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Abstract

to represent the timing properties of event streams using up
per and lower bounds on the number of events that can arrive

Many embedded platforms consist of a heterogeneous over any time interval of a specified length. These bounds
collection of processing elements, memory modules, and are given by functiona®(A) anda!(A), which specify the
communication subsystems. These components often implemaximum and minimum number of events, respectively, that

ment different scheduling/arbitration policies, havdeliént
interfaces, and are supplied by different vendors. Hence,
compositional techniques for modeling and analyzing such
platforms are of interest. In prior work, the real-time caic
lus framework has proven to be very effective in this regard.
However, real-time calculus has heretofore been limited to

can arrive at a processing/communication resource within
any time interval of lengthA (or the maximum/minimum
number of possible task activations within afyy. The ser-
vice offered by a resource is similarly specified using func-
tions *(A) and 8!(A), which specify the maximum and
minimum number of serviced events, respectively, within

systems with uniprocessor processing elements, which is aany interval of lengthA. Given the functionsy* and o

serious impediment given the advent of multicore technolo-

gies. In this paper, a compositional framework is presented
that is obtained by extending real-time calculus to allow

corresponding to an event stream arriving at a resource, and
the services" andg' offered by it, it is possible to compute
the timing properties of the processed stream and remaining

multiprocessor processing elements. The basic theory of processing capacity, i.e., functiond’, o!’, 3%/, andg!’, as

the resulting extended framework is presented herein and it
utility is demonstrated using a case study.

1. Introduction

The increasing complexity and heterogeneity of modern
embedded platforms have led to growing interest in com-
positional modeling and analysis techniques [11]. In de-
vising such techniques, the goal is not only to analyze the
individual components of a platform in isolation, but also
to compose different analysis results to estimate the gmin
and performance characteristics of the entire platfornchSu
analysis should be applicable even if individual procegsin
and communication elements implement different schedul-
ing/arbitration policies, have different interfaces, aae
supplied by different vendors. These complicating factors
often cause standard event models (e.g., periodic, smoradi
etc.) and schedulability-analysis techniques to lead &slgv
pessimistic results or to be altogether inapplicable.

To overcome this difficulty, a compositional framework
— often referred to ageal-time calculus— was proposed

illustrated in Fig. 1(a), as well as the maximum backlog and
delay experienced by the stream. As shown in the same fig-
ure, the computed functions*’ and o!' can then serve as
inputs to the next resource on which this stream is further
processed. By repeating this procedure until all resources
the system have been considered, timing properties of the
fully-processed stream can be determined, as well as the
end-to-end event delay and total backlog. This forms the
basis for composing the analysis for individual resourtees,
derive timing/performance results for the full system.
Similarly, for any resource with tasks being scheduled
according to some scheduling policy, it is also possible
to compute service boundg{(A) and 3'(A)) available
to its individual tasks. Fig. 1(b) shows how this is done
for thefixed-priority (FP) andime-division-multiple-access
(TDMA) policies. As shown in this figure, for the FP pol-
icy, theremainingservice after processing Stream A serves
as the input (or, is available) to Stream B. On the other
hand, for the TDMA policy, the total service is split be-
tween the services available to the two streams. Similar so
calledscheduling networkg!] can be constructed for other

by Chakraborty et al. in [3] and then subsequently extended scheduling policies as well. Various operations on arrival
in a number of papers (e.g., see [4]). Here, the basic idea is and service curves and 3, as well as procedures for the
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Figure 1. (a) Computing the timing properties of the processed streangusial-time calculus(b) Scheduling networks for fixed
priority and TDMA schedulers.

analysis of scheduling networks on uniprocessors (and par- Baruah [1] and Leontyev and Anderson [7]. In some aspects,
titioned systems) have been implemented in the RTC (real- the presented analysis is also similar to results by Beetogn
time calculus) toolbox [13], which is a Matlab-based lityrar et al. [2], Shin et al. [12], and Zhang and Burns [14]. The
that can be used for modeling and analyzing distributed real main difference between our work and these prior efforts

time systems using the real-time calculus framework. is that we consider more general task arrival and execu-
o . tion models, viz. those supported by the real-time calcu-
Our contribution.  Unfortunately, none of the composi-  |ys framework. Also, we consider the case when one or

tion techniques described above can be used when the re-more processors can be partially available, which is simila
source in question is a multiprocessor, where the constitue g analysis in [12], where partial availability is considéiin
processors are managed according ghadal multiproces- the context of hierarchical scheduling.

sor scheduling algorithm. There are two reasons why exist-  The rest of the paper is organized as follows. Sec. 2
ing composition techniques need to be extended to incorpo- presents our task model. In Secs. 3 and 4, timing charac-
rate such multiprocessors. First, multicore chips aretveco  teristics of processed streams and the remaining supply are
ing increasingly common. Second, viewing a multiproces- computed. In Secs. 5 and 6, the response-time-bound test
sor system as a collection of independent uniprocessors andjg presented and its time complexity is discussed. Sec. 8

applying partitioning techniques is unnecessarily reswe presents a case study for our analysis and finally Sec. 9 dis-
and precludes supporting workloads that fundamentally re- csses some directions for future work.

quire global scheduling approaches (such a workload is con-
sidered in a case study presented later). 2. Task Model
Motivated by these observations, in this paper we present
an extension of the real-time calculus framework [3, 4]
that incorporates globally-scheduled multiprocessotsian
compatible with the RTC toolbox. Given a collection of
arrival curves for input streams* ando/, their execution
requirements, and the minimum guaranteed available pro-
cessor time, we compute an upper bound on the maximum
event delay for each stream. Using these event delays, we
then compute arrival curves for the processed streaitls,
anda!’, and the remaining-total-service curve; these curves
— as in the original framework — can in turn be used as in-

In this paper, we consider a task set= {T1,...,T,}.
Each task has incoming jobs that are processed by a multi-
processor consisting of. > 2 unit-speed processors. We
assume that > m. We also assume that all time quantities
are integral.

The j* job of T;, wherej > 1, is denotedl; ;. The
arrival (or releasg time of 7} ; is denotedr; ;. Thecom-
pletion timeof T; ; is denotedf; ; and the delay between its
start time and completiory; ; — 5 ;, is called itsresponse
time. As in prior work on real-time calculus, we wish to be
L ”» able to accommodate very general assumptions concerning
put for other resources, thereby resulting in a composion o1, executions and arrivals and the available service. Most

framework (as shown in Fig. 1(a)). ~_of the remaining definitions in this section are devoted to
The core of our analysis is a pseudo-polynomial-time formalizing the assumptions we require.
procedure that can be used to test whether event delays on

such a multiprocessor reside within specified bounds. This Definition 1. ~;(k) denotes an upper bound on the total ex-
test is based upon multiprocessor schedulability tests by ecution time of any consecutive jobs of;. (We assume



~vi(k) =0forall k <0andv;(k) < ~i(k+1).)

Example 1. Suppose that task;’s worst-case job execution
times follow a pattern,5,2,1,5,2,.... Then,y;(1) = 5,
7i(2) = 7,7(3) = 8,v:(4) = 13, etc.

Definition 2. Thearrival functiona?(A) (al(A)) provides
an upper (lower) bound on the number of jobgpthat can
arrive withinanytime interval(z, z + A], wherez > 0 and
A > 0[4]. (We assume(A) = 0forall A <0.) a;(A)
denotes the paie?(A), al(A)).

(2

Definition 3. Leta; (A) = lim_ o a¥(A+e¢). This func-

tion provides an upper bound on the number of jobs released R

within anyinterval [z, z + A], wherez > 0 andA > 0. (We
assumey; (A) = 0 forall A < 0.)

Example 2. The widely-studied periodic and sporadic task

models are subcases of this more general task model.
both models, consecutive job arrivalsBfare separated by
at leastp; time units, where; is theperiodof T;, and each
job requires at most*** execution units. Therefore, under

both modelsq(A) = [?1 andy; (k) = k-e™*. The next
example illustrates the difference between the functighs
anda;’.

Example 3. Consider a taskl;, whose jobs arrive peri-
odically with periodp;. The maximum number of jobs
that can arrive within an intervalz,z + 2 - p;] is thus

(2 -p;) = | %2 | = 2. However, the maximum num-
i i

ber of jobs that can arrive within the interval « + 2 - p;] is

o (2 pi) = lim._ 1o a¥(2 - p; +¢€) = 3. In general, under
the sporadic task model,” (A) = L%J + 1.

Definition 4. Let A;'(k) = inf{A | a¥(A) > k},
where A > 0. This function characterizes the minimum
length of the time intervalz, z + A] during which jobs
T;j+1,---,1i,j+1 can be released for somgassuming’; ;

is released at time. We define4; ' (0) = 0 and require that
there existd; > 1 such that

AT K) 2 7i(KG). (1)

(3

We further require that there exisig;, > 0 and B; > 0,

. a+(A)
whereR; = lima ., 1 —3—, such that
o (A) < R;-A+ B forall A >0. (2

Also, we assume that there exigts> 0 andv;, wheree; =
limy,— 4 oo 28 such that

~vi(k) <€ -k+wv; forallk > 1. 3)

(1) is needed in order to prevent téEkfrom overloading
the system. In (2)R; characterizes the long-term arrival rate
of taskT;’s jobs andB; characterizes the degree of bursti-
ness of the arrival sequence. In (3), the parangtéenotes
the average worst-case job execution tim&pf

Definition 5. Let u; = R; - €. This quantity denotes the
average long-term utilization of tagk. We require that <
u; < 1. LetUgym = ZTL'ET Uj.

Example 4. Under the sporadic task modelR; =
limAH+oo ({%J + ].) /A = i ande_i = e;nax' SO wu;

max

= .
v v pi

Definition 6. Letsupply, (¢, A) be the total amount of pro-
cessor time available to tasks inon processoh in the
interval [t,t + A), whereA > 0. Let Supply(t,A) =

In S, supply, (¢, A) be the cumulative processor supply in

the intervalt,t + A).

Though we desire to make our analysis compatible with
the real-time calculus framework, which requires that-indi
vidual processor supplies be known, there exist many set-
tings in which individual processor supply functions ar¢ no
known and a lower bound on the cumulative available pro-
cessor time is provided insteadVote that if individual pro-
cessor supply guarantees are known, a lower bound on the
cumulative guaranteed supply can be computed easily.

Definition 7. Let B(A) < Supply(t, A) be the guaranteed
total time that all processors can provide to the tasks in
during any time intervak, t+A), whereA > 0. We assume
that R

B(A) > max(0,U - (A — g10t)), (4)

whereU ¢ (0,m] andot: > 0. We let F' be the number
of processors that are always available at any time. If all
processors have unit speed, thEn= max{y | VA > 0 ::
B(A) > y- A},

In the above definition, the parametéfs which is the
total long-term fraction of processor time available to the
tasks inr on the entire platform, ang,,;, which is the max-
imum duration of time when all processors are unavailable,
are similar to those in the bounded delay model [9].

We require that (5) below holds for otherwise the system
would be overloaded and job response times could be un-
bounded. R

We assume that released jobs are placed into a single
global ready queue. When choosing a new job to schedule,
the scheduler selects (and dequeues) the ready job of high-
est priority. An unfinished job ipendingif it is released.

1In uniprocessor real-time calculus, the available serigickescribed as
the number of incoming events processed by a PE during a titeeval.



A pending job isreadyif its predecessor (if any) has com-

Proof. We prove the first inequality, leaving the second one

pleted execution. Note that, the jobs of each task execute to the reader. Consider an interyal, t>] such that at least

sequentially. Job priorities are determined as follows.

Definition 8. (prioritization rules) Associated with each
job T; ; is a constant valug; ;. If x;; < xkh OF Xi; =
Xk,n A (2 < kV (i =kAj<h)),thenthe priority off; ; is
higher than that of ;. 5, denotedl; ; < T} p.

Example 5. Global earliest-deadline-firstiGEDF) priori-
ties can be defined by setting ; = r; ; +D; for each job
T; j, whereD; is T;'s relative deadline. Global first-in-first-
out (FIFO) priorities can be defined by setting ; =r; ; [6].

The technical contributions of this paper are twofold.
First, given per-task bounds on maximum job response
times, we characterize the sequence of job completion
events for each tasT in terms of the next-stage arrival
functionsa®’ anda and the remaining processor supply

B'(A); these in turn can serve as inputs to subsequent PEs,

thereby resulting in a compositional technique.

Second, given a task set= {71,..., T,,} and a mul-
tiprocessor platform characterized by a cumulative guaran
teed processor timB(A), we develop a sufficient test that
verifies whether the maximum job response time of a task
T; € 7, max;(f; ; — ri ;) IS at mos©©;, where

0 = max(vi(j) — A7 (j — 1)). (6)
(It can be shown that the maximum job response timé;of
cannot be less than the right-hand-side of (6). Intuitively
~i(j) is the maximum execution requirementjofonsecu-
tive jobsT; o, . .., T} a1 j—1 and.A; * (j — 1) is the minimum
length of the interval where job§; ,+1,...,T; ;-1 are
released.) ID; equals the relative deadline of a job, then the
test will check whether the system is hard-real-time schedu
lable. Alternatively, if deadlines are allowed to be missed
and ©; includes the maximum allowed deadline tardiness,
then the test will check soft-real-time schedulability.cBu
a test allows workloads to be considered that fundamentally
require global scheduling approaches.

3. Calculating o and o’

Leta®'(A) (aﬁ'(A)) be the maximum (respectively, min-
imum) number of job completions of tagk over an interval
(x,z 4+ A], wherex > 0. Bounds on these functions can be
computed as follows.

Theorem 1. If the response time of any job @f is at most
©;, ande™® > ( is the best-case job execution time for task
T;, thena’ (A) < min ([A] A (A+0;— )) and

al'(A) > k(A — O, + emin),

one job ofT; completes within it and, — t; = A. Let
N1, (IV2) be the index of the first (last) job @f; completed
within (¢1, t2]. Then,

fin, >t (7)

By the condition of the theorem, jdB ;'s response time
fi.; — ri; is at mostO;. By the definition of response time,
fi; — mij is at lease™™. From (7), we thus have; y, >

— ©; andr; n, < ta — eMin. Thus, the number of jobs
completed within the intervdt , ¢5], No— N+ 1, is at most
the number of jobs released within the interial— ©;, t5 —

emin] By Def. 2, we haveNa — N1 +1 < a¥(ta—ein—t +
0;) = a¥(A+0; —e). Ifjob T; ; completes at timg; ,,
thenT; ;.1 cannot complete earlier thafy ; + emin, Thus,
job completions are separated by at leg8t time units,

and hence, at mo -‘ jobs can be completed within any
interval of lengthA. O

and f;n, < to.

m]n

4. Calculating B'(A)

We now calculate a lower bour®i(A) on processor time
that is available after scheduling tasks . .., T;,. We first
upper-bound the total allocation of jobs’Bf over any inter-
val of lengthA.

Definition 9. Let A(T;,~) be the total amount of time for
which jobs of taskl’; execute within the set of intervais

Lemma 1. If the response time &f;’s jobs is at mos©;,
thenA(T;, [t,t + A)) < min(A, v; (¥ (A + 6;))).

Proof. Consider an intervdt, t + A). The condition of the
lemma implies that all of;'s jobs released at or before time
t — ©; complete by tim&. Thus, the allocation df’; within
[t,t + A), A(T;, [t,t + A)), is upper-bounded by the maxi-
mum execution demand @f;’s jobs released within the in-
terval(t—0;, t+A]. By Def. 2, there are at most' (A+0,)
jobs released withit — ©;, t+ A] and, by Def. 1, their total
execution demand is at mogt(a}' (A + 6;)). We thus have
ATy, [t t+A)) < yi(ad(A+6;)). Also,A(T;, [t, t+ A))
cannot exceed the length of the interfat + A). O

Theorem 2. If the response time d@f;’s jobs is at mos®;,
then at least
B'(A)

sup (Z(y)) 8

0<y<A
time units are available over any interval of length> 0,
whereZ(y) = max (0, B(y) — >, o, min(A, yi(af (y +
©:))). Additionally, (4) for B/(A) holds withU’ = U —
Usum andoy, = (U-0or+3 7. ., (ui- Qi+ Bitv;)) /U’



Proof. Consider an intervalt,t + y), wherey < A. By

Defs. 6 and 9, the supply that is available after scheduling

the tasks irr in this interval is

Supply(t,y) — ZA T, [t t +y))
Tier
{by Def. 7}
> max (0, B(y) — Z AT, [t,t + y)))
Tier
{by Lemma %

> max( Z min(A, v («
T; €T

Additionally, Supply(t, A) > supg<, < (Supply(t,y)). We

are left with finding coefficienté/’ and ., such that (4)
holds forB’(A). Setting (4) (forB(A)) into the definition
of Z(y), we have

Z(y)

> max(O,max(O, U- (y — otot))

—mey%

T;eT

i(y+6; ))))

o)

> max(O, U- (y — Otot)

— Z min(y, F,

by (2) and (3)

b +60)

> max(O, U- (y — Gtot)

T;eT
{by Def. 5}

(00 + )+ )

= max(O,ﬁ-(y—atot)
- Z(Ui'y+ui'@i+€_i'Bi+'Ui))
T;eT
= max(O,ﬁ-(y—amt)
T;eT
= maX<Oa (ﬁ_[]sum)'y
— U Gror — Z(Ui‘9i+€_i‘Bi+vi)>

T,eT

by the definition of’ ando/,,
in the statement of the theore

= max (O, U’ (y — O’éot)) .
Finally, by (8), B'(A) > supye,<a (max (0,0" - (y -
01or))) = max (0,0 - (A = o7,y)). 0

5. Multiprocessor Schedulability Test

Our remaining proof obligation is to find a response-time
bound®; for each taskl;. In this section, we present a
schedulability test (given in Corollary 1 later in this sen)
that checks that pre-defined response-time bounds are not
exceeded.

As noted earlier, the way jobs are prioritized according
to Def. 8 is similar toGEDF. A number of GEDF schedu-
lability tests have been developed assuming that jobsearriv
periodically or sporadically (e.g., [1, 2, 8]). In this papse
extend techniques from [1] and [8] in order to incorporate
more general job arrivals and execution models.

Similarly to [5], we derive our test by ordering jobs by
their priorities and assuming thdy , is the first job for
which fo , > 7,4 + ©,. We further assume that, for each
job Ty such thatly, p < Ty 4,

fa,b S Ta,b + 9a~ (9)

We consider an interval that includes the time wligp
becomes ready and the latest time wlign is allowed to
complete, which is, , + ©,. This interval is computed for
each value ok € [1, K/ (see Def. 4) and,(k) (defined
later in this section), which determine its lengih(k) + ©,.
During this interval, we consider demand due to competing
higher-priority jobs that can interfere with, ,. We then
perform the following three steps:

S1: Compute the minimum guaranteed supply over the
interval of interest3(d¢(k) + O¢).

S2: Given a finite upper bound/*(é,(k), ¢, k, 7,m)

on the competing demand and a finite upper bound
on the unfinished work due to joB, , and its pre-
decessorsE; (k), define a sufficient test for checking
whether a task’s response-time bound is not violated by
settingM *(0,(k), £, k, 7,m)+(m—1)-(Ef (k) —1) <
B(d¢(k) + O).

S3: CalculateM* (d¢(k), ¢, k, 7,m) andE; (k) as used
in S2

5.1. Steps S1and S2

To avoid distracting “boundary cases,” we henceforth as-
sume that the schedule being analyzed is prepended with



a schedule in which response-time bounds are not violated Proof.

that is long enough to ensure that all predecessor jobs refer
enced in the proof exist. Since job priorities remain fixed,

we also ignore jobs that have lower priority th#p,.
We start the derivation by proving the following lemma
and claims.

Lemma2. rpq —roq—i > Ay (i)
Proof. Let A" =7y, — rp 4. Let
A* =inf{A | af (A) > i+ 1}. (10)

Because jobd} 4—;, ..., Ty 4 are released within the inter-
val [req—i,70,4), by Def. 3,a;f (A’) > i + 1. Therefore, by
(10),

Teq — Tlg—i = A’ > A*. (11)
We now consider two cases.
. {by Def. 3}
Case 1: o} (A*) > i. Inthis caseA* >  inf{A]

ay(A) > i} by Det. 4 A; (7). The lemma follows from
this and (11).

Case 2:aj (A*) < i. Becausevy(A) is non-decreasing,

ay (A) <iforeachA < A*. (12)
Further, by (10),
at(A) < i+ 1,foreachA < A* (13)

Suppose that for soma” > A*, o} (A”) < i. Because
ay(A) is non-decreasingeyy(A,) < i for eachA, €
[A*, A"). The latter impliesy; (A;) = lime_ 10 ¥ (A, +

e) < i for eachA, € [A*,A”). From this and (13),
we haveat(A) < i+ 1 for eachA < A”. Since
A" > A*, we have a contradiction to (10). Therefore,
ay(A) > iforeachA > A*. From this and (12), we have
A* = inf{A|a¥(A) > i} by Let-4) A;1(i). The lemma
follows from this equality and (11). O

Claim 1. Fori > 1, foq—i < req + 00 — A, (i).

Proof. By (9), fo.q—i SToq—i+Or="Tpq—i—Teq+Toq+
{by Lemma 2

Oy < req + 00— A7 (i) O

Claim2: foq—r, <req+ O — ve(Ky).

Proof. By (1), —A; ' (K;) < —(K,). Setting this and
1 = Ky into Claim 1, we get the required result. O

Claim3: Fori>1,7rp4—i41 <7pq+ Or — (7).

Te,q—i+1
=r10q— (Te,g — Te,g—i+1)

{by Lemma 2
<reg— A=)
{because, by (69¢ > v,(i) — A; (i — 1)}
< 1o+ O — Ye(i) -

Claim 4: ©, > ~,(1).

Proof. By (6), ©, > max;>1(e(j) — A, '(G — 1)) >
Ye(1) — A, (0). By Def. 4,4, (0) = 0. O

JobTy, 4 can violate its response-time bound for the fol-
lowing reasons. Ifl; ,_; completes by time, , + ©, —
~¢(1), thenTy , may finish its execution after; , + O, if,
after timemax(fr q—1,7¢,4), higher-priority jobs deprive it
of processor time or one or more processors are unavailable.

Alternatively, Ty ,—1 may completeafter time r,, +
Oy — (1), which can happen if the minimum job inter-
arrival time for 7, is less thamy(1). In this situation,
T, , could violate its response-time bound even if it exe-
cutes uninterruptedly withify, 4—1, ¢, + ). In this case,
T,'s response-time bound is violated becalsg_; com-
pletes “late,” namely after time, , (recall that, by Claim 4,

Oy > ~v,(1)). However, this implies théfy, is pending con-
tinuously throughout the intervat, ,_1,7,, + ©,), and
hence, we can examine the execution of j6ps_, andy ,
together. In this case, we need to consider the completion
time of job Ty 2. If frq—2 < 704+ O — 72(2), then

job Ty ; may exceed its response-time bound if this job and
its predecessoly ,—1, experience interference from higher-
priority jobs or some processors are unavailable during the
time intervallmax(f;,q—2,7¢,q—1), 7e,q + ©O¢). On the other
hand, if frq—2 > req + ©¢ — v(2), thenT, , can com-
plete after time-, , + ©, even ifT, executes uninterruptedly
within [fe4—2, 70,4 + ©¢). Continuing by considering pre-
decessor job%} ,_ in this manner, we will exhaust all pos-
sible reasons for the response-time bound violation. Note
that it is sufficient to consider only jolds ,—_1, ..., Ty -k,
since, by Claim 2f; —x, < 7¢,4 + ©¢ — ve(K¢). Assum-

ing that, for jobT} ok, fo,q-x < Te,q + O — ~ve(k), we
define theproblem windowfor jobs 17y 4—k+1,...,7e,q as
[Pe,g—k+1:Te,q + Op). (This problem window definition is a
significant difference when comparing our analysis to prior
analysis pertaining to periodic or sporadic systems.)

Definition 10. Let A € [1, K] be the smallest integer such
thatf, —x < 77,4 +06¢—7(\). By Claim 2, such & exists.

Claim 5. Ty is ready(i.e., has a ready jopat each instant
of the intervallry g—r+1,7¢, + O¢) for eachk € [1, ).



Proof. To prove the claim, we first show thd}, is ready
continuously within[re ,—k+1, fe,q) for eachk € [1,A].
BecauseTly is ready within the intervalr, 4, fz 4), this is
true fork = 1. If & > 1 (in which case\ > 1), then
fe.q—i > Toq + Or — ve(j) for eachj € [1, ), by the se-
lection of \. By Claim 3, this impliesf, q—; > r¢q—j41-
Thus, the interval§y ¢, fo.q—;) and(re.g—j+1, fr.g—j+1),
where consecutive jobs df, are ready, overlap. There-
fore, T} is ready continuously withifr;, ,—;, f¢ 4) for each
j € [1,)), and hence[T, is ready continuously within
[re,q—k+1, fo,q) TOr eachk € [2, A]. The claim follows from
[70,g—k+1,T6,g+O¢) C [re,g—k+1, fo,q); 10 See this, note that
fe.q > 10,4 + O¢ holds, sincely , violates its response-time
bound. O

Becausdly , violates its response-time bound, after time
0, g—k+1, there are other higher-priority jobs that deprije
of processor time or one or more processors are unavailable.

Definition 11. Let W (T;,,,t) denote the remaining execu-
tion time for jobT; ; (if any) after timet. Let W (T;,t) =
>, ,=<1,, W(Tiyt). Inthe appendix, we prove

W(Te,ro,q-241) <Te,q+Or —rog-rs1.  (14)

In Fig. 2, which shows a response-time bound violation for
job Ty, where\ = 1, W (T}, 1¢,q—x+1) COrresponds to the
execution demand of job, , and the unfinished work of job
Ty,q—1 attimery ;.

Definition 12. LetT'y C [ryq—xt1,70,4 + Or) be the set

of intervals where no available processor is idle as shown in
Fig. 2. LetT) = [Tg’q,)\+1,7”z’q + 0¢) \T'x. We let|T,]

(T'») denote the total length of the intervalslin, (T'5).

Lemma 3. If the response-time bound fdF, , is violated
(as we have assumed), th@h\| = 7, + Or — reg—r+1 —

W (Ty,m0,q—2+1) + 1+ p, wherep > 0. (Note that, by(14),
IT'»| > 0). Additionally, T, executes within each instant of
Iy, and|Dy| = W(Ty, reg—at1) — 1 — .

Proof. Suppose, contrary to the statement of the lemma, that
the response-time bound @y , is violated and

ITAl <7e,g+ O —710,g-241 = W(Tt,70,4-241) + 1. (15)

Under these conditions, the total length of the intervals
in Ty, where at least one available processor is idle, is

{by (15)}

Tt,q + GZ — Tlqg—X+1 — |F)\| > W(Tg, 'f’g’qf)d,l) — 1.
Thus, this total length is at lea8V (17, 7¢,4—x+1), @s time
is integral. By Claim 57, executes at each timec T,
and thus completes by time , + ©,, which is a contradic-

tion. O

Definition 13. Let7,(t) = {1, | for somey, T, , is ready
attimet and7, , < 7T, ,}. (The subscripp denotes the fact

that these jobs have higher or equabpty.)

Definition 14. Letto(k) < r¢q—r+1 be the earliest instant
such thawvt € [to(k),7e,q—k+1), |Tp(t)] > m or fewer than

|7, (t)| tasks fromr, (t) execute at time. If such an instant
does not exist, then leg (k) = r¢ g—x+1-

Def. 14 generalizes the well-known concept ofidle in-
stantin uniprocessor scheduling. We call an interia] ¢2)
busyif no available processor is idle within it.
idle within

Claim 6. No available processor is

[to(A), Te,q—xs1)-

Proof. Suppose that an available processor is idle at time
t € [to(X),7¢,g—x+1). Because the scheduler being analyzed
is work-conserving, all tasks i, (t) execute at time and
thus|7,(¢)| < m — 1, which violates Def. 14. O

Definition 15. Letdy(k) = re,q — to(k).

Note that, by Def. 14 and Lemma&y(k) = r¢ g — to(k) >
T0q = Tlq—k+1 = A;l(k — 1).

Our schedulability test for task; is based upon sum-
ming the competing demand of tasksrimvithin the interval
[to(N),re,q + ©¢), which has lengthi,(\) + ©,, and the
unavailable time within this interval.

Definition 16. Let Ej;(k) be a finite function ofk
such thatW (Ty,req—x+1) < E}(N). Let W(t)
Yorer W(Ti,t). Let M*(5¢(k), ¢, k, m, ) be afinite func-
tion of d6,(k), ¢, k, m, and 7 such thatW(ty(k)) <
M*(6¢(k), ¢, k,m, 7). (As mentioned earlier at the begin-
ning of Sec. 5,M*(0,(k), £, k,m, ) and E} (k) are cal-
culated in order to test whether the response-time bound
of Ty is not violated. Later, in Sec. 5.2, we explain how
M*(6¢(k), ¢, k,m, ) andE} (k) are calculated.)

Definition 17. We require that there exists a constaht>

0 such that, for alb, (k) > A, ' (k — 1),
M*(6¢(k), b, kym, 7) < Usum - 00(k) + Hp. (16)

This requirement is reasonable because the growth rate of

the total demand over an interval of interest, which has

lengthd, (k) + ©,, cannot be larger than the total long-term

utilization of the tasks inr for large values ob,(k). This

also allows us to upper-bound our test’s computational com-

plexity. Henceforth, we omit the last four arguments\éf.

Definition 18. Let 3" (k) = |(H, + (m — 1) - (Ef (k) —
V) 4+ U - 010t — O - U) /(U — Uguurn) .

The following theorem will be used to define our schedu-
lability test.



[l T, [ ] competing jobs B unavailable time Def. 6,
L Tjob release

r +0, Resh([to()\), To,q + Oy))
| = (re,q+Oe—to(N)) —supplyy (to(N), 7e,q+Or—to(N))
{by Def. 15
m-1 | |
7. 7, = (0¢(N) 4+ Op) — supply;, (to(A), 0e(N) + Op). (19)
t,(L) rig © ‘ time Summing (19) for allz, we have
Figure 2. Conditions for response-time bound violation i
forg/\ —1. P Z Resy ([to(A), Te,q + ©1))
Theorem 3. If the response-time bourtd, is violated for Z )+ ©¢) = supply, (to(A), 8e() + 90)
Ty, (as we have assumgdhen, for somé € [1, K] and
: > Def.
(k) € [A7 1 (k — 1), 62 (k), {by °r.9
m - (0¢(A) + ©O¢) — Supply(to(N), de(A) + O¢)
M*(8¢(k))+(m—=1) - (E;(k)—1) > B(be(k)+©y). (17) {by Def. 7}
m - (3¢(A) + Op) — B(de(A) + Oy). (20)

Setting (20) into (18), we have

Proof. Consider joldl} ,, k = A, and time instants, ;41
and to()\) as definedqin Defs. 10 and 14. Toqestablish W (to(A)) +m - (0(A) + Or) — B(0(A) + Ox)

the necessary condition, we sum the processor allocations = m - (0¢(A)+0y) — (m — 1) - (W(Te, 70,g-241) — 1).
within the intervals[to(\), 7o,4—x+1) U I'x andTy. By
Def. 12 and Claim 6, the total processor allocation (in-
cluding unavailable time) withiritg(\), ¢, g—x+1) U s IS T _
m - (re,g—x+1 — to(A)) + m - [I'z| (see Fig. 2; note that Wto) + (m = 1) - (W(Tt, eg-r1) = 1)
Te,q—x+1 = T4 here). Also, Lemma 3 implies that the total > B(3¢(X) +6x).

processor allocation (including unavailable time) within Setting; (\) andM* (5,(\)) as defined in Def. 16 into the

is atleastV (Ty, re,g-x+1) — 1 = p, Wherey, > 0. _ inequality above, we get (17). (Note that, by Def. 20¢
The total processor allocation (including unavailable 1, K,].)

Rearranging the terms in the above inequality, we have

time) within[to(A), 72,4 J;@LZ) is thus atleast - (r,g—x+1— Our remaining proof obligation is to establish the stated
—_ emma
to(A\))+m-|Tx|+|Txl {byLemma 3 m-(re.g-xs1—to(N)+ range ford, (k). By (16) and (17),
m - (e,g + O —rog-n+1 — W(Te,Te,g-av1) + 1+ p) + .
W(Ty,req-2+1) =1 —p = m - (req + ¢ — to(N)) — Usum0¢(k)+He+(m—1)-(E; (k)—1)23(5e(k)+98-1)
by Def. 1
(m = 1) - (W(Te,regr1) = 1)+ (m — 1) ED
m-(0¢(N)+0¢)—(m—1)-(W (T, 70, g—r+1)—1)+(m—1)-p. Applying (4) to (21), we have
LetResy ([to(N), 72,4+ ©O¢)) be the amount of time that is .
not available on processarat time instants in the interval Usum - 0¢(k) + He + (m — 1) - (B (k) — 1)
[to(N),7e,q + ©p). By Defs. 11 and 16, the allocation of > max(0,U - (6¢(k) + Oy — 0101))

jobs within[tg (), 7, +©;) is upper-bounded bl (¢o (X))

(recall that we are ignoring lower-priority jobs). Thus, >U- (9e(k) +Or = Ttor)-

Solving the latter inequality fobe(k), we haveég(k) <

)+ Y Res((to(N). g + 1) (Hi+ (1) (B (F) =)+ U100 ~04-0)/ (0~ V)
Becaused, (k) is integral (refer to Def. 15), by Def. 18,

(18) Corollary 1. (Schedulability Test) If, for task 7, (17)

does not hold for eacl € [1, K,] and d,(k) € [A; " (k —

We next calculate an upper boundRes), ([to(A), re,q + 1),0;**(k)], then the response-time bound fbiris not vi-
©y)). For processok and the intervalto(A), r¢,4 + Or), by olated.



The term(m — 1) - (Ej (k) — 1) in (17) can be large
if up and®, are large. For large values 6f, and certain
schedulers such &8EDF and FIFO, this term can be re-
placed with a smaller term proportional teax(m — F —

1,0) - E;(k), whereF is the number of processors that are
always available (see Def. 7). This can be done because,

underGEDF andFIFO, the problem jobdl}; , and its pre-

decessors cannot be preempted by other jobs after a certain
time point unless the competing demand carried from previ-

ous time instants is sufficiently large (see Sec. 7 for dgitail
5.2. Step S3 (Calculating M*(5,(k)) and Ej(k))

Note that we did not make any assumptions above about
how jobs are scheduled except that the jobs of each task
execute sequentially and jobs are prioritized as in Def. 8.

Therefore, Corollary 1 is applicable to all fixed job-prigri
scheduling policies (these policies include preemptive va
ants of EDF, FIFO, static-priority policies, and various
combinations of these policies; non-preemptive variaats ¢
be supported similarly) provided the functioA$*(d,(k))
(andits linear upper bound in Def. 17) aBi(k) are known.
M*(6,(k)) and Ej; (k) can be derived for a particular al-
gorithm by extending techniques from previously-publshe
papers on the schedulability of sporadic tasks [1, 7] torinco
porate more general arrival and execution patterns.

In this section, we derive the functiong} (k) and
M*(6¢(k)) for a prioritization scheme in whichk;; =
r;; + Dy, whereD; is a constant (preemptive globBDF
andFIFO are the subcases of this scheme).

Derivation of M*(d¢(k)). To deriveM™*(5,(k)), we first
note that only jobg, , < T , can compete witlly , or its
predecessors.

Definition 19. Let Ty ; be the earliest pending job @, at

W(to(k)< > Whc (T3, 8e(k)+ > Wae(Ti, 8e(k)).
T; €HC T;eNC
(22)

We provide expressions for computitine (73, 6¢(k))
and Wy (T3, 6¢(k)) in the following two lemmas. Their
proofs can be found in the appendix.

Lemma 4: WNC(Tiv 5@(/€)) = 'yi(aj' (5@(/€) + Dy — Dl))
Lemma 5. Let G;(S,X) =
A7H(S = 1)) +7i(S —1)).
Whic (T3, 9¢(k)) = Gi(ei' (6e(k) + De — D; + ©;),
5@(/€) + Dy — D; + Gl)

min(y;(S), max(0, X —

Claim 8: 74 — 1o g—x+1 < max(0,v¢(A —1) — 1).

Proof. If A = 1, thenr,, — rg4—x41 = 0. Alternatively,
if A > 1, then, by (9),7”@7(1_»4_1 +0O; > fog-ry1 >
roeq + ©¢ — (A — 1), where the last inequality follows
from Def. 10. Thereforess 3 — ¢,g—x41 < ye(A —1) — 1,
as time is integral. O

The functionE; (k) can be derived as a simple corollary
of Lemma 5.

Corollary 2. LetQ(k) = max(0,7,(k — 1) — 1) + Oy. If
Ef (k) = Ge(af (Q(k)), Q(K)),

then £} (k) complies with Def. 16.

Proof. By Def. 16, the functionEj (k) upper bounds

time to(k). We separate the tasks that may compete with W(Z¢,7¢,4-k+1), and hence, it can be computed as

T,,q into two disjoint sets:

HC = {Ta i (Ta,b exists\ (TGJ, < to(k))/\(Tmb < Tg’q)};
NC = {7, :: (T, does not exist)
V(rap = to(k)A(Tap = Toq)l}-

Here,HC denotes “high-priority carry-in” antlC denotes
“non-carry-in”.

Claim7: |HC| <m — 1.

Proof. By Defs. 13 and 19HC C 7,(to(k) — 1). By
Def. 14, all tasks irr, (to(k) — 1) execute aty(k) — 1 and
|7p(to(k) — 1)] <m — 1. Thus,HC| <m — 1. O

Since the cumulative length dfy(k), ., + ©¢), de-
pends on the difference,, — to(k) = de(k), we use
Wne(Ti, 6e(k)) and Wye (T3, 0¢(k)) to denote an upper-
bound onZ; on W(T;, to(k)) for the case wheff; is in NC
andHC, respectively. With this notation, we have

WHC (Tg,&g(/{)), for 5@(]6) = T¢q — Tl,g—k+1- Fork = )\,
we have

W(Te,me,g—2+1)
< Whc(Te, 70, — Te,q—241)
{by Lemma §
= Go(af(re,g = Te.q-2+1 +O0),Te,g = Te,g-r41 + O1)
{by Claim 8}
< Ge(ay (max(0,7(A—1) — 1) + ©y),
max(0,7y(A—1) — 1) + Oy). O

To continue our derivation af{*(d,(k)), we set

M (00(k))

= max ( Z WHC (Tl,éz(k)) + Z WNC(Tu(SZ(k))> ’
T;eHC T;ENC
(23)



wheremax is taken over each choice BIC andNC subject
to the following constraints.

NCUHCC7 NCNHC=0 [HC|<m-1}
(24)

The constrainfHC| < m — 1 follows from Claim 7.

It is easy to check tha < Wyc(T;, (k) and0 <
Whc (Ti, 0¢(k)) for eachdo(k) > A;'(k — 1). Thus,
the sets maximizing the valukl*(,(k)) can be found by
adding at mostn — 1 tasks with the largest positive value
of Whc (T;, de(k)) — Wne (T3, d¢(k)) to HC and adding the
remaining tasks tdlC.

By the selection of\ in Def. 10, (22), and (23),
M*(6¢(k)) upper-bounds¥ (¢y(k)) so it complies with
Def. 16. In order to use Corollary 1, we are left to find con-
stantH, such that (16) holds so thaf*(d,(k) given by (23)
complies with Def. 17.

Definition 20. Let L;(X) = max(0,u; - X + & - B;) + v;
forany X.

Lemma 6. (Proved in the appendix)For all d,(k) >
A (k) M*(80(k)) < Usum - 6¢(k) + Hy, where H, =
Yorer Li(De—D;)+U(m—1)-max(©;) andU (y) is the

sum ofmin(y, |7|) largest utilizations.

Given an expression fd,, we can computé;*® (k) in
Def. 18 for any givenk. Given expressions fof}"**(k),
M*(6¢(k)), andE; (k), we can apply Corollary 1 to check
that each tasl{; € 7 meets its response-time bound. In the
next section, we identify conditions under which the test is
applicable and discuss its time complexity.

6. Computational Complexity of the Test

According to Corollary 1, (17) needs to be checked for
violation for all ke[1, K,] andd,(k)e[A; ' (k—1), 572 (k)].

Theorem 4. The time complexity of the presented test is
pseudo-polynomial if there exists a constansuch that
Usum < c<U.

Proof. We start with estimating the complexity of checking
(17). The values of (A), vi(k), A; ' (k), andB(A) can be
computed in constant timedf? (A) and-~; (k) consist of pe-
riodic and aperiodic piecewise-linear parts #d\) is also

piecewise-linear. These assumptions are used in prior work Definition 22. Let I')

on the Real-Time Calculus Toolbox [13] and are sufficient
for practical purposes.

Under these assumption¥,*(d,(k)) for a given value of
d¢(k) can be computed i®(n) time, wheren is the number
of tasks.

The calculations above need to be repeated fok adl
[1,K,] and all integers infA;'(k — 1),67%(k)]. By
Def. 18,67 (k) is finite if its denominator is nonzero. By

10

L] 7, [] competing jobs

4. I,
job release 7
‘ " \
B unavailable time /"
m-1
|7 T,
00 © |
7 Lq 7, /,¢/+C/ 7, /‘,4+®1'Y}.O‘)

Figure 3. Conditions for response-time bound violation
forA=1.

(5), we havely,, < U. Thereforeg)***(k) is finite if (5)
is strict. O

Checking that (17) is violated for each integral value in
[A, ' (k—1),6%%(k)] can be computationally expensive. A
fixed-point iterative technique can instead be applied ab th
only a (potentially small) subset @, ' (k — 1), 6**(k)]
is checked.

7. Schedulability Test for GEDF-like Sched-
ulers

As mentioned earlier, the equation (17) for checking that
the response-time bound 8f is not violated can be unnec-
essarily pessimistic if.,, and©, are large.

In this section, we improve (17) for a prioritization
scheme in whichy; ; = r; ; + D;, whereD; is a constant
(preemptive globaEDF andFIFO are the subcases of this
scheme).

Definition 21. LetCy = Dy — ming, e, (D;).

Clam9. If T;, = Ty, thenr; , < r¢q+ Dy — Dy, for
y > 0. No jobT; ; = Ty 4, can be released aftey, , + C,.

Proof. The claim immediately follows from Defs. 8 and 21.
O

To establish the necessary condition, we sum the proces-
sor allocations within the intervaligy(\), r¢g—x+1) U I'x
andT',. In the rest of this section, we assume tRat >
Ye(A) + Ce.

N = [rf,qf)\JrlyrZ,q + CZ) NI, and
P[AB] = [req + O0 — (A, 10,4 + ©¢) N Ty, as shown in

Fig. 3.

Definition 23. Let Ay, A, A and Az be the total
processor allocation (including unavailable time) within
[to(A), 7e,q—a+1) UTN, [reg-at1,70, + Co) N Ty, [re,q +
Cy, Tz’ﬂ- O — ’w()\)) Ny, and[m,q + Oy — ’yg()\), Teq +
O¢) N Ty, respectively.



Lemma7: Ag =m- (5@()\)4-@4) —m:- (W(Tg, T0,g—A+1—
1)+m-p.

Proof. By Def. 12 and Claim 6, the total processor alloca-
tion (including unavailable time) withifto(\), r¢ g—x+1) U
Ty is

Ao

=m- (reg—at1 —to(A)) +m - [I)]

=m-(reg-x+1 —to(A)) +m - (req + O — Te.g—r11
—W( Ty, re,g-241 + 1+ 1)

=m - (reg —to(A) +O¢) —m - (W(Te,r0,g-241 — 1)
+m-pu
{by Def. 15

= m-(ég()\)-i-@g)—m- (W(Tg,rg’q,prl—l)—i—m-u O

Lemmas8: A; > 7+ Cr— 70 g—r+1 — |F[A1]|'

Proof. By Defs. 12 and 22[ry ,_x41,70,4 + C¢) N Ty =
[Te,g-2+1,T0,q4 + Cr) \ F[Al]. By Claim 5,7, , executes at
each instant withitry g—x41, 72,4 + Ce) \ F&”. O

Lemma 9: As > v¢(\) — |F§3]|.

Proof. By Defs. 12 and 22y, + O — ve(A), 70,4 + O¢) N
P_)\ = [7‘@7(1 + 6O, — ’yg()\), Te,q+ @g) \1_‘[)\3]. By Claim 5,Tz’q
executes at each instant withiry,, + O, — Ve (A), 7,4 +
0, \ T O

If F[AB] = (), then, because by Def. 1@ ,_x < r¢q +
O¢—e(A), jobsTy g—r+1, - - ., Te,q CAN €XECUtE UNINtErrupt-
edly within [ry , + ©¢ — v¢(A\), e, + ©¢), and hencely ,'s
response-time bound will not be violated leading to a con-
tradiction. We henceforth assurﬁéfH > 0.

Lemma 10: Ay > a - (—Cp — ve(A) — Teq + Tog—xr1 +

W Ty, req-x1) = 1= p) +a- (0] + [T5)]), wherea =
min(F + 1, m).

Proof. By Claim 9, no job with priority higher thafdy

or its predecessors can be released afigr+ C,. If at
most F' available processors are not idle at some time in-
stantt’ € [req + Co, 70,4 + ¢ — (M) \ T'a, then at each
time ¢ > t' all tasks with jobs inr,(¢) can be accommo-
dated using" fully available processors, and herige, will
complete byr, , + ©,. We henceforth assume that at least
a = min(F + 1,m) available processors are not idle at each
time within [ry , + Ce, 70,4 + O — ve(X)) \ T'x (see Fig. 3).
Thus, the total processor allocation (including unavadab

11

time) within[rg , + Cr, 70,4 + ©0 — v¢(A)) \ 'y is at least

Ay
>a-|[reg+Coreg+ 00 —v(N) \ Tyl
{by Defs. 12 and 2P
= a- (O —v(\) = Co — (] = [P — 1))
=a-(8r — () = Cy — ITal) +a- (U] + [1F))
{by Lemma 3
=a-(0p—7\) = Cr— (g + O —104-211
~ W(Te,req-ar1) + 1+ ) +a- (IPV] 4+ 0%
=a- (=) —Cr—roqg+Trg-2t+1
+ W (T reg-re1) = 1= ) +a- (TV]+ 0. O

Theorem 5. If the response-time bourtd, of 7y , is vio-
lated, (as we have assumgdhen for somé: € [1, K] and
de(k) < L(Hg—k(m—a)-(@(lﬂ)—l)—i—(a:l)-(;ye(k)—i—Ce—i—
max(0,7,(k—1)—1)) 4+ U - 0tot —O¢-U) /(U — Usq,,m)J,

M*(6¢(K)) + (m —a) - (E7 (k) —1)
+(a—1)- (ve(k) + Co + max(0,v(k — 1) — 1))
> B(0e(k) + Oy). (25)

Proof. Consider joldl} 4, K = A, and time instants, ;1
andtq()\) as defined in Defs. 10 and 14.

By Def. 23, the total processor allocation (including un-
available time) withirfto(\), 7, +0y) IS Ag+A1+ Az + As,
which, by Lemmas 7-10 is

Ao+ A1 + Az + A
m - (0e(A) +O¢) —m - (W(Tp,reg-ap1 —1) +m-p
+ 10+ Co—Tog—rt1 — |PE\1]|
+a- (=) = Cr—rpq+ reg—rt1
+ W (Ty,reg-ai1) =1 = ) +a- OV + |T5T))

+e(A) — 15

=m- (0e(N) +O¢) — (m —a) - (W(Te,re,9-2+1 — 1)
+(m—a)-p+ (@—1)- (U] + 0§

+(1—=a) (ve(\)+Co+reqg —T0g-2+1)-  (26)

LetResy, ([to(N), re,q +©¢)) be the amount of time that is
not available on processérat time instants in the interval
[to(N),re,q + ©f). By Defs. 11 and 16, the allocation of

jobs within[to(X), 7, +©¢) is upper-bounded bW (o (X))
(recall that we are ignoring lower-priority jobs). Thus, by



(26),

W(to(A) + Y _ Res([to(A), 7o, + ©4))
h=1

> - (56(N) + ©4) — (m — a) - (W(Teuregrsr — 1)
+ (1 —a) () +Cr+1e0g —Tog-241)- (27)

Setting (20) into (27), we have

W (to(A)) +m - (0e(A) + ©Or) — B(de(A) + O)
m - (0e(A) +O¢) — (m —a) - (W(Ty,reg-a1 — 1)
+(1=a) (veN) +Co+7Te,g — To.g—rt1)-

Rearranging the terms in the above inequality, we have

W(to(N) + (m —a) - (W(Ty,reg-x41) — 1)
+(a—1)- (ve(N) +Ce+10,g — ro,g-2+1)
> B(6¢(A)+60).

From Claim 8, we have

W(to(N) + (m —a) - (W(Te,re,g-2+1) — 1)
+ (a—=1) (7e(A) + C¢ + max(0,7,(A — 1) — 1))
> B(6e(N)+0y).

SettingE; (A) andM*(d,())) as defined in Def. 16 into the
inequality above, we get (25). (Note that, by Def. A0¢
[17 KZ])

The stated range fay (k) can further be found similarly
to Theorem 3. O

Combining the results of Theorems 3 and 5, we can con-

struct the following improved schedulability test.
Corollary 3. (Improved Schedulability Test) Let

(m —a)- (E7(k)—1)
Ha—1)-(ye(k)+max(0, ve(k—1)—1)+Cy)

if ©p > ’}/g(k‘) + Cy,
(m—1)- (E7(k)—1)

otherwise,
wherea = min(F + 1,m). Leto** (k)" = | (Ho+ Zo(k) +
U-0tot—O¢-U) /(U ~Usgum) | . If, for task Ty, M*(6,(k))+
Zo(k) < B(d¢(k) + ©y) for eachk €[1, K,] and d¢(k) €
[A; 1 (k—1), 852%(k)'], then the response-time bound for
is not violated.

Zi(k) =

8. Multiprocessor Analysis: A Case Study
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o
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©

Figure 4. (a) A video-processing applicatioifb) Experi-
mental setup(c) Curvesa?’ andad’ and the inputyy.

To illustrate this, we applied our analysis to a part of a
MPEG-2 video decoder application that has been studied
previously in [4, 10]. The originally-studied application
shown in Fig. 4(a), is partitioned and mapped onto two PEs,
PE1 and PE2. PE1 runs the VLD (variable-length decod-
ing) and IQ (inverse quantization) tasks, while PE2 runs the
IDCT (inverse discrete cosine transform) and MC (motion
compensation) tasks. The (coded) input bit stream enters
this system and is stored in the input buffér The mac-
roblocks (frame pieces of siZ& x 16 pixels) in B are first
processed by PE1 and the corresponding partially decoded
macroblocks are stored in the buffg before being pro-
cessed by PE2. The resulting stream of fully decoded mac-
roblocks is written into a playout buffeB’” prior to trans-
mission by the output video device. In the above system, the
coded input event stream arrives at a constant bit-rate.

Experimental Setup. In our experiments, we considered a
variation of the previously-studied system shown in Figy)4(

Our analysis can be used to derive response-time boundsin which PE1 is a three-processor system running four iden-

for workloads that partitioning schemes cannot accommo-

tical VLD+IQ tasks,T1, Ts, T5, andTy. Such a task system

date and for workloads that cannot be efficiently analyzed can be used in a virtual reality application, where multiple

under the widely-studied periodic and sporadic models.
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video streams need to be processed. The modified system is



illustrated in Fig. 4(b) and explained in further detaildnel

em® /p; = 6.59 > 1. Therefore, the (b)-systemannot be

For conciseness, we refer to the systems in these two insetsanalyzed using prior results for periodic and sporadic task
as the (a)- and (b)-systems, respectively. To assess the usemodelswhich requirep; > 0 ande***/p, < 1.

fulness of our analysis, we computed output curves of the
four tasks so that they can be used in further analysis. We

Fig. 4(c) depicts the job completion cureé’ (normal-
ized to frames/millisecond assuming 1,584 macroblocks per

assumed zero scheduling and system overheads (the inclu-frame) for task in the (a)- and (b)-systems, the curv’
sion of such overheads in our analysis is beyond the scope for taskT; in the (b)-system, and the input curw&. (Note

of this paper).

In the analysis, we used a trace®f 10° macroblock
processing events obtained in prior work for the VLD+IQ
task during a simulation of the (a)-system using a Sim-
pleScalar architecture [4, 10]. We obtainggk) as in
Def. 1 by examining a repeating pattern of 19,000 consecu-
tive macroblock instruction lengths in the middle of theetra
and assuming 800 MHz processor frequency. We found
that all macroblock processing times in the trace are under
~vi(1) = 164us, which we set to be the maximum job ex-
ecution time (the best-case execution timei$* = 2.s).
The functiona¥(A) in Def. 2 was obtained by examining
macroblock arrival times. We computet] * (k) in Def. 4
as well as linear bounds fer (A) and~;(k) as in (2) and
(3) using the RTC Toolbox [13].

In the (b)-system, task%,...,T,, are scheduled on
three fully-available processors. Ta%k is statically pri-
oritized over the other tasks. In such a system, fskan
process a time-critical video stream and ta8ks 73, and
Ty can process low-priority video streams. Tagks T3,
andT, are scheduled bEDF using the supply from two
fully-available processors and that remaining on a thi pr
cessor after accommodating teBk In Fig. 4(b), down ar-
rows are used to depict the long-term available utilization
each processor.

Results. To show that existing analysis techniques are in-
applicable or are too pessimistic in the given setup, some
of the properties of the input streams and the VLD+IQ task
need to be emphasized. First, the arrival cunf¢A) is
bursty, i.e., several macroblocks can arrive at the same tim
instant. Second, while; = 17.6us, the maximum execu-
tion time of a single macroblock i&64 s, SO assuming that
each job executes for its worst-case execution time would re
sult in heavy overprovisioning. The long-term per-task uti
lization isu; = R; - e = 0.00396 - 17.6 = 0.7, where
R; = 0.00396 is the long-term arrival rate. Finally, the to-
tal utilization isU = 377, u; = 2.8. Therefore, the task
set{T1, ..., T4} cannot be partitioned onto three processors
(four processors are needed, actually), so global schreguli
is required.

For the (b)-system, the minimum job inter-arrival time is

that, in the (b)-system, tasks, . .., 7, have the same input
curveay, and the completion curves fak, ..., T, are the
same.) The curves fdF; in the (a)- and (b)-systems were
obtained using prior results in real-time calculus peitan

to uniprocessor systems as implemented in the RTC Tool-
box [13]. For the (b)-system, we calculated the maximum
response time fdf; and then applied Theorem 2 to find the
supply available to task®;, T3, and7,. We then incre-
mentally applied Corollary 1 to each of these three tasks to
obtain their maximum response-time bourgls We then
computed completion curves using Theorem 1.

The resulting curves have the same long-term comple-
tion rate in both systems. Tadk has the shortest possible
maximum response time in both the (a)- and (b)-systems.
However, the large job response times of tagks..., T,
in the (b)-system cause a larger degree of burstiness in the
output event streams. Such burstiness is mainly due to the
fact that multiple jobs of the same task arriving at the same
time instant can potentially execute for a significant dura-
tion of time, causing jobs of non-executing tasks to wait (or
be queued). Overall, the (b)-system has the advantage of
needing onlythree processors to accommodate four video
streams, at the expense of larger buffers for storing par-
tially decoded macroblocks (for approximatély frames).
With partitioned schedulingiour dedicated processors are
required.

9. Concluding Remarks

In this paper, we have presented an extension to the real-
time calculus framework. We considered a multiproces-
sor PE, where (partially available) processors are managed
by a global scheduling algorithm and jobs are triggered by
streams of external events. This work is of importance be-
cause it allows workloads to be analyzed for which partition
ing techniques are unnecessarily restrictive.

We also designed a pseudo-polynomial-time procedure
that can be used to test whether job response times occur
within specified bounds. Given these bounds, we computed
upper and lower bounds on the number of job completion
events over any interval of length and a lower bound
on amount of supply available after scheduling all incom-

zero. However, the arriving stream cannot be re-shaped soing jobs. These bounds can be used as input for other PEs

that the minimum job inter-arrival time is at leagt= 25us

and the long-term arrival rate to be preserved. Because the

worst-case job execution timed®®* = ~,;(1) = 164us and
the minimum job inter-arrival time ip; = 25us, we have
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thereby resulting in a compositional technique.

In our analysis, we assumed that response-time bounds
are specified. In the future, we plan to extend the analysis
in order to explicitly derive upper bounds on job response



times from the parameters of the incoming streams, task ex-
ecution times, and service curves under preemptive and non-
preemptive scheduling.
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Appendix

In this appendix, we prove Lemmas 4, 5, and 6.

Claim Al. If T; , < Ty q, thenr; , < 1y 4+ D¢ — D;, for
y > 0.

Proof. The claim immediately follows from Def. 8. O

Lemma 4:

Wie(Ti, 60(k)) = vi(oi (8e(k) + Dy — Dy))

Proof. Becausel; € NC, all of its jobs released prior to
to(k) are completed by timeéy (k). Thus, the competing
demand due t@; is upper-bounded by the demand due to
T;'s jobs released at or aftég(k) that have higher priority
thanT, ,. For such a joll; ;, by Claim Al,r; ; + D; <
10,4 + D¢, and hencey; ; < ry o + Dy — D;. Therefore, the
competing demand due to tagk, W (T;,to(k)), is upper-
bounded by the total execution time f's jobs released
within [to(k), r¢,q + D¢ — D;]. From Defs. 1 and 3, we have

W(T;, to(k))
<7i(aj (re,g + Do — D; — to(k)))
{by Def. 15

= i(a (6e(k) + D¢ — Dy)). O

Definition Al. LetT; , be the earliest job df; that is pend-
ing within [to(k), 7,4 + Og).

Note that, ifT; , does not exist, theW/ (T;,to(k)) = 0.
We henceforth assume tHB{, exists.

Claim A2. If T; , is defined as in Def. Al, thefa , > to(k)
andr; , > to(k) — ©,.

Proof. If f;, < to(k), thenT;, is not pending within
[to(k), 0.4 + ©y), which violates Def. AL. By (9)fi.. >
to(k) impliesr; o + ©; > to(k). O

Definition A2. Letk; = {Tiy 1y > a ATy = Tpq A
T; , is pending within [to (k), 7¢.q + O}

Claim A3. If T; , € k;, thenr; , € [ri o, 70,4+ D¢ — Djl.



Proof. By Def. A2,T; , = Ty 4 holdsifT; , is in x;. The
claim follows from Claim A1l. O

Claim A4:

W(Tito(k)) = > W(Tiyto(k).  (28)

T,i,yEIﬂ

Proof. The claim follows immediately from Defini-
tions 11, A1, A2. O

Claim A5. Let G;(S,X) = min((5), max(0,X —
A71(S = 1)) + (S — 1)) be as defined in Lemma 5 be-

(3

low. The functior; (S, X) is a non-decreasing function of
the integral argumens.

Proof. Suppose thaf > 1 is fixed. We computé&r; (S +
1, X).
Gi(S+1,X)
= min(y;(S + 1), max(0, X — 4, 1(S)) +7i(9))
{becaus&”;(S) is a non-decreasing functipn
> 7i(95)
> min(y;(S), max(0, X — A, (S — 1)) + (S — 1))
=Gi(S, X) O

Lemma 5. Let G;(S,X) =
AT = 1) + (S — 1)

min(y;(5), max(0, X —

Wc (T, 0e(k))
= Gi(OéEL((Sg(kJ)-FDg—Dri-@i), 5[(k)+Dg—D7;+@7;)

Proof. We consider two cases.
LetT; , be as defined in Def. Al. We first rewrite (28).

W (T, to(k) =W (Tia to(k))+ > W(Tiy,to(k))
Ti,y€ri\Ti,a
(29)

We now bound the individual terms in (29). By Claim A2,
T; ., finishes its execution at timg , > t¢(k), and hence,

W(E,a,; tO(k))
= min(ej,a, fi,a — to(k))
{by (9)}

< min(ei,a, Tia + 0; — to(k)) (30)
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By (29) and (30),
W(T;,to(k))

< min(eia,ria +0i —to(k) + D> W(Tiy, to(k))
T,i,yEM\a

< min (ei,a + Z W(Ti,yvto(k))v

Ti,y€ki\Ti,a

Fia + 01— to(k) +_ W(Tiy, to(k:))) . (31)

Ti,y€5i\Ti,a

Let S; = |k;|. Because, the processor allocation of job
3.y cannot be greater than its execution time, by Def. 1, we

T:
have the following.

€i,a + Z W(T@y,to(k‘)) < E7(Sz) (32)
Ti,y€ri\Ti,a
> W(Tiy to(k)) < Ei(Si — 1) (33)

Ti,y€5i\Ti,a

By (31), (32), and (33), we have

W(Ti,to(k)) S min(%(S’i),Ti,a-l-@i—to(k)—i—%(si—l)).
(34)

By Claim A3, all jobsT; , such thatl; , € «; are re-
leased withinr; o, 7¢,q + D¢ — D;]. LetT; ,45,—1 be the
latest job released within this interval. We upper boupgl
as follows.

Ti,a
= Ti,a+S;—1 + Ti,a — Ti,a+S;—1
{by the definition off; , 45,1}
<reg+De—Di+ 150 —Tiatrs,—1
{by Lemma 2
<ryq+D¢—D;— Afl(Sl — 1)
From the inequality above, we have
Ti.a + ©i — to(k)
< max(0,7¢,4+Ds—Di— A7 (S; —1)+0;—to(k))
{by Def. 15
= max(0, (k) +Dy—D;+©0; — A71(S; — 1)). (35)
By (34) and (35), we have
W (T;,t0(k))
< min(v;(S;), max(0,0¢(k) + Dy — D; + ©;
—ATHSi = 1) + (S - 1))
= Gi(Si, 54(1{;) +Dy—D; + @Z‘), (36)



whereG; (S, X) is defined in the statement of the lemma.
By Claim A5, the functionG;(S, X) is a non-decreasing
function of S. We thus can find an upper bound on
W (T3, to(k)) by setting an upper bound d into (36).

By Claim A3, S; = |x;| is at most the number of jobs
released within the intervét; ., ¢, + D¢ — D;], which, by
Claim A2, is contained withirfto (k) — ©;,7¢,4 + D¢ — D;].
We thus upper-boun§; using Def. 2.

Si

< aj(re,g + Do — Di — to(k) 4+ 0;)
{by Def. 15

= aj(6¢(k) + D¢ — D; + ©;)

Setting this upper bound a$} into (36), we get the required
result. O

The following claims and lemma are used to prove
Lemma 6.

ClaimA6: L;(X +Y) < L;(X) +u; - (Y + |a]) forall X
andY > a.

Proof. By Def. 5,u; > 0. We consider two cases.

Case 1:Y > 0. In this case, by Def. 20,

Li(X+Y)
= max(0,u; - (X +Y)+&-B;)+ v
< max(0,u; - X +¢-B;)+vi+u;- Y

Becauséa| > 0, the required result follows.

Case 2:Y < 0. In this case, by Def. 20,

Li(X+Y)
= max(0,u; - (X +Y)+& B;)+ v
< max(0,u; - X +¢ - B;) +v;
= L;(X).

From the statement of the claim and the condition of Case 2,
we haven <Y < 0, and henceY + |a| > 0. We thus have
Li(X+Y) < Li(X) < Li(X) +u; - (Y + |a). O

Claim A7: ~;(a(X)) < vi(af (X)) < Li(X).

Proof. By Def. 2, a¥(A) is a non-decreasing function of
A. Thereforea?(A) < o¥(A + ¢€) for anye > 0, which
impliesa¥(A) < lim._, 10 a¥(A + €). The right-hand side
of the latter inequality isv; (A) by Def. 3. Thusa¥(A) <

o (A). The first inequality of the claim therefore follows

3

from +; (k) being a non-decreasing functionjoby Def. 1.
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We now prove the second inequality. Becaugg X ) > 0

by Def. 3, we have

(o (X))

= 7i(max(0, o (X))
{by (3)}

<& - (max(0, ] (X))) + v
{by (2)}

<& (max(0,R;,- X + B;)) +v;

= max(0,e; - R; - X +¢ - B;) +v;
{by Def. 5

= max(0,u; - X +& - B;) + v
{by Def. 20

= Li(X). 0

Lemma Al: Whxc (Tz, (Sg(k)) < Li(ég(k‘) +Dy— Dz) +u; -
O, Wne (T, 0¢(k)) < Li(de(k) + Dy — D;) .

Proof. We prove the first inequality. The second inequality
is proved similarly.

Whc (T3, 6e(k))
{ by Lemma 5 (note that this inequality hold}s
for bothi = ¢ andi # ¢ sincek > 1)
< vi(af(6¢(k) + Dy — D; + ©;))
{by Claim A7}
< Li(6¢(k) + D¢ — D; + ©5)
{becaus®; > 0, by Claim A6}
< Li(0e(k) + D¢ — D; + ©;)
< Li(0¢(k) + Dy — D;) + u; - ©;.

O

Lemma 6. For all 5,(\) > A, '(A — 1), M*(6,(\) <
Usum - 0¢(X) + Hy, whereHy = > o Li(De — D;) +
U(m — 1) - max(©;) and U(y) is the sum ofmin(y, |7|)
largest utilizations.

Proof. Suppose that the sel4C and NC subject to (24)
maximize the value of the right-hand side of (23). By (23),
we have

M*(0e(N))

= > Wue(Ti, 6e(N) + > Wie(Ti, 6(N))
T;eHC T;eNC
{by Lemma A%

< Z (Li(6¢(X) + D¢ — D;) 4+ u; - ©;)
T;eHC
+ Z L;(6¢(N) + Dy — D;)

T,eNC



{sinceHC UNC C 7}
< Y Li(6e(\) +De—Di)+ > ;- ©;
T;eT T;€HC
becauseHC| < m — 1 by (24),and by the definitio
of U(y) in the statement of the lemma
< D [Li(0e(A) + Dy — D)) + U(m — 1) - max(6;)
T; €T
by Claim A6
(note that, by Defs. 14 and 1&,(\) > 0)
< Z [Li(Dz — Dl) + u; - 54()\)]
T;eT
+U(m—1) -max(0;)
by Def. 5 and the definition off,
in the statement of the lemma

)

ZUsum-(Sg()\)-l-Hg. O
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