MATH 131 Assignment 11                                                 Adrian Ilie


Problem 14-1(a), page 175:

If an arc of a circle subtends an angle 2 from the center of the circle, then the same arc subtends an angle  from any point on the circumference.

There are four cases.

Case 1:
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Figure 1: Angle subtended from outside the arc (1).
Triangles CAD, CAB and DAB are isosceles, so by ITT we have three series of equal angles:

angle ADC = angle ACD

angle ACB = angle ABC

angle ADB = angle ABD

We have:

angle DAC = 180 – angle ADC – angle ACD = 180 – 2 * angle ADC

So, angle ADC = (180 – angle DAC) / 2

Also, angle DAB = 180 – angle ADB – angle ABD = 180 – 2 * angle ADB

So, angle ADB = (180 – angle DAB) / 2

angle CDB = angle CDA + angle ADB = (180 – angle DAC) / 2 + (180 – angle DAB) / 2 = (360 – angle DAC – angle DAB) / 2 = angle CAB / 2

So, angle CDB = angle CAB / 2, q.e.d.

Case 2:
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 Figure 2: Angle subtended from outside the arc (2).
The isosceles triangles are still the same, and so are the equal pairs of angles:

angle ADC = angle ACD

angle ACB = angle ABC

angle ADB = angle ABD

We have:

angle CDB = angle ADB – angle CDB

angle CDB = 180 – angle CBD – angle BCD = 180 – (angle CBA + angle ABD) – angle BCD = 180 – angle CBA – angle ABD – (angle BCA – angle ACD) = 180 – angle CBA – angle BCA – angle ABD + angle ACD = angle BAC – angle ABD + angle ACD = angle BAC – angle ADB + angle ADC = angle BAC – (angle ADB – angle ADC) = angle BAC – angle CDB

So, angle CDB = angle BAC – angle CDB, or angle BAC = 2 * angle CDB, q.e.d.

Case 3:
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Figure 3: Angle subtended from the arc.

Here, triangles CAD and DAB are isosceles, so, by ITT, we have:

angle ACD = angle CDA

angle ADB = angle DBA

angle EDB = 180 – angle CDB = 180 – (angle ADC + angle ADB)

We have:

angle DAC = 180 – angle ADC – angle ACD = 180 – 2 * angle ADC

So, angle ADC = (180 – angle DAC) / 2

Also, angle DAB = 180 – angle ADB – angle ABD = 180 – 2 * angle ADB

So, angle ADB = (180 – angle DAB) / 2

It follows that:

Angle EDB = 180 – ((180 – angle DAC) / 2 + (180 – angle DAB) / 2) = 180 – (180 – (angle DAC + angle DAB)) / 2 = 180 – (180 – angle CAB / 2) = angle CAB / 2

So, angle EDB = angle CAB / 2, q.e.d.

Also, the height of triangle CAD starting from A is perpendicular to DE, because DE is the extension of CD. We will use this in the next case.

Case 4:
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Figure 4: Angle subtended from one of the arc’s ends.

Here, triangle BAC is isosceles, so by ITT angle BCA = angle CBA

Also, the triangle CAD from the previous case has shrunk to a line (AC and AD coincide, and they also coincide to the height of the “triangle” CAD”), so EC and ED coincide, and since ED was perpendicular to the height of the triangle CAD (from the previous case), it is now perpendicular to AC.

We have:

angle DAB = 180 – angle CBA – angle BCA = 180 – 2 * angle BCA

So, angle BCA = (180 – angle BAC) / 2

angle EDB = 90 – angle BCA = 90 – (180 – angle BAC) / 2 = angle BAC / 2.

So, angle EDB = angle BAC / 2, q.e.d.

