MATH 131 Assignment 10                                                 Adrian Ilie


Theorem 11.4(d): The composition of three reflections is either a reflection or a glide.

Let l, m and n be three lines on one of the spaces studied. Then, we have:

If l=m, Rl Rm Rn = (Rl Rm) Rn = 1 Rn = Rn – reflection.

If m=n, Rl Rm Rn = Rl (Rm Rn) = Rl 1 = Rl – reflection.

If l=m=n, Rl Rm Rn = (Rl Rm) Rn = 1Rl = Rl – reflection.

If l is parallel to m, Rl Rm Rn = (Rl Rm) Rn = Td Rn  – glide.

If m is parallel to n, Rl Rm Rn = Rl (Rm Rn) = Rm Td  – glide.

If all lines are parallel, Rl Rm Rn = Td Rn – reflection.

If all the lines intersect, Rm Rn is a rotation of twice the angle from n to m. We can choose m’ and n’ such that they have the same angle between them, and m’ is perpendicular to l (just rotate them around their intersection point A, leaving l fixed). So,

Rm Rn = Rm’ Rn’




Then, Rl Rm Rn = Rl Rm’ Rn’

Similarly, lines m’ and l intersect, we can choose m’’ and l’ such that they have the same angle between them and m’’ is perpendicular to n’ (just rotate them around B, leaving n’ fixed). So,

Rl Rm’ = Rl’ Rm’’




Then, Rl Rm’ Rn’ = Rl’ Rm’’ Rn’
Since previously we had Rl Rm Rn = Rl Rm’ Rn’, it follows that:

Rl Rm Rn = Rl’ Rm’’ Rn’
But by construction m’’ is perpendicular to l’ and n’, so Rl’ Rm’’ Rn’ is a glide. It follows that Rl Rm Rn is a glide.

Cases where l is parallel to n or they all intersect in the same point are particular cases of the last case described.

