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ABSTEACT isage's appearance on the monitor's
screen. Systems which can achieve tkLis
kind of pertormance are currently so
This paper descripbes a new algorithm expensive ($1M and up) that very few users
for solving the hidden surface (or line) can afford them. Users with more modest
problen, to more rapidiy generate budgets nave to be content with severely
realistic images of 3-D sceunes composed of more limited performance--either a lower
polygons, and presents the development of gquality imaye ("wire frame" instead of
theoretical foundations imn the area as solid-objact modeling) or slower ¢
vell as additional related algorithms. As interaction (a time lag of several seconds t
in many applications the environment to be to several minutes for a solid-object L
displayed consists of polygjons many of image). 4
whose relative geometric relations are
static, we attempt to capitalize on this PROBLEM STATSMENT
by preprocessing tue environment's i
database so as to decrease the run-time The problem to be solved is: ]
computations required to generate a scenc. 1
This preprocessing is based on generating siven
a "pinary space partitioning" tree whose
inorder traversal of visipility priority 1. a data pase describing a -3
at ruu-time will produce a linear order, environment in terms of, say, a lew
dependent upon tue viewsiny position, on thousands tiles (polygons) descripirng
(parts otf) the polygons, wnicu can taen be the sSurtaces of the various objects in
used to easily solve the wuidden surrace tne environment, one or more light
pronlen. In tne application where tne sources and
entire environmeunt is static with only tue
viewing-position chanying, as is common in 2. tne (simulated) viewiny position,
Ssimulation, tue results prescoted will be orienctation , and field of view,
sufficient to solve completely tae uidden .
surface proolenm. Generate a color video image of the ¢
environment as it would appear from the :
INIKODUCIION Jiven vieving position and orientation.
One of the long-tern goals of This image generation task consists,
computer grapuics nas been, and continues broadly, of the following tiree steps:
to be, tne rapid, possibly real-time
geperation of rfealisctic images of 1. transforming points into the image
simulated 3-D environments. PLheal-time, " space,
in current practice, has come to mean
creatiny an image in 1/30 of a second-- 2. clipping away polygons outside the
fast enouge to ccntinually generate images field of view,
on a videc monitor. #Wita this fast image
generation, there is no aiscernabple delay 3. yeneratiny the imaje from the polygyous
between specifying pdrameters ror an image that remain. Generating the image
(using knobs, Switches, or cockpit cousists of determining the proper
controls) and tae color (intensities of red, yreen, and
plue) for each of pernaps 250,000
picture elements (approximately 500
*This research was partially supported oy rows of dots, with 500 dots in each
NSF under Grants MCST79-00168 and MCS75- : LOW). For each picture element
02593, and was ruacilitated by the use of ("pixel"),
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Polygon which obstructs all others.)

D) given tne visinle Polygon, determine
thke proper color for the pixel by
evaluating a lighting model formula,
see, €.9., (Newman and Sproull,
1979) .

EROPCSED SOLUIION

Since current moderdtely-priced (340~
L€di-time line-drawinyg systens (e
Sutherland Picture System 2,
dodel 3404) can €asily
perftorm steps 1 and 2, e shall
corceuntrate on solutions to Step 3. New
solutions to tanis Lemaining step could
then oe combined witpy dlready availacle
soiutions to produce a complete System.
Further, we believe step 3b can ve
erfectively solved oy distriouting tue
individual pixel calculations amony many
small precessors (f'uchs and Johnson,
197Y9) . e tnus concentrate in tnis paper
on step 3a, determinin, the visiple
polygon at ecacn pixel.

8uk)
Evans ana
Vector General

all alternative solution
approdca first utili.ed a decade
(Scoumaker et al., 190%) wut due to a
ditficulties, not viarly exploited. The
Gereral apJaroacu is vased on toe
OcseIvation that in a wide variety ot
applications many imaJes are Jenerated of
tac same environment with only a caange in

to an
a4y0
LeEw

We propose

tae viewiny position ana orientation, bput
no Cadnge in tue environment, For
€XxaMple, pilots in a Simulator may
practice many ditterent landir ys at the

Sdle dlrport, witih cacu landing Jenerating

tacusands ot qpew iMma jes. Simiiarly, an
dfcnitect may ‘"walk® tnrtougn a newly
designed house or housinyg developuent; a

Liccuemist Bay rotate or nove 4u0ut  a
Corplicated oprotein molecule. o  tuhe
advantdagu or such SL3atlc environments, tie
Qdts  wase 1S preprocessed once (for all
tise, or until tte data bdse is changed)
LelOre any imayes are y€nerated. In this
PLEprocessing stayge, certain Jeometric
[elatiohsui]s are €4llaCted wlLICL Cal then
Le useC to Specu up  tae visiole iolyyon
determination for eacq rixel, rtor all
POSs1ole images.

It is important to note tnat altuouyh
the development here jc given only rijiu
vvjects and 2NVIIONWENnts, these concepts
Cdli  Le extendeu to handlie envirouments
¥lt. some movinjg oojects.

the visibie
traditionally tue
Viewiny position to eacy

Maps onto that pixel is
Most wethods attem,.t to
humber ot polygons to be so0

In order to detcsraine
Surface at eacu pixel,
distance fronm tue
Polyjon wiica
Cdlculated.
Winimize tne
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considered.
distance calculations
it transforas tae
(splitting polygons
binary tree which

Our approach eliminates these
entirely. Rather,
polyyonal data base
vhen necessary) into a
can be traversed at
image gyeneration time to yield a
Yisioility prjority value for each
polyyon. These visibility priorities are
assigned in such a vay that at each pizxel
the closest polygon to the vwviewing
position will be the one with the highest
visivility priority. As we shall see, the
Visibility priorities are a function of
the viewing position; they remain constant
ror all pixels in every image generated
trom the same viewing position. 1In cases
for waich these visibility priority
NuBuers cangot be assigned to the original
polygons (see, e.g., tig. 6) and some
polygous need to be split, the splitting
is done only once -- during the
Preprocessing pPhase == never at image
Jeneration time.

EsLEROCESSING PHASE

Let us now consider the set of
polygons p = [pl,pz,.-.,pn] wvhich define
tue 3-D environment. Cuoose an arbitrary
(tor now) polygon Py from this set. &e
note that the plane in which this polygon
lies partitions tae rest of 3-space into
two half-spaces--call taese and sg.
Tue two nalf-spaces are identified with
tlhe positive and hejative sides of the
polygon p, . If p was defined with a
“rront" side, then tﬁat side is considered
a5 lhe positive one; otherwise, one of the
sides is drpitrarily caosen at this time
to be the positive side.

"hat can we say about
priorities of tnese
that ir tue viewing pPosition is in one
nali=-space, Ssay in S5,, that no polygon
within Sg can oustruct either polygon Pr
OL any polygon in Sk(see figure. 1).

visibility
polygons? We know

Taeretore, we
pulygons in p -

split each of the
{Pk} along the plame of
Pge Putting the polygons (or Eparts of
tuem) wuich 1lie in s into one set and
rolyyons which lie jin S into another set.
{ Folygons coplanar vwitn P, can bLe put
into eitper set.) We can rePresent toe
results of this splitting process by a
sinary tree (we'll call it a Binary Space
Partitioning, or %psow tree) in which the
Lvot contains p, and each branch's subtree
contains tae Set of polygons associated
with one of tae half-spaces (Fige 2).

“€ next consider one of the two
sets of polygons, Say tne one in S,. WNe
Lemove a polygon, say P and spli the
remaining polygons in é alonyg the plane
wlit., putting those polyjons (or parcts
tuereor) lying on the pPositive side in one

new
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set (5 ) and tuose lying on the negative
side 1ih° anotaer set (S 7). Thae overall
tree after this step is dhown in Fig. 3.

7o complete the construction of tne
BSP tree we continue sulittiny sets until
no noh-null sets remain.

Tne entire preprocessiny pnase, tuen,
consists of transforminyg the eLtire
polyjonal data vase into a BSP tree by the
followingy rCecuLsive procedure (stated 1in 4
simple pseudo-FASCAL) 2

PRCC Hake_tree(pl:polygon_lxst): tree;

BEGIN

k=Select_polygon (pl);

pos_list := null; neg_list == null;

/% pos reiers to positive parts
ney reters to negjative parts */

FOR i := 1 T0 Size_or(pl) DO
BZGIN
1¥ i <> k THEN
BEGIN

split_polyjon(pl 1], PILK]s
;os_parts,neg_parts);
Add (pos_parts, pos_list);

Add (nej_parts, ney_list)
END
END;

RETUnN Combiue_tree(nane_tcee(po&_list},
pl(k).,
ddke_treelne,_listlj

END;

%e note dayall tnat thls process 1s
only perrormec once for all possiule
imagyes trom all viewing positionsi Tuawv
tree CrCesains valil as lony as the scene

doesn't CualGEe.

IMAGE GENEEATICN gdh3E

it

Calculating tue visibilaty

priorities, once ‘tue viewiny position is
known, 1is 4 variaut of an in=-or ier
traversal of tue environment's L3P tres
(traverse one Suutree, visit the root,
traverse the otuel Silotree). de wisu, tor
example, to aave au oruer of traversal
that visits tae polyjons 1rom Those
farthest away 1O tiuse Closest to tLE

curcent viewing position. At any yiven
node, tuere aLe two possivilities:
positive side sSuptree, roie, negative silde

subtCee OrL nejative side wsuptree, node,
positive side sSuutree. w€ Cuvo0sé OhLe or
tuese two orderinygs Lasea on tue
relationscip oL toe current Vviewilly
position to tne node's ULy oL«
Specifically, e are interested in the
side (positive or negyative) oL the noae's

polygJon where tné cuirent viewihy position
is located. Let's call tne two sidus  the
wcontaining" side ancd the "otner" side.
Tne traversal Lol 4 Lack-to-iront orderiny
is 1) the "otaner" side, 2) the node, and
3) tae weontaining" side. ( Tnis side-or-
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determination is, oI course,
siyn of the ¢

node=-polyyon
just a checx of the
component of the node polygon's noreal
vector arter the usual transforzation to
the screen coordinate system.)

This notion of a traversal may vce
embcdiea in at least two different ways
tor visipie surface image jeneration. Cre
alternative 1is to assign priorities to
jolygyons in the order that we visit then.
Using the traversal order just descrived
we willi yget 4 low-to-hiygh visipiiity
pCiority assigoment. These vilues cat
then be used witnin a conventioral visicle
surrdace display algoritam @LElEVeD
visibility determinations neel to uve nude.

Le otherL obvious alternative, whica ir
ract is the one taat we aave irplemented,
aoes not assiyn explicit wvisibility

prioraity values to polygons Lut uses t:ie
traversel to drive a "painter's" aljoritus
Lich paints onto tne screel's inage
ouffer each polygon as it is .ncountereld
in tue traversal. Since nljhec prioritj
polyjons are visited latet in tne
traversal and thus painter laterl, the;
wili overwrite any overlappinj @ olyjors of
lower priority. Tue followin, TCecursive
grocelure jenerates a visit.= SuCiace
imayce in tne avove-descriped mannel.

2aCl Back_to_front(efe:vieuing#;asitian;
t: BSP_tree)

JIGIY

IF Not_null (t) THEN
17 pos_side_of (fvot Ltlecyel
THEN

3TGlN

pack_tu_tront (e e, neg_wCarcu [ t])
Jisclay_polyyon (root Lt
paCKk_to_LIOont (ey<. pJﬁ_bEiL:nLtn
END

ZLSE

3Z6IN

pack_to_rrount (eye, pos_vranchptjli
Display_pclyyon (coot{ t]):
pack_to_Lront (eye, neyg_brarcigt)

SN2
.'.uL
Jigares 4,5%,and 6 jllustrate tols
visivle sarrace aljorital. since the

iisplay used bad only one bait [€l pLxel,
the procedure Display_polyyon paintes tes
interior of the polyjon tn€ pack sL94%-
suaae ahd painted the outline Or tbs
polyyon in tae otuer snade.

The possivle veahness of  teis
approach is that tae pumber of polyjots I
the tree may incresse snarplje. (E=call,
every root polygjon splits all crossily
golygons in its list in srier to [at 3%
polyjon in one or atnel 9r otd

tne

L e o o o |
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limit
root
one whose

sSubtrees.) We auave dttampted
tonis increase by selectiny
Polyyon at eack staje to pe the
plane splits toe @ainimum number of
polyjons in its list. Tanle 1 indicates
the perrormance of the system in limitiny
tne numper of polygons in tue BSP tree.

to
t he

Figures 7 and 8 si.ow tae BSP tree for the
environments oL Fijures 4 an d 6,
Cespectively.
No. of
No. of Polygons in
Fig. no. Original Polygons ESP Tree
4 11 11
5 72 100
6 3 5
Tadble 1: Nunmcer ot polyjons in tree
VeLsus original aata pase
We are currently examining a more

Sopnisticatea strateyy for minimiziny tone

number of polygons in the 8SP tree. In
acdition to the just-descrived criterion
OL ChOOSiNj 4 noue folygon as one that

sirimiczZes
split, a

tie numper of polygjons tuat are

second Criterion is also
considered. TLis one maximizes tune number
or Mpolygan conrlicts® eliminatea. e
define a polygon contiict as an OCCuLrence
~etwcen two poly,ons in one List in Wunicu
tue Ffplane of one Folyjon i1Lntersects the
other poljygon. 1The hope is that these
€liminated poly,on conflicts will reduce
ti€ numuer or polyjons wnicu will need <o
Le cut in tue descenuant subtiees. More
rTeclsely, iL P is tue set of ¢0lygous,
tuén Lorm tne sets S, 5., 5. ror each
polygon p P as :iollows: 2 3

{4e 2| g is entirely

51 = tue
positive nalf space of P}

S, (9 p | g
plane of pj

is intersected the

S3 % {4e P14 is _enticely
Reyative wali-space of p)

tne

We define a furction

1; polygon s; and the plane
f(sy, sj) = of s; intéersect
0; otherwise
ana
1 = I b3 f(sy, sj)
si:Sm sj:Sn

We tuen select tue P Such that for
SI(P] :SzlP} '53 (p)
tne expression {Il 3t 13,1"352|* weigat) ]
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wuich is maximal.

EQEMAL_DEVELOPMENT
Let us nov examine the nature of the
binary space-partitioning (BSP) tree more

Closely. The construction can be carried,
in essentially identical manner, for any
dimension; nonetheless, it is only the
toree-dimensional version that is of major
interest to us here. Hovever, it is
easier to explain its nature in the tvo-
dimensional setting, as the various
geometcric Structures arising can be
Clearly drawn; thus tke discussion of the
properties of the tree will be presented
assuming a two-dimensional universe.
Nonetueless, we encourage the reader, as
the next section of tae paper is read, to
extrapolate the three~dimensional
interpretation. 1Im tane latter portion of
the paper, wiere combinatorial issues are
examined, the results will be given for
both tvo and three dimensions, since
combinatorial complexity is dimension
dependenc. We now begin with some
(sligutly non-standard) terminoloyy.

Segment = an oriented closed convex Subset
or a 1line, i.e., a finite Segment, a
fay, or a line, wvita a direction
associated with it.

Eegion - a closed convex set of points of
4 plane. (A regionm is normally defined
4s an open connected set.)®*

Extension of a

Seyment in a

kegion = given a segment s and a region R,
define the extension of s in B to be
the intersection of the line on which s
lies with the region B, obtaining the
segment & _. Assign to the direction
induced gy s (wve indicate this by
pointing an arrow to the Light)

Note that
(a plane)

a region can be unbounded
“"partially bounded® (eege, a
halt=plane), or (completely) bounded
(€-g., a finite polygon). The motivation
for defining regions and segments in this
wauner is that in general we have no
interest in distinguishing between the
boundad, partially bounded, and unpounded
sets. Tane 3-space analogies to Segments

*A set is opea if there is an "implicit
boundary"® vhich is not in the set.
Formally, a set of points B in the Plane
is open if and only if ¥x6R, e> O such

that ¥y[|x-yi<e => yER]. A closed set is
the complesent of am open set (if boundead,
the set inclades the boundary). Formally,
a set of points R in a plane is closed iff
for every converging sequence x => X,
¥n(x &R => x&R].
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and regions are poiygons (or alternately,
regions) and sectors (oL volunes)
respectively. The orientationu of the
polyjons ecorresponds to the usual notioan
of the front and back sides. We are now

ready to examine the gemeral algorithm for

construction of a lapeled binary space-
partitioning tree.
Algorithm I: Construction of a (2-space)

BSP tree

Input - a region R and a set of segmentsIl lying
in R

Qutput - A BSP Tree

Method - call the function, BSPT, with R and I as
parameters and I + &.

Procedure - BSPT ( R:region; L:set of segments )
:node

Begin
If T # ¢ then

begin
choose 8 € I and form g

R
e gR }

A
Partition R and L by into R_,R-, I ,L__
atiagd in: ot o B e

_ A
R = {peR|pe C

1ght of &, )
right of &,

or p lies to the

Ro={peR | pe QR or p lies to the
left of 5, )

]
m

{Bn R' | B e I-{s} )}

™
m

{ BnR; | B e z-{s} }

Create a newv node v

leftson(v) :=BSPT( k-,I_ )

8 R;

rightson(v) := BSPT (Bs,raj

8
b =

label(v) sR

return(v)
Ead
Else

Create a leaf }
label (}) :=R
return(l)

End BSPT
let us look at am example before examiming

the properties of this algoritha.
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Let B be a square and L={ a,b,c}, as in

figure 9a.

If a is chosen first, we

get figure 9o
wuich creates figure 9c. i

1f, next, bR is
a
result will

chosen before ¢, the final

appear as in figure 10.

A

Consider now the set I of seygments, which
of course lies wholly within the original
B. It is easily seen that it partitions R
into convex regions (polygons). Each such
region, together with its boundary, will
be referred to as an afea (volume for 3-
space). The set of all the areas created
by thbe algoritam will be reierred to as a
tessellatjon. The areas may be thouyht of
as the intersection of half-planes (half-
spaces for 3-D) created by th; lines on
whicu the elements of I (or I) lie. The
purpose of orientation of the segments is
to distinguish between the two half-
planes. The subscripts of each region,
generated by algorithm I, indicate the
half-planes whose intersection forms the
region. As an example, refer to figure 11
which is a BSP tree for the tessellation
in fig. 10 vhere parentheses are used to
indicate subscripting of regions.

CHAPACTERISTICS OF A BSP ZTRIE

It should be clear by mnow that the
algorithm pecforams a recursive
partitioning of the plane by the segments

However, observe that given
that more than one
tessellations can be generated by tte
algorithm depending wupon the order in
which segments are selected. Observe that
in fig. 9, had the order of selection
peen ¢, b, a, fig. 12 would have been
produced, which not only looks differernt
from fige 10, but anas four areas, as
opposed to five. Since a tessellation is
formed by the extended segments, as
opposed to the segments taemselves and the
lengtn of an extended segment is dependert
on the size of the region containing it at
the time it is extended, selecting
seyments in different orders produces
difrferent rejions, and thus the dependence
of the tessellation on the order of
selection.

lying in it.
a set oI segments ,

It is also possipole to have, for a

yiven set of segments, more than one tree
which describes the same tessellation.
Assume that at some stage of the

construction of the tree, we are examining
the region Bk and the associated set of

segments rn: [sl, 82""'sm}' If
vith respect to F , then

S s,=u 3
e‘aiyi $§bubtation T oD i 1,2,0ee,8 Will
result in a different subtree, where the

YA I A gy ems < 8 g

L e R

Ran e e an o o b o

— . m — —————— A —— Y—
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Subtree is jenerated by selecting segments

in E the order 5“{1)’ 5,{2 ,--”S“ (n)'
Nonetaeless, every suotree wil escribe
tue Same tessellation of Bk.

Conseyuently, tnere are distinct treés
describing tne sape tessellation of the
original reyion R. For examgle, ip figure
13, either tree Specities the Sdme
tessellation,

tie ipitial set or S€jments is equivalent
to the extended Set, i.e., vis|seI} =

ulXideX}. TE i addition the initjal
reyion is a blane, all or the €leaents of
L, vould pe linpes. Since extension has no
erfect, the tessellation is fixed pefore
the algoritan vegins. We call suych 4
tessellation a Baxjimunm ;ggsgl;agjgg
because any set of Seyments lyiny on the
Sakc set oL lines can Produce only

car be seen by Comparinyg figures 10 and 12
witn fiy. 14, It follows that any set -or
seégients bas a4 corresponding marximue
tessellation whose cardinality js the
Baxioum of tke number 0f areas produced by
an) tessellation fesulting from the Set.
In general, the nusber of dirfferent
tesscllations that car be derived frog a
set © is, in some Sense, the complemernt of
the rnumpoer of distinct trees which
descrivt the sage tessellations.

A BSP tree constructed by algorithm T
contains nodes labeled with Segments and
nodes labeled wita areas. The segrent
nodes are exactly the interior nodes of
the tree and the "area® nodes are the
leaves, The algorithm can be thought of
as first generating a binary tree composed
of only the Segment nodes. There will
then be segment nodes which have obe or
tvo eapty sons (Every node of a binary
tree aas Potentially two sons, left ang
right. If a node does not have one or
both sons, we refer to these as "eapty
sons, ) At each empty son, an area node
is adced. fThe resulting tree is Such that
all segment nodes have both a left and a
right son, either of vhich could pe
aoother segment node or am area node.
Since binary trees °f n nodes have n41
eapty soms, it follows that the number of
area podes js one more than the Bumber of

by toe Segment nodes or g are thus, also
includeq jp this union). Por notational
Purposes ye will agesignate the region
fepreserteq by the entire tree as g .
Inis, or course, is tie original regidn
from wujicg the tessellation is formed.
The €Xtension of the Segment s represented
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by the root 4 of a subtree partitions a
region ky, and the fegions represented by
the two subtrees of g are the two half-
Spaces formed frop Bi by s . If, wupon
traversing the tree one reaches 9, then
taking the left or right branch of q would
Correspondence to
Selecting one of these two half-spaces. &
i the tree, then, reflects a
Successive selection of smaller apd
Smaller portjons of B . In fact the
Tegion represented by a  subtree is the
intersection of the bhalf-spaces with
Fespect to B, formed by the extension of
the segments which are on the path to the
Loot of the subtree 9 (but not including
9). It immediately follows that the area
vhich is ®wadgegn at each empty son is
exactly the intersection of the half-
Spaces witk respect to E, foramed by the
extension of Segments whose nodes are on
the path to the son.

It is easy to see bov a BSP tree can
be used to locate which area of the
tessellatjion a point lies. Beginning at
the root, determine op vhich side of a
Segment the point ljes and proceed to the
son Lepresenting the balf-space
Corresponding to that side (points on the
line being assigned arbitrarily to one of
the two half-spaces). Bepetition of this
Process will generate 4 path to a leaf
node that Tepresents the area in which the
pPoint lies, thus solving what might be
Cdlled the "location Problem” with respect
to a tessellation.

Bi&.::es_nﬁgd_igmim_qmnu

the ordering js relative (usually thought
of as the "eye" or viewing Position), all
pPoints in this Same half-space wil}l have
Priority over all points jp the other
balf-space. Although this fact is fairly
selr evident for half—spaces, it is also
true for any two convex regioms.

To obtain a pPriority ordering froa
the tree, an inorder traversal is
Performed. Tie choice of taking the left
Or right branch of a node g representing

Subtree which Fepresents the reégion that
is contained ip the same half-space that
the viewing Position js B, this half-
Space bhaving been formed by with respect
to BR,. It is easy to see that such a

viewing position lies, i.e. the solution
to the location Problem mentjoned earlier,
Priority is assigned to ga node apon
backing-up froa it daring the traversal.,




Thus for each node g, all nodes of the
chosen subtree receive higher priorities
than g, and similarly, all nodes of the
remaining subtree obtain a lower priority
than g. The entire traversal of the tree
will then produce a total ordering of the
nodes, and this is precisely the
visibility priority of the elements
represented by the nodes. WNote that it is
requisite that R, be convex to guarantee
this property. S5ince the partitioning of
a convex object produces two convex
objects, the convexity of k implies tae
Sanme pProperty for ail Subseguent
refinements of B, during the construction
of the tree. Thus all areas are convex
wvbhich is sufficient to guarantee the
existence of a priority ordering of the
areas.

of _Uses of the

The first appearance of a BSP tree in
the general literature was in Sutherland,
et al. (1974) revieving the work of
Schusaker, et al. (1969), although the
tree was not mnamed and its general
properties vere not developed. The
application presented was that in which
dovisible "dividing planes® vere
iatroduced to the data base. The method
involved the desigaer of a simglation
8cene marually positioning ®"clusters"™ such
4s buildiags, trees, mountains, etc., so
that vertical dividing planes could be
placed between the Clusters to varying
extents. This resulted, in terms of a BSP
tsee, im the gemeration of a tessellation
of the surface by the dividing places
vhich are represented by segment nodes,
and each cluster was contained vholly
within an area. Thus each cluster
corresponded to am area node. A priority
orderiang could then be obtained on the
clusters.

Additional power is available if
tessellation is a

the
Baximus tessellation.
In this case, it is possible to compute
off-line the priority ordering for each
case of the viewing position being in a
different area. This follows from the
fact that since the areas are formed by a
Baximum tessellation, it is not possible
for two different points in the same area
to be on different sides of the extension
of a segment vith respect to B, (since in
4 saximum tessellation all Segments are
egual to their extensions with respect to
R.)e Thus for each area the traversal of
the tree is fixed. The Sutherland, et
Bles pPresentation suggests taking
advantage of this by pre-computing and
storing for each area its inkerent
priority ordering on the clusters {since
the dividing planes are not part of the
8cene they need mot be included in the
ordering). It was then sufficient to
solve the location probles in order to
obtain the prlor%ty ordering. Since this
®ethod regquires n storage space (vhere n
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is the number of clusters) and the
traversal of the tree is O(n), it is not
clear whether this approach is
advantageous. Also since a maxisuna

tessellation is required the tree will be

the largest possible for a given set of
clusters.

The application of BSP trees
introduced in this paper is something of a
complement to that presented in
Sutherland, et al. Here those objects
Lepresented by the segment (or polygon)

nodes constitute the visible data wkile
the areas of the tessellation are of no
importance. In fact, the function
Hake_tree presented earlier produces only
the segment rnodes. The area nodes are
only implied by the empty sons. Also,
Bake_tree forms a BSP tree for three
dimensions while the former method,
although working in 3-D, forss a BSP tree
for two dimensions, and Hake_tree's
tessellation in general is not maximal.
Clearly the BSP tree can be used vwith
dividiny planes to divide 3-space into
volumes, and a bybrid of polygons and
dividing planes could also be developed.
For instance, each area node of a tree
constructed with dividing planes could be
replaced with a BSP tree constructed of

Polygons for the cluster contained in the
area.
Combjinatorics of the BSP Tree

We vill now examine the size of the
BSP trees. The previous discussion was
presented, for simplicity's sake, for the
2-D case; here we will derive soze
formulas both for the 2-D and 3-D BSP
trees. Although we are most interested in

the 3-D case, 2-D is important in the
special 3-p case in which all of the
objects "sit™ on the ground and can be
separated by vertical planes. This is
equivaleat to a 2-D BSP tree corresponding
to the 2-D scene obtained by projecting
the objects and the separating plane on
the ground plane.

As noted previously, the BSP tree can
be created by both infinite and finite
objects. The infinite objects are planes
for the 3-D case are lines for the 2-D
Case. The corresponding finite objects
are non-intersecting convex polygons and
Segments. e will examine these tvo
extremal cases in turn.

A d-dimensional BSP tree partitions

d-dimensional space by (d-1)-
dimensional objects. Ue thaus examine
first, what is the maximums number £, (n) of
vYolumes of a d-dimensional Sspace that can
be created by n (d-1)-dimensional planes.
In the 2-D case we bave been considering,
this corcesponds to the maximue
tessellation of the plane using lines.

R T



The general forcula is

d n
£4(n) =& (1).

As there is a orLe-to-ore
Correspondence between the volumes and thne
leaves of tuhe binary BS# tree, the npumber
Of tne nodes of the BSP tree is 2£d(n}-1.

How many (d=1)-dimensional Legions
Created from (d=1)-dimensional pPlanes
under the assumption tnat no 3 planes

intersect along a single (d-2)-dimensional

line? It can be shown that the number is
d
n
I 1 (g).
i=0

In toe other extremal CaSe, where the
objects ¢iven are n (d=1)-dimensional non-
interpenetrating convex polygons, Ve
€xamine the worst case, namely compute the

maximum number of the (d-1)=-dimensional
regions that are obtained ircm the
Polygons by tue interscuction of the r (d-

1) =dimensioncl
It cdan be shown

planes on wiich tiey lie.
that tae number is

(;) £ =l

We summarize the results in Tavle 2
the two interesting cases 6=2 and d=3.

for

Volumes Unbounded Objects Bounded Objects
nz +n 2 u2 + n
2-D: 7 + 1 n -...2__
3 3 2 3 2
g n__+ 5n D -n +2n n” + 3n° + 2n
3-D: —— 1 3
Tabtle J: Maximum possible nodes in BSP
tree.
Conclusion
A solution has becn presented to the
visible surface problem whicn appears to

ve more eificient wnan previous
W¥.€never many imdges are to be generated
Ol tue same sStatic eunvironment. The
alyoritum 1is easy to implement since both
Piuases, tne preprocessing and thae image
yeLelation, carn each be succinctly stated
in a short recursive procedure. Tue major
potential weakness, a large increase tronm
tie number of original polyyons in the
data Lase to tuc number in the BSP tree,
has not occurred in any environment so far
encountered.

solutions
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Figure 1: Environment split by plane of pk
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Figure 2: Beginning of BSP tree construction
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Figure 3: BSP tree after two steps
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Figure 4: Wire-frame and visible line/surface images of same environment
(11 original polygons; 11 in BSP tree)

Figure 5: Wire-frame and visible line/surface images of same environment

(72 original polygons; 100 polygons in BSP tree)
A
o
\%
/___)é 7 \/o
] \K h \\E
b \,
E o L4
(left branches (arrows on positive
Figure 6: Visible line/surface image are positive) side of polygons)

of simple pbject whose polygons
cannot be directly assigned visibility Figure 7:

priorities (some polygons here have
been split during preprocessing)

B
A-t{ bottom %

C-top A-bottom

BSP tree and polygons of Fig.4

A

(left branches are positive;

positive sides of all polygons are visible)' —#ﬂﬂl

6 (A and C have each been split into

Figure 8: BSP tree and polygons of Fig.
two parts by plane of polygon B)
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The maximum
tessellation
for Figure 9




