Review of Probability (Chapter 6)

COMP122: Algorithm and Analysis
Lecture for Thursday, September 2, 1999

e Agssume that all students know materials in Chapter 6.1 well.

e Sample Space: a set whose elements are elementary events.

For example: flipping 2 coins, S ={HH,HT ., TH,TT}.
e Events: a subset A of the sample space S, i.e. ACS.
e Certain event: S, null event: (.
e Two events A and B are mutually exclusive, if AN B = 0.

e Axioms of Probability: A probability distribution Pr{} on a sample
space S is a mapping from events of S to real numbers such that the
following are satisfied:

1. Pr{A} > 0 for any event A.

2. Pr{S} =1.

3. Pr{AUB} = Pr{A}+ Pr{B} for any two mutually exclusive events
A and B.

Pr{A} is the probability of event A. Axiom 2 is a normalization require-
ment. Axiom 3 can be generalized to the following:
o

o Pril} =0
o If AC B, then Pr{A} < Pr{B}.
o Pr{A} = Pr{S— A} =1- Pr{A}.

e For any two events A and B,

Pr{AUB} = Pr{A} + Pr{B} — Pr{AN B} < Pr{A} + Pr{B}



Conditional Probability of an event A given another event B is:

Pr{AN B}

PrA|B} =

provided Pr{B} # 0 (1)

For example, A = {TT} and B = {HT,TH,TT}. Pr{A|B} = {7 =1/3

Independent Events: Events 4 and B are independent if
Pr{AN B} = Pr{A} x Pr{B}, provided Pr{B} # 0
Equivalently, Pr{A|B} = Pr{A}

Bayes’s Theorem:

Pr{AN B} = Pr{B}x Pr{A|B} = Pr{A} « Pr{B|A}

Therefore,

Pr{A} « Pr{B|A} 5
Pr{B} 2)

Pr{A|B} =

Pr{B} = Pr{BN A} + Pr{Bn A}
= Pr{A} « Pr{B|A} + Pr{A} « Pr{B|A}

Therefore,

Pr{A} « Pr{B|A}

PridlB} = Pr{A} « Pr{B|A} + Pr{A} « Pr{B|A} 3)

For example, given a fair coin and a biased coin that always come up
heads. We choose one of the two and flip the coin twice. The chosen

coin comes up with heads both times. What is the probability that it is
biased?

Let A be the event that the biased coin is chosen and B be the event
that the coins comes up heads both times. Pr{A} =1/2, Pr{A} =1/2,
Pr{B|A} =1, Pr{B|f1} =(1/2)x(1/2)=1/4

_ (1/2) %1 _
PridlB} = (1/2) %1+ (1/2) = (1/4) 475



e A discrete random variable X is a function from a finite or countable
infinite sample space S to R.

We define the event X = x to be {s € S : X(s) = z}.
flay=Pr{X=2}= > Pr{s}
s€ES X (s)=x

is the probability density function of the random variable X.

¢ Expected Value (or expectation or mean) of a discrete random vari-
able is

E[X] = Zx:xPr{X =a} =,

l. E[aX +Y] =aE[X]+ E[Y]
2. When events X, Xy, ...X,, are mutually independent, then
E[X1X,...X,] = E[Xj|E[Xs])...E[X,].

e Variance of a random variable X with mean E[X] is

(X — E[X])?]
X2 2XE[X] + E*[X]]

Var[X] = g{
E[X?] - 2E[X E[X]] + E*[X]
Pl
P

X2 - 2E2[X] + E?[X]
X - B*[X].

e Standard deviation of random variable X is SD(X) = /Var(X) = o,

e Chebychev’s inequality:

Var(X) o2
PrIX — > ) < =%

a2

, YVa >0

For example, let o = co,, then Pr{|X — pu,| > cxo,} < 61—2

The probability that a random variable differs from its expected value
by more than ¢ times standard deviation is at most 1/c2.



An Example: Given an array A[l...n] of n distinct numbers randomly or-

dered with each random permutation equally likely. Where can you expect

to find the maximum element in the array?

Let I,, be the index of the maximum element.

E[I,]

Var[l,] =

Therefore,

I nn+1)(2n+1)
n 6
(n+1)(2n+1)

E[I},] = E*[I,]

(n+1)(2n+1) n+1,
6 — ()

n?—1
12




