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Summary. In this paper we discuss the problem of planning safe paths amdst un-
predictably moving obstacles in the plane. Given the initia | positions and the maxi-
mal velocities of the moving obstacles, the regions that are possibly not collision-free
are modeled by discs that grow over time. We present an approach to compute the
shortest path between two points in the plane that avoids these growing discs. The
generated paths are thus guaranteed to be collision-free wth respect to the moving
obstacles while being executed. We created a fast implemenation that is capable of
planning paths amidst many growing discs within millisecon ds.

1 Introduction

An important challenge in robotics is motion planning in dynamic environ-
ments. That is, planning a path for a robot from a start location to a goal
location that avoids collisions with the moving obstacles.In many cases the
motions of the moving obstacles are not known beforehand, soften their
future trajectories are estimated by extrapolating current velocities (acquired
by sensors) in order to plan a path [2, 5, 10]. This path may beeme invalid
when some obstacle changes its velocity (say at timé), so then a new path
should be planned. However, there is actually no time for planing; as the
world is continuously changing, the computation would already be outdated
even before it is nished.

To overcome this problem, often a xed amount of time, say , is reserved
for planning [6, 9]. The planner then takes the expected sitation of the world
at time t+ as initial world state, and the plan is executed when the time
t+ has come. This scheme carries two problems:

The predicted situation of the world at time t + may dier from the
actual situation when some obstacles change their velociis again during
planning. This may result in invalid paths.
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The path the robot will follow between time t and time t + is not guar-
anteed to be collision-free, because this path was computeldased on the
old velocities of the obstacles.

In this paper we take a rst step to overcome these problems. W& present
an approach to compute a path from a start location to a goal lacation that
is guaranteed to be collision-free, no matter how often the bstacles change
their velocities in the future. Replanning might still be necessary from time to
time, to generate trajectories with more appealing global baracteristics, but
the two problems identi ed above do not occur in our case. Therst problem
is solved by incorporating all the possible situations of tre world at time t +
in the world model. The second problem is solved as the compet paths are
guaranteed to be collision-free regardless of what the momg obstacles do.

We assume that all obstacles and the robot are modeled as disdn the
plane, and that the robot and each of the obstacles have a (kngn) maximum
velocity. The maximum velocity of the obstacles should not ecceed the maxi-
mum velocity of the robot. The problem is solved in the con guration space,
that is, the radius of the robot is added to the radii of the obgacles, so that
we can treat the robot as a point.

Given the initial positions of each of the obstacles, the regpns of the space
that are possibly not collision-free are modeled by discs tat grow over time
with rates corresponding to the maximal velocities of the olstacles. Our goal
is to compute a shortest path (a minimum time path) from a start to a goal
con guration that avoids these growing discs (see Fig. 1).

Fig. 1. An environment with two moving obstacles and a shortest path . The pictures
depict the growing discsat t =0, t = 1 and t = 2, respectively. A small dot indicates
the position along the path.

Although computing shortest paths is a well studied topic in computational
geometry (see [8] for a survey), the problem we study in this pper is new. In
fact, it is a three-dimensional shortest path problem, as tre time accounts for
an additional dimension. Such problems are NP-hard in genexl, yet we present
an O(n®logn) algorithm (n being the number of discs) for our problem in the
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restricted case that all discs have the same growth raté. In case the growth
rates are dierent, we cannot give a time bound expressed inn. Instead,
we present an e cient approximation algorithm for this general case. We
implemented this algorithm, and experimental results showthat we are able
to generate shortest paths amidst many growing discs withironly milliseconds
of computation time.

The rest of the paper is organized as follows. We formally dene the prob-
lem in Section 2. In Section 3 we examine the structure of sheest paths
amidst growing discs. We sketch our global approach in Seatn 4, and in
Section 5 we present e cient algorithms for the restricted and general case.
Experimental results are given in Section 6, and Section 7 awcludes the paper.

2 Problem De nition

The problem is formally de ned as follows. Given aren moving obstacles

point (if it is a disc, it can be treated as a point when its radius is added
to the radii of the obstacles), for which a path should be fourn between a
start con guration s 2 R? and a goal con guration g 2 R?. The robot has a
maximal velocity V 2 R* which should be larger than each of the maximal
velocities of the obstacles, i.e. §i :: V > v;).

As we do not assume any knowledge of the velocities and dirdons of
motion of the moving obstacles, other than that they have a maimal velocity,
the region that is guaranteed tg contain all the moving obstales at some
point in time t is bounded by —, B(pi;ri + vit), where B(p;r)  R? is an
open disc centered atp with radius r. In other words, each of the moving
obstacles is conservatively modeled by a disc that grows ovéime with a rate
corresponding to its maximal velocity (see Fig. 1 for an examle environment).

enition 1. A point p 2 R? is collision-free at time t 2 R* if p 62
i B(piri + vit).

The goal is to compute the shortest possible path : [0;tg]! R? between
s and g (i.e. a minimal time path with minimal ty) that is collision-free with
respect to the growing discs for allt 2 [0; t4].

3 Properties of Shortest Paths

In this section we deduce some elementary properties of shtest paths amidst
growing discs. We rst show that we are actually dealing with a three-

2 Note that the special case of discs with zero growth rate gives a two-dimensional
shortest path problem, which can be solved in O(n? logn) time (see e.g. [4]).



4 Jur van den Berg, Mark Overmars

dimensional path planning problem: As the discs grow over tine, we can
see the obstacles as cones in a three-dimensional space (B&g 2), where the
third dimension represents the time. Each obstacleO; transforms into a cone
Ci, whose central axis is parallel to the time-axis of the coorthate frame, and
intersects the xy-plane at point p;. The maximal velocity v; determines the
opening angle of the cone, and together with the initial radusr;, it determines
the (negative) time-coordinate of the apex. The equation ofconeC; is given
by:
Ci:(x px)*+(y py)>=(vit+r)= 1)
The goal con guration g is transformed into a line parallel to the time-

axis, where we want to arrive as soon as possible (i.e. for thiewest value of
t). In the three-dimensional space it is easier to reason abduthe properties

of shortest paths.

Fig. 2. The three-dimensional space of the same environment as Fig.1.

3.1 Maximal Velocity

We will rst show that a shortest path is always traversed at t he maximal
velocity V, and hence a shortest path makes a constant angle arctan€V)

with the xy-plane.

Lemma 1. A point p 2 R? that is collision-free at time t = t° is collision-free
forallt::0 t t%

S S
Proof. If t; to, we know that ; B(pi;r; + \étl) i B(pi;ri + vitz). Thus

if a poigt pis collision-free at timety, i.e. p62 |, B(p;; ri + vit2), it is certainly
notin ; B(pi;ri + vity). Hence point p is collision-free at time t; as well.

Theorem 1. The velocity M of a shortest path is constant and equal to
the maximal velocity V.
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Proof. Suppose is a path to g, of which a sub-path has a velocity smaller
than V. Then this sub-path could have been traversed at maximal veicity,

so that points further along the path would be reached at an edier time.

Lemma 1 proves that these points are then collision-free as &ll, so alsog

could have been reached sooner, and henceis not a shortest path.

3.2 Straight-Line Segments and Spiral Segments

Next, we prove that that a shortest path can only consist of sraight-line

motions, and motions that stay in contact with the growing di scs. These latter
motions are parts of a spiral, as the path “orbits' a disc whik it grows. In three-
dimensional terms, a spiral segment of a shortest path liesrothe surface of a
cone.

Theorem 2. A shortest path solely consists of straight-line segmentsnd spi-
ral segments on the boundary of a growing disc.

Proof. Theorem 1 implies that the time it takes to traverse a path is propor-
tional to its length. Hence, parts of the path in “open' spacecan always be
shortcut by a straight-line segment. Only when the path stays in contact with
a growing disc, it is not possible to shortcut. These segmest are part of a
spiral.

We next show that in fact, as both the velocity of the path and the growth
rate of the discs are constant, spiral segments on the boundg of a disc are
supported by alogarithmic spiral.

Without loss of generality, we assume that the disc has radis 0 att =0,
that the disc is centered at the origin, and that the disc grows with velocity
1 (other discs can be transformed such that these condition#old). Let the
velocity of the path be V. We express the equations of the spiral in polar
coordinates {(t); (t)), parametrized by the time t. The radius r(t) of the
spiral at time t is equal to the radius of the disc at timet, thus:

r(t) =t (2)
The angle (t) is not trivially deduced, but we know that
TGRS OLERY ©

as the velocity along the spiral is constantly equal toV. From this equation,
we deduce a closed form for (t):

x(t) = r(t)cos (1);
y(t) = r(t)sin (t) ;
xt) = rqt)cos (t) r(t) %t)sin (b);
yat) = rqt)sin (t)+ r(t) At)cos (1) ;
XA+ ¥yt = rqH)2 + r(1)? ()2 =1+ t* ()= (4)
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Combining Equation (4) with (3), and solving for (t) gives:

"1y e )2 =V,
1+t q1)? = VTo;
vz 1
W = —
P
(t) = V2 1llogt+ o (5)

The indicates whether the spiral revolves counterclockwise (3, or clockwise
() about the growing disc. The term ¢ gives the starting angle of the spiral.
Equations (2) and (5) together de ne the spiral. This form is well known as
the logarithmic spiral [11].

3.3 Path Smoothness

Theorem 3. A shortest path is Ct-smooth.

Proof. Suppose path is not smooth and contains sharp turns. Then these
turns could be shortcut by a straight-line segment. Hence is not a shortest
path.

This theorem implies that in a (general) shortest path the straight-line
segments and spiral segments alternate each other, and thdhe straight-line
segments must betangent to the supporting spirals of the spiral segments.
In terms of the three-dimensional space this means that the tsaight-line seg-
ments (which \connect" two spiral segments), are bitangent to the cones on
which the spirals lie.

3.4 Departure Curves

There are four ways in which a straight-line segment can be langent to a
pair of cones (sayC; and C;): left-left, right-right, left-right and right-left. In
each of these cases, there is an in nite number of possible gments (whose
slope corresponds to the maximal velocityV) that are tangent to both C;
and C;. However, the possible tangency points at the surface o€; form a
continuous curve on that surface. We call such curvesleparture curves They
play a major role in our algorithm to compute a shortest path.

De nition 2.  For two cones C; and C;, the set DC(C;;C;) is de ned as
the collection of points on the surface ofC;, for which the straight-line of
slope 1=V that is tangent to C; in that point is also tangent to C;. The
set DC(C;; Cj) consists of four continuous curves, each associated with en
of the tangency cases. We call thendeparture curves They are denoted
DCy (Ci;Cj), DCy (Ci; Cj), DCyi (Ci;Cj) and DCy, (Ci; Cj), respectively.
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The set DC(C;i;g) to the goal con guration g is de ned similar, but then
the tangent line segment should go through the goal con guian g. In this
case the departure curvePC,; (Ci;g) and DC,(C;;g) are distinguished.

We now show how we can deduce equations for the departure cueg on
the surface of a coneC. Again, without loss of generality, we assume that the
disc associated with the cone has radius O at = 0, that the disc is centered
at the origin, and that the disc grows with velocity 1. Let the velocity of the
path be V. The surface of C can be parametrized by two variables, timeT
and angle

C:(T; )!If Tcos;T sin;T g:

Let us consider the counterclockwise spirals about this com Each of them
is uniquely de ned by the initial angle o (see Equation (5)). Each point (T; )
on the surface of the cone has a unique spiral that goes throtgthat point.
This spiral can be found by solving (T)=  for o:

p
0= V2 1logT + : (6)

Hence, the spiral though (T'; ) is described in Euclidean coordinates as:

p -
X(t)=tcos V2 1logt VZ 1logT +

y(t) = tsin V2 1llogt V2 1logT +

If we walk along this spiral, we can depart for another cone ifthe straight-
line segment tangent to the spiral is tangent to another coneas well. The
straight-line segment™ tangent to the spiral at point ( T; ) is represented by:

M= x(M+(t TXAT); y(M)+(t THAT) = @)

= tcos (t T) V2 1sin;t sin +(t T) V2 1cos

This segment must be tangent to another cone, saf; with position p;, initial

radius r; and velocity v;, in order for point (T; ) to be on a departure curve
of DC(C; C;). The surface ofC; is given by Equation (1). If we Ilin line " in
(1), by substituting x = "y (t) and y = ", (t), and solve fort, we get a solution
of the following form:

2= AT ) D) ®)

Here, D(T; ) is the discriminant whose sign indicates whether or not lire
" intersects C;. When D(T; ) =0, " is tangent to C;, henceD(T; ) =0
is an implicit equation for the set DC,(C;C;). We can make this explicit
by solving D(T; ) = 0 for T. In Fig. 3 this function is plotted for various
values ofv; (note that the function has a period of 2 ). In each of these cases
we see two sine-like curves (forvy = 1, it is degenerate). They correspond
with DC, (C;C;) and DC, (C;C;), respectively. The other departure curves
DCy (C;Ci) and DCy (C; C;) can be found when considering clockwise spirals.
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(@) (b) (©

Fig. 3. Departure curves DC; (C;C;) on the surface of C parametrized by angle

and time T for dierent values of v;. (a) vi < 1. (b) vi = 1. (c) v > 1. The
dashed curves are improper departure curves. The gray area,given by the inequality
(T cos pix )2 + (T sin py)? < (ri + viT)?, is the region on the surface of C
that is penetrated by C;, i.e. these points are not collision-free.

Given a position (T; ) on the surface of coneC for which D(T; ) =0,
the arrival time of the straight-line segment at cone C; is given by A(T; ).
The departure time of the segment is given byT. For some points along the
departure curve A(T; ) is smaller than T. They correspond with bitangen-
cies in the negative direction, i.e. the arrival time on C; is smaller than the
departure time at C. In the plots this is indicated by dashed curves. In the
remainder of this paper these improper curves are ignored wdn we refer to
departure curves.

We also have to take into account departure curves oDC (C; g) associated
with segments tangent to C and leading to the goal con guration g. In this
case, we have to solve the system of equationy(f) = g] for T, to get a closed
form for the departure curve.

4 A Naive Algorithm

With the notions introduced so far, we can devise a rst, rather naive algo-
rithm to nd a shortest path amidst growing discs from some start con gu-
ration s to some goal con guration g. Our approach grows a tree of possible
shortest paths that is rooted in the start con guration at ti met = 0. A leaf
is expandedif the length of its path from the start con guration is minim al
among all leafs of the tree. To this end, each leaf is maintaied in a priority
queue with a key valueequal to its time coordinate (which equals the length
of its path from s). The priority queue is initialized with the initial motion s
from the start con guration s that possibly belong to a shortest path. These
are straight-line segments with slope £V leading either directly to the goal
con guration, or to a tangency point on the surface of one of he cones. Some
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of these segments may intersect other cones, which would makhem invalid,
so only the collision-free segments are considered. The gnaint of each valid
segment is put into the priority queue with a key corresponding to its t-value.

Now, the algorithm proceeds by handling the point with the lowestt-value
in the queue (the front element of the queue). This point is eiher the goal
con guration, in which case the shortest path has been foung or a point
on the surface of a cone. In this latter, more general case wergceed by
walking along a spiral about the cone. This spiraleither runs into an obstacle
(another cone), in which case there is no valid continuationof the path, or it
encounters a departure curve on the surface of the cone. In th case there are
two outgoing branches: (1) continuing along the spiral on the surface of the
cone to nd a next departure curve, and (2) departing for the other cone by
a straight-line segment. If this latter segment is collisim-free, its endpoint is
inserted into the queue. Also for the rst option an entry is enqueued.

This procedure is repeated until the goal con guration is pgped from the
priority queue. In this case the shortest path has been foundand can be read
out if backpointers have been maintained during the algoritim. If the priority
queue becomes empty, or if the front element of the queue hastane-value for
which the goal con guration is not collision-free anymore (it is occupied by
one of the growing discs), no valid path exists. In Algorithm 1, the algorithm
is given in pseudocode.

Algorithm 1 ShortestPathNaive (s;9)

1: Initialize priority queue Q with endpoints of all valid outgoing segments from s.
2: while Q is not empty do

3:  Pop the front element hg;ti from the queue.

4: if the goal con guration is not collision-free anymore at time t then

5 Path does not exist. Terminate.

6: elseif q= gthen
7

8

9

Shortest path found! Terminate.

else
g is on the surface of a cone, sayCi, so proceed along the spiral about C;
until it runs into another cone, or encounters a departure cu rve.

10: if the spiral encounters a departure curve, say DC (C;; C;), then

11: ho®%t%  the intersection point of the spiral and the departure curve .
12: h®2t%  arrival point of the bitangent segment on the surface of C;.
13: Insert hg®t% into Q.

14: if segmenthg®t%;hg”®t% is collision-free then

15: Insert hg”®t% into Q.

16: Path does not exist.

In the above algorithm, we have to identify the spiral we are ; (let us
assume that it is a counterclockwise spiral), given a point a the surface of
the cone (line 9). Let g be a point on the surface of some cone, s&y;, given
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in Euclidean coordinates ; y;t). Then the corresponding coordinates T; )
on the surface ofC; are given by (T; ) = (t; arctan %)

The spiral on the surface ofC; going through (T; ) is given by o as
computed in Equation (6). Equation (5) then gives a function for the angle
(t) along the spiral through (T; ). In line 10 of Algorithm 1, we wish to
know whether the spiral encounters any departure curves. Tothis end, we
should nd the intersections of the spiral and the departure curves on the
surface ofC;. Recall that we can deduce an implicit equationD(T; ) =0 for
the departure curves of any pair of cones (see Equation (8))The intersections

are thus found by solvingD (t; (t)) =0 for t.

When we have found an intersection for some valué = T of the spiral and
a departure curve of, sayDC (C;; C; ), we wish to know what kind of departure
curve we have encountered. The arrival time at coneC; when departed from
time T is A(T; (T)) (see Equation (8)). If this arrival time is smaller than
T, the intersection can be ignored. If it is larger, we like to know whether
the tangent straight-line segment arrives on the left side 6 C; (and should
be succeeded by a clockwise spiral o@;), or on the right side of C; (and
should be succeeded by a counterclockwise spiral). This isetermined by the
derivative of D (t; (1)) to t. If this derivative is negative at point T, we have
arrived on the left side. If it is positive, we have arrived onthe right side. The
exact arrival location on the surface of coneC; is given by “(A(T; (T)) (see
Equation (7)). From this information we can deduce the parameters de ning
the spiral on C; on which we have arrived.

5 An E cient Algorithm

The algorithm described above will indeed nd a shortest path to the goal
within a nite amount of time. However, in order to have a bound on the
running time we must de ne nodes that can provably be visited only once
in a shortest path, such that we can dorelaxation on them as in Dijkstra's
algorithm [7]. We will show that this is easy to achieve in the restricted case
where all discs have equal growth rates, and present a@(n? logn) algorithm
(n being the number of discs). In the general case we could not dihis, but
we will present an algorithm that is very fast in practice, by pruning large
parts of the search tree.

5.1 Discs with Equal Growth Rates

If apoint g=(T; ) onthe surface of a cone has been visited during the search
for a shortest path to the goal, all points on the cone that arereachable fromq
by following some collision-free path with a velocity less han the maximal ve-
locity V (i.e., k(xtiy)k <V ), can never lie on a shortest path from the start to
the goal (this follows directly from Theorem 1). These points are contained in
the wedge formed by the clockwise and counterclockwise sgil going through g
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(see Fig. 4), as we know that on the spirals
k(><:t7>')k = V. We call this region the wedge
region of q.

Let us consider thearrangement [1] on the
surface of a cone containing all (proper) de-
parture curves and all obstacle regions (other
cones penetrating the surface) on that cone
(see Fig. 5 for an impression). Note that the de-
parture curves may be subdivided into a num-
ber of collision-free intervals by the obstacle
regions. In case all discs have the same growth
rate, say v = v < V for all i, these inter-
vals satisfy an interesting property (see Fig. Fig. 4. The region (light grey)
3(b)): let (T; ) be a point on some departure on the surface of a cone that is
curve interval, then all points (T% 9 on the reachable from point q by paths
same interval for which T®> T are within the with XY 2% v The dark
wedge region of T; ). To prove this, we must grey area is an obstacle.
show that for the departure curves hold that
k(X;t7Y)k V. As the proof is rather technical, we omit it here.

This means that these departure curve intervals can serve asodesin our
Dijkstra-algorithm. Only the path arriving earliest in an i nterval can con-
tribute to a shortest path. Paths arriving later in the inter val cannot be part
of the shortest path, because the path arriving earliest in he interval can be
extended with a traversal along the interval to end up at the same position
(and time) as the path arriving later in the interval.

Each node (an interval) has two outgoing edges Let the interval be a
segment of a departure curve ofDC(C;;C;), then the rst edge is a spiral
segment to the next departure curve on the surface ofC;, and the second
edge consists of a bitangent straight-line segment and a sl segment and
arrives in the rst departure curve encountered on the surfece of C;. For the
rst edge, which stays on the cone, we have to determine the nd departure

Fig. 5. Animpression of an arrangement
on the surface of the cone. The thick lines
are the departure curves, of which one
has a shadow interval (dashed). The thin
dashed lines are spiral segments that de-
limit trapezoidal regions that have the
same next departure curve or collision
(only the counter-clockwise spirals are
shown). The gray area depicts an obstacle
area of another cone penetrating the sur-
face, and cutting several departure curves
into two intervals.
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curve that is encountered if we proceed by moving along the spal about the
cone. This can be done e ciently using the arrangement, if wehave computed
its trapezoidal map[1], where the sides of the trapezoids are spiral segments.

For the second edge, which traverses to another cone, we hat@determine
what the rst departure curve is we will encounter there. This can be done
e ciently using the arrangement we have computed on that cone. Using a
point-location query, we can determine in what cell of the arangement the
straight-line segment has arrived, and using the trapezoidl map we know
what the rst departure curve is we will encounter if we proceed from there.

Finally, we must ascertain that each edge is collision-freavith respect to
the other cones. Spiral segments may collide with other corgeif these pene-
trate the spiral's cone surface. Since obstacle areas aredarporated into the
arrangement, such collisions are easily detected. Straighine segments may
collide with any cone, so for each departure curve and each oe, we calcu-
late the shadow interval this cone casts on the departure curve, in which a
departure will result in collision. These shadow intervals are stored in the
arrangement as well. In Fig. 5, an impression is given of howuth an arrange-
ment might look.

Theorem 4. The algorithm to compute a shortest path amidsh growing discs
with equal growth rates runs inO(n? logn) time.

Proof. For each pair of cones there areD(1) departure curves. Since there
are O(n?) pairs of cones, there areO(n?) departure curves in total. Each
of the departure curves can be segmented into at mosO(n) intervals, as
there are at mostO(n) cones intersecting the departure curve (each cone can
split the departure curve into at most two segments). Hence there are O(n®)
departure curve intervals. Each departure curve interval has O(1) outgoing
edges, making a total ofO(n®) edges.

The complexity of Dijkstra's algorithm is known to be O(N logN + E)
where N is the number of nodes, andE the number of edges. Each edge
requires some additional work. Firstly, we have to nd the departure curve
interval in which it will arrive, by doing a point-location g uery in the trape-
zoidal map of one of the arrangements. This take©(log n) time. Further, we
must determine whether an edge is collision-free. Using thehadow intervals
stored at the departure curves, this can be done irD(log n) time as well. Thus,
as both N and E are O(n?), Dijkstra's algorithm will run in  O(n®logn) time
in total.

Computing the arrangements and their trapezoidal maps taks O(n?) time
per cone, as there aré(n) departure curves on each cone, an®(n) intersec-
tion areas of other cones. As there ar€®(n) cones, this step takesO(n?) time
in total. All the shadow intervals can be computed in O(n®) time as well, as
there are O(n?) departure curves andO(n) cones.

Overall, we can conclude that our algorithm runs in O(n®logn) time.
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5.2 General Case: Discs Have Di erent Growth Rates

In the general case, where the discs may have dierent growttrates, the
problem becomes much harder. We can follow the same approads above,
but let us look at what happens to the slope of the departure cuves in this
case (see Figs. 3(a) and (c)). In the case where the arrival o@ has a slower
growth rate, the departure curves (provably) satisfy M V (see Fig.
3(a)). However, in the case where the arrival cone has a fastegrowth rate
(Fig. 3(c)), it is clear that this is not the case. The departure curve DC,,
is horizontal at some point, meaning that M = 1 . Hence, we cannot
de ne intervals on these departure curves that serve as nodein the search
process.

We can still use Algorithm 1 for the general case, but a problen is that
this algorithm considers many branches in the search tree ofvhich we know
that they will not lead to a shortest path. For instance, it le ts the spirals circle
around the cones forever, thereby encountering many depaure curves, which
in turn generate other spirals on other cones. Hence, it letshe size of the
search tree blow up quickly.

In order to have an algorithm that runs fast in practice, we need to prune
these useless branches of the search tree. The key obseraatiwe use for this
is that a point (T; ) on the surface of coneC; cannot be part of shortest
path if we have visited (T® ) already (where T°< T ) and the vertical line
segment on the surface of the cone betweeriT@ ) and (T; ) is collision-
free. This is because T; ) is then in the wedge region of T% ) (note that
the velocity M along the vertical line segment equals/;; <V ). Hence a
spiral encountering (T; ) need not be expanded any further.

To implement this practically, we only do this test for a constant number of

's. To this end, we augment Algorithm 1 by choosing a small costant , and
drawing 2- evenly distributed vertical lines on the surface of each coe. These
vertical lines are segmented into collision-free intervad by obstacle regions on
the surface. Now, these intervals will serve asodesin our practical algorithm
on which we performrelaxation.

This means that if we walk along a spiral on the surface of a cos, and the
spiral crosses a vertical line, we have to check whether thispiral is the rst
to arrive in the particular interval. If not, this spiral can never be part of a
shortest path, for the same reasons as above. Thus, this brah of the search
tree can be pruned. The smaller is chosen, the sooner the spirals can be
pruned, and hence the smaller the size of the search tree witle. Even though
this algorithm has no running time that can be expressed in tle number of
discs (n), it turns out to be very fast in practice, as we will see next.

5.3 Implementation Details

We created a fast implementation of Algorithm 1, augmented with the pruning
heuristic presented above. We did not create an arrangementf all vertical
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lines and all obstacle regions on each cone. This would takeod much time.
Instead, we maintain for each vertical line m one time-value at which it was
last visited, say t,, . Given the order in which the points are considered in the
priority queue, we know that when a point g is popped from the queue, it has
a higher time value than any point previously considered. Sgif point qlies on
vertical line m, its time value ¢ is larger than the time-value t,, of the point
previously considered on that line. If the line segment betweent,, and g on
m is collision-free,q is in a previously visited interval, and hence this point is
not expanded. However, if the vertical line segment betweetthese two points
is not collision-free, point q is the rst to arrive in a new interval, and its
outgoing edges must be inserted into the priority queue. Fron this moment
on, ¢ is set as the time value attached to the vertical linem, as we know that
no point below g will be considered anymore.

Outgoing edges of a pointg on a vertical line segment are a spiral segment
to the next vertical line, and {in case this spiral segment cilosses one or more
departure curves{ segments to vertical lines on other conedn our implemen-
tation, the intersection between spiral segments and depaure curves is found
using a combination of two approximate root- nding algorit hms [3]. We must
note that these may fail if between two consecutive verticallines the spiral
intersects the same departure curve twice. In this case only one root will be
found. However, as we assume that, the radial distance between two consec-
utive vertical lines, is small, the probability that this oc curs is negligible. In
our experiments, we never encountered this anomaly.

Collision-checking straight-line segments is done by testg them for in-
tersections with all cones, except the ones they are tangernb. As is small,
we approximate a spiral segment between two consecutive vécal lines by a
straight-line segment, and collision-check it in the same \ay.

Finally, the Dijkstra paradigm was replaced by an equally suted A*-
method [7], that is faster in practice as it focusses the seah to the goal.
It adds a lower bound estimate of the distance to the goal to tle key-value
of each point in the priority queue. In our implementation, t he lower bound
estimate is simply the Euclidean distance divided by the maimal velocity.

6 Experimental Results

We created an interactive application for planning paths anidst growing
discs. The properties of the growing discs (position, sizegrowth rate) can
be changed by the user, and on-the-y a new path is computed. Fom this
application we report results. Experiments were run on a Petium 1V 3.0GHz
with 1 GByte of memory. The value of was chosen su ciently small at i—o.
We report the running times of the algorithm for a varying num ber of discs.
As the running time of the algorithm does not only depend on the number of
obstacles, but also on the exact con guration of the discs, ad how well the A*
method manages to focus the search, etc., we averaged the ming times over
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Fig. 6. A shortest path amidst 10 growing discs. A small dot indicate s the position
along the path at t =0;1;:::; 7. The pictures were generated by our application.

various positions of the start
con guration for each experi-
ment. In Fig. 7 the results are 0,004 i
given.

What rst of all can be seen
from the results is that our im-
plementation is very fast. Even 0.0014
for 15 growing discs, the run- il H H
ning time is only 0.0042 sec- AR
onds, well within real-time re-
quirements. We did not show re-
sults for more than 15 discs, as Fig. 7. Results of our experiments.
it appeared to be di cult to nd
sensible setups with this many discs that still contain a vald path to the goal.
From the gure it seems that the running time is more or less quadratically
related to the number of discs. This is what we expected basedn the im-
plementation. In Fig. 6, snapshots are shown of a shortest g amidst 10
growing discs.
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7 Conclusion

In this paper we presented an algorithm for computing shortet paths (mini-
mum time paths) amidst discs that grow over time. A growing disc can model
the region that is guaranteed to contain a moving obstacle ofvhich the max-
imal velocity is given. Hence, using our algorithm, paths ca be found that
are guaranteed to be collision-free in the future, regardlss of the behavior of
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the moving obstacles. As the regions grow fast over time, a e path should
be planned from time to time {based on newly acquired sensor ata{ to gen-
erate paths with more appealing global characteristics. Ou implementation
shows that such paths can be generated very quickly. A greatdvantage over
other methods is that this replanning can be done safely. Theold path that
is still used during replanning is guaranteed to be collision-free. A require-
ment though, is that the robot has a higher maximal velocity than any of the
moving obstacles.

A drawback of the method we presented is that a path to the goaloften
does not exist. This occurs when the goal is covered by a gromg disc before
it can be reached. A solution to this problem would be to nd the path that
comes closest to the goal. It seems that this can easily be ingporated into our
algorithm. Other possible extensions include allowing obscles with di erent
shapes (other than discs), and xed obstacles in the enviroment, but they
are still subject of ongoing research.
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