Eurographic s ’93 State of the Art Reports Barcel ona , Septembe r 6{10, 1993

Chapter 2

Non-penetrating Rigid Body Simulation

David Baraf f

This paper surveys r ecent work on dynamic simulation of rigid bodies with non-interpenetration

constraints. The pr oblems of collision detection and contact for ce determination ar e discussed,

along with both frictionless and frictional collision and contact. For the collision-detection

pr oblem, methods which deal with objects’ motion as a single continuous function of time ar e

compar ed and contrasted to discr etization methods. For the pr oblem of determining interaction

for ces between contacting objects, both penalty and constraint-based methods ar e consider ed.

This is an electronic reprint. Permission is granted to copy part or all of this paper for noncommercial use provided

that the title and this copyright notice appear

. This electronic reprint is c 1994 by CMU. The original printed paper is

c 1994 by the Eurographics Association.

Author address (May 1994): David Baraff, School of Computer Science, Carnegie Mellon University ,

Pittburgh, P

A 15213, USA. Email: baraff@cs.cmu.edu

Eurographic s ’93 State of the Art Reports Non-penet rat ing Rigid Body Simulat ion

1.0 Intr oduction

The disparity between what we can model and visualize on a computer versus what we can

physically simulate has become quite lar ge. W e have become fairly adept at creating high-quality

images of complex models, but our ability to perform realistic physical simulation on these models

lags far behind our ability to visualize them. In computer graphics and robotics applications, a

major concern is modeling systems of objects’ motions over time. For the most part, we wish to

simulate objects’ motions as realistically as is practical for a particular application. In particular ,

since most physical objects are impenetrable, it is important that our simulations correctly handle

the issues of collision and contact between objects accurately .

In this paper we survey the problems of simulating rigid-body motion with non-interpenetration

constraints and consider current solution techniques. For many computer graphics and robotics

applications the abstraction of a perfectly rigid body (though physically unobtainable) perfectly

characterizes the problems’ degrees of freedom that are of interest to us and is in general an excellent

approximation of the sorts of objects we wish to simulate.

Physical simulation with non-interpenetration constraints is important for the following rea-

sons:

� By using physical simulation, we can more easily understand and visualize complicated

mechanical systems and processes.

� Physical simulation can be used to perform experiments and test hypothesis in situations

for which real-world experiments would be dif

�cult, costly

, or impractical to perform.

Examples include testing robot-motion planning algorithms, or performing virtual physical

experiments for educational and instructive purposes.

� A simulated physical environment can be used as a natural, intuitive means of interacting

with many design and modeling tasks. The ability to interactively move 3D objects

compliantly and without interpenetration could greatly simply many computer

-aided design

and layout systems.

� Realistic simulation, in conjunction with some degree of control, is an extremely powerful

method for creating realistic computer animation.

In this survey

, we concentrate on solution methods and analysis of the simulation problem rather

than on the application of solution methods to particular problems.

Eurographic s ’93 State of the Art Reports Non-penet rat ing Rigid Body Simulat ion

2.0 Simulations and Impenetrability Constraints

The ability to perform realistic physical simulation requires being able to model the phenomena

of collision and contact between objects. In this section, we describe the various steps necessary

to perform such simulations by considering a very simple example problem.

2.1 Sample Pr oblem

The problem we consider is simulating the dynamics of a point-mass particle in three-space (R

3

).

The particle’ s position x at time t is a function x(t). Likewise, the velocity v of the particle at time

t is v(t), and the particle is assumed to have unit mass. An arbitrary external force F(t) acts on the

particle at time t.

2.1.1 Unconstrained Motion

When there are no constraints on the particle’ s motion (that is, no obstacles for the particle

to encounter), the motion of the particle is simple. Using Newton’ s F = ma, the dif ferential

equation

� x(t) = F(t) (1)

describes the particle’ s motion. Given initial conditions (values at time zero for x(0) and

_ x(0) = v(0)) this sort of equation is easily solved using numerical methods. The extension and

solution of equation (1) for a collection of rigid bodies is straightforward[5][19].

2.1.2 Equality-constrained Motion

Now suppose that S is a surface in R

3

, and supposed the particle is constrained to always lie on

S. Let S be modeled implicitly by a scalar function C; that is, a point p lies on S if and only if

C(p) = 0. Using C, the constraint on the particle can be written

C(x(t)) = 0: (2)

Since this constraint can be written as an equality

, this is an example of an equality-constrained

dynamics problem (�gure 1a). Equality-constrained dynamics problems have been studied ex-

tensively

. Jointed �gures (robot arms, mechanisms) are the most common examples of dynamic

simulations with equality constraints. Simulations of jointed �gures are often conceptualized in

terms of this simple particle/surface problem through the use of con�guration space[25].

Eurographic s ’93 State of the Art Reports Non-penet rat ing Rigid Body Simulat ion

Figure 1. A particle and a constraint surface. (a) The particle, constrained by C(x(t)) = 0, must remain on the

surface S. (b) T o satisfy the constraint C(x(t)) � 0, the particle may lie on or \above" the surface S, but may not

move \below" the surface.

S

x

(t

) x(t)S(

a )

( b)

2.1.3 Inequality-constrained Motion

Now suppose that the constraint of the previous problem is relaxed, that the particle is constrained to lie either on or \above" S (�gure 1b). If points p lying above S satisfy C(p) > 0,

then the constraint that the particle lie on or above S can be written

C(x(t)) � 0: (3)

Since the constraint requires an inequality

, this is an example of an inequality-constrained dynamics problem.

The inequality-constrained dynamics problem is a superset of the unconstrained and the equalityconstrained dynamics problems and is the most dif

�cult problem of the three. The inequalityconstrained dynamics problem subsumes the unconstrained dynamics problem: if at time t the particle satis�es C(x(t)) > then for some period of time following t, the motion of the particle can be regarded as unconstrained. Similarly

, the equality constrained problem is a special case of the inequality constrained problem|the equality constraint C(x(t)) = 0 can be replaced by the constraints C(x(t)) � 0 and �C(x(t)) � 0.

Likewise, jointed mechanisms are a subset of the systems that can be simulated with inequality constraints. A jointed mechanism can be thought of as a simulation where contact between objects is never broken. Thus, simulation systems which can handle impenetrability constraints can automatically simulate jointed mechanisms as well, and can even combine jointed mechanisms with non-interpenetration constraints.

3

Eurographic s ’93 State of the Art Reports Non-penet rat ing Rigid Body Simulat ion

2.2 Simulation Steps

Lets consider the various steps that are necessary for inequality-constrained simulations. After describing each of these steps we will consider various approaches for implementing these computations during simulation.

2.2.1 Collision/Contact Detection

Simulating an inequality-constrained dynamics problem requires that we are able to detect collisions and contact. Numerical solution methods for equation (1) take discrete steps forward in time. Having determined a position x(t

0

) and a velocity v(t

0

) for the particle at some time t

0

, and given the forces acting at t

0

, the solver computes values x(t

0

+ �t) and v(t

0

+ �t). However

, the numerical solver has no knowledge of the constraint placed on x by the presence of the surface S.

Suppose at time t

0

, the particle was just above the surface, and had a velocity towards the surface.

Depending on the stepsize �t, x(t

0

+ �t) may lie below the surface. In this case, the simulator must recognize the fact that x(t

0

+ �t) represents an illegal position, and then search for the instant between t

0

and t

0

+ �t that contact �rst occurred. This is the problem of collision detection.

For any time t that the particle is in contact with the surface, simulator must detect this, and note that contact occurs between the particle and the surface at the point x(t). For this simple example, the entire collision/contact detection problem is clearly trivial since nothing more than evaluating C(x(t)) is necessary

, but for systems with complicated shapes, the problem is much more dif �cult. Note that once the particle comes in contact with the surface, it is necessary to ensure that the particle is not allowed to move below the surface. This is in contrast to equality-constrained systems, where collision/contact detection is not an issue, and it is not necessary to determine which constraints need to be enforced and which don’ t (since each constraint is always enforced).

2.2.2 Constraint For ces and Impulses

Suppose that at time t

0

the particle is in contact with the surface. If the particle has a velocity toward the surface then a collision has occurred. T reating the objects as perfectly rigid, we introduce an impulsive force between the particle and the surface, that produces an immediate change in the particle’ s velocity . W ithout friction, such an impulse is computed very simply[19

], and there is little more to say about the problem. Frictional collisions however are much more complicated.

Additionally

, we must consider the case when objects are in contact, are not colliding.

Suppose that the particle at time t

0

has a velocity neither toward nor away from the surface.

Depending on the external force F(t) acting on the particle, and the velocity and curvature of the surface, we may need to add a constraint force between the particle and the surface to maintain the inequality constraint C(x(t)) � 0. For example, if gravity attempts to accelerate the particle

4

Figur2. (a) For both the equality- and inequality-constrained cases, an external force F external

acting downwards on the particle is countered by a constraint force F

C

, acting in a direction normal to the surface S at x(t). (b) An external force that attempts to push the particle upwards off the surface gives rise to a constraint force F

C

only for the constraint C(x(t)) = 0. For the constraint C(x(t)) � 0, no constraint force acts and the particle moves upwards off the surface S.

S(

a )

( b)

FCFe

x t e r na l

S

x t e r n a l

downward, an upward constraint force must act to prevent that. Even if there is no external force

acting, if the surface is curved, and the particle has a nonzero velocity

, a constraint force may still

be necessary to keep the particle from moving downward through the surface.

In the equality-constrained problem the constraint force (or constraint forces, for a system with

multiple constraints) are easily formulated for and solved. However

, in the inequality-constrained

case, care must be taken in specifying the correct behavior of constraint forces. For example, if

an external force acts to push the particle downward (�gure 2a), then in both the equality- and

inequality-constrained cases, an upward pointing constraint force acts on the particle. However

, if

an external force acts to push the particle upward (�gure 2b), then only in the equality-constrained

case would a constraint force act downward to prevent the particle from moving away from the

surface. In the inequality-constrained case, we do not wish constraint forces to be able to \glue"

objects together; we wish to allow the particle to move away from the surface.

For the simple particle/surface problem, determining when constraints should release is trivial,

since there is only one contact point. However for more complicated con�gurations such as

�gure 3, is not immediately obvious which constraints should release and which should not.

A determination of which contacts will break can be made by solving a nonlinear system of

simultaneous equations.

5

Eurographic s ’93 State of the Art Reports Non-penet rat ing Rigid Body Simulat ion

Figure 3. A stack of overbalanced bricks. The ten contact points in this structure are marked with circles. It is

not immediately obvious at which points contact will break.

2.2.3 Friction For ces

Constraint forces act to prevent interpenetration and are conservative; that is, they act normal to

the contact surface and perform no net work. In contrast, if we wish to model the ef fect of friction,

we will need to compute friction forces. Friction forces act tangentially to the contact surface to

prevent or oppose sliding between objects at contact points. The Coulomb friction model speci�es

a relationship between the constraint force and the friction force. The relationship of these forces

each contact point depends on whether or not bodies are currently sliding relative to one another

or are at relative rest.

3.0 Collision/contact determination

The two problems of collision detection and contact point determination are very similar

, and

can really be considered a single problem, which we shall call the collision/contact determination

problem. There is an immense amount of literature concerning this problem, but the majority of

collision/contact determination algorithms fall into one of two groups. First, the collision/contact

determination problem from time t

0 to t

1 can be viewed as a single, continuous function of time.

Given this viewpoint, the basic problem to be solved is \at what time, and where, do bodies �rst

come into contact?" Second, the problem can be considered discretely

, at a sequence of time values

t

0

< t

0

+ �t

1

< t

0

+ �t

2

< � � � < t

0

+ �t

n

< t

1

. In this viewpoint, the basic problem is \given the

positions of bodies at time t

0

+ �t

i

, where do bodies interpenetrate and contact each other?"

6

Eurographic s ’93 State of the Art Reports Non-penet rat ing Rigid Body Simulat ion

3.1 Continuum Methods

The �rst approach, which could be called the \continuum view", presupposes a speci�ed motion

of bodies over some time interval. Examples include Canny[8], who describes an algorithm for

determining the �rst collision between rigid polyhedral objects with constant angular velocity .

Using the constant angular velocity assumption, Canny reduces the problem of determining the

�rst instant of collision to the problem of �nding roots of (relatively low order) polynomials.

Gilbert and Hong[17] relax the problem of collision detection to include arbitrary trajectories of

rigid convex polyhedra. Since no closed-form solution exists for the time at which the the �rst

intersection occurs, an iterative numerical method is used to determine this time. Their algorithm

is based in part on previous work by Gilbert, Johnson, and Keerthi[18]. V on Herzen, Barr

, and

Zatz[43] describe an algorithm that determines the �rst collision between parametrically de�ned

time-dependent curved surfaces. In this work, the motion of the bodies is not necessarily rigid

(that is, the actual shape of the surfaces may vary over time). V ery recently

, \interval analysis"

has attracted considerable attention in the computer graphics community as a method to deal with

collision detection problems. (The method used by V on Herzen, Barr

, and Zatz can in fact be

considered a special case of interval analysis methods.) Duf f[12] describes a collision detection

method using interval analysis that handles rigid-body motion of implicit curved surfaces, but with

restrictions on the motion path. Snyder[39] and Snyder[40] use interval analysis to �nd the �rst

time of collision between both parametric and implicit time-dependent curved surfaces. The latter

work treats the case when contact occurs over a region or curve.

However

, algorithms of the above nature cannot be used to globally solve the collision detection

problem of the simulation problem described in section 2.1. All of the above algorithms presuppose

a speci�ed motion path for the bodies over time; however

, such a path is exactly what the simulator

is trying to compute. Continuum view algorithms can however be used over suitably short intervals

to guarantee that collisions between objects are not missed.

Consider for example the particle/surface problem in section 2.1. Numerical methods for solving

equation (1) advance the state of the particle from an initial time t

0 to a later time t

0

+ �t. Suppose

that we �nd that both the state at t

0 and the state at t

0

+ �t are legal states. This does not guarantee

that the particle did not contact (and even dip below) the surface at some time between t

0 and t

0

+ �t.

T o guarantee that the particle did not collide with the surface over the interval �t, we must consider

the entir e motion path during this interval. But as we have observed, we do not in general know

this path (since we are still trying to determine if any collisions occurred), and it is unlikely that

the actual path, even if free from collisions, could be described in such a manner as is needed by

continuum methods.

V on Herzen, Barr and Zatz[43], Snyder[40] use their continuum methods to solve this

problem by considering the properties of the numerical dif ferential equation solver used to solve

equation (1) (or its rigid-body equivalent). T ypically

, the evolution of a system from time t

0 to

t

0

+ �t is modeled as a polynomial function of t. If the polynomial model is of suf

�ciently high

degree and the interval �t is suf

�ciently small, the projected state at time t

0

+ �t dif fers from the

7 actual state by a small amount. The projected state is thus considered to be an acceptable numerical

solution to the problem. Since the accuracy of the simulation depends directly on the numerical

method used to solve equation (1), it is ar gued that one might as well regard the polynomial

trajectory of the system between time t

0 and t

0

+ �t as the \true" trajectory

, and check for any

collisions along this polynomial trajectory

. The continuum methods of V on Herzen, Barr and Zatz,

and Snyder can work directly with a polynomial representation of the motion path between t

0 and

t

0

+ �t and verify that it is either free of collisions, or �nd the �rst point and time of collision. If

a collision is found at time t

c

, a new motion path is computed from time t

c to some future point

in time, and the entire repeats itself. Continuum methods which cannot handle polynomial paths

might be used by linearizing the polynomial motion between time t

0 and t

0

+ �t into smaller linear

segments.

3.2 Discr ete Methods

The second approach, which could be described as the \discrete view

," involves the geometric

analysis of bodies at a �xed instant of time. The goal under this approach is to produce algorithms

that solve a single, static instance of a problem with optimal asymptotic time complexity . W ork of

this sort includes an approximately O(log n) algorithm by Cameron and Culley[7] for computing

the distance between two convex polyhedra with n vertices. Gilbert, Johnson, and Keerthi[18]

describe an algorithm for computing the minimum distance between convex polyhedra with n

vertices; the algorithm appears to have a running time somewhat lar ger than O(n) but smaller

than O(n log n). Related work by Gilbert and Foo[16] extends the algorithm to handle smooth

convex shapes and concludes that smooth representations become more ef

�cient than polyhedral

representations in the neighborhood of n = 100. For the problem of determining disjointness

two convex polyhedra with n vertices (without regard to the distance between them), an O(n)

algorithm is readily available, based on Megiddo’ s work on linear programming problems with

constant dimension[34

][37].

Unfortunately

, the above algorithms, although they achieve small asymptotic time complexity ,

do so at the price of lar ge run time constants. For example, the linear time algorithm for deciding

disjointness between convex polyhedra with n vertices is not practical unless n is quite lar ge.

More importantly

, the use of discrete view algorithms essentially ignores any similarity that

may exist with the current collision/contact determination problem and previous collision/contact

determination problems. Proper use of previous information can result in very simple, yet ef

�cient

collision/contact determination algorithms.

The earliest example of such an algorithm occurs in work by Cundall[1

1]. Cundall’ s work

on dynamic simulation of polyhedral blocks uses a collision/contact determination algorithm that

speci�cally exploits information obtained from the previous determination. However

, Cundall’ s

approach is somewhat more complicated than needed for dynamic simulation and is restricted to

polyhedra. The collision detection algorithm in Gilbert, Johnson, and Keerthi[18] is structured so

that it can use information previously computed to obtain a faster running time, but this is not a

main consideration of the algorithm. Recently

, work by Baraf f[2 ] and Lin and Canny[26][27] has

8 focused on collision detection methods for dynamic simulation that ef

�ciently reuse previously

computed information. In particular

, Lin and Canny describe a collision detection algorithm for

convex polyhedra that takes roughly O(1) time to test a pair of polyhedra. Baraf f[3 ] describes

a coherence based bounding box test that detects overlap between n bounding boxes in roughly

O(n) time over the course of a simulation. Methods for coherence-based collision detection among

convex curved surfaces are also described. A disadvantage of coherence-based detection methods

is that they may miss collisions that occur between the sampled time steps. (Consider simulating a

bullet �red through a thin pane of glass). While continuum based methods do not suf fer from this

problem, the more comprehensive continuum methods (notably those based on interval analysis)

are considerably more complicated to implement and are not (currently) as fast as coherence-based

methods.

4.0 Frictionless Systems

Assuming that one can solve the collision detection problem and determine when and where

objects contact each other

, problem of enforcing non-interpenetration constraints remains.

In this section, we describe the two basic approaches for preventing interpenetration between

contacting objects without friction. The �rst approach computes constraint forces that are designed

to exactly cancel any external accelerations that would result in interpenetration. This method

requires solving nonlinear systems of equations, and is fairly complicated. However

, it results in

simulatiowhere interpenetration is completely eliminated (within numerical tolerances).

The second method, called the penalty method is much less complicated, but does not completely

eliminate interpenetration. Essentially

, the penalty method models contacts by placing a spring

damped) at each contact point, between the two contacting bodies. Interpenetration is

allowed between the bodies at a contact point, but as the amount of interpenetration increases at a

contact point, a repulsive restoring or \penalty" force acts between the objects, pushing them apart.

4.1 The Constraint-Based Method

W e can maintain non-interpenetration constraints by computing a constraint force at each contact

that depends directly on any external forces acting on the bodies in the system. Each constraint

force acts in a direction normal to the contact surface at the point of contact and exactly prevents

interpenetration.

again the inequality-constrained particle/surface problem of section 2.1. W e introduce

a constraint force F

c

(t) into the problem. Let the surface normal at the point x(t) be given by the

9 vector rC(x(t)) where

rC(x(t)) =

0

B

B

B

B

B

B

B

B

B

@

@ C

@ x

�

x(t)

�

@ C

@ y

�

x(t)

�

@ C

@ z

�

x(t)

�

1

C

C

C

C

C

C

C

C

C

A

:

Since F

c

(t) acts in this normal direction, we can write F

c

(t) =

N

(t)rC(x(t)) where

N

(t) is an

unknown scalar . W e will assume that rC(x(t)) points towards the region of space that the particle

is allowed to occupy

. The equation of motion for the particle then becomes

� x(t) = F(t) + F

c

(t) = F(t) +

N

(t)rC(x(t)): (4)

Since we are modeling contact between objects, the constraint force F

c

(t) acting on the particle

must be directed away from the surface, in the rC(x(t)) direction. That is, the surface can exert

a \pushing" force on the particle to prevent interpenetration, but cannot \pull" on the particle to

prevent it from leaving the surface. This means that

N

(t) must satisfy

N

(t) � 0. If

N

(t) was

allowed to be negative, the particle, once in contact with the surface, could be held to the surface

forever after .

4.1.1 Collisions

If the particle’ s velocity at time t

0 is directed inwards, towards the surface when it �rst comes

into contact with the surface, the particle is said to have collided with the surface. Since the particle

and the surface are both rigid, the particle’ s velocity must change discontinuously at the moment of

impact. This is modeled by letting F

c

(t

0

) be an impulsive force; that is, F

c

(t

0

) has the dimensions

of mass times velocity

, and acts for a single instant. The strength of the impulse is calculated

according to Newton’ s empirical law of restitution[23].

For the case when rigid bodies collide with only a single point of contact, the constraint impulse

F

c

(t

0

) is trivially computed by solving a system of one equation in one unknown. (The dir ection of

F

c

(t

0

) is already known to be normal to the surface. Only the scalar magnitude

N

(t

0

) needs to be

determined.) If equality constraints involving one or both of the colliding bodies exist (as happens

when an articulated rigid body under goes a collision), additional impulsive constraint forces are

needed to maintain the equality constraints. In this case, a number of constraint impulses must be

computed simultaneously

. If there are n equality constraints to be maintained, then a system of

n + 1 linear equations in n + 1 unknowns must be solved. This is simply a special case of solving

equality constrained dynamics problems, and is not particularly dif

�cult. If the collision involves

more than one contact point, the contacts can be regarded as occurring either simultaneously ,

or sequentially

. Recent work on rigid-body simulations with impulsive collision forces include

L � otstedt[30

], Featherstone[14], Moore and W ilhelms[36], Baraf f[1 ], and Cremer[10 ].

10

Figure 4. Constraint forces parallel to the surface normal rC(x(t)) for an inequality constrained problem. (a) A

constraint force F

c

(t), with magnitude �(t) =

N

(t) > 0 and direction rC(x(t)) acts to prevent the particle from

accelerating downwards. (b) The external force F(t) accelerates the particle upwards, and contact is broken.

No constraint force acts on the particle.

(a)

S x(t)

� C(x(t)) F (t) l (t)� C(x(t))

(b)

S x(t)

� C(x(t))

F (t)

” ” ”” ” ” ” ” ” ” ” ”