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Overview

Subdivision methods for curve generation are based upon a procedure which successively refines a

control polygon into into a sequence of control polygons that, in the limit, converges to a curve. The curves

are commonly calledsubdivisioncurves as the refinement methods are based upon the binary subdivision of

uniform B-spline curves.

The uniform B-spline curves, surfaces and solids have been extensively studied in the literature and sub-

division methods for these objects are well known. We develop here the refinement method for a quadratic

uniform B-spline curve and show that the refinement is exactly that specified by Chaikin’s Algorithm [1].

The Matrix Equation for the Quadratic Uniform B-Spline Curve

Given a set of control pointsP0,P1...,Pn the quadratic uniform B-spline curveP(t) defined by these

control points can be defined in segments by then− 1 equations

P(t) =
[

1 t t2
]
M


Pk

Pk+1

Pk+2


for k = 0, 1, ..., n− 2, and0 ≤ t ≤ 1, and where

M =


1 1 0

−2 2 0

1 −2 1


The matrixM , when multiplied by

[
1 t t2

]
defines the quadratic uniform B-spline blending functions.



Splitting and Refinement

We will begin by studying the binary subdivision of a quadratic uniform B-spline curveP(t) defined

by the control polygon{P0,P1,P2}, containing only three points, and then extend this to control polygons

containing larger numbers of points.
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We can perform a binary subdivision of the curve, by applying one of two splitting matrices

SL =
1
4


3 1 0

1 3 0

0 3 1



SR =
1
4


1 3 0

0 3 1

0 1 3


to the control polygon. (When applied to the control polygonSL gives the first half of the curve, andSR

gives the second half.)

As it turns out, several of the control points for the two subdivided components are the same. Thus, we
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can combine these matrices, creating a4× 3 matrix

R =
1
4


3 1 0

1 3 0

0 3 1

0 1 3


and apply it to a control polygon as follows:

P1
0

P1
1

P1
2

P1
3

 =
1
4


3 1 0

1 3 0

0 3 1

0 1 3




P0

P1

P2

 =


3
4P0 + 1

4P1

1
4P0 + 3

4P1

3
4P1 + 1

4P2

1
4P1 + 3

4P2


and so the refined curve has control points that are positioned as in the following illustration:
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i.e. at 1
4 and 3

4 along each of the lines of the control polygon. These are the same points as are developed in

Chaikin’s method

The General Refinement Procedure

The general procedure is – given a control polygon, we can generate a refinement of this set of points

by constructing new points along each edge of the original polygon at a distance of1
4 and 3

4 between the

endpoints of the edge. The general idea behindsubdivision curvesis to assemble these points into a new
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control polygon which can then be used as input to another refinement operation, generating a new set of

points and another control polygon – and then continue this process until a refinement is reached that accu-

rately represents the curve to a desired resolution. The following illustration shown the second refinement

in the case above.

Since this general refinement procedure is developed from the binary subdivision of a uniform B-spline

curve, and the control points of the refined polygon are unions of those of the subdivided curves, we then

have that the control points of the refined polygons must converge to the curve. That is, in the limit, the

sequence of control polygons generated by the refinement procedure converges to a quadratic uniform B-

spline curve. This shows that Chaikin’s curve is really a quadratic uniform B-spline curve.

Summary

Given a control polygon we can specify a simple process that can be used to generate successive re-

finements of the control polygon and, in the limit, converges to the uniform B-spline curve defined by the

original control polygon. This scheme is the basis for the development of the Doo-Sabin subdivision scheme

which generalizes Chaikin’s algorithm to surfaces.
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