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Abstract. In this paperthe theoreticaland practical feasibility of self­calibrationin the presenceof varying
intrinsic cameraparametersis underinvestigation.Thepaper's maincontribution is to proposea self­calibration
methodwhich ef�ciently dealswith all kinds of constraintson the intrinsic cameraparameters. Within this
frameworkapracticalmethodis proposedwhichcanretrievemetricreconstructionfrom imagesequencesobtained
with uncalibratedzooming/focusingcameras.The feasibility of the approachis illustratedon realandsynthetic
examples. Besidesthis a theoreticalproof is given which shows that the absenceof skew in the imageplaneis
suf�cient toallow for self­calibration. A countingargumentisdevelopedwhich–dependingonthesetof constraints–
givestheminimumsequencelengthfor self­calibrationandamethodtodetectcriticalmotionsequencesisproposed.

1. Intr oduction

In recentyears,researchershave beenstudyingself­
calibrationmethodsfor cameras.Mostly completely
unknown but constant intrinsic cameraparameters
wereassumed.Thishasthedisadvantagethatthezoom
cannot be usedandeven focusingis prohibited. On
theotherhand,theproposedperspectivemodelisoften
toogeneralcomparedto therangeof existingcameras.
Mostly theimageaxescanbeassumedorthogonaland
often the aspectratio is known. Thereforea tradeoff
canbe madeandby assumingtheseparametersto be
known, onecanallow (someof) theotherparameters
to vary throughouttheimagesequence.

Since it becameclear that projective reconstruc­
tions could be obtained from image sequences
alone (Faugeras,1992, Hartley, 1992), researchers
tried to �nd waysto upgradethesereconstructionsto
metric (i.e. Euclideanup to unknown scale). Many
methodsweredevelopedwhich assumedconstantin­
trinsic cameraparameters. Most of thesemethods

are basedon the absoluteconic which is the only
conic which stays�x ed underall Euclideantransfor­
mations(Sempleand Kneebone,1952). This conic
lays in the planeat in�nity and its imageis directly
relatedto the intrinsic cameraparameters,hencethe
advantagefor self­calibration.

Faugerasetal.(1992),seealso(LuongandFaugeras,
1997), proposedto usethe Kruppa equationswhich
enforcethat the planesthrough two cameracenters
which are tangentto the absoluteconic shouldalso
be tangentto bothof its images.Later on Zeller and
Faugeras(1996)proposedamorerobustversionof this
method.

Heyden and 	Aström (1996), Triggs (1997) and
PollefeysandVanGool(1997b)useexplicit constraints
which relatethe absoluteconic to its images. These
formulationsareespeciallyinterestingsincethey can
easilybeextendedtodealwith varyingintrinsiccamera
parameters.

Pollefeys and Van Gool (1997a)also proposeda
strati�ed approachwhich consistsof �rst locatingthe
planeat in�nity usingthemodulusconstraint(i.e. for
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constantintrinsic cameraparametersthe in�nity ho­
mographyshouldbe conjugatedto a rotationmatrix)
andthencalculatingtheabsoluteconic.Hartley (1993)
proposedanotherapproachbasedon theminimization
of thedifferencebetweenthe intrinsic cameraparam­
etersfor thedifferentviews.

Sofar not muchwork hasbeendoneon varyingin­
trinsic cameraparameters.Pollefeyset al. (1996)also
proposedastrati�ed approachfor thecaseof avarying
focal length, but this methodrequireda pure trans­
lation as initialization, along the lines of Armstrong
et al. (1994) earlier accountfor �x ed intrinsic cam­
eraparameters.RecentlyHeydenand	Aström (1997)
provedthatself­calibrationwaspossiblewhentheas­
pectratio wasknown andno skew waspresent.The
self­calibrationmethodproposedin their paperisbased
on bundleadjustmentwhich requiresnon­linearmin­
imization over all reconstructedpoints and cameras
simultaneously. No methodwasproposedto obtaina
suitableinitialization.

In thispapertheirproofisextended.It will beshown
thattheabsenceof skew aloneis enoughto allow self­
calibration.A versatileself­calibrationmethodis pro­
posedwhichcandealwith varyingtypesof constraints.
Thiswill thenbespecializedtowardsthecasewherethe
focal lengthvaries,possiblyalsotheprincipalpoint.

Section2of thispaperintroducesnotationsandsome
basicprinciples,Section3 givesa countingargument
for self­calibrationand�nally showsthatimposingthe
absenceof skew is suf�cient to restrictthe projective
ambiguityto thegroupof similarities(i.e. metricself­
calibration). In Section4 theactualmethodis devel­
oped. A simpli�ed linearversionis alsogivenwhich
canbe usedfor initialization. Section5 summarizes
the completeprocedurefor metric reconstructionof
arbitrarily shaped,rigid objectsfrom an uncalibrated
imagesequencealone. The methodis thenvalidated
through the experimentsof Section6, in Section7
somemore resultsillustrate the �e xibility of our ap­
proach.Section8 concludesthispaperandgivessome
directionsfor furtherresearch.

2. Notationsand basicprinciples

In this sectionthebasicprinciplesandnotationsused
in this paperareintroduced.Projective geometryand
homogeneouscoordinatesareused.Metric entitiesare
indicatedwith a subscript� .

2.1. Cameras

Thefollowingequationisusedtodescribetheperspec­
tiveprojectionof thesceneontotheimages

������� (1)

where � is a 	�

� projectionmatrix describingthe
perspective projectionprocess,����� ����������� and

����� �! "��� � arevectorscontainingthehomogeneous
coordinatesof the world points respectively image
points. Notice that � will be usedthroughoutthis
paperto indicateequalityupto anon­zeroscalefactor.

In themetriccasethecameraprojectionmatrix fac­
torizesasfollows:

�$#%��&'� (*) ­ (,+-� (2)

Here .

(�/0+01 denotesa rigid transformation(i.e. ( is a
rotationmatrix and + is a translationvector)which in­
dicatethepositionandorientationof thecamera,while
theuppertriangularcalibrationmatrix & encodesthe
intrinsicparametersof thecamera:
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representthefocal lengthdividedby
the pixel width resp. height, .
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1 representsthe
principal point and

8

is a factorwhich is zero in the
absenceof skew.

2.2. ConicsandQuadrics

In this papera speci�c conicandquadricplay an im­
portantrole. Thereforesomerelatednotationsarein­
troducedhere.A conicis representedby a 	�
C	 sym­
metricmatrix D , aquadricbya �E
F� symmetricmatrix

G

. A point � on theconicsatis�es �H�

D

�I�KJ and
a point � on the quadricsatis�es �

�

G

���LJ . A
dual (or line) conic is representedby a 	M
N	 matrix

D�O , while a dual (or plane)quadricis representedby
a �P
N� matrix

G

O . A line Q tangentto the conic D

satis�es Q

�

DROSQ

�TJ . A plane U tangentto thequadric
G

satis�es U

�

G

O�U

�TJ . Provided D resp.
G

arefull
rank DRO

�

DWVYX and
G

O

�

G

VBX . It canbe shown
that(Karl etal., 1994),

D

O

���

G

O

�

�[Z (4)

Thisequationdescribestheprojectionof theoutlineof
adualquadricontoa dualimageconic.
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2.3. Transformations

A projective transformationof 3D spaceis described
by a �,
�� matrix \ . In thecaseof a similarity trans­
formation \

# takeson thefollowing form:

\

#%�^]Y_

( +

J �F`

(5)

with
_

a globalscalefactor(
_

��� yieldsa Euclidean
transformation).

Points, planesand projection matricesare trans­
formedasfollow:
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Onquadricsanddualquadricstheeffectof aprojective
transformationis asfollows:
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3. Sometheory

Before developing a practical self­calibrationalgo­
rithm sometheoreticalaspectsof theproblemarestud­
ied in this section.First a countingargumentis given
which statestheminimal sequencelengththatallows
self­calibrationfrom aspeci�c setof constraints.Then
a proof is giventhatself­calibrationis possiblefor the
minimalcasewheretheonly availableconstraintis the
absenceof skew.

3.1. A countingargument

Torestricttheprojectiveambiguity(15degreesof free­
dom)toametricone(3degreesof freedomfor rotation,
3 for translationand1 for scale),at least8 constraints
areneeded.This thusdeterminestheminimumlength
of a sequencefrom which self­calibrationcanbe ob­
tained,dependingon thetypeof constraintswhichare
availablefor eachview. Knowing anintrinsic camera
parameterfor b views gives b constraints,�xing one
yieldsonly b�c

� constraints.
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Of coursethiscountingargumentis onlyvalid for non­
critical motionsequences(seeSection4.3).

Thereforethe absenceof skew (1 additionalcon­
straintperview) shouldin generalbeenoughto allow
self­calibrationonasequenceof 8 or moreimages.In
Section3.2it will beshown thatthissimpleconstraint

is notboundto bedegenerate.If in additiontheaspect
ratio is known (e.g.

4u6

�

47=

) then4 views shouldbe
suf�cient. Whenalsothe principal point is known, a
pair of imagesis enough. A few moreexamplesare
givenin Table1.

3.2. Self­calibrationusingonly theabsenceof skew

In this paragraphit is shown that theabsenceof skew
canbesuf�cient to yield ametricreconstruction.This
is an extensionof the theoremproposedby Heyden
and	Aström (1997)which besidesorthogonalityalso
requirestheaspectratio to beknown.

Theorem1. The class of transformationswhich
preservestheabsenceof skew is thegroupof similarity
transformations.

Theproof is givenin theappendix.If a sequenceis
generalenough(in its motion)it followsfrom this the­
oremthatonly a projective representationof thecam­
eraswhich canberelatedto theoriginal onesthrough
a similarity transformation(possiblyincludinga mir­
roring) would satisfy the orthogonalityof rows and
columnsfor all views. Using orientedprojective ge­
ometry (Laveau and Faugeras,1996) the mirroring
ambiguity can easily be eliminated. Thereforeself­
calibrationandmetricreconstructionis possibleusing
thisorthogonalityconstraintonly.

Of courseaddingmoreconstraintswill yield more
robustresultsandwill diminish theprobabilityof en­
counteringcritical motionsequences.

4. Self­Calibration

It is a well­known result that from imagecorrespon­
dencesalonethe cameraprojectionmatricesand the
reconstructionof thescenepointscanberetrievedup
to a projective transformation(Faugeras,1992,Hart­
ley, 1992). Note that without additionalconstraints
nothingmorecanbeachieved. This canbeseenfrom
thefollowing equation.
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with \ anarbitraryprojective transformation.There­
fore .

�

x

/{�

x

1 is alsoa valid reconstructionfrom the
imagepoints � .
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Table1. A few examplesof minimumsequencelengthrequiredto allow self­calibration
constraints known �x ed min #images
noskew | }

�x edaspectratioandabsenceof skew | ~-•

~•€ ‚

known aspectratio andabsenceof skew | , ~ •

~ € ƒ

only focal lengthis unknown | , ~ •

~•€

, „ , … †

standardself­calibrationproblem ‡{ˆ , ‡Š‰ , „ , … , | ‹

In general,however, someadditionalconstraintsare
available.Someintrinsicparametersareknown or can
be assumedconstant. This yields constraintswhich
shouldbeveri�ed when � is factorizedasin Eq.(2).

It wasshown thatwhenno skew is present,theam­
biguity of thereconstructioncanberestrictedto metric
(seeSection3.2). Althoughthis is theoreticallysuf�­
cient,underpracticalcircumstancesoftenmuchmore
constraintsareavailableandshouldbeused.

In Euclidean spacetwo entities are invariant –
setwise,not pointwise–underrigid transformations.
The�rst oneis theplaneat in�nity ŒŽ• which allows
to computeaf�ne measurements.Thesecondentity is
theabsoluteconic • whichis embeddedin theplaneat
in�nity . If besidestheplaneatin�nity ŒŽ• theabsolute
conic • hasalsobeenlocalized,metricmeasurements
arepossible.

Whenlooking at a staticscenefrom differentview­
pointstherelativepositionof thecameratowards Œ

•

and • is invariant. If the motion is generalenough,
only oneconic in onespeci�c planewill satisfy this
condition.Theabsoluteconiccanthereforebeusedas
avirtual calibrationpatternwhich is alwayspresentin
thescene.

A practicalway to encodeboth the absoluteconic
• andthe planeat in�nity Œ"• is throughthe useof
theabsolutequadric•FO (SempleandKneebone,1952)
(introducedin computervision by Triggs (1997),see
also Heydenand 	Aström, (1996), Pollefeys andVan
Gool (1997b). This dual quadricconsistsof planes
tangentto the absoluteconic. Its null­spaceis the
planeat in�nity . In a metric frame it is represented

by a �C
P� symmetricrank3 matrix •
O

#

�‘]“’

J

J�J
`

.

Using(5) and(7) it canbeveri�ed thatfor asimilarity
transformation\

#

•
O

#

\

�

#

�

•
O

# . Similarto (4) the
projectionof theabsolutequadricin the imageyields
thedualimageabsoluteconic:

•

O

”

�w&

”

&

�

”

�•�

”

•

O

�

�

” (8)

independentof the chosenprojective basis. Using
Eq.(2) thiscanbeveri�ed for ametricbasis.Through

Eqs.(6) and(7), Eq. (8) canthenbe veri�ed for any
projectivebasis.Someof theseconceptsareillustrated
in Figure1.

Thereforeconstraintson the intrinsic camerapa­
rametersin &

” canbe translatedto constraintson the
absolutequadric. If enoughconstraintsare at hand
only onequadricwill satisfythemall, i.e. theabsolute
quadric. At that point the scenecanbe transformed
to themetric frame(which brings •FO to its canonical
form).

4.1. Non­linearApproach

Eq.(8)canbeusedtoobtainthemetric calibrationfrom
theprojectiveone.Thedualimageabsoluteconics•!O

”

shouldbe parameterizedin sucha way that they en­
forcetheconstraintsonthecalibrationparameters.For
theabsolutequadric –

O a minimumparameterization
(8 parameters)shouldbe used. This canbe doneby
putting •FO

—˜—

��� andby calculating•FO

™Š™ from therank
3 constraint. The following parametrizationsatis�es
theserequirements:

•

O

�^]

&P&

�

c

&P&

�›š

c

š

�
&P&

�

š

�
&P&

�

š
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Fig. 1. The absolutequadric œž• which encodesboth the plane
at in�nity ŸŽ  (af�ne referenceentity) and the absoluteconic ¡

(metricreferenceentity), projectsto thedual imageof theabsolute
conic ¡£¢5¤w¥Ž¢¦¥$§

¢

. The projectionequationallows to translate
constraintson theintrinsicparametersto constraintson œ

• .
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Here š de�nes the position of the plane at in�nity
Œ¨•

�©�

š

� ��� � . In this casethe transformationfrom
projectiveto metricis particularlysimple:

\�ªž«
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&
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J

š
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`

(10)

An approximatesolutionto theseequationscanbeob­
tainedthroughnon­linearleastsquares.Thefollowing
criterionshouldbeminimized:
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&
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Remarkthat to obtainmeaningfulresults &

”

& �

” and
�

”

•!O

� �

” shouldbothbenormalizedto haveFrobenius
normsequalto one.

If onechooses�

X

�¹�

’

) º»� , Eq. (8) canberewritten
asfollows:

&

”

&

�

”

�w�

”

]

&

X

&H�

X

c

&

X

&H�

X

š

�

c

š

&

X

&
�

X

š

&

X

&
�

X

š

�

`

�

�

” (12)

In thisway5 of the8 parametersof theabsoluteconic
areeliminatedat once,which simpli�es convergence
issues.On the otherhandthis formulation implies a
biastowardsthe�rst view sinceusingthis parameter­
ization the equationsfor the �rst view are perfectly
satis�ed, whereasthenoisehasto be spreadover the
equationsfor theotherviews. In theexperimentsit will
be seenthat this is not suitablefor longersequences
wherein this casethe presentredundancy cannot be
usedoptimally. Thereforeit is proposedto �rst use
thesimpli�ed versionof Eq.(12)andthento re�ne the
resultswith theunbiasedparameterization.

To apply this self­calibrationmethodto standard
zooming/focusingcameras,someassumptionsshould
bemade.Oftenit canbeassumedthatthereis noskew
andthat theaspectratio is tunedto one. If necessary
(e.g. when only a short imagesequenceis at hand,
whentheprojectivecalibrationis notaccurateenough
or whenthemotionsequenceis closeto critical with­
out additionalconstraints),it canalsobeusedthatthe
principalpoint is closeto thecenterof theimage.This
leadsto thefollowing parameterizationsfor &

” (trans­
form theimagesto have .

J¼/˜J½1 in themiddle):
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Z (13)

Theseparameterizationscanbeusedin (11). It will be
seenin theexperimentsof Section6 that this method
givesgoodresultson syntheticdataaswell ason real
data.

4.2. LinearApproach

In thecasewerebesidestheskew (
8

�•J ), bothprinci­
pal point andaspectratio are(approximately)known
alinearalgorithmcanbeobtainedby transformingthe
principal point .

:

/

¾

1Pa

.

J¼/˜J¿1 and the aspectratio
À

•

À

€

a;� . Theseassumptionssimplify (12)asfollows:
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with
Å

X
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4
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X

/
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·
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—
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c

4

·

X
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/

Å
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c

š
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Å

Ç
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X
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š

·

X

k

š

·

·

1“k

š

·

— . Fromthe left­handside
of Eq. (14) it canbeseenthatthefollowing equations
haveto besatis�ed:
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Notethatduetosymmetry(16)and(17)resultin iden­
tical equations.Theseconstraintscanthusbeimposed
on theright­handside,yielding �Ë.mb�c

�j1 independent
linearequationsin
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with
Ì

ÍÓÒ

Î

” representing row Ô of �

” and •

O

parametrizedas in (14). The rank 3 constraintcan
beimposedby takingtheclosestrank3 approximation
(usingSVD for example).

Whenonly two views areavailable the solution is
only determinedup to a oneparameterfamily of solu­
tions •!Õ

kHÖ

•Ø× . Imposingtherank3 constraintin this
caseshouldbedonethroughthedeterminant:

Ù»Ú�Û

.e•ØÕ

k�Ö

•Ø×

1Ü��J

Z (18)

This resultsin up to 4 possiblesolutions. The con­
straint

Å

XWÝ

J , seeEq. (14), canbeusedto eliminate
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someof thesesolutions.If morethanonesolutionsub­
sistsadditionalconstraintsshouldbeused.Thesecan
comefrom knowledgeaboutthecamera(e.g.constant
focal length)or aboutthescene(e.g. known angle).

4.3. DetectingCritical Motion Sequences

It is outsidethe scopeof this paperto give a com­
plete analysisof all possiblecritical motionswhich
canoccurfor self­calibration.For thecasewhereall
intrinsiccameraparametersare�x ed,suchananalysis
wascarriedoutby Sturm(1997).

Herea morepracticalapproachis taken. Givenan
imagesequence,a methodis given to analyzeif that
particularsequenceis suitedfor self­calibration.The
methodcandealwith all differentcombinationsof con­
straints.It isbasedonasensitivity analysistowardsthe
constraints.An importantadvantageof thetechnique
is thatit alsoindicatesquasi­criticalmotionsequences.
It canbeusedonasyntheticmotionsequenceaswell as
ona realimagesequencefrom which therigid motion
sequencewasobtainedthroughself­calibration.

Withoutlossof generalitythecalibrationmatrixcan
bechosento be &I�

’

(andthus •ØO

”

�

’

). In thecase
of real imagesequencesthis implies that the images
should�rst be transformedwith &

VYX . In this caseit
can be veri�ed that p
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X
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¾
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”

—

·
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p

8
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•ßO

”

X

·

�áp

•ßO

”

·

X

. Now the typical constraints
which areusedfor self­calibrationcanall be formu­
latedaslinear equationsin thecoef�cients of & . As
anexampleof suchasystemof equations,considerthe
case

8

��J ,
À
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À

€

�^� and
4
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=constant. By lineariz­
ing around•EO
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More in generalthe linearizedself­calibrationequa­
tionscanbewrittenasfollows:

D

p

•

O

��J (20)

with p

• O a columnvectorcontainingthedifferentials
of thecoef�cients of thedualimageabsoluteconic •!O

”

for all views. Thematrix D encodestheimposedsetof
constraints.Sincetheseequationsaresatis�ed for the
exactsolution,thissolutionwill beanisolatedsolution
of this systemof equationsif andonly if any arbitrary
smallchangeto thesolutionviolatesat leastoneof the
conditionsof Eq. (20). Using (8) a small changecan
bemodeledasfollows:
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evaluatedat thesolution.To have the
expressionof Eq. (21) different from zero for every
possiblep

• O , meansthat the matrix D

x shouldbe of
rank8 ( D

x shouldhavearight null spaceof dimension
0). In practicethis meansthat all singularvaluesof

D

x shouldsigni�cantly differ from zero,elsea small
changeof the absolutequadricproportionalto right
singularvectorsassociatedwith smallsingularvalues
will almostnotviolatetheself­calibrationconstraints.

To usethis methodon resultscalculatedfrom areal
sequencethe cameramatrices � should �rst be ad­
justedto havethecalculatedsolutionbecomeanexact
solutionof theself­calibrationequations.

5. The Metric ReconstructionAlgorithm

Theproposedself­calibrationmethodisembeddedin a
systemto automaticallymodelmetric reconstructions
of rigid 3Dobjectsfromuncalibratedimagesequences.
Thecompleteprocedurefor metric3D reconstruction
is summarizedhere. In Figure2 thedifferentstepsof
the3D reconstructionsystemareshown.

5.1. Retrieving theProjectiveFramework

Our approachfollows the procedureproposedby
Beardsley et al. (Bearsdley et al., 1996). The �rst
correspondencesarefoundby extractingpointsof in­
terestusingtheHarriscornerdetector(Harris,1988)in
thedifferentimagesandmatchingthemusingarobust
trackingalgorithm. In conjunctionwith thematching
of the interestpointsthe projective calibrationof the
setupis calculatedin a robustway (). This allows to
eliminatematcheswhichareinconsistentwith thecali­
bration.Usingtheprojectivecalibrationmorematches
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Metric
Reconstruction
Projective

Sequence Calibration Building

3D Model

Correspondences

DenseImage

Fig. 2. Overview of thedifferentstepsin the3D reconstructionsystem

caneasilybefoundandusedto re�ne this calibration.
Thiscanbeseenin Figure3.

At �rst correspondingcornersin two imagesare
matched.Thisde�nesaprojectiveframeworkin which
theprojectionmatricesof theotherviewsareretrieved
oneby one. We thereforeobtainprojectionmatrices
of thefollowing form:

�

X

�>�

’

) JÞ� and �

”

�>� ë

X

”

) o

X

”

� (22)

with ë

X

” the homographyfor somereferenceplane
fromview 1toview

n

ando

X

” thecorrespondingepipole
(i.e. theprojectionof the�rst camerapositionin view

n

).

5.2. Retrieving theMetric Framework

Sucha projective calibrationis certainlynot satisfac­
tory for thepurposeof 3D modeling.A reconstruction
obtainedup to a projective transformationcandiffer
verymuchfrom theoriginalsceneaccordingto human
perception:orthogonalityandparallelismarein gen­
eralnot preserved,partof thescenecanbewarpedto
in�nity , etc. Thereforea metric framework shouldbe
retrieved. This shouldbe achieved by following the
methodsdescribedin Section4. Oncethecalibration
is retrieved it can be usedto upgradethe projective
reconstructionto a metricone.

5.3. DenseCorrespondences

At thispointwedisposeof asparsemetricreconstruc­
tion. Only a restrictednumberof points are recon­
structed. Obtaininga densereconstructioncould be
achievedby interpolation,but in practicethis doesnot
yield satisfactoryresults.Oftensomesalientfeatures

(a) (b) (c)

Fig. 3. (a)apriori searchregion, (b) searchregion basedon initial
projectivegeometry, (c)searchregionafterprojectivereconstruction
(usedfor re�nement).

aremissedduringtheinterestpoint matchingandwill
thereforenotappearin thereconstruction.

Theseproblemscanbeavoidedby usingalgorithms
whichestimatecorrespondencesfor almosteverypoint
in the images. At this point algorithmscanbe used
which weredevelopedfor calibrated3D systemslike
stereorigs. Sincewe have computedthe projective
calibrationbetweensuccessive imagepairswecanex­
ploit theepipolarconstraintthatrestrictsthecorrespon­
dencesearchto a 1­d searchrange. In particularit is
possibleto remaptheimagepair to standardgeometry
wheretheepipolarlinescoincidewith theimagescan
lines(Koch,1996).Thecorrespondencesearchis then
reducedto a matchingof theimagepointsalongeach
imagescanline. In additionto the epipolargeometry
otherconstraintslikepreservingtheorderof neighbor­
ing pixels,bidirectionaluniquenessof thematch,and
detectionof occlusionscanbe exploited. Thesecon­
straintsareusedto guidethecorrespondencetowards
themostprobablescanlinematchusingadynamicpro­
grammingscheme(Falkenhagen,1997). The most
recentalgorithm(Kochet al., 1998)improvestheac­
curacy by usingamultibaselineapproach.

5.4. Building theModel

Onceadensecorrespondencemapandthemetriccam­
era parametershave been estimated,densesurface
depthmapsare computedusing depthtriangulation.
The3D modelsurfaceis constructedastriangularsur­
facepatcheswith theverticesstoringthesurfacegeom­
etryandthefacesholdingtheprojectedimagecolor in
texturemaps.Thetexturemapsaddvery muchto the
visualappearanceof themodelsandaugmentmissing
surfacedetail.

The modelbuilding processis at presentrestricted
topartialmodelscomputedfromsingleviewpointsand
work remainsto bedoneto fusedifferentviewpoints.
Sinceall theviewsareregisteredintoonemetricframe­
work it is possibleto fusethedepthestimateinto one
consistentmodelsurface(Koch,1996).

Sometimesit is not possibleto obtaina singlemet­
ric framework for largeobjectslikebuildingssinceone
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maynotbeableto recordimagescontinuouslyaround
it. In that casethe different frameworks have to be
registeredto eachother. Thiswill bedoneusingavail­
ablesurfaceregistrationschemes(ChenandMedioni,
1991).

6. Experiments

In this sectionsomeexperimentsaredescribed.First
syntheticimagesequenceswereusedtoassessthequal­
ity of the algorithm undersimulatedcircumstances.
Both the amountof noiseand the length of the se­
quenceswerevaried. Thenresultsaregiven for two
outdoorvideosequences.Both sequencesweretaken
with a standardsemi­professionalcamcorderthatwas
moved freely aroundthe objects. Sequence1 was
�lmed with constantcameraparameters–likemostal­
gorithmsrequire. Thenew algorithm–whichdoesn't
imposethis–couldthereforebetestedon this. A sec­
ondsequencewasrecordedwith varying intrinsic pa­
rameters.A zoomfactor(

Ð


 ) wasappliedwhile �lm­
ing.

6.1. Simulations

Thesimulationswerecarriedoutonsequencesof views
of a syntheticscene.Thesceneconsistedof 50points
uniformly distributed in a unit spherewith its center
at the origin. The intrinsic cameraparameterswere
chosenasfollows. The focal lengthwasdifferentfor
eachview, randomlychosenwith an expectedvalue
of 2.0 anda standarddeviation of 0.5. The principal
point hadan expectedvalueof .

J£/˜J¿1 anda standard
deviation of J

Z

�7ì

Ð

. In additionthesyntheticcamera
hadanaspectratioof oneandnoskew. Theviewswere
takenfrom all aroundthesphereandwereall moreor
lesspointing towardstheorigin. An exampleof such
a sequencecanbeseenin Figure4.

The scenepoints were projectedinto the images.
Gaussianwhite noisewith a known standarddevia­
tion wasaddedto theseprojections.Finally, theself­
calibrationmethodproposedin this paperwascarried
out on thesequence.For thedifferentalgorithmsthe
metric error wascomputed. This is the meandevia­
tion betweenthescenepointsandtheir reconstruction
after alignment. The sceneandits reconstructionare
alignedby applyingthe metric transformationwhich
minimizesthedifferencebetweenboth. For compari­

sonthesameerrorwasalsocalculatedafteralignment
with a projective transformation.By default thenoise
hadanequivalentstandarddeviationof 1.0pixel for a

í

JuJ




í

J½J image. To obtainsigni�cant resultsevery
experimentwascarriedout10timesandthemeanwas
calculated.

Fig. 4. Exampleof sequenceusedfor simulations(the views are
representedby theopticalaxisandtheimageaxesof thecamerain
thedifferentpositions.)

To analyzethein�uence of noiseon thealgorithms,
noisevaluesof 0,0.1,0.2,0.5,1, 1.5and2 pixelswere
usedonsequencesof 6 views. Theresultscanbeseen
in Figure5. It canbe seenthat for small amountsof
noisethe morecomplex modelsshouldbe preferred.
If more noise is added,the simple model gives the
bestresults.This is dueto the low redundancy of the
systemof equationsfor themodelswhich, besidethe
focal length, also try to estimatethe position of the
principalpoint.
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Fig. 5. Relative 3D errorin functionof noise

Anotherexperimentwascarriedout to evaluatethe
performanceof the algorithm for different sequence
lengths. Sequencesrangingfrom 4 to 40 views were
used.A noiselevel of onepixel wasused.Theresults
areshown in Figure6. For shortimagesequencesthe
resultsarebetterwhentheprincipalpointisassumedin
themiddleof theimage,eventhoughthisis notexactly
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true. For longer imagesequencesthe constraintson
the aspectratio and the imageskew aresuf�cient to
allow anaccurateestimationof themetricstructureof
the scene. In this case�xing the principal point will
degradetheresultsby introducinga bias.
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Fig. 6. Relative 3D errorfor sequencesof differentlengths

6.2. RealSequence1

The �rst sequenceshowing part of an old castlewas
�lmed with a �x edzoom/focus.It is thereforea good
testfor thealgorithmspresentedin thispaperto check
if they indeedreturnconstantintrinsic parametersfor
this sequence.In Figure8 someof the imagesof the
sequenceareshown. Figure9showsthereconstruction
togetherwith theestimatedviewpointsof thecamera.
In Figure10 anotherview is shown, bothwith texture
andwith shading. The shadedview shows that even
small geometricaldetails(e.g. window indentations)
were recoveredin the reconstruction. To judge the
visualquality of thereconstruction,differentperspec­
tive views of themodelwerecomputedanddisplayed
in Figure10. The resultingreconstructionis visually
convincing andpreserve the metric propertiesof the
original scenes(i.e. parallelism,orthogonality, ZSZSZ ).

A quantitativeassessmentof thesepropertiescanbe
madeby explicitly measuringanglesdirectly on the
objectsurface.For thisexperiment6 lineswereplaced
alongprominentsurfacefeatures,threeoneachobject
plane,alignedwith the windows. The threelines in­
side of eachobject planeshouldbe parallel to each
other(anglebetweenthemshouldbe0 degrees),while
the lines of differentobjectplanesshouldbe perpen­
dicular to eachother (anglebetweenthemshouldbe

90 degrees). The measurementon the objectsurface
shows that this is indeedcloseto theexpectedvalues
(seeTable2).
Table2. Resultsof metricmeasurementson thereconstruction

angle( î std.dev.)

parallellism ïÈð ñlîWñqð ò degrees
orthogonality óÈ†qð

‚

îWñqð

ƒ

degrees

In Figure7 the focal lengthfor every view is plot­
ted for the different algorithmsand different setsof
constraints. The calculatedfocal lengthsare almost
constantasit shouldbe. In onecasealsotheprincipal
point was estimated(independentlyfor every view),
but theresultswerenotsogood.Not only did theprin­
cipalpointmovealot (over100pixels),but in thiscase
theestimateof thefocal lengthis not asconstantany­
more. In this caseit seemsthe projective calibration
wasnotaccurateenoughto allow anaccurateretrieval
of the principal point and it could be better to stick
with thesimpli�ed algorithm. In generalit seemsthat
it is hardto accuratelydeterminetheabsolutevalueof
thefocal length,especiallywhennotmuchperspective
distortionis presentin theimages.This explainswhy
the differentalgorithmscanresult in differentvalues
for the focal length. On theotherhandan inaccurate
estimationof the focal lengthonly hasa small effect
on thereconstruction(Bougnoux,1998).
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Fig. 7. focal length(in pixels)versusviews for thedifferentalgo­
rithms

6.3. RealSequence2

This sequenceshows a stonepillar with curved sur­
faces.While �lming andmoving away thezoomwas
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Fig. 8. Someof theImagesof theArenberg castlewhichwereusedfor thereconstruction

Fig. 9. Perspective view of thereconstructiontogetherwith theestimatedpositionof thecamerafor thedifferentviews of thesequence

Fig. 10. Two otherperspective views of theArenberg castlereconstruction
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changedto keeptheimagesizeof theobjectconstant.
The focal length was not changedbetweenthe two
�rst images,thenit waschangedmoreor lesslinearly.
From the secondimage to the last image the focal
lengthhasbeendoubled(if themarkingson thecam­
eracanbetrusted).In Figure13 3 of the8 imagesof
thesequencecanbeseen.Noticethat theperspective
distortionis mostvisible in the�rst images(wide an­
gle) anddiminishestowardsthe endof the sequence
(longerfocal length).

Figure 14 shows a top view of the reconstructed
pillar togetherwith theestimatedcameraviewpoints.
Theseviewpointsareillustratedwith smallpyramids.
Their height is proportionalto the focal length. In
Figure15 perspective views of the reconstructionare
given. The view on top is renderedboth shadedand
with surfacetexturemapped.Theshadedview shows
that even most of the small detailsof the object are
retrieved. The bottom part shows a left and a right
sideview of thereconstructedobject. Althoughthere
is somedistortionat theouterboundaryof theobject,
a highly realistic impressionof the object is created.
Note thearbitrarily shapedfree­formsurfacethathas
beenreconstructed.

A quantitative assessmentof the metric properties
for thepillar is not soeasybecauseof thecurvedsur­
faces. It is, however, possibleto measuresomedis­
tancesontherealobjectasreferencelengthsandcom­
parethemwith the reconstructedmodel. In this case
it is possibleto obtainameasurefor theabsolutescale
andverify theconsistency of thereconstructedlengths
within the model. For this comparisona network of
referencelines wasplacedon the original objectand
27manuallymeasuredobjectdistanceswerecompared
with thereconstructeddistanceson themodelsurface,
asseenin Figure11. Fromeachcomparisontheabso­
lute objectscalefactorwascomputed.Theresultsare
foundin Table3.
Table3. Resultsof metricmeasurementson thereconstruction

ratio ( î std.dev.)

all points
ƒ

ñqð †

‚

îW†qð †

interiorpoints î“ñqð ó

Due to the increasedreconstructionuncertaintyat
theouterobjectsilhouettesomedistancesshow alarger
error than the interior points. This accountsfor the
outliers. Averagingall 27 measureddistancesgave a
consistantscalefactorof 40.25with a standarddevi­

ation of 5.4% overall. For the interior distances,the
reconstructionerror droppedto 2.3%. Theseresults
demonstratethe metric quality of the reconstruction
evenfor complicatedsurfaceshapesandvaryingfocal
length. In Figure12 thefocal lengthfor everyview is
plottedfor thedifferentalgorithms.It canbeseenthat
the calculatedvaluesof the focal length correspond
to whatcouldbe expected.Whentheprincipal point
wasestimatedindependentlyfor everyview, it moved
aroundup to 50 pixels. It is probablethat too much
noiseis presentto allow us to estimatethe principal
pointaccurately.

Fig. 11. To allow for a quantitative comparisonbetweenthe real
pillar ansits reconstruction,somedistances,superimposedin black,
weremeasured.
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Fig. 12. focal length(in pixels) versusviews for the differental­
gorithms
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Fig. 13. Images1,4and8 of Sequence2 (Notetheshortfocal length/wideanglein the�rst imageandthelong focal lengthin thelastimage)

Fig. 14. Topview of thereconstructedpillar togetherwith thedifferentviewpointsof thecamera(Notethechangein focal length).

Fig. 15. Perspective views of thereconstruction(with textureandwith shading)
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7. Somemoreresults

In this sectionsomemoreresultsarepresentedwhich
illustratethe �e xibility of our reconstructionmethod.
The two �rst exampleswere recordedat Sagalassos,
an archaeologicalsite in Turkey. The last sequence
consistsof imagesof aJaintemplein Ranakpur, India.
Theseimageswere taken during a tour aroundIndia
afterICCV'98.

7.1. TheArcheological Siteof Sagalassos

In Figure16 imagesof the Sagalassossite sequence
(10 images)areshown. They show thelandscapesur­
roundingtheSagalassossite. Someviewsof therecon­
structionareshown in Figure17. With our technique
this modelwasobtainedjust aseasilyastheprevious
ones. For most active techniquesit is impossibleto
copewith scenesof this size. The useof a stereorig
would also be very hard sincea baselineof several
tensof meterswould be required. Thereforeoneof
themostpromisingapplicationsof theproposedtech­
niqueis largescaleterrainmodeling. In additionone
canseefrom Figure18 that this modelcould alsobe
usedto obtainaDigital TerrainMapor anorthomapat
low cost. In this caseonly 3 referencemeasurements
–GPSandaltitude–arenecessaryto localizeandorient
themodelin theworld referenceframe.

7.2. TheFountainof Sagalassos

Besidesthewholesite,severalmonumentswererecon­
structedseparately. As anexample,thereconstruction
of the remainsof an ancientfountain is shown. In
Figure19 threeof the six imagesusedfor the recon­
structionareshown. All imagesweretaken from the
samegroundlevel. They wereacquiredwith a digital
camerawith aresolutionof approximately1500x1000.
Half resolutionimageswereusedfor thecomputation
of theshape.Thetexturewasgeneratedfrom thefull
resolutionimages.Thereconstructioncanbe seenin
Figure20, theleft sideshows a view with texture,the
right view givesa shadedview of the modelwithout
texture. In Figure21 two close­upshotsof themodel
areshown.

7.3. TheJain Templeof Ranakpur

Theseimageswere taken during a tourist trip after
ICCV'98 in India. A sequenceof 11imageswastaken
of somedetails of one of the smaller Jain temples
at Ranakpur, India. Theseimagesweretaken with a
standardNikonF50photocameraandthenscannedin.
Threeof themcanbeseenin Figure22. A view of the
reconstructionwhichwasobtainedfrom thissequence
canbeseenin Figure23, somedetailscanbeseenin
Figure24. Figure 25 is an orthographicview taken
from below the reconstruction.This view allows to
verify theorthogonalityof thereconstruction.

Thesereconstructionsshow thatweareableto han­
dle evencomplex 3D geometriesaffectively with our
reconstructionsystem.

8. Conclusions

This paperfocussedon self­calibrationandmetricre­
constructionin thepresenceof varyingandunknown
intrinsic cameraparameters.The calibrationmodels
usedin previousresearchareon theonehandtoo re­
strictive in real imagingsituations(constantparame­
ters)andon theotherhandtoogeneral(all parameters
unknown). The more pragmaticapproachwhich is
followedin thispaperresultsin more�e xibility .

A countingargumentwasderived which givesthe
minimumnumberof viewsneededfor self­calibration
dependingon which constraintsareused. We proved
that self­calibrationis possibleusing only the most
generalconstraint(i.e. that imagerows andcolumns
are orthogonal). Of courseif more constraintsare
available,this will in generalyield betterresults.

A versatileself­calibrationmethodwhich canwork
with differenttypesof constraints(someof theintrin­
siccameraparametersconstantorknown)wasderived.
This methodwasthenspecializedtowardsthepracti­
cally important caseof a zooming/focusingcamera
(without skew and an aspectratio

À

•

À

€

�ô� ). Both
knownandunknownprincipalpointswereconsidered.
It is proposedto alwaysstartwith theprincipal point
in the centerof the imageand to �rst usethe linear
algorithm. The non­linearminimizationis thenused
to re�ne the results,possibly–for longersequences–
allowing theprincipalpointto bedifferentfor eachim­
age.Thiscanhoweverdegradetheresultsif theprojec­
tivecalibrationwasnotaccurateenough,thesequence
not long enough,or the motion sequencecritical to­
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Fig. 16. Someof theimagesof theSagalassosSitesequence

Fig. 17. Perspectiveviewsof the3D reconstructionof theSagalas­
sossite

Fig. 18. Topview of thereconstructionof theSagalassossite
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Fig. 19. Threeof thesix imagesof theFountainsequence

Fig. 20. Perspective views of thereconstructedfountainwith andwithout texture

Fig. 21. Close­upviews of somedetailsof thereconstructedfountain
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Fig. 22. Threeimagesof adetailof aJaintempleof Ranakpur

Fig. 23. A perspective view of thereconstruction

Fig. 24. Someclose­upsof thereconstruction Fig. 25. Orthographicview from below thereconctruction
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wardsthesetof constraints.As for all self­calibration
algorithmsit is importantto dealwith critical motion
sequences. In this papera generalmethod is pro­
posedwhich detectscritical andquasi­criticalmotion
sequences.

Thedifferentmethodsarevalidatedby experiments
whicharecarriedoutonsyntheticaswell asrealimage
sequences.Theformerareusedto analyzenoisesensi­
tivity andin�uence of thelengthof thesequence.The
latter show the practical feasibility of the approach.
Somemoreresultswere includedto demonstratethe
�e xibility of the approachand the visual quality of
theresultswhichcanbeobtainedby incorporatingthis
techniquein a 3D reconstructionsystem.

In the future several problemswill be investigated
morein depth. Somework is plannedon attachinga
weightto differentconstraints.For example,theskew
can be very accuratelyassumedto be zero,whereas
the principal point is only known to lay somewhere
aroundthecenterof the image. Also thecritical mo­
tion sequencedetectionshouldbe incorporatedin the
algorithmandbe usedto predict the accuracy of the
results.

Appendix

In this appendixtheproofof Theorem1 is given. Be­
fore startingthe actualproof a lemmawill be given.
This lemmagivesa way to checkfor the absenceof
skew from thecoef�cients of � directlywithoutneed­
ing thefactorization.A cameraprojectionmatrix can
be factorizedasfollows ����� ëõ) öu�v�÷&÷� (
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��J this concludestheproof.
Equippedwith this lemmathe following theorem

canbeproven.

Theorem1. The class of transformationswhich
preservestheabsenceof skew is thegroupof similarity
transformations.

Proof: It is easyto show thatthesimilarity transfor­
mationspreserve the calibrationmatrix & andhence
alsotheorthogonalityof theimageplane:
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Thereforeit is now suf�cient to prove that the class
of transformationswhichpreservethecondition .mú
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transformations.To do this a speci�c setof positions
andorientationsof camerascanbe chosen,sincethe
absenceof skew is supposedto be preserved for all
possibleviews. In general� canbe transformedas
follows:
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X

c�


—

1


�


·

1Ü��J

.Š.



—

k




·

1


�


X

1

.˜.�


—

c�


·

1


�


X

1Ü��J

Z

(A2)

Carryingout somealgebraicmanipulationsandusing

�����
�����
�� this yieldsthefollowing result:
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X
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·

�ä)




·

)

·

�*)




—

)

·

Z

Theseresultsmeanthat
þ

�

_

( with
_

ascalarand(

an orthonormalmatrix. The availableconstraintsare
notsuf�cient to impose

Ù£Ú�Û

(©�>� , thereforemirroring
is possible.

Choose (��9� (

X

and ø �

�

� �Ê� JÜJ7� , then
�

.



X

k�� � 1


�


·

�

.



—


 


·

1 �ÑJ must hold. Us­
ing (A1) and 


·


!


—

�




X

thisconditionis equivalent
with .

�


�


·

1




X

�wJ . Writing � as "

X


 �

k

"

·


 �

k

"

—


 �

this boils down to "

—

� J . Taking ($#¹� (

·

,
ø%# �ô� JÜJØ�S�y� , ($& � (

— and ø%& �ô� JØ�lJÞ�y� leads
in asimilarway to "

·

�wJ and "

X

�wJ andthereforeto
� � ��� JvJÜJ7� .

In conclusionthe transformation ]"þ ÿ

� � pý`

is re­

strictedto the following form ]

_

(Æø

J �

`

which con­

cludestheproof.

Remarkthat8 viewswereneededin thisproof. This
isconsistentwith thecountingargumentof theprevious
paragraph.
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