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Overview

These notes present the direct definition of the B-Spline curve. This definition is given in two ways: first
by an analytical definition using the normalized B-spline blending functions, and then through a geometric
definition.

The B-Spline Curve — Analytical Definition
A B-spline curveP(t), is defined by

P(t) = > PiNi(t)
=0

where
e the{P;::=0,1,...,n} are the control points,

e L isthe order of the polynomial segments of the B-spline curve. Grdeeans that the curve is made
up of piecewise polynomial segments of degkee 1,

e the NV, () are the “normalized B-spline blending functions”. They are described by the braled
by a non-decreasing sequence of real numbers

{ti:i:O,...,n+kz}.



normally called the “knot sequence”. T ;, functions are described as follows

1 ifue [ti7ti+1),

Nia(t) = (1)
0 otherwise
and ifk > 1,
t—t; tivg — 1
Nig(t) = ———Nig1(8) + - Nip1 a1 (8 @)
itk—1 — ti Livk — tit1

e and¢ € [tkfl,tn_i_l).

We note that if, in equation (2), either of tlhé terms on the right hand side of the equation are zero,
or the subscripts are out of the range of the summation limits, then the associated fraction is not evaluated
and the term becomes zero. This is to avoid a zero-over-zero evaluation problem. We also direct the readers
attention to the “closed-open” interval in the equation (1).

The orderk is independent of the number of control points{ 1). In the B-Spline curve, unlike
the Bezier Curve, we have the flexibility of using many control points, and restricting the degree of the
polymonial segments.

The B-Spline Curve — Geometric Definition
Given a set of Control Point§Py, Py, ..., P, }, an orderk, and a set of knot$to, t1, ..., t, 1}, the
B-Spline curve of ordek is defined to be

P(t) =PF V@) if u e [ty i)

where
pU) (1) — (1 - P+ PYV () i > 0,
and
. t — 1.
Yotk —



It is useful to view the geometric construction as the following pyramid

Pk
Pl(i)k+2
Py ko Pl(z)kJrg
P
P k43
P gta
Pt
p l(k:fl)
p l(ka)
| P,‘f)l
P,
P, P
pV
P,

Any P in this pyramid is calculated as a convex combination of thelanctions immediately to it’s left.
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THE UNIFORM B-SPLINE BLENDING FUNCTIONS

Kenneth I. Joy
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Overview

The normalized B-spline blending functions are defined recursively by

1 ifuelt,t;
Nil(t) _ {z H—l)
0 otherwise

and ifk > 1,

Nig(t) = (t_tz) Nig—1(t) + (W) Niy1p-1(t)

Tigk—1 — T itk — tit1

where{t, t1, ..., t,1 } IS @ non-decreasing sequence of knots, /argithe order of the curve.

(1)

(2)

These functions are difficult to calculate directly for a general knot sequence. However, if the knot

sequence is uniform, it is quite straightforward to calculate these functions — and they have some suprising

properties.

Calculating the Blending Functions using a Uniform Knot Sequence

Assume thatt, t1, ta, ..., t, } is @ uniform knot sequencee., {0, 1,2, ...,n}. This will simplify the

calculation of the blending functions, gs= 1.

Blending Functions fork = 1



if £ = 1, then by using equation (1), we can write the normalized blending functions as

1 ifuelii+1)
N;a(t) = (3)
0 otherwise

These are shown together in the following figure, where we have ploigd Ny 1, N2 1, andNs ; respec-
tively, over five of the knots. Note the white circle at the end of the line where the functions valuéhs
represents the affect of the “open-closed” interval found in equation (1).



Noi(t) s @ . . . P
0 1 2 3 4
4
Nia(t) e e . . S .
0: 1 2 3 4
4
Noq(t) e ¢ . P —— P — -
0 1 2 3 4
4
N31(t) e ¢ . - P PR >
0 1 2 3 4

These functions have support (the region where the curve is nonzero) in an interva¥, whlaving support
onli,i + 1). They are also clearly shifted versions of each other — &/g.; ; is justN; ; shifted one unit
to the right. In fact, we can writ&/; 1 () = No1(t — )

Blending Functions for k =2



If £ =2 thenNy, can be written as a weighted sum/8f ; and N, ; by equation (2). This gives

t—t ty—t
Noa(t) = P— Noa(t) + Pa—

= tN071(t) + (2 — t)NLl(t)

Ni1(t)

t ifo<t<l1
=q2—-t if1<t<?2

0 otherwise

This curve is shown in the following figure. The curve is piecewise linear, with support in the inj@r2gl

A

These functions are commonly referred to as “hat” functions and are used as blending functions in many
linear interpolation problems.
Similarly, we can calculatéV; > to be

t—t t3 —t
Na1(t)
to — 11 t3 —to

= (t = 1)N11(t) + (3 —t)Na 1 (1)

Nia(t) =

Niai(t)+

t—1 if1<t<?2
=4943—-t if2<t<3

0 otherwise

This curve is shown in the following figure, and it is easily seen to be a shifted versiggof



Finally, we have that

t—2 if2<t<3

Nig(t)=<4—t if3<t<4

0 otherwise

which is shown in the following illustration.

A

These nonzero portion of these curves each cover the intervals spanned by three knof$,- sgans the
interval[1, 3]. The curves are piecewise linear, made up of two linear segments joined continuously.
Sinve the curves are shifted versions of each other, we can write

Nia(t) = Noa(t — i)

Blending Functions for k = 3



For the casé = 3, we again use equation (2) to obtain

t—1 tg — 1t
Nos(t) = ——Noa(t) + ———Nia(t)
t2 — to t3 - tl
t 33—t
:§Nm@%+4§4wzw

(

e ifo<t<1
-t 43210t —-1) ifl1<t<?2
ol if2<t<3

0 otherwise

£ ifo<t<l1

SR f ] <y <o
(3-1)?

S if2<t<3
\0 otherwise
and by nearly identical calculations,
t—t tg —1
Nys(t) = LNy o (t) + —— Nao(t)
ts — t1 ty —to
t—1 4—t
= ——Nia(t) + ——Na2(t)
2 2
(t-1)" if1<t<2

2 .

@t if3<t<4

0 otherwise

\

These curves are shown in the following figure. They are clearly piecewise quadratic curves, each made up
of three parabolic segments that are joined at the knot values (we have placed tick marks on the curves to
show where they join).



The nonzero portion of these two curves each span the interval between four consecutive knots — e.g., the
nonzero portion ofV; 5 spans the interval., 4]. Again, N; 3 can be seen visually to be a shifted version of
Ny 3. (This fact can also be seen analytically by substitutirg1 for ¢ in the equation forV; 3.) We can
write
Nis(t) = Nos(t —1)

)

Blending Functions of Higher Orders
It is not too difficult to conclude that thd’; 4, blending functions will be piecewise cubic functions. The
support ofNV; 4 will be the interval(i, i + 4] and each of the blending functions will be shifted versions of
each other, allowing us to write
Nia(t) = Noa(t —1)

In general, the uniform blending functioné; ;, will be piecewisek — 1st degree functions having support
in the intervali, i + k). They will be shifted versions of each other and each can be written in terms of a
“pbasic” function

Nik(t) = No(t — 1)




Summary

In the case of the uniform knot sequence, the blending functions are fairly easy to calculate, are shifted
versions of each other, and have support over a simple interval determined by the knots. These characteristics
are unique to the uniform blending functions.

For other special characteristics see the notes that describe writing the uniform blending functions as a
convolution, and the notes that describe the two-scale relation for uniform B-splines
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THE DEBOOR-COX CALCULATION
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Overview

In 1972, Carl DeBoor and M.G. Cox independently discovered the relationship between the analytic
and geometric definitions of B-splines. Starting with the definition of the normalized B-spline blending
functions, these two researchers were able to develop the geometric definition of the B-spline. It is this
calculation that is discussed in this paper.

Definition of the B-Spline Curve
A B-spline curveP(t), is defined by

P(t) = PiNi4(t) (1)
=0

where
e the{P;::=0,1,...,n} are the control points,

e k isthe order of the polynomial segments of the B-spline curve. Grdeeans that the curve is made
up of piecewise polynomial segments of degkee 1,

e the N; (t) are the “normalized B-spline blending functions”. They are described by the braled
by a non-decreasing sequence of real numbers

{ti:i:(),...,n—i—k:}.



normally called the “knot sequence”. T ;, functions are described as follows

1 ifte [ti,ti+1),

Nia(t) = (2)
0 otherwise
and ifk > 1,
t—t i —t
Nia(t) = () N (1) + (*‘ﬂ) Nogrioa (8 ©)
tivk—1 — 1 tivk — tit1

e the parameterranges throughout the intervial._1, ¢,,+1).

We note that if, in equation (3), either of thé terms on the right hand side of the equation are zero, or
the subscripts are out of the range of the summation limits, then the associated fraction is not evaluated and
the term becomes zero. This is to avoid a zero-over-zero evaluation problem.

The orderk is independent of the number of control pointis{ 1). In the B-Spline curve, unlike
the Bézier Curve, we have the flexibility of using many control points, and restricting the degree of the
polymonial segments.

The DeBoor-Cox Calculation
In the DeBoor-Cox calculation, we substitute the definitiom\gf,(¢) given in equation (3), into the
right-hand side of

P(1) = 3 PN (1)
=0

and simplify. This will give us the definition dP(t) in terms of N; ,_;, which is of lower degree. The
general idea is to continue this process until the sum is written Wjthfunctions, which we can evaluate
easily.

So here we go. If € [t;_1,t,11), then by substituting equation (3) into the equation (1), we have



= ZPZ-NM(t)
iy —t
= ZP K ) Nig-1(t) + <+k > Ni+1,k1(t)]
tivk—1 —1; tivk — it

Distributing the sums, we obtain

_ZP( > ik +ZP< ik — >Ni+1,k1(t)

tivk—1 — s tivk — tit1

We now separate out those unique terms of each 8y, andN,, 1 1, giving

n
= P070N0,k—1(75) +) P <tz> Nig—-1(t)

— itk—1 — ti

tivk —t tnyk — t
+ Pi<z>N' L)+ P ()N 4 (t
Z ti+k‘ - ti-{-l L 1( ) " tn+k — tn+1 ntlk 1( )

Now since the support of a B-spline blending functidi(¢) is the interval[t;, ¢;1 5], we have that
Nok—1 is non-zero only ift € [to,tx—1), which is outside the intervat;_,, t,11) (WhereP(t) is defined).
Thus, Ny ;—1(t) = 0. Also N,, 41 ,—1 is non-zero only ift € [t,41,tn4%—1), Which is outside the interval



[tk—1,tn+1). Thus,Ny 41 —1(t) = 0 and we have

n—1

Sl e 5 e

H—k - tz+1

If we change the summation limits, we get

i —1
] i—1( +ZP2 1 [%1} Nik-1(t)

tivg—1—1

_ZP[

Litle— 1—75

Combining the two sums, and rewriting, we obtain

e () v

tivk—1 — 1 itk—1 — Ui
If we denote
tivk—1—1 t—t;
Pgl)(t) = <Z+k1> P+ <Z> P;
tivk—1— b tivk—1— 1

then the above result may be written

Now we have written the summation terms of equation (1) in terms of blending functions of lower degree.
Of course, we have transferred some of the complexity t(PfIJiES, but we retain a similar form with control
pointsPEl)s weighted by blending functions, and we can repeat this calculation again.

Once again then, repeating the calculation and manipulating the sums, we obtain

ZP zk 2()

where

P§2)(t) - <tl+’f—2_t> Pz(‘l_)1(t) + <tt_tlt> Pgl)(t)

tivk—2 — 1 itk—2 —



(Note the appearance of tBe on the right-hand side of the equation.)

If we continue with this process again, we will manipulate the sum so that the blending functions have
orderk — 3. Then again with give ug — 4, and eventually we will obtain blending functions of order 1. We
are lead to the following result: If we define

- 1—PY V@) + 7P V) >0
ply _ | LRI O+ 7RI i "
P; if j=0

where

t—t;

T = ———————
tivk—j — i

Then, ift is in the interval;, ¢;+1), we have
k—1
P(t) = P{* V(1)

This can be shown by continuing the DeBoor-Cox calculation 1 times. When complete, we arrive
at the formula

P(t) = f: PR V()N (1)

i=k—1

wherePz(j)(t) is given in equation (4). (Note the algebraic simplification that tlseprovide.) Ift €
[t1, ti+1], then then the only nonzero term of the sum isitheterm, which is one, and the sum must equal
k—1
PF V().
This enables us to define the geometrical definition of the B-spline curve.

Geometric Definition of the B-Spline Curve
Given a set of Control Points

Py, Py, ..., P,



and a set of knots
to,t1y - btk
The B-Spline curve of ordet is defined to be

P(t) = P V(0)if t € [t t1)

where
pU) g) — (1= PV + 7PV )
T PZ
and
Tj - t—t;



It is useful to view the geometric construction as the following pyramid

Pk
Pl(i)k+2
Py ko Pl(z)kJrg
P
Pi ki3
P gta
Pt
p l(k:fl)
p z(kﬁ)
P, P,‘f)l
P,
P, P
pV

Any ng) in this pyramid is calculated as a convex combination of theBsMonctions immediately to it's
left.

Summary

The DeBoor-Cox calculation is a fundamental result in the geometric modeling field. It was used to
exhibit the relation between the analytic definition of the B-Spline curve and the geometric definition of the
curve. The geometric definition of the curve, because of its computational stability has become the primary
technique by which points on these curves are calculated.
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THE SUPPORT OF A
NORMALIZED B-SPLINE BLENDING FUNCTION
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Overview
A B-spline blending functionV; ;. (¢) has compact support. This means that the function is zero outside
of some interval. In these notes, We find this interval explicitly in terms of the knot sequence.

The Support of the Function
Given an ordek, and a knot sequendey, t1, t2, ..., t,+% }, the normalized B-spline blending function
N; () is positive if and only ift € [t;, tit).



We can show that this is true by considering the following pyramid structure.

Ni1
Niy11
N; k—2
Ni k-1
Ni 1. Niy1k—2
Niv1k—1

Niyor—2

Nitr—21

Nitk-1,1

The definition of the normalized blending functidf , as a weighted sum a¥; ,,_; () andN; ;1 —1(2).
Thus for any of theV functions in the pyramid, it is a weighted sum of the two items immediately to its
right. If we follow the pyramid to its right edge, we see that the only blending functdgnsthat contribute
to NV, , are those with < j < i+ k — 1, and these function are collectively nonzero when[t;, ¢, ).

Summary

A B-spline blending function has compact support. The support of this function depends on the knot
sequence and always covers an interval of containing several knots — contaiihdnots if the curve is
or orderk.
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