
Polynomial-‐&me	  algorithms	  

Running	  &me	  is	  polynomial	  in	  the	  representa&on	  of	  an	  input	  instance	  

-‐  In	  binary	  (equivalently,	  the	  number	  of	  keystrokes	  on	  your	  keyboard)	  
-‐  Not	  unary!!	  
-‐  Revisit	  the	  RAM	  model	  (and	  opera&ons	  taking	  constant	  &me)	  



Polynomial-‐&me	  algorithms	  

Running	  &me	  is	  polynomial	  in	  the	  representa&on	  of	  an	  input	  instance	  

-‐  In	  binary	  (equivalently,	  the	  number	  of	  keystrokes	  on	  your	  keyboard)	  
-‐  Not	  unary!!	  
-‐  Revisit	  earlier	  assump&on	  about	  opera&ons	  taking	  constant	  &me	  



Polynomial-‐&me	  algorithms	  

Running	  &me	  is	  polynomial	  in	  the	  representa&on	  of	  an	  input	  instance	  

int fib (int n){
   if (n <= 2) return 1;
  return fib (n-1) + fib (n-2);
} 

Polynomial-‐&me	  or	  not?	  
int fib (int n){//Dynamic Program
   int f[n+1];
   f[1] = f[2] = 1;
   for (int i=3; i <= n; i++)
      f[i]  = f[i-1] + f[i-2];
  return f[n];
} Polynomial-‐&me	  

-‐ 	  Constant-‐&me	  if	  exponen&a&on	  is	  available	  
-‐	  Linear-‐&me	  (not	  logarithmic)	  if	  not	  



What	  is	  the	  running	  &me	  of	  this	  algorithm?	  

Θ(n3)	  

But	  not	  cubic	  in	  the	  size	  of	  the	  input	  



Showing	  problems	  to	  not	  be	  solvable	  in	  polynomial	  &me	  

Op&miza&on	  problem	  à	  decision	  problem	  

•  Has	  a	  yes/	  no	  answer	  
•  Easier	  (no	  harder)	  than	  the	  op&miza&on	  problem	  
•  	  Polynomial-‐&me	  solu&on	  o\en	  means	  a	  polynomial-‐&me	  

solu&on	  to	  the	  op&miza&on	  problem,	  by	  “binary	  search”	  



Showing	  problems	  to	  not	  be	  solvable	  in	  polynomial	  &me	  

Op&miza&on	  problem	  à	  decision	  problem	  

Reduc&ons	   Find	  a	  known	  “hard”	  problem	  A,	  such	  that	  a	  polynomial-‐&me	  solu&on	  
to	  your	  problem	  B	  implies	  a	  polynomial-‐&me	  solu&on	  to	  A	  

1
2

3

Choose	  this	  
Define	  this	  

Prove	  this	  



Showing	  problems	  to	  not	  be	  solvable	  in	  polynomial	  &me	  
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Reduc&ons	   Find	  a	  known	  “hard”	  problem	  A,	  such	  that	  a	  polynomial-‐&me	  solu&on	  
to	  your	  problem	  B	  implies	  a	  polynomial-‐&me	  solu&on	  to	  A	  
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Showing	  problems	  to	  not	  be	  solvable	  in	  polynomial	  &me	  

1
2
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Choose	  this	  
Define	  this	  

Prove	  this	  

Proof	  of	  correctness:	  
•  Input	  instance	  in	  PARTITION	  
•  Input	  instance	  not	  in	  PARTITION	  



Showing	  problems	  to	  not	  be	  solvable	  in	  polynomial	  &me	  

Op&miza&on	  problem	  à	  decision	  problem	  

Reduc&ons	  

	  

We	  find	  the	  known	  hard	  problems	  in	  [Garey	  &	  Johnson]	  

-‐  How	  did	  they	  get	  there?	  

-‐  The	  first	  hard	  problem	  

Find	  a	  known	  “hard”	  problem	  A,	  such	  that	  a	  polynomial-‐&me	  solu&on	  
to	  your	  problem	  B	  implies	  a	  polynomial-‐&me	  solu&on	  to	  A	  



The	  class	  of	  problems	  NP	  

P	  =	  decision	  problems	  solved	  by	  some	  polynomial-‐&me	  algorithm	  
Observa&on:	  For	  some	  problems,	  it	  seems	  easier	  to	  verify	  a	  given	  
solu&on,	  than	  to	  find	  one	  

-  Factoriza&on	  (is	  n	  a	  composite	  number?)	  
-  Par&&on	  
- Given	  A’,	  verify	  that	  the	  sizes	  of	  elements	  in	  A’	  sum	  to	  half	  the	  total	  sum	  
- Knapsack	  
- Given	  a	  subset	  of	  the	  items,	  verify	  that	  their	  weights	  sum	  to	  ≤	  W,	  and	  values	  to	  ≥V	  

NP	  =	  decision	  problems	  verified	  by	  some	  polynomial-‐&me	  algorithm	  
Cer&ficates	  of	  membership	  in	  the	  language	  defined	  by	  the	  problem	  	  

A	   language	   belongs	   to	   the	   class	   NP	   if	   there	   is	   an	   algorithm	   that	  
accepts	   an	   input	   and	   a	   cer&ficate,	   and	   verifies	   that	   the	   input	  
belongs	  to	  the	  language,	  in	  &me	  polynomial	  in	  the	  size	  of	  the	  input	  



The	  class	  of	  problems	  NP	  

•  Every	  decision	  problem	  defines	  a	  language	  of	  all	  strings	  for	  which	  the	  decision	  
problem	  yields	  a	  “yes”	  answer	  

•  For	  decision	  problems	  in	  the	  class	  P,	  there	  is	  a	  polynomial-‐&me	  algorithm	  that	  
determines	  whether	  an	  input	  belongs	  to	  the	  language	  

•  For	  decision	  problems	  in	  the	  class	  NP,	  there	  is	  a	  polynomial-‐&me	  algorithm	  that	  
verifies	  whether	  a	  given	  cer&ficate	  for	  a	  given	  input	  shows	  that	  the	  input	  belongs	  
to	  the	  language	  

•  The	  running	  &me	  is	  polynomial	  in	  the	  size	  of	  the	  input	  (not	  the	  cer&ficate)	  
•  [Hence,	  cer&ficates	  should	  be	  of	  polynomial	  size]	  

•  Every	  language	  in	  the	  class	  P	  is	  in	  the	  class	  NP	  (why?)	  
•  Languages	  such	  as	  PARTITION	  are	  in	  NP,	  but	  not	  known	  to	  be	  in	  P	  

NP 

P 




