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Geometry

1/26/07

Geometric entities, such as points
in space, exist without numbers.

Coordinates are a naming scheme.

The same point can be described by different
coordinates.

Both vectors and points expressed by
coordinates, but they are very different

Our plan

1. understand the “things”

2. THEN associate coordinates to them.

Tr[angle Raleigh-
/Durham

A\/“}{

(50, 160)

Go 7 miles
southwest



Scalar Field

Definition. A set S over which addition (+) and multiplication (') are closed.

Va,beb a+beS5 a-bes

These operators commute, associate, and distribute

Va,b,ce5
a+b=b+a a-b=b-a
a+(b+c)=(a+b)+c a-(b-c)=(a-b)-c
a-(b+c)=a-b+a-c
Both operators have a unique identity element
a+0=a ag'1=a4
Each element has a unique inverse under both operators

a+(-a)=0 25 =1
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Example Scalar Fields

Real Numbers

Complex Numbers
(given the standard definitions for
addition and multiplication)

Rational Functions / ,‘

*
(Ratios of polynomiale) /
Notation: we will represent scalars
by lower case letters.

4 b, c, ... are scalar variables.
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Vector Spaces

1/26/07

Vector space (V): scalars and vectors, denoted by X.
Two operations for vectore:

vector-vector addition YovelV u+vel

scalar-vector multiplication Yoel NaesS auelV
Vector-vector addition commutes and associates.
u+v=v+u o+y+w)=W+v)+w
There is also an additive identity, and an additive inverse for
each vector

—_

0+0=0 0+(-0)=0
Scalar-vector multiplication distributes

(a+b)i=atu+bu a(l+V)=al+av



Example Vector Spaces

Geometric Vectors (directed segments)

N—tuplee of scalars

0=(1,%77 ©0+v=(354) =
v =(2,2,-2)  20=(2,6,14)
w=(354)  —p=(-2,-2,%)

Not coincidentally, we can use N-tuples to represent vectors
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Basis Vectors

A vector basis is a subset of vectors from V that
can be used to generate any other element in V,
using just additions and scalar multiplications.

A basis set, V,,V,...V, , s linearly dependent if:
da,a,,..a, #0 suchthat Zaivi =0
i=0

Otherwise, the basis set is linearly independent.
A linearly independent basis set with /elements
is said to span an i-dimensional vector space.

Basis vectors are physical things, not numbers.
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Vector Coordinates

A linearly independent basis set can be used to uniquely name
or address a vector. This is the done by assighing the vector

coordinates as follows:

Note: we'll use bold letters to indicate tuples of scalars that
are interpreted as coordinates

Our vectors are still abstract entities. So how do we interpret
the equation above?
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Interpreting Vector Coordinates

CiVy

Valid Interpretation Equally Valid Interpretation

Remember, vectors dont have any notion of position
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Linear Transforms

A linear transformation, L, is just a mapping from V to V which
satisfies the following properties:

La+v)=L@+L®©) and L(alt)=al(0) o
ry basic
vectors and

Linearity implies: N leaves the

coordinates
X = L Y = (chj _ ZCiL(Vi) /?z unchanged

Expressing X with a basis and coordinate vector gives:

7 7 7]l |=([Lm) L@ L] e

1/26/07
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Matrices

Linear transformations are equivalent to those that can be
expressed using matrices and matrix operations.

61 mﬂ /7712 m15 51
L) L) L) |e =0 v %l|m m my |l
_55_ _/7751 M3, /7755_ _55_

My My My 2 My My My || &
[V1 Vo Vz] My Mg My Cp [V1 Vo Va] My My Mz || o
| Mz Mzp M55 | )| C5 | Mz Msp M55 || C3 |

change of basis vectors change of coordinates
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Reading Matrix Expressions

Often we desire to apply sequences of operations to vectors. For

instance, we might want to rotate a particular vector, add it
to some other vector, and then rotate the result back. In
order to specify and interpret such sequences, you should
become proficient at reading matrix expressions.

Consider the following expression:

1/26/07

v'e=>v'Mc= (ﬁM c=m'c VeV Mc=v"(Mc)=v

)=v'd
Think.of this as ‘/ Think of this as rnov_ing \'

changing from one space an vector, changing its

to another (i.e. world coordinates, within a

space to eye space) common space. (i.e.
rotate a normal around
some axis)
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The Basis Is Important!

If you are given coordinates and told to transform them using a matrix, you
have not been given enough information to determine the final mapping.

Consider the matrix:

(2 0 O
M=0 1 O
0 0 1)

If we apply this matrix to coordinates there must be some implied basis,
because coordinates are not geometric entities (a basis is required to
convert coordinates into a vector). Assume this implied basis is W' Thus,
our coordinates describe the vector v =w"c . The resulting transform,
w'c = w'Mc, will stretch this vector by a factor of 2 in the direction of
the first element of the basis set. Of course that direction depends
entirely on w"

1/26/07
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Transformation Example

W= [V, Vy, V3]
nt=[vy, v,, v;]

1\ F N These vectors with
g W, ) ) L
_ vi = identical initial and
/N / el final coordinates
,_f—r*'}'ff e = are very different
" st geometric entities
L)
%
Pa? A

2
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Points

Conceptually, Points and Vectors are very different.

A point is a place in space. A vector describes a direction
independent of position. As mentioned previously, we will
distinguish between points and vectors in our notation.

FPoints are denoted as D and vectors as V.

Furthermore, we will consider vectors to live in the Linear space
R and points to to live in the Affine space A%,

Let’s clarify this distinction.
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How Vectors and Points Differ

The operations of addition and multiplication by a scalar are well
defined for vectors. The addition of 2 vectors expresses the
concatenation of 2 “motions”. Multiplying a vector by some
factor scales the motion.

However, these operations don't make sense for points. What
should it mean to add two points together? For example, what
is Raleigh plus Durham? What does it mean to multiply a point
by an arbitrary scalar? What is 7 times Chapel Hill¢
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Making Sense of Points

There are some operations that do make sense for
points. For instance, it you want to compute a vector
that describes the motion from one point to another.

D

==l

p—d =7

We can also find a new point that is some vector away

from a given point.
4+7 =p
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A Basis for Points

One of the goals of our definitions is to make the subtle distinctions between
points and vectors more apparent. The key distinction between vectors
and points are that points are absolute whereas vectors are relative. We
can capture this notion in our definition of a basis set for points. A vector
space is completely defined by a set of basis vectors, however, the space
that points live in requires the specification of an absolute origin.

P:O+Zvici:[\/1 Vo Vz O
|

Notice how 4 scalars (one of which is 1) are required to identify a 3-D point.
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Frames

We distinguish between spaces that points live in and spaces
that vectors live in by our basis definition. We will call the
spaces that points live in Affine spaces, and explain why
shortly. We will also call affine-basis-sets frames.

]Ct:[v1 V, Vj O]

BTW, frames can describe vectors as well as points.

01 I 61 ]
. — — - . 62 - — — - . 62
/7—[1/1 Vo Vs 0] ‘. x—[ LV, Vs 0] ..
O
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Pictures of Frames

Graphically, we will distinguish between vector bases and affine
bases (frames) using the following convention.

4’\
V£t

4
Three vectore f
/ A vector basis

An affine basis

Three vectors
\‘ ~and a point

1/26/07
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A Consistent Model

Note how the behavior of affine frame coordinates is completely
consistent with our intuition. Subtracting two points yields a
vector. Adding a vector to a point produces a point. If you
multiply a vector by a scalar you still get a vector. And, in
most cases, when you scale points you'll get some nonsense
4™ coordinate element, which should serve to remind you that
the thing you're left with is no longer a point.

1/26/07

a, b. 1 | a —b, a, v. | | a +v,
a, b, a, —b, a, vV, a, +v,
A b A5 — b4 Z V., s TV
1] T 0 B o] | 1
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Homogeneous Coordinates

Notice, how we have snuck up on the idea of HOmogeneous

Coordinates, based on simple logical arguments. Keep the
following in mind, coordinates are not geometric, they are just
scales for basis elements. Thus, you should not be bothered by
the fact that our coordinates suddenly have 4 numbers. We
could have had more (no one said we have to have a linearly
independent basis set).

When you realize that 5-D homogeneous coordinates refer to an

1/26/07

affine frame with its 3 basis vectors and origin point, the 4
coordinates suddenly make sense. Our 4th coordinate can
have one of two values, [0,1], indicating if whether the
coordinates name a vector or a point.
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Affine Combinations

There are certain situations where is does make sense to scale

and add points.

I you add scaled points together caretully, you can end up with a
valid point. Suppose you have two points, one scaled by a, and
the other scaled by @, If we restrict the sum of these alphas,
a,+ a, =/, we can assure that the result will have 7as it's 4th

coordinate value.

1/26/07

a.a, +a,b.
a.a, +a,b,

a3, + a0,

a, ta,

a.a, +a,b,
a.a, +a,b,

a3, + a0,

1

But, is it
a point.?

/
9

5
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The Points Between

This combination, defines all points that share the line
connecting our two initial points. This idea can be simply
extended to 3, 4, or any number of points. This type of
constrained-scaled addition is called affine combination
(hence, the name of our space).

In fact, one could define an entire space in terms of the affine
combinations of elements by using the Qs as coordinates,
describing one of our constrained combination of basis
points. This leads to a description called Barycentric
Coordinates, but that is a topic for another day.
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Affine Transformations

As with vectors, we can apply Linear transformations to points using
matrices. However, we will need to use 4 by 4 matrices since our basis set
has four components. However, we will initially limit ourselves to
transforms that preserve the integrity of our points and vectors. Literally,
those transforms that produce a point or vector when given a one of the

same.

2 dy  Fp G Fu || G
p=v, v, v, 0] 2 o 7=l v, v o] S Rl |
=V Vo Vs =V Vo Vs

Cx Gz dmp  Azz  dzy || C

1 O O 0, 1 1

This subset of 4 by 4 matrices has the property that it preserves points and
vectors. This subset of matrices is called, you guessed it, the affine

subset.
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Composing Transformations

1/26/07

We will often want to specify complicated transformations by stringing
together sequences of simple manipulations. For instance, if you want to
translate points and then rotate them about the origin. Suppose that the
translation is accomplished by the matrix operator T, and the rotation is
achieved using the matrix, R.

Given what we know now, it is a eimple matter to construct this series of
operatione.

p — WtC — p! — WtRTC — Wt(R(TC)) — Wt(RCI) — Wtcﬂ

Each step in the process can be considered as a change of coordinates.

Alternatively, we could have considered the same sequence of operations as:
p=wec=p =wRTec=((WR)T)e=(M"T)c=¢"c
Where each step is considered as a change of basis.

26



Same Points

These are alternate interpretations of the same transformations. They mean
entirely different things, however they result in the same set of
transformed coordinates. The first sequence is considered as a
transformation about a globalframe. The second sequence is considered
as a change in localframes. Frequently, we will mix together these notions
(moving points and changing coordinates) in a single transformation.

/& Oé” ....................... ( ( W t R) T) C
kY
VB | O’C V5 oC
W' a :
v 1
w*(R(Tc))

1/26/07

27



Same Point in Different Frames

Given this framework, some rather difficult problems become
easy to solve. For instance, suppose you have 2 frames, and
you know the coordinates of a particular point relative to one
of them. How would you go about computing the coordinate of
your point relative to the other frame?

p=wec=2"7
Suppose that my two frames are related by the transform S as
shown below. 5 —i'S  and W' =2°S"

Thus, the coordinate for the point in second frame is simply:
p=w'c=25¢c=2(5"¢c)=2"d

Substitute for _\g \e |
the frame /& & “Reorganize &

r@iﬂt@rpr@t
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More Frame Changes

Even harder problems become simple. Suppose that you want to
rotate the points describing some object (say a cow) about
some arbitrary axis in space (say a merry-go-round). This is
easy s0 long as we have the transform relating our two

'Fl"ﬁﬂ’]@@. Wtz — mt aﬂd Wt — mtz—1 This is the
transform that |
need to apply to

them since they

Th uo, .t A, .t —1 . 1 —1 are defined in
W =m Z —au Rz =W ZRZ ’\6\3 - the world basis
?{? | want to rotate
w my cow's

coordinates
around the axis
of my merry-go-
round
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More Frame Changes

Oe

T
>0
c ¢
® ® >
= WM s
Wﬁ M-/t
W (Te)=i'c v = TM
— ([-/tM—1)CI Wt — ([-/tT—1 )M—1
— [-/t(M—1C!> — [-/!tM—1

1/26/07

(W Te=r"M)e
="(M7c)
— [-/Itd!
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pmeReTmE

m 5-D Transtormation Mechanics

m How to find a apeciﬂc transftorm

1/26/07
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