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Abstract

We presentan accelerated proximity query algorithm
betweenmoving convex polyhedra. The algorithm com-
bines Voronoi-basedfeature tracking with a multi-level-
of-detail representation,in order to adapt to the varia-
tion in levelsof coherenceandspeedup the computation.
It providesa progressiverefinementframework for colli-
siondetectionanddistancequeries.We haveimplemented
our algorithmandhaveobservedsignificantperformance
improvementsin our experiments,especiallyon scenarios
where thecoherenceis low.

1 Intr oduction

Proximity queries,i.e. distance1 computationsandthe
closely relatedcollision detectionproblems,are ubiqui-
tousin robotics,designautomation,manufacturing,assem-
bly andvirtual prototyping. The setof tasksincludemo-
tion planning, sensor-basedmanipulation,assemblyand
disassembly, dynamic simulation, maintainability study,
simulation-baseddesign, toleranceverification, and er-
gonomicsanalysis.

Proximity queries have been extensively studied in
roboticsandseveralspecializedalgorithmshavebeenpro-
posedfor convex polyhedraas well as hierarchicalap-
proachesfor generalgeometricmodels. In this paper,
we presenta novel algorithm that precomputesa hierar-
chy composedof a seriesof boundederrorlevels-of-detail
(LODs) and usesthem to accelerateproximity queries.
Algorithms to generateLODs for polygonalmodelshave
�
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1Distanceis commonlydefinedasthe Euclideanseparationdistance

by many applications,andweadoptthesamedefinitionin thispaper.

beenwidelyusedfor renderingacceleration,animationand
simulationapplications[8, 22, 24]. One of our goals is
to take advantageof multiresolutionrepresentationscom-
monly used in renderingapplicationsand use them for
proximity queriesaswell.

Givenaconvex polyhedron,ouralgorithmprecomputes
a boundederror level-of-detail (LOD) hierarchy. It con-
structsa seriesof boundingvolumesthatenclosetheorig-
inal polyhedron.Then,it establishesparent-childrelation-
shipsbetweenthe featuresof adjacentlevels. At runtime,
thehierarchyis traversedaccordingto thetypeof querybe-
ing performed.Within eachlevel, thesurfaceof anobject
is “marched”acrossusingamodifiedLin-Canny [16] clos-
est featuretracking algorithm basedon Voronoi regions.
Wereferto suchatechniqueas“Voronoimarching”in this
paper. Spatiallocality andtemporalcoherenceis captured
by boththeVoronoiregionsandthehierarchyof LODs.

Thealgorithmhasbeenimplementedandanalyzedus-
ing variousbenchmarks.Experimentswereperformedus-
ing variousshapesof objectsandvariousmultiresolution
options.We observe significant(up to nearlyoneorderof
magnitudein somecases)speedupsfor eachtypeof query.

1.1 Main Results

In thispaper, wepresentanacceleratedproximity query
algorithm betweenmoving convex polyhedrawhich ex-
ploits multiresolutionrepresentations.Our maincontribu-
tionsare:

� An acceleratedproximity query algorithm between
convex polyhedrausing multi-level Voronoi march-
ing. The substantialperformanceimprovementsare
mainlydueto theuseof amultiresolutionrepresenta-
tion anda fasterVoronoimarchingalgorithm.

� A progressive refinementalgorithmic framework for



proximity computation. For many applicationsin-
cludingmotionplanningandtoleranceverification,a
relatively inexpensive approximatedistancecompu-
tation with boundederror is sufficient. Our frame-
work allows applicationsto progressively refine the
distanceestimateto suit their needs,while minimiz-
ing overall computationcost.

� A better understandingof the issues involved in
designingsuitablelevel-of-detail representationsfor
proximity queries. Theseissuesincludelevel of co-
herence,objectaspectratios,andcontactscenarios.

1.2 Organization

Therestof thepaperis organizedasfollows. Section2
givesa brief survey of relatedwork. Section3 presentsan
overview of our approach.Thedesignandcomputationof
themulti-level-of-detailrepresentationis describedin sec-
tion 4. Next, a proximity queryalgorithmusingthe mul-
tiresolutionrepresentationis describedin section5 along
with otherwaysto acceleratequeries.Section6 describes
our prototypeimplementationandshows theperformance
of our system.Finally, we concludewith future research
directionsin section7.

2 Previous Work

Distancecomputationand intersection(collision) de-
tectionproblemshave beenfundamentalsubjectsof study
in robotics, computational geometry, simulation, and
physical-basedmodeling. Thereis a wealth of literature
on bothanalyzingthetheoreticalcomplexity of proximity
queriesandon designingalgorithmicsolutionsto achieve
interactiveperformance.Wewill limit thescopeof thedis-
cussionin this paperto mostlyrigid convex polyhedra,al-
thoughsomeof thetechniquesmaybeapplicableto other
domainsandmodelrepresentationaswell.

2.1 Proximity Queriesfor Convex Polyhedra

Most of theearlierwork hasfocusedon algorithmsfor
convex polyhedra. A numberof algorithmswith good
asymptoticperformancehave beenproposedin the com-
putationalgeometryliterature[5]. Usinghierarchicalrep-
resentations,an ���
	��������� algorithmis givenin [3] for the
convex polyhedraloverlapproblem,where� is thenumber
of vertices.Thiselegantapproachis difficult to implement
robustly in 3D, however.

Goodtheoreticalandpracticalapproachesbasedon the
linear complexity of the linear programmingproblemare
known [18, 23]. Minkowski differenceandconvex opti-

mization techniquesareusedin [10] to computethe dis-
tancebetweenconvex polyhedra.

Erickson,et al [7] recentlyproposeda new classof ki-
neticdatastructuresfor collisiondetectionbetweenconvex
polyhedra. This classof hierarchicalrepresentationshas
only beenanalyzedfor the2D casehowever.

In applicationsinvolving rigid motion,geometriccoher-
encehasbeenexploited to designalgorithmsfor convex
polyhedrabasedon eithertraversingfeaturesusinglocal-
ity or convex optimization[2, 4, 16, 15, 19]. Thesealgo-
rithmsexploit thespatialandtemporalcoherencebetween
successivequeriesandwork well in practice.

2.2 Hierarchical Representations

Boundingvolumehierarchiesarepresentlyregardedas
oneof the mostgeneralmethodsfor performingproxim-
ity queriesbetweengeneralpolyhedra.Specifically, sphere
trees,conetrees,axis-alignedboxtrees,orientedboxtrees,
k-d treesandoctrees,treesbasedon S-bounds,andk-dops
have beenusedfor fast intersectionqueriesfor general
polyhedra,aswell aspolygonsoups[13, 20, 11, 21, 1, 14].
For mostscenarios,thesehierarchiesexcel at intersection
detectionbut do not do sowell whenit comesto distance
computation.

2.3 Multir esolutionTechniques

Multiresolution modeling techniques,such as model
simplification,have beenproposedto extract theshapeof
the underlyinggeometry[25]. A recentsurvey on polyg-
onalmodelsimplificationis available[17]. Themain idea
behindusingamultiresolutionhierarchyis to computeand
utilize a correspondencebetweentheoriginal modelanda
simplifiedone.Wewill discusstheuseof avertex removal
simplificationalgorithmdueto GarlandandHeckbert[9].

For proximity query, Guibas,et al. [12] proposedan
elegant approachthat exploits both coherenceof motion
andhierarchicalrepresentationfor fasterdistancecompu-
tation. Our approachdiffers from their H-Walk algorithm
in thatour algorithmcaneasilycomputeanapproximated
distancewith a guaranteederror tolerancewithout always
descendingand/orascendingtheentirehierarchy.

3 Algorithm Overview

Our algorithmoperateson orientable2-manifoldsthat
areclosedandrepresentedusingtriangles.Thepolyhedra
mustbe convex andcanonly undergo rigid motion. We
will usetheterms“polyhedron”and“object” interchange-
ably.

Multiresolution techniquestypically consist of two
main components.They involve the precomputationof a



hierarchicalrepresentationuponwhichsubsequentqueries
areperformed.We wish to computea multiresolutionrep-
resentationthatsupportsproximity queries.

In thepreprocessingstage,wecomputealevel-of-detail
representationfor eachobject.This hierarchyis organized
as a sequenceof convex polyhedra ��� , ��� , � � , ����� , ���
where ��� is the input polyhedron.Eachsuccessive poly-
hedronis composedof fewer featuresandhastheproperty
that it boundsthe original object. Furthermore,a corre-
spondenceis establishedbetweensuccessive levelsin each
directionof thesequence.More detailsof the actualcon-
structionof this representationaregivenin section4.

A queryusingthis hierarchyis performedin muchthe
sameway for eachtype of proximity query. Basically, as
long ascertainlevelsof two objectsareintersecting,then
the hierarchyis refined. Whentwo levelsarefound to be
disjoint, thenit maybepossibleto endthequeryat a sub-
sequentpointof refinement.Furthermore,for queriesother
thanintersection,atolerancemaybeprovidedwhichspeci-
fieshow closeobjectsmustbein orderto answerthequery.
In section5 thehierarchicalqueryis describedin morede-
tail.

4 Hierar chical Representations

The multi-level-of-detail representationof eachobject
that is constructedin the algorithm’s preprocessingstage
musthave certainpropertiesin orderto beusefulandeffi-
cient for performingproximity queries.Next, we describe
desirablecharacteristicsfor therepresentation,discussthe
decisionsinvolvedin thedesignof thehierarchy, andtouch
uponvarioustradeoffs alongtheway.

4.1 Terminology

Recallthat the hierarchyis organizedasa sequenceof
convex polyhedra� � , � � , � � , ����� , � � where� � is theinput
polyhedron. We will call � � the finest level and � � the
coarsestlevel. We will call the level ���! � the “child” of
the level ��� and the level ���#" � the “parent” of ��� . We
usetheconventionthatthefinestobjectis at thebottomof
the hierarchyso the term moving up the hierarchymeans
moving to acoarserlevel. Moving to afiner level is termed
movingdownthehierarchy.

The maximumdeviation of � � from ��� is represented
by $ � . The computeddistancebetweencertain levels of
two objectsthatarefoundto bedisjoint is % andthemax-
imum errorassociatedwith thedistanceis $ . Thedistance
tolerancegiven by the applicationis %�&('*) and the error
toleranceis $+&('*) .

4.2 Desired Features

To designa multi-level representationfor accelerating
distancecomputationwhile preservinglocality andcoher-
ence,our goal is to producea hierarchythat providesthe
following characteristics:

� Simplified Combinatorial Complexity: Eachlevel
of representationin the hierarchyshould have less
combinatorialcomplexity than its child and higher
combinatorialcomplexity thanits parent. Ideally we
would like to create ,.-/� (log � ) levels, where �
is the numberof verticesin the original polyhedron
� � . This is possibleif a constantfractionof features
areeliminatedfor eachlevel. In addition,it is wiseto
stopthehierarchyconstructionwhenacertainnumber
of levelsor featureshasbeenreached.

� Bounding Volumes: If wewish to haveamechanism
to computeapproximatedistanceswith boundederror
tolerances$+&('*) , thenwe canmake useof the levels
��� of thehierarchywhich boundtheoriginal polyhe-
dron � � with a global surfacedeviation $0��12$+&('*) .
Queryperformancecanbe further improvedby aim-
ing to createahierarchywheretheboundingvolumes
arekeptassmallaspossible.

� Local Corr espondence:For eachlevel of thehierar-
chy ��� for 35476 that bounds� � , theremustalsobe
spatialcoherencebetweenit and its adjacentlevels.
This impliesthata featureonpolyhedron��� will have
a correspondingfeatureon ���#" � andon ���! � which
areproximatein positionandorientation. Theseare
calledtheparentandchild featuresrespectively.

4.3 Construction

Thelevelsof thehierarchyareconstructedin orderstart-
ing with ��� . In particular, whenconstructing� � , � �� � pro-
videsthe topologicalandgeometricinformationrequired
to reducethe numberof featureswhile � � providesgeo-
metric informationto satisfy the boundingcriterion. The
processof constructinga level in thehierarchyis givenby
thefollowing stepsto create��� :

1. Create��� asahigh qualitysimplificationof ���! � .
2. Make ��� convex by computingits convex hull.

3. Computethe centerof massof � � and translate� �
suchthatits centerof masscoincideswith the ���! � ’s
centerof mass.



4. Scale ��� from its centerof massso that it barely
bounds� � 2.

5. Computethe maximumdeviation $+� of ��� from � � .
This is thesameascomputingtheHausdorff distance
between��� and � � .

6. Assignthe featurecorrespondencesfrom ��� to ���! �
andfrom ���! � to ��� .

For the first step,any simplificationalgorithmmay be
usedas long as the topology is maintained. In our im-
plementation,we usedthe QSlim systemwhich is a pub-
licly availableimplementationof GarlandandHeckbert’s
quadricerrormetricvertex removal algorithm[9]. For the
secondstep,we usedtheQHull convex hull library that is
alsopublicly available.

The computationof the centerof massis straightfor-
ward for a closedpolyhedron. To scale ��� in stepfour,
themaximumscalingrequiredoverall of thefacesof ��� is
foundandapplied.Thescalingrequiredfor a faceis com-
putedby finding theextremalvertex on � � in thedirection
of the (outward pointing) facenormalandcomputingthe
scalingfactorrequiredto causethevertex to coincidewith
thenew face’ssupportingplane.

The Hausdorff distance( $ � ) can be computedin this
context by computingthemaximumdeviation over all the
verticesof � � . The deviation of a vertex of � � is com-
putedby computingits distancefrom � � . Theverticesare
theonly pointson ��� thathaveto becheckedbecausethey
representlocalmaximaof thedeviation functionover ��� .

To assignchildren(featuresof ���! � ) to the featuresof
��� , thenearestfeatureof ���! � is foundfor eachvertex of
��� andthenearestvertex is selectedfrom this nearestfea-
ture. Eachneighborof eachvertex of ��� (including the
vertex) is assignedthe nearestvertex as its child feature.
To assignparents(featuresof � � ) to the featuresof � �! � ,
the extremalvertex of � � is found for eachfaceof � �! � .
Eachfaceaswell asits edgesandverticesareassignedthe
extremal vertex as their child. Thesefeaturecorrespon-
denceschemeswerechosenfor theirspatialcoherence.Of
course,thereareotherschemesthat may work betterbut
it is unlikely thatasizeableoverall improvementwouldbe
gained.

In our implementation,thereis a trianglecountcutoff
that determineswhen to stop building the hierarchy. In
addition,thereis aconstantfactorthatdetermineswhatthe
featurereductionrate is acrosslevels. Theseparameters
affect thequeryperformanceandarediscussedlater.

2This wasincorrectlystatedas“ 8�9;:=< ” in the publishedIROS 2000
paper.

5 Proximity Query

Proximity queriescanbein theform of intersectionde-
tection,error-boundedapproximatedistancecomputation,
exactdistancecomputation,or contactdetermination.The
hierarchyis queriedin muchthe sameway for all four of
thesequerytypes.Thebasisis a multiresolutionextension
on thealgorithmproposedby Lin andCanny [16].

In the caseof intersectiondetection,the searchnor-
mally startsat a pair of featuresrelatedto theclosestfea-
turesfrom the previous query so that coherencemay be
exploited. Like in Lin-Canny, the distancebetweentwo
convex polyhedrais minimizedby marchingacrosstheir
surfaces.If an intersectionis detected,a finer level of the
hierarchyis traversedto. If at any level, we reacha mini-
mumin the distancefunctionandthe objectsaredisjoint,
thenthis is reported.With no additionalcost,anapproxi-
matedistancecanbeprovidedas % with theerror $ , when
theobjectsaredisjoint. % is thedistancebetweenthelevels
of thetwo objects;$>-?$ �*@ $BA is anassociatederrorandthe
sumof thetwo leveldeviations.Thepairof closestfeatures
areusedto find the featuresto beusedfor thenext query.
This is doneby traversingtheir parentpointers,usingthe
deviations $0� , andkeepingtrackof thedistance% thatis de-
creasedby the differencesin deviation. If an intersection
hasbeendetectedand � � hasbeenreachedfor both ob-
jects,thenintersectionis reported.Thepair of intersecting
featuresis storedfor thenext query.

For error-boundedapproximatedistancecomputation,
theapplicationcanprovide a distancetolerance%�&('*) and
anerrortolerance$0&('*) . If thelevelsof thetwo objectsin-
tersectall theway to thefinestlevelsof bothobjects,then
intersectionis reportedandthe pair of featuresis stored.
Otherwise,two levelswerefoundto bedisjoint duringthe
refinement.The disjoint featuresareusedasin the inter-
sectioncaseto determinethe featuresto be usedfor the
next query. If at any point %C4D%�&('*) the queryis termi-
natedandnothingis reported. If at any point, $E1F$+&('*)
thenthe error tolerancehasbeenmet and % and $ arere-
ported. This meansthat the exact distanceis in the rangeG %IHJ% @ $BK .

To computeexactdistance,thesamemethodis followed
but only thedistancetolerance%�&('*) is specified.As long
as %L1M%�&('*) , the distanceis refineduntil the finestlevels
arereachedat which point % is reported.Finally, contact
determination(closestpoints)queriescanbe handledthe
sameasexactdistanceones.

6 Experimental Results

The modelsusedto testour queryalgorithmwereem-
pirically createdby taking the convex hull of randomly
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Figure1: Performance of Intersection Detection
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Figure2: Performance of Exact Distance Computation

sampledpointsonobjectsof variousaspectratio. Fourdif-
ferentellipsoidalmodelswerecreated,eachwith 2000tri-
angles.Theiraspectratiosare(1,1,1),(1,1,0.1),(1,0.1,0.1),
and(1,0.25,0.0625).Eachof themodelswasnormalizedto
haveaboundingsphereof radiusN�� .

Following the performancebenchmarkingalgorithm
dueto Mirtich [19] andusedin [12], we created20 sce-
narios. The algorithmhasoneobject remainfixed while
anotherorbits aboutit in an elliptical trajectory. An orbit
radiusis definedasthedistancebetweenthecentersof the
modelswhenthey areclosestin theorbit. All possiblepairs
of thefour models(10)wereusedandtheirorbit radiusset
to be either OPN � (small) or QRN � (large). Thus, the models
eitherjust touchor arealwaysseparatedby adistanceof at
leastN � .

We obtainedempiricalobservationsfor our implemen-
tation by running programson an SGI Reality Monster
usinga single300 MHz MIPS R12000CPU.Our imple-
mentationof thealgorithmthatmarcheswithin a level was
comparedto V-Clip [19] andfound to faster3. No hierar-
chicalor lookuptableenhancementswereusedin thecom-
parison.

3In thepublishedIROS2000paperwestatedthatour implementation
wasnearlytwice asfastbut we have sincegatheredmoredataandfound
thatto beaninaccurateassessment.

6.1 Impact of the Multir esolutionHierarchy

Thelevel-of-detailhierarchywe have implementedcan
be usedto achieve further speedupsfor both intersection
detectionandexact distancecomputation.Shown in Fig-
ure 1 is the performanceof variousintersectiondetection
queries.Likewise,Figure2 showsexactdistancecomputa-
tion performance.Thetitlesonthegraphsreflecttheobject
pairsthatwereusedaswell aswhethertheorbit wassmall
or large. The two leftmostgraphsin eachfigurecompare
varioushierarchyconfigurationsagainstno hierarchy. The
rightmostgraphsin eachfigure leave out the datawhen
usingno hierarchyso that thedifferencesin hierarchypa-
rametersare easierto distinguish. The hierarchieswere
built with varioustriangle reductionrates. For example,
the hierarchywith a 0.25 reductionrate was constructed
by keepinga quarterof the trianglesbetweenlevels. The
hierarchieswere createdby using the associatedtriangle
reductionfactordown to a minimum of 100 triangles.At
leasttwo levelswerecreatedfor eachhierarchy.

The reasonfor the differencein the two query types
is due to the fact that in exact distancecomputation,we
cannotstoponcethe modelsarefound to be disjoint like
we canin intersectiondetection. It canbe seenfrom the
profilesof our timing curvesthat our multi-level Voronoi
marchingalgorithmis ableto keepthe impactof the rel-
ative motion of the objectsundercontrol. Approximate
distancecomputationis highly dependentuponthe appli-



cation.It canbeshown thatits costlies in betweenthecost
of intersectiondetectionandexactdistancecomputation.

SinceQSlim builds suchtight simplifications,it seems
sufficient to simplybuild acoupleof coarserlevelsfor col-
lision detection.The coarserthe levelsare,the betterthe
performance.This hasbeennoticedfor evencoarsersim-
plificationsthanthoseshown. Hierarchy0.125is anoma-
lous becauseits coarsestlevel consistsof 250 triangles
while theotherhierarchieshave fewer. For exactdistance
computation,the winnersappearto be thosehierarchies
that have only two levels. We conjecturethat the objects
we usedhave only a modestcomplexity of 2000triangles
and the sumof the overheadassociatedwith minimizing
the distancefunction at eachpair of levels canoffset the
benefitof makinga goodroughguess,if too many inter-
mediatelevelsin eachhierarchywerecreated.

7 Conclusion

We have presenteda new algorithm for accelerating
proximity queriesbetweenconvex polyhedrausing level-
of-detailrepresentations.We describedtheconstructionof
therequiredhierarchicaldatastructuresanddiscussedvar-
iousdesignissuesinvolved. The runtimealgorithmalong
with its issueswere addressedand the performancepre-
sented.Our technicalreport[6] presentsmoredetailabout
variousperformanceissues,including the useof a direc-
tional lookuptableandmorediversescenarios.

Our implementationhasbeenshown to have goodper-
formance.The sourcecodeis availableto the public and
providesa completeandentireproximity querylibrary. It
is availableat

http://www.cs.unc.edu/S geom/SWIFT/

We have shown that a hierarchicalrepresentationinte-
gratedwith Voronoi walking offers a progressive refine-
ment framework for (approximate)distancecomputation,
which optimizesperformancewhile meetingthe applica-
tion’sneedfor boundederrorcomputation.

This researchis the first steptoward the designof dis-
tancequery algorithmsusing multiresolutionrepresenta-
tions. Thereare many potentialdirectionsfor future re-
search. Thereis a needto develop a suitablemetric for
measuringor quantifyingtheoptimalityof thehierarchies,
coherencelevels, and level relationships. On the theo-
retical side, thereis the interestingproblemof proving a
betterboundon the computationof the distancebetween
two convex polyhedra.Theextensionof this framework to
non-convex objectsanddeformablemodelsremainsavery
challengingproblem.
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