivalent to
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the envelope of spheres (or disks) placed at each point in the medial locus with the radius

prescribed by the associated thickness value. Synthetic medial representations establish

a correspondence between each point on the medial locus and a pair of points on the

generated boundary (i.e., the boundary pre-images). Synthetic medial representations

enforce a fixed medial branching topology and provide a simultaneous description of the

medial locus and the object boundary.

The continuous m-rep approach is a synthetic medial representation that uses cubic

b-splines to model both the medial manifolds and the associated thickness field. The

approach relies on constraints developed by Damon [2002] to guarantee that the generated

boundary surface is a closed, connected, non-singular manifold with curvature continuity.

The current state of the method allows representation of 2D objects with branching

medial topology and 3D objects with a single medial surface. The extension to branching

medial surfaces is the subject of ongoing research.

Continuous m-reps essentially are a continuous extension of discrete m-reps described

in Sec. 2.1.7. The results presented in this chapter show that continuous m-reps can be

applied to segment anatomical objects in medical images using the same deformable

templates framework that is used by Joshi et al. [2002] for discrete m-rep segmentation.

These results include automatic segmentation of a vertebral image from a CT slice using

a 2D model with branching medial topology and in 3D, automatic deformation of a

template model of the hippocampus to fit manually segmented magnetic resonance images

of the human brain.

Continuous m-reps were developed with the ultimate goal of improving present me-

dially based methods for statistical shape analysis. Methods that use discrete m-reps

with a fixed branching topology to describe a population of objects [Styner and Gerig

2001a, Yushkevich et al. 2001, Fletcher et al. 2003a] estimate probability distributions of

statistical features derived from medial atoms. These distributions are used to generate

new instances of m-reps, to visualize the primary modes of variability in the population
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in terms of bending or thickening of objects, to perform classification on the basis of

shape and to pinpoint locations in objects where shape variability is most pronounced.

Continuous m-reps augment shape analysis methods by allowing arbitrary sampling of

medial loci. The continuous medial representation makes it possible to elastically model

and optimize correspondences between features of different objects in the population.

The details of the continuous m-rep approach are described in the following five

sections. Section 5.2 summarizes elements of related research in boundary and medial

object representation. Section 5.3 develops the geometric foundation for continuous me-

dial modeling and defines the generative medial b-spline model. Section 5.4 describes

the procedure that computes the optimal parameters of the model for use in automatic

segmentation. Section 5.5 presents the preliminary segmentation results on real medical

images. Section 5.6 describes the present limitations of the method, and compares the

b-spline medial representation with discrete m-reps.

5.2. Background

Local boundary representations, polygonal or higher order approximations of the

boundary surface, are the principal shape descriptors in computer graphics, image anal-

ysis and shape characterization. These representations by themselves provide no a priori

global information, such as the figural hierarchy of an object, and thus do not provide an

intuitive framework for shape analysis and figure-based deformation. Nevertheless local

primitives are used widely, for instance for elastic deformable modeling of 3D objects of

arbitrary topology [Delingette 1994].

Global boundary shape descriptions have found use in image analysis via deformable

models and in shape analysis. Staib and Duncan [1992] represent boundaries of three-

dimensional objects as weighted sums of Fourier components. Székely et al. [1996] use

a spherical harmonics decomposition to represent three-dimensional objects of spherical

topology. Carr et al. [2001] use radial basis functions to represent boundaries. Styner
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and Gerig [2001a] combine the spherical harmonic SPHARM representation with discrete

m-reps and computes statistics on the combined representation, yielding a comprehensive

statistical analysis of shape.

Object description via skeletons, i.e. medial representation, has been used increas-

ingly in computer graphics and CAD. Bloomenthal and Shoemake [1991] and Sherstyuk

[1999] develop implicit surfaces based on convolution over medial skeletons. Markosian

et al. [1999] apply skinning of implicit fields around polyhedral skeletons. Gascuel [1993]

develop a system for animation and collision detection based on rigid articulated skeletons

fleshed by spline-based deformable boundary surfaces. Storti et al. [1997] and Blanding

et al. [1999] use a skeleton-based object representation for CAD style applications: 3D

geometric model synthesis, generation of boundary surfaces at varying levels of detail,

and morphing. The Teddy system [Igarashi et al. 1999] uses the medial spines to drive

intuitive shape modeling based on hand sketching. Chen et al. [1999] use multiscale

medial models based on a sampled skeleton for guiding volume rendering. Thall et al.

[2000] propose discrete m-reps as a general geometric modeling primitive for 3D design in

computer graphics and CAD, using displaced subdivision surfaces for fine-scale boundary

description.

Use of medial representations for deformable modeling in computer vision was pio-

neered by work of Tsao and Fu [1984], where discrete skeletons computed by distance

transform are stochastically manipulated and a discrete boundary is regenerated. Zhu

and Yuille [1996] developed the comprehensive FORMS system that automatically di-

vides 2D objects into simple parts and represents these parts medially, incorporating

statistical shape information. The concept of discrete m-reps and their use in medi-

cal image analysis are discussed extensively in Sec. 2.1.7. The difference between the

deformable approaches mentioned here and the continuous m-reps approach is that the

latter enforces Blum’s symmetric axis transform (SAT) relationship between a continuous

deformable medial model and the boundary generated by it.
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Differential geometric properties of medial axis transforms, boundary generation from

continuous skeletons, and associated validity constraints have been studied extensively

in the literature. In particular, Nackman [1982], Vermeer [1994], and Gelston and Dutta

[1995] explored relationships between the 3D SAT and the curvature of its implied bound-

ary. Hoffmann and Vermeer [1996] and Teixeira [1998] described validity conditions that

continuous medial surfaces must satisfy in order to exist and to imply non-intersecting

boundaries. Giblin and Kimia [2000] studied local differential geometry of various kinds

of points forming 3D symmetry sets. Damon [2002] studied the geometry of offset sur-

faces generated by a multi-valued vector field defined on a set of connected manifolds;

the results presented in the following section represent a special case of Damon’s theory.

5.3. Method

This section presents the details of continuous m-reps. Subsection 5.3.1 describes

the differential geometry of continuous medial manifolds. Subsection 5.3.2 presents the

constraints that must be satisfied by a continuous medial model in order for the resulting

boundary to form a closed non-singular manifold. In subsection 5.3.3 cubic b-splines are

used to implement the continuous medial representation, incorporating the constraints.

The geometric notions presented in the first two subsections constitute a special case

of the results recently developed by Damon. Damon [2002] studies a class of manifolds

formed by offsetting a branching medial locus by a multi-valued vector field. He describes

the differential geometry of the offset manifold in terms of the shape operator of the vector

field and gives a set of necessary and sufficient constraints that both the medial surface

and the vector field must satisfy in order to produce a continuous boundary without

singularities.
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B
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(a) (b)

Figure 5.1. Branching medial loci in in 2D and 3D. (a) In 2D, three
branches generically join at shared endpoints. Approaching the shared
endpoint, the thickness (radius) values associated with each branch con-
verge to a common value. (b) In this 3D example, two medial surfaces are
connected along a seam γ. The seam forms a crease in A and is part of
the edge of B.

5.3.1. Differential Geometry of Medial Manifolds. A synthetic continuous medial

representation (cm-rep) defines the medial locus of an object as a set of connected pa-

rameterized manifolds called medial manifolds. A thickness value is associated with each

point of each medial manifold.

Medial manifolds in 2D are smooth curve segments connected to each other at end-

points. Medial curve segments connect when three of them come together at a shared

endpoint, as demonstrated in Fig. 5.1a. The thickness value is equal at the shared

endpoint for all three branches. A joining of more than three branches at a point is

non-generic.

In general, a 3D medial locus is a set of connected medial surfaces and space curves.

Tubular objects whose medial loci are curves are non-generic and are not dealt with in

this dissertation. Each medial surface is bounded by a closed curve that is called the

edge. In particular, the part of an edge that is not part of any other medial surface is

called the free edge.

Medial surfaces connect along shared curves that are called seams. Seams either form

a part of the edge of a medial surface or form a crease (a discontinuity in the surface
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Table 5.1. Medial notation.

Symbol Description
m Medial surface
r Radial scalar field

u, v Parametrization of (m, r)
bt Boundary counterparts of (m, r)
t Indexes the two parts (−1, 1) of the implied boundary.

ut Unit normal to the boundary, also the direction from a point on
m to its boundary counterpart.

n Unit normal to the medial surface.

(a) (b)

Figure 5.2. Elements of 3D medial geometry. (a) The medial surface m
and its tangent plane at a point; the non-orthogonal frame (mu,mv,n), and
vector ∇r, the gradient of the thickness scalar field. (b) Implied boundary
surfaces b1,b−1 and the vectors u1,u−1 that point from the medial surface
to the boundary and are normal to the boundary.

normal) on the medial surface. Medial surfaces are smooth except at seams. Fig. 5.1b,

shows the seam γ that is a part of the edge of A and a crease on B. Geometric aspects

pertaining to 3D cm-reps with connected medial surfaces are discussed below but the

spline-based implementation is limited to models with a single smooth medial surface.

Formally, let O be some geometric object with a closed continuous boundary. The

cm-rep of O is an approximation of its medial axis. The cm-rep of O is considered valid if

it forms an exact medial axis of a geometric object that has the same topology as O, and

whose boundary is closed, continuous in curvature, and non-singular. This boundary
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is called the implied boundary of a valid cm-rep. The accuracy with which a cm-rep

describes O is measured in terms of differences between O and the object formed by the

implied boundary of the cm-rep.

In n-dimensional space, the medial locus is described by a set of control parameters

that define C2 functions (m, r) : D → R
n × R

+ on a closed domain D ⊂ R
n−1. The

medial manifold is defined by the spacial component m, and r defines the thickness field

on m.

The boundary generated by a cm-rep is constructed by inverting the SAT. Spheres

(or disks) of radius r(u, v) are placed at each location m(u, v) on the medial manifold.

The generated boundary is the envelope of such a family of spheres or disks. In 3D, the

points x ∈ R
3 that belong to this two-parameter family of spheres are defined by the

implicit equation

(36) f(x, u, v) = |x − m(u, v)|2 − r(u, v)2 = 0 .

At the points on the envelope f must satisfy

f = 0 , fu = 0 , fv = 0 .(37)

This system of equations yields a definition of the boundary that assigns a pair of bound-

ary positions to each (u, v). Each sphere in the family generically touches the envelope at

two points on opposite sides of the medial axis (with the exception special points where

the two sides of the boundary come together, which will be discussed later). The points

of tangency are called the boundary counterparts of a point on the medial axis. The

two boundary counterparts are indexed by t ∈ {−1, 1}, are denoted as bt(u, v), and are
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expressed as:

bt = m + rut ,(38)

ut = −∇r + t
√

1 − ‖∇r‖2n ,(39)

where n is the unit normal on the medial surface and ut is the unit normal on the

boundary surface. The vector ∇r is the gradient of the thickness scalar field on the

medial surface:

(40) ∇r =
[

mu mv

]

I−1
m





ru

rv



 ,

where Im is the metric tensor on the medial surface.

The projections of both boundary counterparts onto the medial tangent plane lie in

the negative ∇r direction. The distance from each counterpart to the medial tangent

plane is r
√

1 − ‖∇r‖2; hence the boundary counterparts of m are defined only if

(41) ‖∇r‖ ≤ 1 .

This becomes the first constraint on the radial field.

The vector ut in the direction from a medial point to its boundary counterpart is

normal to the implied boundary. This ensures that the medial surface is the SAT of its

implied boundary. This property is used to express the curvature tensor of the implied

boundary in terms of second derivatives of (m, r).

The second derivative tensor of the implied boundary surface is

(42) IIbt =





bt
uu · ut bt

uv · ut

bt
vu · ut bt

vv · ut



 = −





bt
u · ut

u bt
v · ut

u

bt
u · ut

v bt
v · ut

v



 .
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The metric tensor of the implied boundary is

(43) Ibt =





bt
u · bt

u bt
u · bt

v

bt
v · bt

u bt
v · bt

v



 .

The principal curvatures and principal directions of the implied boundary, which are the

eigenvalues and eigenvectors of IIbtI−1
bt , are expressed in terms of first derivatives of bt

and ut, and following (38), in terms of second derivatives of m and r.

At a point m on the medial surface where ‖∇r‖ = 1 the component of ut in the

direction normal to m is 0, following (39). The two boundary counterparts collapse to a

common point on the tangent plane of the medial surface. The square root in (39) forces

the derivative of ut to asymptote at such points, and the curvature tensor on the surface

can not be computed in terms of second derivatives of m and r.

The definition of the implied boundary in 2D is analogous to 3D. Equations (38), (39)

do not change, and the vector ∇r is given by

(44) ∇r =
dr

ds
t =

r′
√

x′2 + y′2
t ,

where s is the arclength of the medial curve, t is the unit tangent vector on the medial

curve, and the primes are derivatives taken with respect to the parameter u.

5.3.2. Constraints on Medial Manifolds. The functions (m, r) must satisfy con-

straints that fall into two categories. The first category ensures that the cm-rep generates

a closed connected boundary. The second category ensures that the boundary is non-

singular. This section focuses on 3D constraints and the simplified 2D case is mentioned

in the passing.

Each medial surface comprising a cm-rep generates two boundary halves, b1 and b−1.

The constraints that ensure that the boundary halves to meet forming a closed surface

are expressed differently at free edges, smooth interior points, seams and at the ends
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(a) (b) (c)

Figure 5.3. Examples of 3D cm-reps. (a) A medial surface. (b) Same
medial surface and its implied boundary half b1. (c) Same medial surface
with both boundary halves b1,b−1 that form a closed surface.

of seams. The spheres placed at these different classes of points have distinct orders of

contact with the implied boundary, and have different geometric properties [Giblin and

Kimia 2000].

At free edges the boundary halves implied by the same medial surface connect. Recall

from section 5.3.1 that the boundary counterparts of a point on a medial surface coincide

when ‖∇r‖ = 1. Thus this condition must hold at points on the free edge. Fig. 5.4a

shows an example of a medial surface that violates the free edge constraint.

At smooth points interior to a medial surface the two boundary counterparts are

disjoint; otherwise the implied boundary does not form a closed manifold. Following

(41), the constraint at these points is the strict inequality ‖∇r‖ < 1.

At a seam point three smooth subsurfaces mi, i ∈ {1, 2, 3} come together at an angle

to each other. For example, in Fig. 5.1b the opposite sides of the crease in A and the

surface B form the three smooth subsurfaces. The six boundary halves implied by the

three subsurfaces connect in such a way that b1
i meets b−1

i⊕1 smoothly. The addition

operation ⊕ on the index i is cyclic on the set {1, 2, 3}. By (38), the six boundary
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(a) (b)

Figure 5.4. Examples of boundary illegalities. (a) An example of a me-
dial surface with an implied boundary that is not closed. (b) A swallowtail
singularity on the implied boundary.

counterparts meet if

(45) u1
i = u−1

i⊕1 ,

since the r value is the same for all three subsurfaces at a seam point. Solving (39), (45)

for ni yields the following constraint on seam points:

(46) ni =
∇ri⊕2 −∇ri⊕1
√

1 − ‖∇ri‖2
.

At seam endpoints one of the angles between the three joining subsurfaces becomes

π and the constraint (46) disappears. Applicable free edge constraints must still be

satisfied.

The above constraints ensure that the implied boundary a is closed and connected

surface but do not guarantee that it is non-singular. Fig. 5.4b shows an implied boundary

forming a swallowtail singularity, which commonly occurs when the medial surface is left

unconstrained. Singularities and invalid regions are detected using the Jacobian of the

mapping in (38), given by

(47) J t = t
bt

u × bt
v · ut

mu × mv · n
, for t = −1, 1.

143



At singularities J t = 0 and there exists a region where J t < 0. Therefore, singularities

and points with reverse boundary orientation are eliminated by ensuring that J t > 0 at

each point on the medial surface.

When the generated boundary is convex or hyperbolic at a point, the inscribed sphere

must have smaller radius than the radii of curvature corresponding to the negative princi-

pal curvatures. Otherwise, the inscribed sphere would cross the implied boundary. Hence

the constraint

(48) r < − 1

κt
min

must be satisfied by a valid cm-rep.

In two dimensions the above set of constraints reduces to a set of simple requirements.

At free endpoints |dr/ds| = 1, while |dr/ds| < 1 is enforced on the interior of medial

curves. At shared endpoints where three medial curves meet at an angle to each other,

the following constraint holds:

(49)
dri

dsi

= ti⊕1 · ti⊕2 ,

where the three tangent vectors are taken pointing into the shared endpoint. The Jaco-

bian constraint from (47) simplifies to

(50) bt
u · t > 0 ,

and the radius of curvature constraint from (48) does not change.

5.3.3. Spline-Based Generative Model. Cubic b-splines are used to model the me-

dial surface and the thickness scalar field because they provide local control and C2

continuity. The formulation of a smooth medial manifold as a b-spline is similar in 2D

and 3D. This subsection begins with the 3D case, which is presently limited to a single

smooth medial surface.
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(a) (b)

Figure 5.5. A manually constructed 3D b-spline medial of the hip-
pocampus. (a) The medial surface and the control point polygon. (b) The
implied boundary.

A smooth medial surface (m(u, v), r(u, v)) is defined in terms of control points as

follows:

m(u, v) =

d1
∑

i=0

d2
∑

j=0

N3
i (u)N 3

j (v)m̄ij ,

r(u, v) =

d1
∑

i=0

d2
∑

j=0

N3
i (u)N 3

j (v)r̄ij(51)

where (m̄ij, r̄ij) ∈ R
3 × R is a (d1 + 1) by (d2 + 1) array of control points that include

both positional and thickness components. Ni are third order b-spline basis functions

Piegl and Tiller [1996].

Medial b-splines must satisfy the legality constraints defined in section 5.3.2. The

constraints ensuring that the generated boundary is closed are enforced differently in 2D

and 3D.

B-spline surfaces are defined on a quadrilateral mesh and thus have sharp corners.

It is not practical (or even possible) to enforce the edge condition ‖∇r‖ = 1 on the

edge of such a rectangular surface, as it would limit the range of objects that could

be represented. Neither is is possible to define enforce the edge constraint along some

predetermined curve on the b-spline surface, because the number of degrees of freedom

afforded by the set of control points is finite and does not suffice for enforcing an arbitrary

condition at each point of such curve.
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However, the edge constraint can be satisfied if the edge itself is defined implicitly

as the curve ‖∇r‖ = 1, and the portion of the b-spline surface where ‖∇r‖ > 1 is not

considered to be part of the medial locus. The existence of the curve ‖∇r‖ = 1 on

the b-spline surface is ensured by setting by setting r̄ij to large negative values at the

perimeter control points, and by keeping r̄ij positive at the interior. The large difference

in the values of r̄ij near the perimeter causes causes the values of ru and rv to become

large, in turn causing ∇r to exceed 1, as a consequence of (40). The small difference in

the values of r̄ij on the interior keeps ‖∇r‖ < 1 there. In order to describe objects of

spherical topology, special care is taken to make sure that surface points where ‖∇r‖ < 1

form a single connected region, and hence, that the level curve is unique and not self-

intersecting.

The level curve that defines the edge of a medial branch is computed using a numerical

root finder in the process of sampling the spline. Whenever two consecutive samples have

opposite signs of ‖∇r‖ − 1, Newton’s method is applied along the vector connecting the

two samples in parameter space. Fig. 5.3a is an example of a b-spline surface trimmed

by the edge curve.

B-splines are an especially elegant representation for 2D cm-reps. Not only is it

possible to represent medial structures with multiple connected branches, but also to in-

corporate all of the constraints on ∇r directly into the b-spline model. These constraints

can be expressed as simple relationships between adjacent control points.

The knot sequences used to construct 2D b-splines have four repeating zero values

at the beginning and four repeating unity values at the end. As a result, the b-spline

behaves like a Bezier curve at the end points: it interpolates the terminal control points

and the first derivatives of (m, r) at curve ends are linear combinations of the terminal

and the next-to-terminal control points, and shown in Fig. 5.6a.
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(a) (b)

Figure 5.6. Simple constraints on neighboring control points are used
to ensure that the implied boundary is closed. (a) At free endpoints, the
radius at the next-to-last control point is constrained. (b) At shared end-
points the control point m̄0 is also shared and the radius value at the three
neighboring control points is constrained.

At free endpoints, the constraint |dr/ds| = 1 is expressed in terms of the terminal

control point (m̄0, r̄0) and the next control point (m̄1, r̄1):

(52) r̄1 = r̄0 + ‖m̄0 − m̄1‖ .

At the points where three branches meet, the terminal control point of each branch is

shared, as seen in Fig. 5.6b. The connectivity constraints from (49) are expressed in

terms of the shared control point (m̄0, r̄0) and the next-to-last control points (m̄i, r̄i), i ∈

{1, 2, 3} of each branch:

(53) r̄i = r̄0 + ‖m̄0 − m̄i‖
(m̄0 − m̄i⊕1) · (m̄0 − m̄i⊕2)

‖m̄0 − m̄i⊕1‖‖m̄0 − m̄i⊕2‖
.

Hence, a closed and connected generated boundary is formed by expressing the next-to-

terminal control values r̄i in terms of near control points.

5.4. Parameter Estimation for Image Segmentation

Continuous medial models are used in image analysis applications following the de-

formable models framework. A template cm-rep is deformed to optimally fit the image

data in the presence of a geometric prior term.

147



Template models are constructed manually by moving control points and adjusting

their r value. In 2D, new branches are added by dividing an existing branch into two

parts, and joining the two new branches with a third branch at a single control point.

The user interface provides feedback when one of the constraints defined above is vio-

lated (although constraints on ∇r are enforced by the construction of the model, the

non-singularity constraints must be checked after each modification of the model). The

method often succeeds even if initialized with a template model that violates the non-

singularity constraints. An example of a manually built 3D template model is shown in

Fig. 5.5, and the accompanying movie manual.mov demonstrates model editing in 3D.

Template models are deformed to fit an image in an iterative process that minimizes

an energy term in presence of constraints. The energy term consists of an image match

component and a prior component. The image match component depends on the ap-

plication. The convolution of the image with the Gaussian derivative kernel is used for

gray-scale image segmentation. The aperture of the kernel is proportional to the local

thickness of the object.

When fitting a model to a binary segmentation in 3D, the image match term is the

mean square distance to the boundary of the binary object Danielsson [1980]. The volume

overlap measure can be used instead, e.g. when fitting coarse models with few control

points to highly detailed binary objects.

Regardless of the type of the image match function used, the image match energy

component is integrated over the surface of the implied boundary. Integration is per-

formed by sampling the medial spline at a sufficiently fine level of detail. Presently, the

spline is sampled uniformly in parameter space. In 3D, the intersections of the trimming

edge curve with the sampled grid are added to the set of regular samples collected on

the interior of the medial surface.
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The prior energy term favors models with low curvature. It imposes a penalty of the

form

(54) (|m̄i+1 − m̄i| − |m̄i − m̄i−1|)2

on the neighboring control points. The penalty causes the control polygon to be relatively

smooth. B-splines possess a minimum curvature property Farin [1995] which relates the

smoothness of the control polygon to the smoothness of the spline.

The singularity constraints (47) are implemented as heavily weighted penalty func-

tions and are integrated over the sampling grid. The constraints are computed numeri-

cally on the order of the sampling grid. Only the first derivatives of (m, r) are computed

during the deformation process. Discrete sampling makes it possible for small local vio-

lations of the constraints to occur. The issues of sampling are addressed in the discussion

section.

Energy minimization is performed using the µ + λ evolution strategy Michalewicz

[1992] in two stages. In the similarity transform stage the template is scaled, rotated

and translated to best match the image. During the deformation stage, small groups

of adjacent control points are selected in random order and their values are optimized.

Each group is optimized for several hundred iterations of the evolutionary algorithm, and

several passes over the groups are made, until deformations cease to be significant.

The global non-deterministic optimization method was chosen because the image-

driven energy function has many local optima. While there exists no mathematical bound

on the number of iterations needed for the optimization to converge, the empirical bound

in 3D is on the order of 1000 iterations per group of four control points. Convergence

time is discussed in section 5.5. The algorithmic complexity is linear in the number of

control points because a change to a group of control points only requires the reevaluation
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of the energy function over a local portion of the object. The complexity is linear in the

number of sample points as well.

5.5. Results

This section demonstrates the effectiveness of cm-reps in application to object repre-

sentation and automatic image segmentation. In two dimensions, a model of a vertebra

is automatically deformed to fit a slice of a CT image. In three dimensions, a model of

the hippocampus is similarly fitted to a manually segmented MRI of the human brain.

5.5.1. 2D Vertebra Segmentation. The continuous m-rep method was used to au-

tomatically segment segment a lumbar vertebra in a 2D axial slice of the Visible Human

abdominal CT subset The U.S. National Library of Medicine [2001], which is shown in

Fig. 5.7a. Fig. 5.7b shows a manually constructed initial model of the vertebra with 10

connected branch curves. Notice that this model intentionally contains illegalities, shown

as blue segments of the boundary. The result of automatic segmentation is shown in Fig.

5.7c. The optimization process corrected the illegalities and fitted the image boundaries

closely. Fig. 5.7d shows a detail from fitted model, where in the top left corner the limita-

tion the of the non-singularity constraint 50 on the Jacobian can be seen. The curvature

constraint 48 was not enforced during this segmentation.

5.5.2. 3D Hippocampus Segmentation. A three-dimensional template model of the

hippocampus was automatically fitted to binary segmentations of the left and right hip-

pocampi in a magnetic resonance image, which is a part of a study on effects of schizophre-

nia on the shape of the hippocampus Gerig et al. [2001]. The template model of the right

hippocampus was constructed manually by interactively moving control points in space.

A binary image describing the average shape of the right hippocampus in a group of

subjects was used for reference. This average shape was computed by Styner and Gerig

[2001a] using the SPHARM description of all the right hippocampi in the schizophrenia
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(a) (b)

(c) (d)

Figure 5.7. Automatic segmentation of a vertebra in an abdominal CT
image. (a) A slice from the CT image. (b) A manually constructed model
with illegalities. The yellow x-shaped marks denote the positions of control
points. (c) A result of deforming the model to optimally fit the image. (d)
A magnified detail of the model.

study. The template model of the left hippocampus was constructed by reflecting the

right template across the midsagittal plane. The template model of the right hippocam-

pus is shown in Fig. 5.5.

The similarity transform stage of the optimization was performed using a likelihood

term that measures the volume overlap between the binary segmentation and the trans-

formed template. A different likelihood term based on the mean square distance to the

boundary was used for the deformation stage of the optimization. In order to compute

mean square distance, the distance transform was computed on the binary image, and

the result was blurred using a 1-voxel Gaussian kernel.
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(a) (b)

(c) (d)

Figure 5.8. Automatically fitted models of the left and right hip-
pocampi. (a) Left hippocampus: medial surface. (b) Right hippocam-
pus: medial surface. (c) Left hippocampus: implied boundary. (d) Right
hippocampus: implied boundary.

Table 5.2. Mean square distance from left and right hippocampal mod-
els to the binary segmentation.

Left Model Right Model
Template initialization 216.00 122.59
After similarity transform 4.34 4.55
After deformation 1.71 1.49

The optimization of a model with an order of 4000 sample points typically converges

after 10-15 minutes on a 900 MHz Intel machine. The resulting models are shown in Fig.

5.8. Table 5.2 shows the mean square distances, in units of voxels, from the boundaries

of the hippocampal models to the binary segmentations. Both the right and left hip-

pocampus were fitted accurately. The accompanying movie deform.mov demonstrates

3D segmentation.
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5.6. Discussion and Conclusions

5.6.1. Extensions to the Algorithm. Continuous m-reps have been used to represent

2D objects with branching medial topology and to represent 3D objects with a single

medial surface. The extension of the method to cover 3D branching topology remains.

The challenge lies in efficiently representing creases formed by seams in medial surfaces

and in enforcing constraints along the creases implicitly. B-spline surfaces defined on a

quadrilateral mesh can not represent seams efficiently because creases on these surfaces

are formed by knot repetition. A crease extends across the entire surface and its image in

the parameter space of the b-spline is parallel to the coordinate axes. Recent extensions to

the b-spline paradigm Catmull and Clark [1978], Peters [1996] allow meshes of arbitrary

topology to be used and promise to represent creases more efficiently. The 2D branching

constraint (49) is expressed in terms of relationships between nearby control points. In

3D, the possibility of expressing the non-linear seam curve constraint (46) in terms of

control points remains an open question.

In this dissertation, continuous m-reps are used to describe objects that have codimen-

sion 1 medial axes. Objects such as tubes with circular cross-sections in 3D and circles in

2D have medial axes of higher codimension. While objects with exact rotational symme-

try are non-generic, some common biological structures, such as blood vessels in 3D, are

almost perfectly tubular. Continuous m-reps fitted to such objects are sensitive to slight

boundary perturbations and imaging noise. Curve-based medial representations, such as

those used by ?, provide a more stable description for tubular objects. A combined me-

dial description could be defined; such a description could choose between surface-based

and curve-based medial representations as dictated by image data.

The present implementation uses a uniform grid in b-spline parameter space to sam-

ple the cm-rep. Such sampling produces a non-uniform boundary grid, especially near

edges of branches, where the medial-to-boundary mapping asymptotes. An adaptive
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sampling scheme based on distances along the boundary would improve the robustness

of segmentation and constraint enforcement.

Since the non-singularity constraints are checked only at the samples, small creases

on the boundary are not always detected. An analytical expression of the constraints in

terms of the b-spline control points needs to be derived in order to efficiently detect the

boundary creases at all scales. Alternatively, a search for the maxima of the constraint

function, although costly, would detect singularities independently of the sampling.

5.6.2. Comparison with Discrete M-Reps. One of the differences between contin-

uous m-reps and discrete m-reps is the strictness with which the two representations

conform to the rules of medial geometry. Continuous m-reps maintain a strict SAT rela-

tionship between the boundary and the medial locus. Discrete m-reps allow interpolation

of both the boundary and the medial locus but only enforce the SAT relationship at the

medial atoms. Differences in stability between the two methods remain to be analyzed.

The two methods also differ in the way they handle objects with branching me-

dial topology. Continuous m-reps approximate the behavior of medial loci at branching

points. Discrete m-reps do not attempt to simulate the way that medial branches seam

and objects with multiple figures are represented by blending the boundaries of single

figure m-reps. The blending makes is easy to model and deform complex 3D objects be-

cause a figure can be moved relative to another without recomputing the representation.

Constructive solid geometry is possible with discrete m-reps.

Both representations provide an object-intrinsic metric on the space inside and around

the object. This metric allows distance measures to take into account the local thickness

of the object. For example, the aperture of the image intensity filter used in grayscale

segmentation is proportional to the local thickness of the object. The intrinsic metric

can be used to establish an object-centric coordinate system, which provides a framework
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for fine-scale boundary perturbations within tolerances prescribed by the local thickness

Joshi et al. [2002].

Recent advances in deformable segmentation, registration and shape analysis based

on discrete m-reps can readily be extended to cm-reps. Applications that require ar-

bitrary sampling of medial loci can benefit from the continuous representation. For

instance, boundary sampling may be adjusted adaptively during segmentation, improv-

ing robustness and efficiency. Statistical shape analysis can benefit from cm-reps because

correspondences between objects can be represented as a continuous mapping.
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CHAPTER 6

Discussion and Conclusions

He had been eight years upon a
project for extracting sunbeams out
of cucumbers, which were to be put
into vials hermetically sealed, and
let out to warm the air in raw,
inclement summers.

Jonathan Swift, Gulliver’s Travels

6.1. Summary of Scientific Contributions

This section briefly summarizes the scientific contributions reported in Ch. 3, 4, and 5

of this dissertation. The section revisits each of the claims made in Sec. 1.3 and discusses

where and how it has been addressed in the dissertation.

Claim 1. New concept: A focus on locality in shape characterization

In this dissertation, the term locality refers to the assumption that shape-altering

processes, such as schizophrenia and other diseases, affect biological objects at one or

few regions. For example, locality is exhibited by a small spherical tumor in an organ if

over time the tumor displaces the organ’s boundary in the region nearest to its center.

Locality is a recurring theme in this dissertation, and it is the primary motivation behind

the coarse-to-fine shape characterization framework described in Ch. 3 and the feature

selection algorithm developed in Ch. 4.

In Ch. 3 locality is the basic reason for decomposing the shape characterization prob-

lem into a coarse-to-fine hierarchy of subproblems. This decomposition makes it possible



to find the regions where the shape-altering processes are most active, for example in con-

text of a classification problem, where a comparison of the discriminating ability of the

global coarse-scale subproblem and multiple local fine-scale subproblems is used to find

such regions. Locality is also the basic assumption made in developing the shape-specific

feature selection method, called window selection, in Ch. 4.

This dissertation does not set out to prove that shape features exhibit locality. In-

stead, it treats locality as reasonable assumption and develops methodology that takes

advantage of it. However, the results of clinical data experiments reported in Ch. 4 seem

to affirm that the assumption of locality is valid. The results reveal that the most signif-

icant differences between schizophrenic and healthy hippocampi occur in a few regions

of the organ and suggest that locality is indeed exhibited by schizophrenia.

Claim 2. New method: Using a multi-scale medial object representation for localizing

and describing components of shape variability

A new coarse-to-fine framework for two-dimensional shape analysis of objects was

developed in Ch. 3. This approach decomposes the problems of shape characterization

and shape-based classification into hierarchies of subproblems. Located at the top of

such a hierarchy is a subproblem that examines global variability of objects at a coarse

scale. At the bottom are subproblems that examine regions of objects locally at a fine

scale. This hierarchy is conceptually similar to the process of human form perception,

which examines objects at different levels of detail separately.

The coarse-to-fine framework uses discrete m-reps to describe objects in terms of

their medial structure. It leverages the ability of m-reps to describe objects with an

arbitrary level of tolerance, constructing a coarse-to-fine sequence of m-rep descriptions

of each object. Statistical features used in the coarse-scale global shape characterization

subproblem are derived from differences between elements of neighboring medial atoms

in the coarse-level m-rep description. Features used in the fine-scale local subproblems
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are derived from residual differences between medial atoms that describe the same region

of the object at different scales. Residual features allow the global shape variability to

be removed in the consideration of local variability.

An illustrative analogy can be made between coarse-to-fine shape features and wavelets.

Wavelets are a kind of function decomposition basis whose components are localized both

in time and in frequency. Coarse-to-fine residual features are similarly localized in terms

of the range of places on an object that they describe and the range of levels of detail

at which they describe these places. Figure 6.1a illustrates this analogy by showing the

‘footprints’ of different coarse-to-fine features in the space formed by location on one

axis and level of detail on another. Coarse global features have a large footprint both in

location and in level of detail, while the residual fine features have a small footprint of

these dimensions. For comparison, Figs. 6.1b and 6.1c show the footprints of features

that are not coarse-to-fine. For example, features derived from coefficients of a decom-

position of objects into a basis of principal components of variability or into a basis of

spherical harmonics have footprints that are bounded in level of detail but global in

spatial location. On the other hand, features sampled directly from a dense geometric

object representation, such as coordinate values of points sampled from the boundaries

of objects, have footprints that are bounded in spatial location but global in terms of the

level of detail.

The coarse-to-fine framework is designed to be used in the context of shape-based

classification as a tool for localizing shape-altering processes responsible for differences

between classes of biological objects. The ability to discriminate between classes is com-

pared across the coarse-to-fine hierarchy of classification subproblems. If one or a few

subproblems discriminate significantly better than others, one may conclude that the

regions and levels of scale described by the features in those sub-problems are the ones

most affected by the shape-altering process.
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Figure 6.1. Feature ‘footprints’ in different shape characterization ap-
proaches. (a). In the approach described in Ch. 3 features have a hierar-
chical structure in the location-detail space: features that describe objects
globally do so at a coarse scale, and spatially localized features describe ob-
jects at a fine scale. (b). The footprints of features computed as coefficients
of global basis decompositions (e.g., eigenmodes, spherical harmonics) are
bounded in level of detail but not in spatial location. (c). The footprints of
features that measure local geometry, such as geometric properties sampled
from a lattice are localized in space but not in level of detail.

The framework can also be used for estimating densities on m-rep parameters and

for visualizing the principal components of variability in a sample of objects. The use of

medial features makes it possible to decompose shape variability into geometrically quali-

tative components, such as variability in bending and variability in width and elongation,

and to visualize these components separately.

The framework developed in Ch. 3 was tested using real and simulated shape data

based on the shape of the corpus callosum. The experimental results verify the ability

of the method to separately show components of shape variability that describe the

bending of objects and the components that describe widening and elongation. In case

of classification the results show that the method is able to detect the location of a

fine-scale inter-class difference.

Claim 3. New method: Selecting statistically relevant features in shape classification

problems.
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Although the framework described in Ch. 3 is conceptually correct in using classi-

fication as a tool for localizing shape-altering processes, the approach that it takes for

measuring the relative discrimination ability of classification subproblems is based on

comparing p-values of mean difference tests and is not robust with respect to outliers.

This approach does not provide an efficient way to compare relative discrimination abil-

ity of clusters of multiple local subproblems. A more theoretically sound approach to

localizing shape-altering processes was presented in Ch. 4.

In Ch. 4, feature selection methodology from the machine learning literature was

adapted to the problem of shape-based classification and localization of shape-altering

processes. A novel algorithm, called window selection, was developed by extending an

existing feature selection technique [Bradley and Mangasarian 1998], which uses support

vector machine techniques and casts the problem of finding a subset of feature most rele-

vant for discriminating between two classes as an energy minimization problem that can

be solved efficiently using linear programming. The window selection algorithm incorpo-

rates locality, the assumption that shape-altering biological processes are localized to a

region or a few regions of the object of interest, by including a heuristic that favors the

selection of sets of features that represent clusters of neighboring locations in the geo-

metric object representation. The window selection algorithm elegantly incorporates this

locality heuristic into the linear programming formulation used in the feature selection

method.

Claim 4. Result: New feature selection method shown superior to a similar method

in synthetic examples.

Two kinds of experiments on synthetic data were performed in Ch. 4 in order to

evaluate the performance of the window selection method as compared to the feature

selection method on which it based and to classification without feature selection. The

first kind of experiment is a multidimensional classification problem in which the features
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are normally distributed, only a subset of the features is relevant for discrimination, and

the relevant features are clustered together. When applied to this data, the window

selection algorithm correctly identified the relevant set of features more frequently than

the feature selection algorithm, and it produced classifiers that had better expected gen-

eralization performance than classifiers constructed using the feature selection algorithm

or classifiers that use the entire set of features.

The second kind of experiment tested the performance of window selection in a simu-

lated shape-based classification experiment. Two similar classes of objects that resemble

the shape of the corpus callosum were generated, and a small circular outward displace-

ment was applied to the objects in one of the classes. The center and radius of the

displacement are distributed normally with small variance, causing the displacement to

only affect a region of the corpus callosum shape. Statistical features were derived from

a discrete representation of the corpus callosum boundaries. In this experiment two

clusters of features are relevant for discrimination between classes. These clusters are

located on opposite sections of the boundary nearest to the place where the circular

displacement was embedded. When applied to these features, the window selection al-

gorithm selected two clusters of features that overlap the clusters of relevant features,

while the feature selection algorithm returned some irrelevant features located far away

from the displacement location. The generalization ability of the classifier constructed

in the space of features returned by window selection was marginally better than that

of the classifier based on feature selection and significantly better when compared to a

classifier constructed on the entire feature set.

Claim 5. Application: New feature selection method is applied to clinical 3D hip-

pocampus data.

Chapter 4 described the application of the window selection and feature selection

algorithms to clinical data from a study by Csernansky et al. [2002] of the effects of
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schizophrenia on the shape of the hippocampus. The clinical data consists of dense

meshes of the right and left hippocampi of 117 subjects, 52 of whom are schizophrenics,

while the other 63 are matched healthy controls. The dense meshes representing the

right and left hippocampi were partitioned into 80 patches each. A summary feature was

computed for each patch by integration of the displacement of the patch from the mean

hippocampal shape. These patch summary features were computed in order to make it

possible for the feature sets returned by window and feature selection algorithms to cover

a significant portion of the hippocampal surface, since the number of features selected

by these algorithms is limited by the size of the training set.

The application of window and feature selection algorithms to the patch summary

features in a leave-one-out cross-validation experiment resulted in similar correct classi-

fication rates. These rates did not differ significantly from rates achieved by classifiers

that do not use feature selection. More interesting is an examination of the frequency

with which the window and feature selection algorithms identified different patches on

the hippocampal boundary in the leave-one-out experiments. Patches most frequently

selected by the feature selection algorithm are scattered around the hippocampus, but

clusters of patches selected by the window selection algorithm form a more structured

pattern and clearly indicate that the head of the right hippocampus is a location where

differences between schizophrenic and healthy hippocampi are most significant (see Fig.

4.7). This result confirms earlier conclusions made by Csernansky et al. [2002].

Claim 6. New method: Representing 2D and 3D object geometry using a continuous

medial representation based on splines.

The ability to interpolate and resample medial atoms in discrete m-reps is necessary

in order to produce residual features in the coarse-to-fine framework described in Ch.

3. A basic algorithm capable of such interpolation in two dimensions was presented

in Sec. 3.2.1. The difficulty of extending this algorithm to three dimensions led to
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the development of a new continuous medial representation that was described in Ch.

5. This continuous representation allows an object to be described at different levels

of detail. These continuous descriptions can be arbitrarily sampled, and relationships

between pairs of corresponding samples can be used as residual fine-scale features for

shape characterization and classification.

Continuous m-reps are defined using a lattice of control points, which are tuples

consisting of a position element and a radius element. The positions and radii are inter-

polated using cubic b-spline curves or surfaces, resulting in a continuous representation

of a medial locus. A medial atom can be computed at each point on this continuous

medial locus in terms of the zeroth and first order properties of locus at the point. The

boundary nodes of the atoms computed over the interpolated medial locus form another

locus that is continuous and closed under a certain set of constraints, which are discussed

in Sec. 5.3.2. This locus describes the boundary of the object represented by a continu-

ous m-rep. A nice mathematical property of the continuous m-reps is the fact that the

medial locus defined by the m-rep is indeed the grassfire transform of the boundary locus

generated by it.

In two dimensions, the spline-based representation is flexible enough to allow for

branching medial loci that are needed to describe objects with multiple figures. In three

dimensions the representation is presently limited to single-figure objects.

Claim 7. Result: Continuous medial representation shown capable of describing and

segmenting objects in 2D and 3D medical images.

An automatic image segmentation algorithm used for discrete m-rep based segmenta-

tion was adapted to continuous m-reps in Ch. 5. The algorithm follows the deformable

templates framework. It iteratively deforms a template continuous m-rep by updating

the values of the b-spline control points, trying to optimize an objective function that

164



rewards match between edges in the image and the boundary generated by the contin-

uous m-rep and penalizes control point configurations that violate constraints from Sec.

5.3.2 and cause the implied boundary to become invalid.

In two dimensions the algorithm was successfully applied to the segmentation of a

vertebra in an axial CT slice of the human abdomen. The vertebra is a structure with

a complex branching topology and the continuous m-rep template used to fit it contains

multiple figures. In three dimensions, the algorithm was applied to a binary characteristic

images of the hippocampus that had been segmented manually by experts from brain

MRI images. In both applications of the segmentation algorithm, the resulting continuous

m-reps accurately matched the boundaries of the objects in images.

6.2. Discussion and Future Work

He told me, he did not doubt in
eight years more, that he should be
able to supply the governor’s
gardens with sunshine at a
reasonable rate; but he complained
that his stock was low, and
intreated me to give him something
as an encouragement to ingenuity,
especially since this had been a very
dear season for cucumbers.

Jonathan Swift, Gulliver’s Travels

Chapters 3,4, and 5, the three main chapters of this dissertation, are connected to

each other conceptually rather loosely. In an analogy to software engineering, we can

think of the coarse-to-fine framework developed in Ch. 3 as Version 1.0 of a longer

ongoing project. This early version is limited to two-dimensional single-figure objects.

Its approach to localization of shape-altering processes is based on comparison of t-test p-

values and does not truly identify object regions where the discrimination between classes

of objects is most significant. The technique that it uses for medial atom interpolation

does work for all possible configurations of medial atoms, etc.
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Chapter 4 presented a comprehensive extension to the Version 1.0 in the areas of

feature selection, which replaces the p-value based localization of shape-altering processes.

The continuous medial representation discussed in Ch. 5 also is an extension to the

Version 1.0 because it eliminates the need to interpolate medial atoms. In my view, the

research accomplishments from Ch. 4 and 5 form components of Version 2.0 of the shape

characterization framework, my vision of which is presented and discussed in this section.

Version 2.0 will incorporate the coarse-to-fine ideas from Ch. 3, it will use feature

selection, and it will rely on continuous m-reps for representing object geometry, for

automatic image segmentation, and for deriving statistical features that are geometri-

cally expressive. It will be able applicable to three-dimensional objects, even ones with

branching medial topology. It will use an algorithm in the spirit of window selection

presented in Ch. 5 for localizing regions of biological objects that are most significant

for discrimination between classes of objects. However, in order for Version 2.0 to do

all these wonderful things, its developers would have to solve a number of challenging

problems.

In Version 2.0, three-dimensional biological objects, including objects with branching

medial topology, will be represented by continuous m-reps. This capability requires an

extension to the existing continuous m-rep methodology, which in its current state is

not capable of representing curves, called shared edges, along which medial sheets in a

medial locus with a branching topology meet. Such an extension has been attempted by

P. Thomas Fletcher. His initial results were encouraging because he was able to model

segments of shared edges. However, he has yet not been able to model the behavior of

the medial locus at the special points located at the ends of the shared edge (i.e., the

points of type A1A3 according to the classification by Giblin and Kimia [2000]). In order

to model the shared edge, Fletcher had to switch to a higher order spline representation

of the continuous radial scalar field, which allowed him to continuously constrain the
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gradient of the field along the shared edge. It appears to be impossible to enforce these

constraints using the cubic b-spline based definition of the continuous m-reps.

A change to a different spline representation may, with a considerable amount of

effort, make it possible to model the shared edges and their endpoints. However, a

higher order spline with with special conditions imposed on it is likely to lose the nice

properties such as minimal curvature and local control, which make b-splines a popular

choice for geometric modelling.

The technique used to represent multi-figure objects in discrete m-rep modeling can

be extended to continuous m-reps. This technique is reminiscent of constructive solid ge-

ometry because it describes an object as a union of single-figure continuous m-reps whose

boundaries are blended smoothly near their intersections, forming a closed continuous

surface. The disadvantage of using this approach is that the Blum medial locus of the

blend regions of the boundary would not coincide with the medial locus defined by the

continuous m-rep as it does for boundaries of single-figure continuous m-reps.

Another approach to modeling three-dimensional multi-figure models would be to

change the way in which the medial surfaces and their edges are treated conceptually.

The current approach represents the medial surface explicitly as a b-spline patch, and it

models the edges of the medial surface implicitly, as level curves of the gradient magni-

tude of the radius scalar field. The alternative is to explicitly represent the edges and

intersections of edges of medial sheets as curves and points and to implicitly model the

medial surfaces bounded by these edges. Conceptually this is analogous to drawing a

sketch of the medial locus: an artist first draws the outline of an object and later fills

in the interior. In fact, Giblin and Kimia [2000], who classify the different types of

points, curves, and surfaces that generically occur on a three-dimensional medial locus,

suggest a data structure for representing the relationships between these points, curves,

and surfaces, and this data structure may be directly adaptable to this alternative type

of continuous m-rep modeling. The difficulty of this approach lies in figuring out how
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to control the interior portions of medial surfaces once their edges have been defined

explicitly. In my opinion, this alternative approach may be the most promising, but it is

also the one least explored.

In order to allow derivation of a coarse-to-fine hierarchy of statistical features, Version

2.0 will, like its predecessor, describe geometrical objects at multiple levels of detail.

Each object will be represented by a sequence of continuous m-reps fitted to it with

decreasing tolerance. The continuous m-rep methodology presented in Ch. 5 supports

explicit specification of tolerance in roughly the same manner as it is specified for discrete

m-reps in Version 1.0. However, since the inception of Version 1.0, the discrete m-rep

methodology has evolved considerably, and better techniques for describing and modelling

m-rep tolerance have been developed (for example, the technique of Lu et al. [2003b]

based on Markov random fields, which is briefly summarized in Sec. 2.1.7). Version 2.0

should extend such techniques to continuous m-reps in order to improve the robustness

and accuracy of segmentation.

In order to consistently describe populations of objects at various levels of detail

using continuous m-reps, Version 2.0 will incorporate a methodology for ensuring good

positional correspondence between instances of continuous m-reps that describe different

objects and between instances that describe the same object with different tolerance.

As summarized in Sec. 2.2.4, the shape characterization literature offers some solutions

to the problem of correspondence for geometric representations that describe different

objects. The following paragraphs consider the applicability of these solutions to con-

tinuous m-reps, in lieu of the special properties of the latter, e.g., their composition into

figures and the alignment of their edges with the maxima of boundary curvature.

Let us begin by considering the problem of establishing correspondence between con-

tinuous m-reps that do not branch, i.e., consist of only one medial manifold. In this case,

the problem of positional correspondence is continuous according to the categorization

of Sec. 2.2.4: correspondence can be defined as a set of diffeomorphic mappings ψ1 . . . ψn
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from a common domain to the parameter domains of n different instances of medial

manifolds. Let us define optimal correspondence as a choice of ψ1 . . . ψn that maximizes

some measurement of match integrated over the common domain. For a point u in the

common domain, we can compute the match in terms of the similarity between a set of

medial manifold points associated with the parameter values ψ1(u) . . . ψn(u).

In some undocumented work with two-dimensional continuous medial representations

of corpora callosa, I experimented with finding optimal correspondences between pairs of

single-figure continuous m-reps by defining different measurements of similarity between

medial points and by modelling the diffeomorphic transformations ψ1, ψ2 using cubic

splines. In some experiments the similarity between two corresponding points on two

different medial curves was computed as the weighted sum of squared differences between

various geometrical properties derived at those points, including medial curvatures, values

of the radius scalar field, and boundary curvatures at the boundary nodes associated with

the medial points. In other experiments the overall match between two two medial curves

reparameterized by diffeomorphic transformations ψ1, ψ2 was measured as the mutual

information between point sets sampled from them densely. Once a measurement of

match was selected, the optimal correspondence was found by deforming an initial set

of spline control points defining ψ1, ψ2 in a way that minimized a Bayesian energy that

consists of an likelihood term that integrates the match over the common domain and

a prior term that penalizes large values of the derivative of ψ1 and ψ2. I found that my

approach for establishing pairwise correspondence between medial curves consistently

aligned local minima and maxima of one curve with the local minima and maxima of

the other curve, in particular when applied to m-reps that describe the same object at

difference levels of tolerance.
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Based on my experience with two-dimensional single-figure medial correspondence,

I envision two possible solutions to the three-dimensional problem of continuous corre-

spondence between medial sheets. These two solutions are described in the following

paragraphs.

The first potential solution comes from a realization that problem of establishing cor-

respondence is analogous to non-rigid image registration. In both problems, one looks for

a set of transformations that optimally align a set of measurements between a collection

of objects. In the case of registration, the objects are images and the measurements are

image intensities. In the case of correspondence, the objects are medial sheets and the

measurements can be defined in many different ways and can be multi-valued. The corpus

callosum callosum work described above is an example of applying registration techniques

to the correspondence problem, and its extension to three dimensions is possible.

Many different measurements could be used as ‘image intensities’ for registration-like

correspondence. For example, in the corpus callosum experiments, local measurements

of medial curvature, radius, and curvature of the implied boundary were used. Such

measurements could be taken at a scale, e.g., by convolving some original set of measure-

ments over the parameter domain, thus extending the analogy to registration of image

scale-spaces. The previously described notion of residues between object descriptions at

different scales could be used in constructing these multiscale measurements: for exam-

ple, the fine-scale difference between the true boundary of an object and the boundary

implied by the medial representation of the object can be used to form a set of mea-

surements, which would allow the ‘pimples’ and ‘dimples’ on the object’s boundary to

contribute to the computation of the optimal correspondence. The idea of using both

boundary properties and medial properties leads us to understand that ‘image intensities’

need not be limited to measurements describing medial sheets and their implied bound-

aries. They could also describe the ambient space in which the object lies, for instance,

as distances to anatomical landmarks defined in this space. Also, when working in the
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context of greyscale image segmentation, one could define multi-valued measurements by

sampling the intensities of the greyscale image along vectors that go from medial points

to the associated points on the implied boundary. Because of the inherent difficulty of

the problem of correspondence, a combination of all these types of measurements may

be needed to produce good correspondence between medial sheets.

Another solution to establishing correspondence for continuous m-reps is to extend

the minimum description length approach by Davies et al. [2002], which is summarized

in Sec. 2.2.4. This approach casts the problem of correspondence in terms of minimizing

the description length needed to transmit the geometrical information about a collection

of similar objects within a given level of tolerance, e.g., the resolution of the image from

which the objects are segmented. The difficulty in applying the MDL idea to continuous

m-reps lies in its inherent dependency on discretization and the non-linear relationship

between the regular sampling of object boundaries and regular sampling of medial loci.

A regular discretization of a medial sheet within a particular level of tolerance does not

necessarily result in a regular discretization of the implied boundary.

The search for optimal correspondence between single-figure continuous m-reps must

take into account the fact that the ends of medial curves and edges of medial sheets are

aligned with maxima of objects’ boundary curvature and therefore inherently provide a

a gross correspondence between these maxima. In the case of three-dimensional medial

sheets, whose parameter domains are trimmed by a level curve that defines the edge of

the medial sheet, special care must be taken to ensure that the mappings ψ1 . . . ψn map

the edges of the common parameter domain onto the trim curves.

In the case of multi-figure continuous m-reps the problem of correspondence becomes

partially discrete and partially continuous. The discrete problem deals with making sure

that corresponding medial sheets in different m-rep instances describe corresponding fig-

ures, e.g., when describing a population of hands, ensuring that the medial curve indexed
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by number 2 always describes the index finger. The continuous problem deals with point-

by-point similarity between corresponding points in the discretely corresponding medial

sheets.

The statistical features in Version 2.0 will form a coarse-to-fine hierarchy. Like in

Version 1.0, these features will describe relationships between neighboring locations on

the continuous m-reps or between corresponding locations of m-reps that describe the

same object at different levels of detail. Future research will show which local geometrical

relationships will form good features. In some experiments that I have performed using

3D continuous m-reps, discrete approximations of curvature of the medial locus and the

second derivative properties the of radial scalar field seemed to form a good set features.

The sampling strategy used to compute finite sets of features from continuous medial

sheets remains to be researched as well.

Version 2.0 will use the window selection methodology described in Ch. 5 as a tool for

localization of shape-altering processes. The window algorithm will need to be adapted

to handle features derived from the medial representation. Since these features use differ-

ent types of measurements such as widening and bending to describe local geometry, the

window selection algorithm needs to be able to handle what I call co-located features : dif-

ferent measurements that describe the same place in the geometric object representation.

Co-located features were not dealt with in Ch. 5, where each location in an object repre-

sentation was described by a single-valued feature, such as the distance from a boundary

point to the origin in the synthetic shape examples in Sec. 4.3.2 and the patch summary

feature computed as the average displacement from the mean shape in the hippocampus

experiments in Sec. 4.4.3. One approach to handle having multiple features per location

is to define the distance between any two co-located features to be equal to zero, causing

windows to always include all of the co-located features together. However, this approach

would cause irrelevant features to be returned by window selection, because the presence

of a single relevant feature at a particular location will cause all of the features co-located
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with it to be selected, regardless of their relevance. In a different approach, we can define

the distance between co-located features to be infinite, causing these features never to

be placed in the same window and resulting in the independent analysis of the features.

The issue of co-located features requires further theoretical consideration.

Since the window selection methodology was developed and tested on features that

describe objects at a single level of detail, an extension to handle coarse-to-fine feature

hierarchies is necessary. The window selection could be adapted to hierarchical features

if an appropriate distance function were defined on them. This distance function needs

to reflect the fact that each location in an object is described by multiple coarse-to-

fine features. The distance between features needs to combine a spatial component and

a component that measures distance in scale, i.e., the number of levels of detail that

separate two features.

In addition to defining a new distance function for coarse-to-fine features, Version 2.0

will most likely need to have the capability to apply window selection hierarchically. The

need to do so arises from the limitation posed by the training sample size on the number

of features that can be returned by the window selection algorithm. Recall that in Ch.

4 the set of features describing the boundary of the hippocampus had to be reduced to a

much smaller set of patch summary features in order to allow window selection to identify

as significant regions that cover a substantial portion of the boundary. If the hippocampi

were to be described using a coarse-to-fine hierarchy of features, there would be even

more features to select from, and the reduction to patch summary features would not be

an option because it would lose the advantages of using a coarse-to-fine hierarchy.

In order to make window selection useful for large numbers of coarse-to-fine features,

Version 2.0 needs to be able to perform window selection recursively in a hierarchical way.

First, window selection would be applied to the few global coarse-scale features. Then

the finer-scale features that describe the regions identified as relevant by the coarse-

level window selection will be subjected to window selection, and the process will be
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repeated until the finest features in the hierarchy are reached. This approach would

reduce the number of features input into each application of window selection, eliminating

the need to compute summary features before applying window selection. However, the

effectiveness and theoretical validity of applying window selection hierarchically still need

to be studied.

The list of open problems that lie on the patch to Version 2.0 is long and intimidating.

Let us motivate the need for solving these problems by considering the potential benefits

offered by the Version 2.0 framework. Version 2.0 would allow shape characterization and

classification of complex anatomical objects, including subcortical structures including

brain ventricles, abdominal structures, bones, and many other regions of the body that

are affected by diseases. By performing shape analysis at a hierarchy of scales, Version 2.0

would be able to reduce its complexity is manner analogous to the way that the human

visual system perceives the world: first at a coarse scale then locally at a fine scale. By

representing object medially, Version 2.0 would be able to characterize shape variability

in terms of geometrically descriptive components. And by combining descriptive features

with feature selection, Version 2.0 might indeed be able to explain exactly where and

how certain diseases affect human anatomy.
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