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A G-FL Lateness Bounds

Because job deadlines are not used directly to de-
termine job priorities under G-FL (unlike under G-
EDF), the computations for tardiness bounds are more
complex for G-FL than the computations described in
Sec. 3.1. Here we summarize the analysis from [1]
as applied to split tasks. We first assume the ab-
sence of critical sections and then describe how our
analysis is modified to account for critical sections.
Each task is given a relative priority point Y, it —
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The algorithm provided in [2] for computing & con-
tinues to apply to G-FL as described here, as explained
in [1]. Each task 7; has under G-FL a response time
bound of z; + CSpm Yfpm —ming e, Y,Split
bound of T + C;pht _ jwisplit + Yvisplzt
and a tardiness bound of max{0, z; —
Y;split — min 75 c TY;—Split}.

When we account for critical sections, a single sub-
job J; ; can run for as long as C’fgm + b; time units.
Nonetheless, 7;’s processor share over the long term is
not affected, because the total execution of all subjobs
must be the execution of the base job. Intuitively, v;(t)
can lag behind y;(¢) with respect to e;(t) (rather than
t) for the bounded amount of at most b; units of exe-
cution of the base job.

Using Cff’m + b; in the sporadic task model would
be overly pessimistic, because it would unnecessarily
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increase the long-term utilization used in the analysis.
Therefore, we extend the sporadic task model to reduce
this pessimism. We use the function DBF (7" 1),
defined as the maximum demand of jobs from 7; that
have both release times and absolute priority points in
any interval of length ¢. The following theorem, proved
in [2], uses S:7'"" from (A.1) to bound DBF(; split 1)

Theorem 1. DBF (7" 1) < U1 4 3P4

We now extend this theorem to our task model for
split jobs where each split can be delayed at most
b; time units. We now define VP! — Tl _
m=L(CPP + by). We still define UP = CP /TP
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(see (A.1)) but allow a job to run for as long as

Cfp“t + b; time units.

Theorem 2. DBF (7P t) < U1y 4 559t g,

Proof. Let I be a worst-case interval of length ¢, i.e.,
such that jobs of 7,7 ' Wwith releases and absolute pri-
ority points in I demand DBF (7' ) units of execu-
tion. If we assume b; = 0, then by Thm. 1, there are at
most U7t 4 Sfpm units of execution demanded in I.
By our mechanism for handling critical sections, allow-
ing b; > 0 can only cause demand to move to the left.
Also by our definition of worst-case demand, the most
demand that can enter I would be b; units of demand
added to the last subjob. The theorem follows. O

Because we created a new task model rather than
using the sporadic task model, directly using the work
described above requires using a worst case of C7'* 4b,
even when computing utilizations, resulting in a loss of
system capacity. Fortunately, with only minor modifi-
cations it can be applied without such a loss of capacity.

The numerator in (A.3) measures the competing
work remaining at the priority point of a job under
analysis. When applied to 7;” 't it is based on ana-

lyzing the DBF(;* "t t) over a particular interval for



each 7,7 !t using Thm. 1. By comparing Thm. 1 and
Thm. 2, we see that adding EU <, bj to the numerator
in (A.3) accounts for the additional demand. In addi-
tion, because a job of Tfp”t can run for Cfplit + b; time
units, each C; or C; should be replaced with Cfplit +b;

or ijlit + b, respectively. We now have:
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and, for each task 7;” 't a lateness bound of z; +

C;plit + bz _ /Tisplit + Yvisplit _ min‘rjer Y—;plit. Observe
that while we needed to inflate CP'" values, we did
not need to inflate U;” it Values. Because utilization
values rather than execution time values are used to
determine whether tardiness bounds exist, no capacity
loss occurs.

Task Ordering in Heuristic Algorithm In the
heuristic algorithm described in Sec. 8, the ordering of
tasks within a cluster is not explicitly specified. Before
tasks are ordered, the G-FL tardiness bound compu-
tation algorithm is run. The tasks that contribute to
G(Z) are ranked above all other tasks, in order of their
decreasing contribution to G(Z). The remaining tasks

. . it
are then ranked in order of decreasing S;”""".
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B Graphs

In this appendix, we present a more complete set of
graphs than presented in the paper. We first present
graphs for systems that do not include critical sections,
and we then present graphs that include critical sec-
tions and are scheduled using the MX-Q locking pro-
tocol.
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Figure B.58: By Utilization Cap: Uniform Light Uti-
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Figure B.62: By Utilization Cap: Uniform Light Uti-
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Figure B.83: By Utilization Cap: Bimodal Medium
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Figure B.92: By Utilization Cap: Bimodal Medium
Utilizations, Uniform Short Periods, Short Critical Sec-
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Figure B.106: By Utilization Cap: Uniform Light Uti-
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Sections, ny.es = 6, pace = 0.1

34



Average Tardiness Bound (us)

16500
16000
15500
15000
14500
14000
13500
13000
12500
12000

C-FL-L2-RM unsplit —o—
C-FL-L2-RM split ---o---
C-FL-L3-RM unsplit —=—
C-FL-L3-RM split ---2---

Uniform Light Utilizations, Uniform Moderate Periods

Medium Critical Sections, n,s = 12, p,c = 0.25

0

1000
WSS (KB)

1500 2000

Figure B.107: By WSS: Uniform Light Utilizations,
Uniform Moderate Periods, Medium Critical Sections,
Npes = 12, Pace = 0.25

Average Tardiness Bound (us)

16000
15500
15000
14500
14000
13500
13000

12500
0

C-FL-L2-RM unsplit —o—
C-FL-L2-RM split ---o---
C-FL-L3-RM unsplit —5—
C-FL-L3-RM split ---5---

~Uniform Light Utilizations, Uniform Moderate Periods
Medium Critical Sections, n,¢ = 12, p,., = 0.25, WSS = 128 K

10 15 20
Utilization Cap

Figure B.108: By Utilization Cap: Uniform Light Uti-
lizations, Uniform Moderate Periods, Medium Critical
Sections, Ny,es = 12, pace = 0.25
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Figure B.110: By Utilization Cap: Uniform Light Uti-
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Figure B.114: By Utilization Cap: Uniform Light Uti-
lizations, Uniform Moderate Periods, Short Critical
Sections, Nyes = 6, Pace = 0.25
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Figure B.115: By WSS: Uniform Heavy Utilizations, Figure B.117: By WSS: Uniform Heavy Utilizations,
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Figure B.119: By WSS: Uniform Heavy Utilizations,
Uniform Moderate Periods, Medium Critical Sections,
Nres = 67 Pace = 0.1
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Figure B.120: By Utilization Cap: Uniform Heavy Uti-
lizations, Uniform Moderate Periods, Medium Critical
Sections, ny.es = 6, pace = 0.1
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Figure B.121: By WSS: Uniform Heavy Utilizations,
Uniform Moderate Periods, Short Critical Sections,
Nres = 67 Pace = 0.1
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Figure B.122: By Utilization Cap: Uniform Heavy
Utilizations, Uniform Moderate Periods, Short Criti-
cal Sections, N5 = 6, Paece = 0.1
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Figure B.123: By WSS: Uniform Heavy Utilizations,
Uniform Moderate Periods, Short Critical Sections,

Npes = 12, Pace = 0.25
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Figure B.124: By Utilization Cap: Uniform Heavy
Utilizations, Uniform Moderate Periods, Short Criti-

cal Sections, Nyes = 12, pace = 0.25
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Uniform Moderate Periods, Medium Critical Sections, - 120000 ' ' ' '
Npes = 0, Pace = 0.25 2 100000 |- T
E
® 80000 e
@
2 60000 o i
S
F 40000 | .
(0] J
g /
— 2 - ! -
C-FL-L2-RM unsplit —— 4 0000 o
C-FL-L2-RM split ---o--- < 0 . . . .
C-FL-L3-RM unsplit —8—
C-FL-L3-RM split - 0 5 10 15 20

Utilization Cap

Uniform Heavy Utilizations, Uniform Moderate Periods

Short Critical Sections, Nyeg = 6, Pagc = 0-25 Figure B.127: By Utilization Cap: Uniform Heavy

- 120000 M T T Utilizations, Uniform Moderate Periods, Short Criti-
2 110000 7 cal Sections, ngyes = 6, pacc = 0.25
g 100000 -
@ 90000 - .
é 80000 | .
S 70000 - _
F 60000 |- -
[0
g 50000 - - S . =l
:?’ 40000 :

30000 @ 1 1 1 1

0 500 1000 1500 2000
WSS (KB)

Figure B.126: By WSS: Uniform Heavy Utilizations,
Uniform Moderate Periods, Short Critical Sections,
Npes = 6, Pace = 0.25
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Figure B.128: By WSS: Bimodal Medium Utilizations,
Uniform Moderate Periods, Medium Critical Sections,
Npes = 12, Pace = 0.1
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Figure B.129: By Utilization Cap: Bimodal Medium
Utilizations, Uniform Moderate Periods, Medium Crit-
ical Sections, Nyes = 12, pgee = 0.1
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Figure B.130: By WSS: Bimodal Medium Utilizations,
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Figure B.132: By WSS: Bimodal Medium Utiliza-
tions, Uniform Moderate Periods, Long Critical Sec-
tions, Nyes = 12, pgee = 0.1

C-FL-L2-RM unsplit —o—
C-FL-L2-RM split ---o---
C-FL-L3-RM unsplit —5—
C-FL-L3-RM split ---5---

Bimodal Medium Utilizations, Uniform Moderate Periods
Long Critical Sections, neg = 12, pyec = 0.1, WSS = 128 KB

16000 T T T
m
= 14000 | -
he] <&
S 12000 | N
@
2 10000 |- .
2 8000 | -
°
S 6000 - -
& 4000 | .
s
g 2000 | .
< 0 1 1 1

0 5 10 15 20

Utilization Cap

Figure B.133: By Utilization Cap: Bimodal Medium
Utilizations, Uniform Moderate Periods, Long Critical
Sections, Nyes = 12, paee = 0.1
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Figure B.134: By WSS: Bimodal Medium Utilizations,
Uniform Moderate Periods, Medium Critical Sections,
Npes = 0, Pace = 0.1
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Figure B.135: By Utilization Cap: Bimodal Medium
Utilizations, Uniform Moderate Periods, Medium Crit-
ical Sections, Nyes = 6, Pace = 0.1
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Figure B.136: By WSS: Bimodal Medium Utilizations,
Uniform Moderate Periods, Short Critical Sections,
Nres = 67 Pace = 0.1
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Figure B.137: By Utilization Cap: Bimodal Medium
Utilizations, Uniform Moderate Periods, Short Critical
Sections, Nnyes = 6, pace = 0.1
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Figure B.138: By WSS: Bimodal Medium Utiliza-
tions, Uniform Moderate Periods, Long Critical Sec-
tions, Nyes = 6, Pace = 0.1
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Figure B.139: By WSS: Bimodal Medium Utilizations,
Uniform Moderate Periods, Medium Critical Sections,
Npes = 12, Pace = 0.25
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Figure B.140: By Utilization Cap: Bimodal Medium
Utilizations, Uniform Moderate Periods, Medium Crit-
ical Sections, Nyes = 12, Paee = 0.25
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Figure B.141: By WSS: Bimodal Medium Utilizations,
Uniform Moderate Periods, Short Critical Sections,
Nres = 127 Pacc = 0.25
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Figure B.142: By Utilization Cap: Bimodal Medium
Utilizations, Uniform Moderate Periods, Short Critical
Sections, Nnyes = 12, Pace = 0.25
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Figure B.143: By WSS: Bimodal Medium Utilizations,
Uniform Moderate Periods, Medium Critical Sections,
Npes = 0, Pace = 0.25
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Figure B.144: By Utilization Cap: Bimodal Medium
Utilizations, Uniform Moderate Periods, Medium Crit-
ical Sections, Nyes = 6, Pace = 0.25

46

C-FL-L2-RM unsplit —o—
C-FL-L2-RM split ---o---
C-FL-L3-RM unsplit —&—
C-FL-L3-RM split ---2---

Bimodal Medium Utilizations, Uniform Moderate Periods
Short Critical Sections, Ngg = 6, Py = 0.25

90000 : : . T
2 80000 ppa—o—= = ¥
g 70000 | i
& 60000 -
g 50000 | g
5 40000 - -
30000
(0]
$ 20000
2 10000
= 0

0 500 1000 1500 2000

WSS (KB)

Figure B.145: By WSS: Bimodal Medium Utilizations,
Uniform Moderate Periods, Short Critical Sections,
Nres = 67 Pace = 0.25
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Figure B.146: By Utilization Cap: Bimodal Medium
Utilizations, Uniform Moderate Periods, Short Critical
Sections, Nyes = 6, Pace = 0.25



