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Abstract

Thebeautiful,branching structuee of ice is oneof the moststriking visualphenomenaf thewinter landscapeYet
there is little studyaboutmodelingthis effectin computergraphics.In this paper we presenta novel approac
for visual simulationof ice growth. We usea numericalsimulationtechnique from computationalphysics,the
“phase eld method, andmodifyit to allow aesthetiananipulationof ice crystalgrowth.We presentaccelertion
techniquesto achieve interactive simulation performance as well as a novel geometricsharpeningalgorithm
that remosressomeof the smoothingartifacts from the implicit representation\We havesuccessfullyappliedthis
approadc to geneiateice crystalgrowthon 3D objectsurfacesn several scenes.

Catgyories and Subject Descriptors (accordingto ACM
CCS) 1.3.7 [Computer Graphics]: Three-Dimensional
GraphicsandRealism

1. Intr oduction

The geometricallyand optically complec structureof ice is

oneof the moststriking visual phenomenén winter. These
beautiful, branchingpatternsof ice canbe found on mary

exposedsurfaces,such as sidewalks, panesof glass,and
hoodsof cars. Together thesesurfacescomprisea unique
aspecbf thefrozen,wintery landscape.

While there exists somework that modelsthis visual
compleity 2628, therehasbeenrelatively little researchn
computergraphicsthat attemptsto physically simulatethe
growth of ice patternsin addition,noneof thepreviouswork
presentsa mechanisnthatallows an artistto automatically
adjustthe simulationparameter$o achieve a speci ¢ visual
effect. However, thereis alarge body of knowledgein both
crystalgronth andcomputationaphysicsthataddressethe
computatiorof theliquid to solid phaseransition.Thereex-
istsawide morphologyof ice patternsandin this paperwe
presenta modelthat cansimulateseveral differenttypesof
solidi cation, mostnotablydendriticsolidi cation, whichis
the mostgeometricallycomplex andvisually interestingof
all ice structures.

Main Contrib utions: We presenta novel approactfor the
visual simulationand renderingof ice crystal grovth. We
choosea simpleandpowerful simulationtechniqudrom the
crystalgrowth literature,known asthe phase eld method.
We presentechniqueso simplify thecomputatiorandmale
the problemof simulatingmodest-scaléendriticice crystal
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growth more tractable.We also shav how the phase eld
methodallows a userparameterizatiotthat a visual effects
artistcanuseto manipulateheice crystalgrowth. Thephase
eld methodoften hassmoothingartifactsasa resultof its
implicit representationandit canonly computethe outer
most ice-water boundary Therefore,a novel intermediate
geometricprocessingtepis introducedto add sharpedges
andmedialridgesto theinterior of theice. Finally, the simu-
latedimagesarerenderedisingphotonmapping®. In com-
parisonto the existing work in this area,our methodoffers
thefollowing adwantages:

Physically-basedce growth basednrigorousmathemat-
ical formulationsandsoundphysicalobsenrations;
Simpleandnaturalaestheticontrolof simulationparam-
etersfor generatinglesiredvisualeffects;

A physically-inspired,novel geometricprocessingstep
thatintroducesinternalstructureto the ice andenhances
thevisualrealismof the nal renderedmage;
Acceleratedand simpli ed computationsfor interactve
simulationof modest-scal&e crystalgrowth.

The basicsimulationand renderingframenork hasbeen
appliedto severaldifferentscenarioskFig. 1 shavs anexam-
ple imagegeneratedby our method.

Organization: Therestof the paperis organizedasfollows.
A brief surwey of relatedwork is presentedh section2. Sec-
tion 3 gives an overview of our approachWe presentthe
numericalmethodand acceleratiortechniquesve usedto
simulatethe ice growth in section4. Section5 introduces
our aestheticontrolparametersyhich canbe usedto drive
thesimulationtowardintendedvisual effects.We describea
novel geometrianethodto createcrestsandridgesin theice
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Figure 1: Detail of ice grown on a stainedglasswindow.
Theinsetshavs thefull window.

in section6. Theresultsof ourimplementatiorareshavn in
section?.

2. Previous Work

In this sectionwe brie y suney relatedsimulationandren-
deringtechniquesrom thecomputergraphicsandcomputa-
tional physicsliterature.

2.1. Visual Simulation Methods for Water in Different
States

The visual simulationand modeling of the other statesof

H,O have beenwell-studiedin the past. The dynamicsof

waterandsteamhave beenimpressiely capturedn general
uid simulations’”: 9. Recently Fearing examinedthe solid

stateof waterwhensimulatingthe dynamicsof fallensnaw.

However, the analysisin his paperfocusedon the phenom-
enathatarisein depositionanddrift of snaw, not thosethat
arisein the liquid to solid phasetransition. Instead,it as-
sumedthat all phasetransitionshad alreadytaken placein

the sky. Consequentlythe lack of ice in Fearings sceness

noticeable.

A famousempiricalalgorithmthatattemptdo capturethe
structureof dendriticice is the Koch snaw ak e. First de-
scribedby Helge von Koch in 1904 26, it de nes simple
productionrules that, when applied recursvely, produces
a structurethatis in closevisual agreementith that of a
snav ak e. Thereadeiis referredto TheFractal Geometryof
Naturel’ for furtherdetails.While it rendersvisually plausi-
ble results,the Koch snav ak e hasno clear physical basis
and certainly doesnot allow for an aesthetigparameteriza-
tion.

Diffusion Limited Aggregation, or DLA,%28 is a tech-
nique from physicsthat attemptsto capturesimilar effects
to the oneswe describehere.Notably, this techniquedeals
with solidi cation in thecontet of vapordepositiontheag-
gregation of watermoleculesin the air ontoa cold surface.
Insteadwe presenta methodthatmodelsthe aggreyation of
liquid moleculeon acrystalin anundercoolednelt.

2.2. Simulation Techniguesin Computational Physics

Ice cantake mary geometricforms, from the uninteresting
structureof ice cubesto the dendriticgrownth we examinein
this paper For anintroductionto the morphologyof possi-
ble ice crystalshapesthe readeris referredto the paperby
YokoyamaandKuroda®.

In additionto thevisualappealof dendriticcrystals their
simulationis alsoof considerableracticalinterest.During
the creationof alloys, a liquid to solid phasetransitionoc-
curs,andif an dendriteforms in the melt during this pro-
cessthe alloy canbe drasticallywealened.Consequently
thereis a considerabléody of work in the computational
physics and crystal growth literatureaddressinghis prob-
lem, and one of the mostinterestingsimulationtechniques
thathasemepedis the phaseeld method?!®.

In its simplestform, the phase eld methodcanbe very
computationallyexpensve. Therefore variousacceleration
techniquesave recentlybeendevelopedto make the com-
putationmoretractable Thesdncludeadaptve meshre ne-
ment20 and diffusion Monte Carlo 19 techniquesWe will
insteadproposeboth a simpler schemeand a mappingto
graphicshardware. Both techniquesacceleratesimulation
performancandmalke it suitablefor modelingmodestcale
ice growth.

At its core,the problemof dendriticsolidi cation is one
of trackinganevolving interface.Thus,thelevel setmethod
1822 an approachthat hasbeenwidely usedin computer
graphicsrecently canalsobe appliedto the problem.While
traditionallytherehave beenproblemsn the useof level set
methodsto simulatedendritic solidi cation, mary of them
have beenaddresseth recentwork 19, Thelevel setmethod
is alsocapableof providing a solutionof higherorderaccu-
ragy thanthe phaseeld method However, we feel thatthis
level of precisionis unnecessanBoth the phase eld and
the level set methodscan supportan aesthetigparameteri-
zation,but we have choserto usephaseelds becauset is
simplerto implementandoptimize,particularlyon graphics
hardware. Notably, the level setmethodis alsoanimplicit
simulationtechnique and suffers from the samesmoothing
artifactsasthephaseeld method.Consequenthif level set
methodswere usedin placeof the phaseeld method,our
geometricsharpeningtepwould still be necessary

3. Overview

Wegive abrief overview of theoverallcomputationaframe-
work andthe basicdesignof eachstepinvolved.

We choosea simple and powerful implicit simulation
techniquefrom the crystal growth literature,known asthe
phaseeld methodThismethodcantake O(N3) time,where
N is theresolutionof asinglegrid dimensionTo obtainrea-
sonableaccurag, N mustbe fairly large, makingthe com-
putationquite expensve. We reducethe computationtime
signi cantly by usingtwo acceleratiortechniquesThe rst
is basedon the obsenation that mostice crystalsare very
thin. We cansimulategrowth in 2D andadd3D detail later,
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Figure 2: Theoverall systempipeline.

reducingthe computatiortime from O(N2) to O(N?). Sec-
ond, we furtherimprove the performanceof the simulation
by performingbandeccomputatioraroundthe“front” of the
ice andwaterinterface,insteadof over the entiregrid.

We then adaptthe phase eld methodto include aes-
thetic controlsfor a visual effectsartistto manipulate This
is achieved by usercontrol of the seedcrystalandfreezing
temperaturemputinto thephaseeld simulation.

For the seedcrystal, we usethe visually salientfeatures
of our tamget object. The featuresare extractedusing edge
detectiorandusedto settheinitial conditionsof the simula-
tion. In additionto seedinghe simulation,we alsoin uence
thesimulationthroughouby manipulatinghefreezingtem-
perature.

Due to the smoothingartifactsof the phaseeld method
andthe lack of internal detail given by the evolving inter-
faceanovelintermediatgeometriqorocessingtepis intro-
ducedto addsharpfeaturesprior to rendering.This is per
formedby rst computingthe borderandmedialaxis of the
icewith morphologicabperatorsGiventheresultingmedial
axis and boundaryedges,we generatea constrainedcon-
forming Delaunaytriangulationupon which a subdvision
stepis performedto introducecreasesndedges’. Finally,
thetrianglesarerenderedisingphotonmapping.

Fig. 2 shavs the overall systempipeline of our computa-
tionalframework. Next, wewill describeeachstepin greater
detail.

4. The PhaseField Method

In this section,we describethe phase eld method,a nu-
mericaltechniqueusedto simulateundercooledce growth.
Subsectiong4.1] - [4.3] give an overvien of the method,
andpresenKobayashi formulation?6. In subsection§4.4]
- [4.7] wewill presenbur own analysisandoptimizations.

4.1. UndercooledSolidi cation

An undercoolediquid is a liquid that hasbeencooledbe-
low its freezingtemperaturehut hasbeencooledsuf ciently
slowly for it to remainin its liquid state.When a small
amountof solid material, known as the seedcrystal, en-
ters a container lled with undercoolediquid, the liquid

¢ TheEurographic#ssociation2003.

transitionsto solid radially outwardsfrom the initial seed
in a rapid and unstablereaction.Due to this instability, the
growth of the crystal canbe in uenced by small perturba-
tions, such as surface tensionor minute impurities in the
liquid. Thesefactorscanleadto the complex branching,or
“dendritic”, behaior we seein ice.

4.2. The PhaseField

In the phase eld method,the undercoolediquid is repre-
sentedmplicitly asatwo or three-dimensionairid. Thisis
alsoknown asan Eulerian'representatiorSeveralgraphics
papersdescribeEuleriansimulationin detail 1127, asdoes
ary generalappliedlinear algebratext 5. For simplicity and
tractability, we limit our simulationsto two dimensions.

Two separateelds aretracked usingthis discreterepre-
sentationA temperatureeld T, recordsghe amountof heat
in agivencell, andaphaseeld p recordsthecurrentphase
of agivencell. For agivengrid coordinate(x;y), we de ne
Txy and pxy asthe corresponding/aluesin the temperature
andphaseelds.

For agiven(xy), if pxy = 0, thecellis lled with water
andif pxy = 1, thecell containsice. If pxy is betweer0; 1],
thenit is at an intermediatestagebetweenthe two states.
While we usuallythink of phaseasabinarystate eitherwa-
ter or ice, on the microscopiclevel thereis a continuumof
statesalongtheice front. The phaseeld methodmalkesthe
computationof solidi cation tractableby magnifying this
microscopiccontinuumsothatit is visible macroscopically

Fig. 3(a)is anexampleof a partially reactecphaseeld,
andFig. 3(b) is a crosssectionfrom Fig. 3(a). The horizon-
tal axisof Fig. 3(b) is the spatialdimensionandthe vertical
axisis the phasedimensionln actuality thetransitionfrom
p= 1 (ice) to p= 0 (water) shouldbe a microscopically
thin, virtually instantaneoustepfunction. Instead the mi-
croscopictransitionhasbeenmagni ed, and we canseea
region of quick but nite transition.Oncethe interfacehas
beenmagni ed to aresolutionwherenon-intgral valuesof
pxy appeaonthegrid, we canevolve theinterfaceby apply-
ing a pair of partialdifferentialequations.
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(a) (b)

Figure 3: (a) A phaseeld in which whiteis p= 1 (ice),
andblackis p = 0 (water).The gray bandin the middle is
thesectionshavnin pro le in (b). (b) Crosssectionfrom (a)
in pro le. Notethatwhile thetransitionfrom waterto ice is
abrupt,it is notinstantaneous.

4.3. The KobayashiFormulation

The rst papetto reportsuccessfusimulationof awide vari-

ety of ice growth patternaisingphaseelds is by Kobayashi
16, His formulationis similar to the reaction-difusionequa-
tions 2725 for texture synthesisin computergraphics.In

reaction-difusion, the propagtion of chemicalsthrougha
mediumis describedisinga pair of PDEsof theform:

o 2cer
it
On the right handside, a’r 2C representsiiffusion, and
R representsan arbitrary reaction function. The a’is a
spatially-\ariantanisotroy term. The PDE for Kobayashs
temperatureeld ts thisform:

m_ 22 Tp.
ﬂ—ar T+Kﬂt (1)

Thediffusiontermremainsthe same sincewe arein fact

simulatingheatdiffusion.In thiscaseR= K '”—f , whereK is
alatentheatconstantThis Rtermmodelstheprocessvhere,
aswatertransitionsto ice, it produceseat.

Thephaseeld termin Kobayashi formulationis signif-
icantly morecomplex thanthe previousequations:

fip _ 1 1
g = €rp & e%‘ﬂ—s +% eﬁ—gﬂ—g + (2)
pL p p 3+mT)

The rst portionis adiffusionterm:
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thatis signi cantly morecomplex thanthe standard_apla-
cian. The standardLaplaciandiffusion term (r 2C) is the
sumof thediagonalelementf the Hessianmatrix:

ﬁ; p

4 xly 5.
p Pp (3)
vix 1y

TheKobayashdiffusiontermis alsothe sumof elements
from theHessianput it takesinto accountall the matrix en-
tries. The placemenbf theanisotroy termis alsodifferent,
betweenthe rst andsecondpartials.As a result,the diag-
onaltermsareabbreiatedasa gradientanddivergenceop-
erator(r (ezr p)) insteadof a pureLaplacian.This differ-
ences signi cant, because (€’r p)= €r ’p+r & r p.
As aresult,this differentanisotroy placementccountgor
boththe Laplacianof the phaseermandthe gradientof the
anisotropy term.

Kobayashialsopresenta complex andgeneraimodel of
anisotrop. First,wede ne g astheorientationof thefront at
agivengridcell,g= r p. In two dimensionsthisreduces

o ) .
cos 1(~%-). Theanisotropy termis then:

tog= i

&(q) = &1+ dcogj(qo Q) (4)

whereg, d, j, andqg are constantsThe constantj is the
degreeof anisotropy, which de nes preferreddirectionsof
growth. d is the strengthof anisotropy, which de nes the
speedof growth in the preferreddirections.qg is a x edref-
erencedirection,ande is the scalingfactorthat determines
how muchthemicroscopidrontis magni ed. Thevalueswe
usedfor theseandotherconstantss givenin Table1. The 1€
termis alsonecessarin Eqn. 2, but this canbe obtainedoy
takingthe analyticalderivative of Eqn.4.

a g Te j do e t a

0.9 10.0

10 40 2 o0.01

5 0.0003 1.0

Table 1: Simulation Constants.Top: Equation symbols;
Bottom: Valuesused

Next we examinethereactiontermin Eqn.2.

P P P H+mT) ©)
wherethemtermis de ned as:
m(T) = %arctar(g(Te ): (6)

Eqn.5 modelstheenepgy potentialsn thesystemThede-
tails of this equationareprobablyof limited useto a graph-
icsaudiencesowewill insteadbresensomebasicintuition.
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Whenm= 0, Eqn.5 is positive over 0:5< p< 1 andneg-
ative between0 < p < 0:5. So, the enegy is in a “meta-
stable” statewherevaluesof p are encouragedo staythe
same.Corversely whenm= 0:5, Eqn.5 is positive for all
0< p< 1. So,if agrid cell hasm= 0:5, no matterwhat
its p value,it is encouragedb transitiontowardsice. As the
temperaturef a grid cell increasesits mincreasesowards
0.5, andit becomesnorelikely to transitionto ice.

Despitethe complity of the above discussionEqgns.1
and2 areall thatarenecessaryo simulateice growth. We
will notpresenamethodof synthesizingce onto3D objects
here,becausehe 2D texture synthesismethodspresented
by Witkin etal. 27 and Turk 25 canboth be appliedwithout
modi cation.

4.4, Impr oved Anisotropy

Eqn. 4 affords both simpler and richer controls for gen-
eraltexture synthesighanthe anisotroy termdescribecy
Witkin andKass?’. Witkin andKass'formulationlimits the
numberof preferredgrowth directionsto 0, 2, or 4, andall
the directionsmustbe either parallel or orthogonal Addi-
tionally, thestrengthof anisotropy in paralleldirectionsmust
bethesameFor example,if we preferfastgrowth alongthe
X axis, we cannotspecify different speedsor the positive
andnegative directions.

Usingtheconstantj in Eqn.4, we canspecifyanarbitrar
ily high degreeof anisotropy, andwith aslightmodi cation,
specifya differentspeedfor eachdirection. This is accom-
plishedby de ning aseparate; for eachi'" cosinelobe,and

limiting thein uence of d; to therangeiﬁ]zlg g< (iil])ﬁ.
4.5. Possiblelce Crystal Shapes

In Fig. 4, weshaw theresultsof oursimulation startingfrom
a point sourceof ice in the center By varyingtheK andd
simulationparametersye canproducethe‘isotropic”, “sec-
toredplate”,and“dendritic” typesfrom theice morphology
For comparisonyve provide photosof snawv ak esthatillus-
tratethesesametypes.Although snav ak esform from va-
por, not undercooledmelts, the processof solidi cation is
similar, andseneto shav thatour resultsarein closeagree-

mentwith naturallyoccurringstructures.
4.6. BandedOptimization

A gooddealof the computatiorin thesimulationis extrane-
ous,becausén mary caseslarge portionof the phaseeld
grid is homogeneouslyce or water Eqn.1 and2 areonly
nonzeroin regionswherethe phaseeld is heterogeneous,
SO ary computationtime spentin homogeneousegions is
wasted.

Someof the optimizationtechniqueghat have beenpro-
posedfor phase eld methodsinclude adaptve meshedor
representinghe phaseandtemperatureelds 2° and Diffu-
sionMonte Carlo (DMC) methods'®. However, thesetech-
niguesalsodealwith the accuratesimulationof solidi ca-
tion at scalesmuchsmallerthanthe meshresolution.Since
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we areonly concernedvith visualsimulation,thesesmaller
scalesarenot of interestto us.

The optimizationthat is of interestto us in the adap-
tive meshand DMC methodsis the localization of com-
putationto the grid cells alongthe interface.This goal can
be achieved usinga simple method,similar to the “narrow
band” optimization method usedfor level set methods?.
Sinceall computationtakes placeusing nite differencing,
we know thattheinterfacecanmaove amaximumof onegrid
cell periteration.If we restrictcomputatiorto grid cellsthat
hada nonzeroderivative on the previousiterationandtheir
correspondingieighborsthenwe will restrictcomputation
of Eqn. 1 and 2 to only thosegrid cells that could poten-
tially change This simpleandeffective optimizationoffers
the samecomputationallocalization as the adaptve mesh
and DMC methodswhile addingminimal implementation
compleity.

Table2 comparedbandedandunbandegerformanceWe
usedvariousresolutionsof the stainedglasswindow from
Fig. 1 asour input. Althoughthe performancaes very input-
sensitve, we believe Fig. 1 is a realisticinput, sinceit ini-
tially coversabouthalf the simulationdomain.

GridSize UnbandedHz) BandedHz) Speedup
128x 128 25 125 5.0x
256x 256 8 20 2.5x
512x 512 3.5 5 1.4x

Table 2: Bandedvs. UnbandedPerformance

4.7. Hardware Implementation

Recentlytheef cient solutionof PDEshasbecomepractical
onprogrammablgraphicshardware.Kobayashi equations
canbepluggeddirectly into the generalkolutionframewvork
presentedy Harris et al 11. On a GeForceFX, we experi-
encedasmuchasa factorof 9 speedupmakinginteractve
simulationpossibleon non-trivial grid resolutions.Table 3
compareghe two implementationsThe timings areall for
anunbandedmplementation.

Grid Size CPU(Hz) GPU(Hz) Speedup
64x 64 250 624 2.50x
128x 128 25 236 9.44x
256x 256 8 67.47 8.43x
512x 512 3.5 17.67 5.05x
1024x 1024 1.08 3.77 3.49x

Table 3: CPUvs.GPUperformanceCPU:1.8GhzPentium
4; GPU: GeForceFX5800Ultra
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Figure 4: Top: Differentsimulatedstructuresrom the ice morphology Bottom: Photographgor comparison(a) Dendritic
growth (b) Sectoed Plategrowth (c) Isotropic growth. Isotropicgrowth is not usuallyfoundin nature becausét is rarethatno
biasactson growth. However, it canbe producedn alaboratoryusinganelectric eld, asin this photofrom Buka 3.

Bandedoptimizationcan also be implementedon hard-
wareby terminatingthefragmentprogramassoonastheho-
mogeneouphasecaseis detectedHowever, currentGPUs
do notyet supportthis functionality, sowe areunableto ob-
tain timing informationthatleverageshis optimization.

5. UserControl

Oneof our goalsis to introducea userparametrizationnto
the simulation,so that a visual effects artist can suggesta
generakhapeandthe simulationcanthengrow an’icy' ver
sion of the shape The phaseeld methodsupportssucha
parameterizatiothroughthe manipulationof its seedcrys-
tal andfreezingtemperature.

Theseedcrystalallows the userto guarante¢hatprimary
shapefeaturesare presentin the nal ice, andthe freezing
temperatureallows the userto provide further simulation
hints by rating the importanceof secondaryfeatures.The
settingsfor theseparametersanbegeneratedgutomatically
usingthe methodssuggestedbelaw, or interactvely to give
the usergreatercontrol over the nal result.In orderto il-
lustratehow this works, we will grow ice in the shapeof
Fig. 5(a)asanexample.

5.1. SeedCrystal Mapping

First, the userselectsthe mostvisually importantfeatures
andmapsthemto the seedcrystal.In this case we decided
that the edgesof Fig. 5(a) were the mostimportantvisual
feature. However, the useris freeto selectary arbitraryfea-
tureasthemostimportant.

Fig. 5(b) wasextractedusingCanry edgedetectiont. We
mapthesevisually importantfeaturesto the seedcrystalto
guarante¢hatthesefeaturesarepresentn the nal ice, pre-
servingthe generakhapeof the originalimage.However, if
wethenrunthesimulationonthis seedcrystalcon guration,
asshown in Fig. 5(c), thedesiredshapds quickly lost.

The seedcrystalmappingonly in uencestheinitial con-
dition of the simulation,so an additionalparametethatin-
uencesthesimulationateverytimesteps alsonecessarin
orderfor the goal shapeto be presered. The freezingtem-
peratureprovidessucha parameter

5.2. FreezingTemperature Mapping

By varying the freezingtemperatureover the temperature
eld, we can modelthe presenceof impuritiesin the un-
dercoolediquid. Recallthatsaltcausesce to melt because
it lowersthe freezingtemperaturef the H,O, andice then
transitionsbackto waterif the surroundingervironmentis
no longer cold enoughto freezeit. Similarly, if saltwere
presentin a undercoolediquid asit wasfreezing,the H,O
would be morereluctantto freezein salty regionsthanin
regionsof purewater

If we wantto promoteice growth in a speci c region of
the phaseeld, we setthe freezingtemperatureof thatre-
gionashigh aspossibleto Te. If we wantto suppressill ice
growth in aregion, we setthe temperaturef thatregion to
zero.To ratethe importanceof regionswith respecto one
other we settheir freezingtemperaturebetweerD andTe.
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(@) (b)

() (d)

(e) ®

Figure5: Left to right, topto bottom:(a) Thesourcemage;
(b) the seedcrystaltexture; (c) simulationresultsafter seed
crystalmapping;(d) freezingtemperaturenapping:White
regions are the original Te value, while darler regions are
lesservalues;(e) the ice grovn with a mappedseedcrystal
andfreezingtemperature(f) the bumpmappedce.

For example,in Fig. 5(d), white regions representTe,
while greyer regions representprogressiely lower freez-
ing temperaturesThe hair, eyes,andcollarin Fig. 5(d) are
whiterthantheirsurroundingegions,sotheseregionsfreeze
over rst beforethe simulationstartsbranchingoutinto the

greyerregions.

We automaticallygeneratedhe freezingtemperatureex-
ture in Fig. 5(d) by rst populatingthe texture uniformly
with the default Te values,andthensubtracted scaledver
sion of the original image.This methodratesdark regions
higherthanlight regionsand producedgood results.How-
ever, thisis only oneratingmethod andsincethe simulation
canuseary arbitrarytexture, the usercanimposeary de-
siredratingmethod.
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6. Intr oducing Inter nal Structure

In this sectionwe introduceinterestingphysically-inspired,
internalstructureto the resultsof the physically-basedsim-
ulation. In the processwe will producetrianglesfrom the
resultsof the simulationthat can be sentto a photonmap
rendererThis way we cancaptureoneof the moststriking
featuresf ice, the caustics Additionally, we will producea
subdvision surfacerepresentatiothatis capableof meeting
thedensepolygonalrequirement®f high-endvisual effects
work.

Thephaseeld methodprovidesthepositionof agrowing
ice border However, thereis alsoa gooddealof interesting
detailsthat resideson the interior of ice aswell. Thesede-
tails areapparentn the ‘snav ak €' imagesandsimulations
presentedn Fig. 4. However, aswe increasehe scaleof the
simulation, thesedetailsare quickly lost, creatingunnatu-
rally at ice.

6.1. Naive bump mapping

In orderto capturethisinternaldetail,we rst bumpmapped

theice accordingto the '”—f of theice. As watertransitions
to ice, it expandsslightly, andthis degreeof expansionwas
approximatecht eachtime stepby increasingthe heightof

the ice by the amountof phasetransition.This is how the
internalstructuresn Fig. 4 wereproduced.

However, this is a coarseapproximationof the actual
freezingprocessThe bumpsin actualice arise becauseof
the expansioncoefcient of water which causedH,0 to in-
creaseslightly in volumeasit freezesThis expansiorcoef-
cientarisesdueto forcesatthewater/airinterface,notatthe
ice/waterinterfacethat ﬂ—f is derived from. However, mod-
eling the expansioncoe'l}cient is still an openproblemin
chemistry?!, andin our literaturesearchwe couldnot nd a
scienti ¢ modelsuitablefor visualsimulationandrendering.
Consequentlywe adda phenomenologicaltepto introduce
theseadditionalfeatures.

6.2. Adding Subdivision Creases

Oncethesimulationhasrunto completionwe canintroduce
sharpinternalstructuresby insertingcreasesnto theice at
visually expectedocations.Theintroductionof creasesnto

a surfaceis a well-studiedtechniquein modeling,speci -

cally usingsubdvision surfaces®. We introducecreasednto

theice by stretchinga subdvision surfaceover theice and
thenrepeatedlysubdiiding to introducecreasedothat the
borderandalongthe medialaxis.

Theborderis anobviouslocationto introducedetail,since
it accentuatethebordergeneratedby thesimulation.Wein-
troducecreasest the medialaxis becauseve expectice to
have sharplyfaceted crystallinefeatures.Phenomenologi-
cally, the medial axis is a good candidatdocationfor this
creasebecausat is the location of visually interestingfea-
turesin othernaturalgronth phenomenasuchasthe veins
in leaves.More formally, themedialaxisis guaranteetb be
distantfrom theborder sowe areassured gooddistribution
of creases.
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Figure 6: Borderextractionoperation

@) (b)

Figure 7: (a) 3 x 3 structuringelementfor morphological
erosion;(b) The sparseoperatomwe use

6.3. Mor phological Operators

We isolateboth the borderandmedialaxis throughthe use
of morphologicaloperatorsThis is a simpleway to isolate
both of thesefeaturesgiventhatour nal iceis storedasa

nearlybinaryrasterimage.We caneasilycorverttheimage
to a purely binary image by thresholdingall (p  0:5) to

1 and(p < 0:5) to 0. In addition,morphologicaloperators
guaranteeconnectvity propertiesthat greatly simplify the

constructiorof a subdvision controlmesh.

Morphologicaloperationsanbeviewedasbinaryconvo-
lution. In placeof the multiplicationsand additionsof nor-
mal corvolution, we respectiely performlogical ANDs and
ORs. The convolution kernelsin morphologicaloperations
arereferredto as“structuringelements” SeeJahne!2 for a
moredetaileddescription.

We useerosion,oneof the simplestmorphologicaloper
ations,to isolatethe borderof the ice. If we run a single
iterationof erosionon animage thenasinglelayerof white
pixels aroundall white regionsis deleted.If we thensub-
tractthis erodedimagefrom our originalimage,we areleft
with theborderpixelsof all thewhite regionsin the original
image.This processs shavn in Fig. 6.

The usual structuring elementfor erosionis given in
Fig. 7(a). However, we use a sparserversion, given in
Fig. 7(b). As shavn in Fig. 8, the useof the sparseistruc-
turing elementdoesnot give usthethick bandof pixelsthat
are presentusingthe traditional element.Instead we geta
sparsessetof pixelswith simplerconnecwity, which aswe
will seelater, leadsto a simplersubdvision controlmesh.

We also usemorphologicaloperatorgo extract the me-
dial axis of theice. While thereexist mary waysto extract
the medialaxis, usingmorphologicaloperatorss very sim-
ple andguaranteethe sameconnectity propertiesasero-
sion,resultingin asimplesubdvision controlmesh.Theuse
of morphologicaloperatords slower thanothermedialaxis
algorithms but the differenceis negligible comparedo the

Figure 8: Resultsof modi ed erosionoperator

runningtime of thephaseeld simulation.Thereforetheex-
traoverheads insigni cant in the overall computatiortime.

In morphologicalterms,the isolation of the medial axis
is known asthe “skeletonization”.The skeletonizationop-
eratorsin Fig. 9 areslightly more comple thanthe erosion
operator In additionto corvolving by all eight structuring
elementsthe nal valueof the pixel is determinedby OR-
ing theresultsof all eightcorvolutions.The skeletonization
operatorsalsoinclude“don't care” pixels. Theimagepixels
thatfall underthe “don't care” pixels areignoredin all of
thelogical operationslin Fig. 9, the “don't care” pixels are
denotedvith emptypixels.

Figure 9: Skeletonizatiorstructuringelements

Thestructuringelementsn Fig. 9 areeachrunrepeatedly
until no further changegake place.Whenthis occurs,the
pixelsthatremainarethosealongthe medialaxis. Note that
the “thick” formationsin Fig. 8 are alsoguaranteedhot to
occurin the skeletonizedmage.We obtainedFig. 10(a)and

@ (b)

Figure 10: (a) Ice with skeletonizatiorapplied;(b) Ice with
borderoperationapplied

¢ TheEurographicsAssociation2003.
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Figure 11: Creasepixel types(left to right): dart, crease,
corner

(a) (b)

Figure 12: (a) The original bump mappedsurface,(b) The
sharpenedte surfaceaftersubdvision

(b) from ouriceimage,usingthe borderandskeletonization
morphologicalbperators.

6.4. Control Mesh SegmentGeneration

To constructthe control meshfor the subdvision surface,
we rst extracta setof line segmentsfrom the borderand
medialaxisimages.Theseline sggmentswill be the crease
edgesin the subdvision surface,andtheir extractionis ac-
complishedby performinga depth- rst searchof the white
pixelsin theimages Accordingto Hoppel?, therearethree

differentvertex typesattheendpoint®f subdiisioncreases:

“dart”, “crease’and"“corner” vertices We canautomatically
tag our verticesto the correcttype during the depth rst
search.

Forthemedialaxisimage we cancreateaminimally con-
nectedmeshby exploiting the propertiesgiven by the mor-
phologicaloperatorsasshowvn in Fig. 11. Any white pixel
with only onewhite neighboris a “dart” vertex, ary white
pixel with two white neighbords a “crease’vertex, andary
white pixel with morethantwo neighborss a “corner” ver-
tex. We run a similar algorithm on the borderimage, but
sincewe arenot guaranteedo have ary dartpixels,we can
startthe traversalfrom ary white pixel. Sincetherearenot
mary dartsor cornerswe insertnew verticesevery sooften,
accordingo a“stride” length.

Notethatif any of the “thick” structurefrom Fig. 8 had
beenpresentthen both dart and creasepixels would have
two neighborsandwe would needa more complex search
schemelf we wantto add moredetail to the skeletonseg-
mentsor avoid intersectionswith the bordersegments,we
canadda “stride” to its treetraversalaswell. In practice,
settingthe skeletonstride to the sameasthe borderstride
producedyoodresults.

¢ TheEurographic#ssociation2003.

6.5. Triangulation Generation

Subdvision algorithmscanonly berun over tessellatedur
faces,althoughthe baseprimitive of the tessellationcan
vary. Several schemescan easily supportcreasesput we
choseLoop subdvision becausés baseprimitivesaretrian-
gles,andthereis a clearerpathto generatingrianglesfrom
theice thangeneratingtherprimitives.

A Delaunaytriangulationalgorithmtakes a setof points
andgenerates setof trianglesthat containthe input points
asvertices.In our casewe would alsolike to input a setof
line sggmentsandgeneratatriangulationthatcontainsoth
thepointsandlines. A speci ¢ variety of Delaunaytriangu-
lation, known asthe “constrainedDelaunaytriangulation,
accomplishethistask.In practice thebasicconstrainede-
launaytriangulationgeneratednary “needle” triangles,so
we usedthe constraineconformingDelaunaytriangulation
instead.

6.6. Height Field Generation

Oncewe have atwo dimensionatriangulationof theice, we
mustassigrheightvaluesto theverticesin thetriangulation.
The obvious choiceis to samplevaluesfrom the original
bump map. However, sincethe original bump mapis very
smooth thelimit surfaceof a subdvision meshbasednits
valuescanalsobevery smooth.

In orderto guarante¢heappearancef creasei thelimit
surface,we assignthe height valuesaccordingto a linear
interpolationthat approximatesa facetedsurface.We gen-
eratethis approximationby rst calculatingthe distanceto
the nearesborderand medialaxis pixels for all pixels. We
thenassigna heightvalueto the pixel by linearly weighting
the heightsof the nearesborderand medial pixels by their
relative distancefrom the currentpixel. The heightsof the
borderand medial pixels are taken from the original bump
map.This approximatioris very muchlik e thecontourcon-
nectionapproachin 15 andis simply a linear interpolation
betweerthe medialaxisandbordercontours.

Notethatfor moreperformance-dvienapplicationssuch
asgamesthis height eld canbe usedasa normalmapin
placeof the moreexpensve subdvision surfacerepresenta-
tion.

6.7. CreaseGeneration

If the linearinterpolationis usedto setthe heightvaluesof
thetriangulation thenthe creasesrepresentn theice from
the very beginning, andcanbe furtherre ned throughsub-
division. As speci edin 8, thecreasesanbemadein nitely
sharpor madearbitrarily smooth.If the meshis alreadytoo
densefor furthersubdvisions,thenthe verticesof thetrian-
gulationcanbepositioneddirectly to thelimit surface,using
themasksgivenin 12, Theresultsof our creasentroduction
stepareshowvn in Fig. 12.

6.8. Rendering

Much of theinterestingvisualdetailof iceis containedn the
causticgeneratedby therefractingmedium.To capturethis
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detail, we usedphotonmappingfor rendering'“ the meshes
generatedby our detailreconstructioralgorithm.

7. Implementation and Results

In this section,we give implementatiordetailsand present
resultsgeneratean differentscenesisingour approach.

7.1. Implementation

All the pipelinestagesvereimplementedn lessthan5000
lines of C++ code,excluding the third party libraries cited
belon. Excluding the runtime library infrastructure,the
hardware implementationtook less than 100 lines of Cg
code.

For our ConstrainedDelaunayTriangulations,we used
JonatharShevchuk's Triangle package?, afreely available
Delaunaytriangulationlibrary that proved to be very well
documentedeasyto use,andhighly optimized.

For rendering,we usedPOV-Ray 3.5, a freely available
renderingapplicationthatsupportsalarge shadinganguage
in additionto a nice photonmapimplementation.

7.2. Simulation Parameters

As mentionecearlier thephaseeld simulationwasrunwith
thesettinggyivenin Tablel. Thesimulationransuccessfully
attheresolutionaup to andincluding2048x 2048.

Thetime stepwas x edto 0.0002at all times.At larger
steps,the numericalnoisein the simulationquickly com-
poundedOtherhigherordermethodssuchasMidpoint and
Runaga-KuttaFourintegration,wereattemptedaiswell. How-
ever, they wereunableto reliably increasehe timestepsize
by afactorthatwould have justi ed their cost.

7.3. Results

We successfullysimulatedice growth in several scenesAll
simulationstook placeon a’ 512 x 512 grid with the excep-
tions of Fig. 14, which was512 x 800. Our graphicshard-
ware implementationruns at practically interactive rates,
thoughits performancevarieswith the grid resolution.The
rst sceneis a stainedglasswindow, with ice growing in-
wardsfrom the leadframe.Sincethe leadwould cool faster
thanthe glass,this seemedike a logical placeto seedthe
ice. We ran the simulationfor 600 iterations,taking a to-
tal of 34 secondon a GeForceFX5800Ultra. The constant
K wassetto 1.2, andd wassetto 0.04.We alsoinserteda
smallamountof randomnoiseinto thefreezingtemperature
mapto promotenon-uniformgrowth. Fig. 1 shovsadetailed
view on a portion of the stainedglasswith ice grovn oniit.
SeeFig. 15and16 for asequencef snapshotfrom thesim-
ulation.

Thesecondscenas apondwith icegrowing onalily pad,
asshawn in Fig. 13 (a). We ranthis simulationfor 800iter-
ations,taking a total of 45 secondson the sameGPU. The
constanK wassetto 1.2andd wassetto 0.1.Thering exam-
ple,shavnin Fig. 13(b),wasrun on the sameprocessqrfor
2300iterations taking a total of 130 secondsThe constant

K wassetto 1.2 andd wassetto 0.1. A larger stainedglass
window with a more complex patternis shovn in Fig. 14.
We ranthis simulationfor 500iterations takingatotal of 50
secondon the sameprocessarThe constantK was setto
1.2andd wassetto 0.1.

7.4. Discussionsand Limitations

Validatingthe resultsof our simulationis very challenging,
asthe simulationis very sensitie to noise.In fact, it is this
sensitvity thatgivesriseto suchinterestingstructuresVery
specializedequipmentis necessaryo run ary meaningful
experimentswhich we unfortunatelydo not have accesgo.
However, thephysicalvalidity of thephaseeld methodsas
beenprovenrepeatediyby researcheri the computational
physicsandcrystalgronth communitiesvho have accesgo
suchequipment.

Our techniqueand Diffusion Limited Aggregation 282
both dealwith the samebasicproblemof solidi cation. In
practicewe have found that our methodcan producethe
samestructuresasDLA, andthatthesestructuresonly rep-
resenta subsetof those possiblewith our method.DLA
alsodoesnot provide ary clearway to introducea userpa-
rameterizationand cannotachieve the simulationrateswe
achieve throughgraphicshardware.Giventhesefactors,our
methodis a morepracticaltechniqueor visual effects.

Finally, our reconstructionof the lost internal detail is
only physically plausible, not physically based.Further
studyis necessaryo validateandre ne this process.

8. Summary and Futur e Work

We have presenteda simulationtechniquefrom computa-
tional physics for the growth ice crystalsand introduced
optimizationsto make the techniquepracticaland interac-
tive for computergraphics We have alsointroduceda novel

geometricsharpeningperationto dealwith the smoothing
artifactsof the implicit simulationtechnique .Becausece
growth hasnot beenstudiedmuchin computergraphicsin

the past,there are mary interestingfuture researchdirec-
tions.

The userparameterizationve have presenteds capable
of preservinga desiredshapeput thephaseeld modelcan
supportadditionalparametergor greaterusercontrol. The
latentheatconstanK, andthestrengthof anisotroy d, both
in uence the growth speedandthe nal shapeof theice,
and their spatialmappingcould be usedto achieve differ-
enteffects.Mappingthe qo parametecould alsobe usedto
suggesshapessuchasice growth in a spiral. The effect of
externalforces,suchasgravity, wind, and uid o w, arecur
rently underinvestigation,andhave the potentialto produce
moreinterestingresults.

With respecto renderingwe assumedomogeneouie
whenin factice canexhibit subsurcescatteringspatially
variantdensities,and containpoclets of air in the form of
bubblesor cracks. Thesessuemeedto beaddressefbr the
accurateenderingof ice.

The phase eld method simulatesseveral, but not all,

¢ TheEurographicsAssociation2003.
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forms of ice crystalgrowth. Theseothertypesof ice crys-
tal growth remainto be explored. Finally, the phase eld
methodcanbeappliedto fully 3D ice growth, capturingsuch
phenomenasicicles.We planto investigateotheroptimiza-
tion techniquessuchasparallelcomputatioron a clusterof
PCs,for ef cient 3D simulation.
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@ (b)

Figure 13: Ice crystalsgrown on a lily padandin aring. (a) The entiresimulationfor thelily padtook 45 seconds(b) The
entiresimulationfor thering took 130seconds.

Figure 14: Ice crystalsgrown on a window panel. (Pleaseview sidevays.) Growth was startedalongthe metalframeof the
window. The entiresimulationtook 50 seconds.
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@)

(b)

(c)
Figure 15: Ice growing on a stainedglasswindow. Top to
bottom: (a) The original stainedglass;(b) After 340 itera-
tions(c) After 540iterations Notehow theice crystalsform

startingfrom theleadframes.The entiresimulationtook 34
seconds.
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@

(b)

(©)
Figure 16: Light refracting through a stainedglasswin-
dow. Top to bottom: (a) The original scene;(b) After 250
iterations (c) After 600 iterations. Note how the caustic

changesasthe refractive surfaceof th e ice becomesnore
comple.



