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2D geometric transforms

= Functions for mapping

points from one place Z

to another ¥ A —ay
m Geometric transforms \H__ _‘,}

can be applied to

° drawing primitives
(lines, conics, triangles)

° pixel coordinates of an
image
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Translation

Translations have the following form:

X=X+t

y =yt
Inverse function: undoes the translation:

X=X -t

y=y -t

Identity: leaves every point unchanged.
X=x+0
y=y+0
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Groups and composition

Translations:

There exists an inverse mapping for each function
There exists an identity mapping

Functions with these properties are closed
under composition

X' =TT, T,x
e
Referred to as an algebraic group
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2D rotations

Another group - rotation about the origin:

x' cosO —sinO || x X
p— p— R
V' sin® cosO ||y y

| {cos@ sin@}
R_:

—sin® cosO

1 O
R,y =
0 1
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Euclidean transforms

Euclidean Group
translations + rotations

Properties:
Preserve distances
Preserve angles
How do you represent these functions?

Euclidean Transforms

9

Rotations
R R RR..

Translations
LT, T

x| [cos® —sinO| x| |

v | [smO cosO |y]| |,
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Problems with this form

Translation and rotation considered separately
Inverse transform involves multiple steps
Order matters between the R and T parts

R(T'(x)) # T(R(x))

Problem remedied by considering our 2D plane as a subspace
within 3D.

II-—|

/
[

IML/H
17

[ [/ ]
.".I’.f'if'[.'r

NENENN,

[l

(7Tl
[

(1717
i

s
[ ]
/

1/22/07



Choosing a Subspace
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Can use any planar subspace that does not contain the
origin
WLOG assume our 2D space lies on the 3D plane z = 1.

Now we can express all Euclidean transforms in matrix

form: i ]
X cosO —sin® 7 | x

Vv |=|smmO cosO 1 |y

Y

1 0 0 11

This gives a three parameter group of transformations.



Playing with Euclidean

transforms
In what order are the
translation and = 1Bl
rotation performed? o o
Translate v:[0.0 2
Rotation:[15.12 4
. . . P D of
Will this family of o ]

transforms always
generate points on
our chosen 3-D
plane? Why?
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Similitude transforms

Similitude Group:

4-parameter superset of
Euclidean transforms

Also called similarities

Properties:

Distances between points
are changed by a fixed ratio Y1 [ 65cos0 —-osind® 7 x

Angles are preserved

Maintains a “Similar” shape
(similar triangles, circles map 1 0 0 1 1]
to circles, etc.)

Euclidean Transforms

Trans.’agiar;s o Romﬁ?n}s*
n T TN/ Ry R RIR;...

V' |=|xosin® zocosO ||y
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Playing with Similitude

transforms
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Adds reflections

Scales in x and y must
be the same. Why?

Order?

Will this family of
transforms always
generate points on the
chosen plane? Why?

Translate }{[—DD—‘_;J
Translate Y:rr =
Rotation: Fﬁ?— =
Scale H: fﬁ—;j
B Soale V]‘I_D—‘Q

Skew:iD.D =
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Affine transforms

Affine Group

6-parameters

Properties :

Preserve our selected plane
(sometimes called the Affine plane)

Preserve parallel lines
Rigid body transforms

Euclidean Transforms

T rans!arifmfzs o Rﬂl‘m‘f?ﬁf
L1 T N R RRYR

Similitudes

Affine Transforms

- , , - - - -
X 6,8mb+6 cosb o, cosb-c sin@ £ | x A, A dp || X
\f — . —
v = G, sin b G, cos6 Ly =lay a, ay|y
1 0 0 11 0O 0 1|1

1/22/07 12



Affine transforms

o, scales the x-dimension
o, scales the y-dimension

o,, is often called the
skew parameter
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|
i@, iy,

Mapping parameters
to matrix elements
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Determining affine transforms
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Affine transform uniquely determined by three
corresponding points (non-colinear)

of

0P
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Solution method
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We know coordinates
before and after
transform

We want matrix
entries

6 equations with 6
unknowns

_‘xl M 0 0 | _au
0 0 0 x y a,,
Xy W 0 0 Lk
0O 0 0 x, Ay,
X, Vs 0O O a,,

i 0 0 0 x5 L@

v e
X a
-1
a=X X
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Projective transforms

Projective group:
8 parameters

Properties:

Most general 2D transform
we can represent with a
matrix

Causes points to not
lie on the plane. We
need to deal with
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Euclidean Transforms

Similitudes

Affine Transforms

Projective Transforms

WX Pun P Pu||*

Wy’ Pa P Pu|Y

W | P P P ]-_
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Projective space

Projective space:

the mapping of points from an N-D space to an
M-D subspace (M < N)

Mapping points (x,y,w) in P2 back to plane in R2:

Intersect the line from (0,0,0) to (x,y,w) with the w=1
Divide by w. Gives (x/w,y/w,1)

Origin cannot be uniquely identified

Disallowed.
This is why we selected a plane that did not contain the origin.

1/22/07

17



Projective transforms

Transformed points defined to within a non-zero scale
factor.

Applying non-zero scale to transform gives the same
result:

Pu Pz Pu|* Pu P2 Pu|*

APy Pn Pul||ly Pu Prn Pu|V

Pn Pn Pulll] P Pn Pul)

We can choose a so that one of the parameters of our
matrix is 1 (i.e. p;; = 1).

1/22/07



Determining projective
transforms

Projective transform: wx'| [Py P P

WY =Py Pu Pu|¥y

| W P31 Px 11

Can be expressed as a = Pt TPVt P _PaXtPpytPy
linear rational equation: Pyxt ppy+1 PyXxt ppy+1

Rearranging terms gives a X' = ppuX+ ppyt Py — Py XX — Py, vx
linear expression in the 1 f 1
coefficients: Y S PnXT PVt Py = PuXy — Py
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Determining projective
transforms

Uniquely defined by the mapping of four points

x| xp oy 10 0 0 —xxi —xy] [pu
a 0 0 0 xi yi 1 —Yixi —y»| |pr
x5 x2 y2 1 0 0 0 —xpx —x)n| |pi13
Bl |0 0 0 x2 y2 1 b —yy| |pa
a0 |x oy 10 0 0 —xix3s —x3y3| |pw
Y3 0 0 0 x3 y3 1 —y3x3 —y3y3| |p23
Xy xe y4 1 0 0 0 —xixg —xyya| |p3
il |0 0 0 x4 y4 1 —yuxa —ygya| P32
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rojective example
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OpenGL imaging
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glDrawPixels() — Writes an array of pixels to the
framebuffer

glReadPixels() — Reads an region of the
framebuffer into an array of pixels in main
memory

glCopyPixels() — Copies a region from one part
of the framebuffer to another

glRasterPos*() — Sets the current drawing
position for glDrawPixels() and destination
position of glCopyPixels()
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OpenGL Setup
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Map world coordinates to screen coordinates

Typical when working with pixel level imaging
Use gluOrtho2D

glViewport(0, 0, width, height);
glClearColor(0, 0, 0, 1);
gIMatrixMode(GL_PROJECTION) ;
glLoadldentity();

gluOrtho2D(0, width, O, height);
gIMatrixMode(GL_MODELVIEW) ;
glLoadldentity();
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Displaying an image

Code to display a list of images:

glClearColor(0, 0, 0, 1)

glClear(GL_COLOR_BUFFER_BIT)

for Im In 1mageList:
glRasterPos2i(Iim.x,im.y);
glDrawPixels(im.width, im.height,

GL_RGB, GL_UNSIGNED BYTE,

im.data)
glFlush()

1/22/07
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exture mapping

= Imaging functions word
directly with pixels

° Raster position modified by
matrix stack but pixels are
not.

m Textures “attach” an

Image to geometry

° Specify texture coordinates at
vertices

° What kind of transform is
applied to the image by this

mapping
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(X4:Y4)
(UgVy)

(X1,Y1) )

(Ug,vy)
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How to set up a texture map

Controls the interpolation used when texturing J § Associates an integer

gIBindTexture(GL_TEXTURE 2D, self.texID \Z ID to the texture
exParameterf(GL_TEXTURE 2D, GL_TEXTURE WRAP_S, GL_CLAMP)
ITexParameterf(GL_TEXTURE_2D, GL_TEXTURE WRAP T, GL_CLAMP)
glTexParameterf(GL_TEXTURE_2D, GL_TEXTURE_MAG FILTER, GL_NEAREST)
TexParameterf(GL_TEXTURE 2D, GL_TEXTURE_MIN_FILTER, GL_NEAREST)
gl TexEnvF(GL_TEXTURE_ENV, GL_TEXTURE_ENV_MODE, GL_REPLACE

o

1T (self.channels == 3):
glTexImage2D(GL_TEXTURE_2D, 0, 3, self.width, self.he
O, GL RGB, GL_UNSIGNED BYTE, self.data)
else:
gl Tex1f@ge2D(GL_TEXTURE 2D, 0, 4, self.width, self.height,
O, GL RGBA, GL_UNSIGNED BYTE, self.data)

N /

Associate the image data Makes the texture a “label’
with the textures texture. Geometry gets color

directly from the texture
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pplying the texture map
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glClear(GL_COLOR_BUFFER_BIT)
glEnable(GL_TEXTURE_2D)
for 1m In imageList:
glPushMatrix()
glTranslated(im.tx, im.ty, 0)
glScaled(im.sx, im.sy, 1)
glRotated(im.theta, 0, 0, 1)
glBindTexture(GL_TEXTURE 2D, im.texID)
glBegin(GL_POLYGON)
glTexCoord2d(0,1); glVertex2d(0, 0);
glTexCoord2d(1,1); glVertex2d(w, 0);
glTexCoord2d(1,0); glVertex2d(w, h);
glTexCoord2d(0,0); glVertex2d(0, h);
glEnd()
glPopMatrix()
glFlush()
glutSwapBuffers()

Set up transform for
geometry

Select current texture

Associate texture
coordinates with vertices
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m 3D transformations
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