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Abstract

In manycasesself-calibration is not ableto yield a unique
solutionfor the 3D reconstructiorof a scene Thisis due
to the occurrenceof critical motion sequences.f this is
the case an ambiguityis left on the reconstruction.In this
paperit is derivedunderwhich conditionscorrect novel
views can be geneited from ambiguousreconstructions.
Theproblemis r stappmadcedfroma theowetical point of
view. It is proventhatnovelviewsare correctaslongasthe
inclusion of the new view in the sequenceieldsthe same
ambiguityon the reconstruction.The problemis therefore
mud relatedto the problemof critical motion sequences
sincethe virtual camer can be arbitrarily moved within
the smallestcritical motionsetthat containsthe recovered
camen motionwithoutdistortionsbecomingvisible Based
on theseresulta practical measue for the expectedambi-
guity on a novel view basedon therecovered structure and
motionis derived.Asanapplicationa viewerwasbuilt that
indicatesif a speci ¢ novel view can be trustedor not by
changingthe badgroundcolor.

1. Intr oduction

Oneof the importantapplicationsn computetrvision is to
retrieve the 3D structureof a scenefrom a collection of
images. However, dependingon the available knowledge
andtheimagesat handi,it is notalwayspossibleto obtaina
uniquesolutionfor this problem.Onewell known ambigu-
ity is whenthe obsenedfeaturesandthe projectioncenters
of the cameraare all locatedon a specialtype of surface,
calleda critical surface[11]. Anotherwell-known ambigu-
ity is thatwhentotally uncalibrateccamerasareused,it is
only possibleto recover the structureof the sceneup to an
arbitrary projective transformation1, 3]. It is possibleto
reducethisambiguityby imposingconstrainton theintrin-
sic parametersf thecameraThisis in generaunderstood
asself-calibration. In recentyearsmary differentmethods
wereproposedSomearebasedntheassumptionghatthe
intrinsics do not changeduring acquisition[2, 4, 13, 18].
Other methodrelax the constraintfor constantintrinsics
but requirethe knowledgeof oneor moreintrinsic param-
eters[5, 7, 14]. It wasproventhatfor sufciently general

motionthe knowledgeof oneintrinsic camergparameters
sufcient to allow for successfuself-calibration14, 8].

However, in practicethe motion of the camerais often
restrictedandthereremainsanambiguityonthereconstruc-
tion. This is known asthe problemof critical motion se-
guences(CMS). It wasintroducedby Sturm[15] andfur-
therstudiedin [9, 10, 17, 12]. Dependingontheconstraints
available for self-calibrationdifferent classesof motions
canbeidenti ed ascritical. For eachof theseclasses spe-
ci ¢ ambiguityremainsonthereconstruction.

It depend=on the applicationif someambiguityis ac-
ceptableor not. Therearetwo main classeof applications
for 3D reconstruction$rom images.The rst oneconsists
of metrologyapplicationsandin mostcaseso ambiguity
canbetolerated. The secondtype of applicationsconsists
of visualization. In this casethe goalis to generatenovel
views basedon original images. Over the last yearsthis
secondype of applicationshasrecevedmoreandmoreat-
tention. Image-basedodelingof 3D objectsor scenesas
becomea major topic in both computervision and com-
putergraphics. Consideringthis applicationthe important
point is not the correctnes®f the reconstructionput the
correctnes®f the novel views that are generatedrom it.
This problemwas alreadypartially addressedn [10], but
only theoretically for constantntrinsicsandusinga more
restrictedcaseby caseanalysis.

In this papera generaltheoremis derived that allows
to determinewhich motion a virtual cameracan undego
to generateunambiguousiovel views giventhe recovered
(ambiguous)motion of the original camera.Furtheron, a
practicalalgorithmis presentedhatallows to characterize
theambiguityonanovelview. Thiswasusedn anumberof
syntheticexperimentsto verify the validity of the theorem
on somerestrictedmotion sequencesnd to derive some
more insight into this problem. This algorithm was also
includedinto a 3D viewer thattells the userin how far he
cantrusta speci ¢ view basedon the posesof the original
cameragandthe applicableconstraintson the intrinsics).
This couldfor examplebe usedto optimize y-throughs of
virtual worlds containingvisual 3D reconstructions.



2. Background

Somefamiliarity with the projective formulation of vision
geometryis assumed6]. A perspective camerais mod-
eled through the projection equation where
representshe equality up to a non-zeroscalefactor,

represents 3D world point, rep-
resentghe correspondin@D imagepointand isa
projectionmatrix. In ametricor Euclideanframe canbe
factorizedasfollows

- where Q)

containsthe intrinsic cameraparameters, is a rotation
matrix representinghe orientationand is a 3-vectorrep-

resentingthe position of the camera.The intrinsic camera
parameters representhe focal lengthmeasuredn width

of pixels, istheaspectatio of pixels, representshe

coordinate®f theprincipalpointand is atermaccounting
for theskew. In general canbeassumedero.In practice,
the principal pointis often closeto the centerof theimage
andtheaspecratio closeto one.

Projective geometryonly encodesross-ratiosandinci-
dence. The af ne structure(parallelismandratios of par
allel lengths)is encodedby de ning the planeat in nity

. Euclideanstructure(lengthsandangles)s encodedy
apropetrvirtualconicon . Thesimplestwayto represent
this absolute conic is by its ervelope,i.e. a disc-quadric
representetly a symmetricpositive semide niterank-
3 matrix In a metric frame .
The null-spaceof is the planeat in nity andthus

. Thesimilaritiesor metric transformationgi.e.
Euclideanplus a global scale-actor) are exactly the trans-
formationsthat leave the absoluteconic unchanged.The
following abbreviationswill be usedrepeatediythroughout
thetext AC for AbsoluteConic andIAC for Imageof the
AbsoluteConic.

The AC is the centralconceptfor self-calibration. Lo-
calizing the AC in a projective frame allows to upgrade
this frame to a metric one. Sinceit is invariantto rigid
displacementsthe IAC is only dependingon the intrinsic
calibrationandnot on the extrinsic parametergi.e. camera
pose). Constraintson the intrinsic cameraparametergan
thusbetranslatedo constraintonthelAC. Thesecanthen
be back-projectedo constraintson the AC. In generalit is
then possibleto single out the absoluteconic by combin-
ing sufcient constraintsrom differentviews, i.e. atleast
8 equationsareneededIt wasshowvn thatthis waspossible
imposingonly therectangularityof pixels[14].

The self-calibrationapproachcan be formulatedasfol-
lows. If  representshe setof camergprojectionmatrices
for animagesequencehenthe AC, representebly its enve-
lope , canbefoundasthe propervirtual conicfor which

for every thereexists a valid
calibrationconstraintsothat

satisfyingthe self-

(@)

The problemis, however, that for a speci c set of self-
calibrationconstraintsnot all motion sequencewill yield
auniquesolutionfor the AC. In this casethereis morethan
one potential absoluteconic and the motion sequencds
termedcritical with respecto the setof constraints.The
setof potentialabsoluteconicis de ned as . In this
caseanambiguitywill persistonthereconstruction.

3. Theoretical analysis

The classi cationof all possibleCMS for a speci ¢ setof
self-calibrationconstraintsanbeusedto avoid critical mo-
tions whenacquiringanimagesequence®n which onein-
tendsto useself-calibration. In somecaseshowever, an
uncalibratedmagesequencés availablefrom whichamet-
ric reconstructiorof therecordedscends expected.In this
caseijt is notalwaysclear at rst, whatcanbeachiesednor
if themotionsequencés critical or not.

It canbe shawn that the recoveredsetof camerasalso
hasto satisfythe self-calibrationconstraints.This resultis
alsovalid for CMS, wherethe recoseredmotion sequence
would bein the sameCMS classasthe original sequence.
In [16] a proof wasgivenfor the caseof constantintrinsic
camergrarametersHerea simplerandmoregeneralproof
basednthediscquadricrepresentatiors given. It is valid
for all possibletypesof self-calibrationconstraints.

Lemma 1 (Conjugacy of self-calibration solutions)

Let bea camen sequenceand let . Let

beanyprojectivetransformatiormapping to  andlet
be the transformedsequenceThen andfor

eat it followsthat thetransformed

Proof: Since
the obtainedfrom

, it follows thatfor every

must satisfy the self-calibrationconstraints. Since
and , onegets

andtherefore . The secondclaim is trivially
provensince( ) g.e.d.
Fromthis lemmaone canconcludethatary reconstruc-
tion (i.e. structureandmotion) beinga solutionto the self-
calibrationproblemallows us to identify the ambiguityon
the reconstruction. In that casemore speci ¢ algorithms



canbe calledor additionalconstraintscanbe broughtin to
reducethe ambiguity[19]. In addition, the valuesfor the
intrinsiccamergparameterarenotarbitrary Thepixelsare
always rectangularand most often closeto squares. The
principalpointis in generakloseto the centerof theimage
andeventhe focal length cannot take on arbitraryvalues.
Ontopof thatonecanimposethatall thevisible pointsmust
belocatedin front of the camera(see[5]). This meanghat
evenfor CMS onewill in generabeableto do muchbetter
thanwhatcouldbe expectedrom the CMS analysis.

Neverthelessjn somecasegherewill be an ambiguity
on the structureand motion reconstruction.An important
guestionis then: Whatcan still be donewith an ambigu-
ousreconstruction?An interestingansweris given by the
next theorem(a similar result was recently presentecby
Ma [10]).

Theorem1 (correctnesof novel viewswithin CMS)
Let representa CMS.Let bean arbitrary elemeniof
andlet bean arbitrary projectivetransformation
mapping to .Let bethetransformedsequencelet
representa novel camen projection matrix for which
Thenthe correspondingprojec-

tion matrix satis esthe self-calibmation con-
straints.

Proof: From , it followsthat .
Sinceit is assumedhat , it followsthat
Lemmal canbeappliedto the sequence , with the
dualquadric andthe transformation g.e.d.

This theoremallows usto concludethatit is possibleto
generatecorrectnew views (i.e. with a virtual camerafor
which the equivalentcamerain the real world satis esthe
self-calibrationconstraints)even startingfrom an ambigu-
ousreconstructionln thiscasewe should however, restrict
the motion of the virtual camerato the type of the CMS
recoveredin the reconstruction.For example,if a model
wasacquiredby a camerawith constantintrinsic parame-
ters performinga planarmotion on the ground planeand
thusrotatingaroundverticalaxes,thenwe shouldnot move
thecameraoutsidethis planenor rotatearoundnon-\ertical
axes. But, if we restrictour virtual camerato this critical
motion,thenall thesemotionswill correspondo Euclidean
motionsin therealworld andno distortionwill be present
in theimagegexcept,of course for modelingerrors).Note
that the recorered cameraparametershouldbe used(i.e.
the onesobtainedby factorizing in - J), ex-
ceptwhensomeparametergireunconstraintn which case
theseparameterareallowedto bevaried.In fact,thisresult
is relatedto the moregenerakule thatfor the generatiorof
new views interpolationis more desirablethan extrapola-
tion.

4. A practical approach

Self-calibrationconsistsin generalof estimatingthe posi-
tion of the absoluteconic throughthe minimization of a
least-squareinction

3)

The uncertaintyellipsoidsaroundthe estimate aregiven
by with an 8-vectorrepresenting

variationsaround , the matrix — istheJa-

cobianof and representa certainlevel of certitude.
The axesof this ellipsoidsaregivenby the eigervectorsof
andthe lengthsof the half-axesare given by

~ with  theeigervaluesof

Theseellipsoids characterizehe ambiguity on the 3D
reconstruction. However, in our casethe goal is to char
acterizethe ambiguity on a speci ¢ view. Therefore,the
uncertaintyellipsoidshave to be projectedin that view. It
turnsoutthatit is simplerto dealwith the dualentities:

— = @

Note that if is of full rank. If is not
of full rank,a goodapproximations obtainedby changing
thesingularvaluessmallerthana smallpresethumber(e.g.
) to thatnumber

The ellipsoidscorrespondingo give usthe ambigu-
ity on the imageof the absoluteconic. This corresponds
to the variationsin intrinsic cameraparametershat could
occurdueto the ambiguityon the 3D reconstruction.This
is not yet whatwe arelooking for, since-aswasshawn in
Theoreml - thesetwo effectscould canceleachotherout.

Infact  couldbe seenasthe equivalentof in
Theoreml sinceit containghe acceptabl@bsoluteconics.
Whena virtual camerais setup to generatea novel view
it shouldclearly satisfythe self-calibrationconstraintswith

respecto . The questionis how well it would for other
elementof . In otherwordsonewould like to ver
ify if . A local approximationfor

canbe obtainedby including constraintsfor
thenovel view in theself-calibratiorminimizationcriterion
. Thisyields .

Sincethe purposeis to investigatethe ambiguityin the
novel view, this comparisorcanbe carriedout on the pro-
jectionof thesesetsin this view. The simplestapproacho
comparewo ellipsoidsis to apply a transformatiorsothat
oneof the ellipsoidsis transformedo unity. Applying the
sametransformationto the other ellipsoid yields an ellip-
soidthatcanbe seenastheratio of thetwo otherellipsoids.
Thusif (obtain  throughCholesly fac-
torization),the comparingellipsoid __



4y

Figurel: Exampleof experimentaketup.A sequencef 10
views consistingof orbital motion (type D) obsered from
an arbitrary viewpoint (type G). The viewpointsareillus-
tratedby little pyramids.

The eigervectorsof __ yield the main directionsof un-
certainty the squareroot of the eigervaluesyields the rel-
ative uncertainty As a global measureof ambiguityon a
view

— ®)

canbeused(with __ theeigervaluesof __). Because
thereis a directmappingbetween andtheintrinsic cam-
eraparametersit is alsopossibleto getan estimateof the
relative uncertaintyof theseparameterslt is thuspossible
to getanideaof whattype of distortioncanbe expectedin
thenovel views.

5. Synthetic experiments

This approactwasappliedto determinethe dimensionality
of the ambiguity on novel views from 3D reconstructions
obtainedrom restrictednotionsequencesrhedimension-
ality canbe estimatedy countingthe numberof very large
eigervaluesof __ for syntheticexperiments.In Table 1
andTable2 afew typical motionsequencewereanalyzed.
Thesedifferenttype of motions(i.e. puretranslationspure
rotations, planar motion, orbital motion, forward motion,
translationstogetherwith rotationsalong the optical axis
andgeneralmotions)areillustratedin Figure2. Therows
correspondo the type of motion that wasusedfor the re-
construction(10 views) andthe columnsto the motion for
the novel view. The setupis illustratedin Figure1. The
numberon the left of the vertical line corresponddo the
dimensionalityof the ambiguity on the 3D structureand
shouldthus always be larger or equalto the ambiguityon
a speci ¢ view. In generalobsenation from an arbitrary
viewpointyieldsthe sameambiguityasin 3D spacegxcept
for constantintrinsic parametersand pure translationsor
forward motion (Table 2) wherea single extra view would
not be sufcient to guaranteeinambiguousD reconstruc-
tion. The numberin the table givesthe dimensionalityof
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Figure2: Somerestrictedmotion sequencegpuretransla-
tion, purerotation, planarmotion, orbital motion, straight
forward,translationandrotationalongoptical axis).

theambiguity Noticethataspredictedby thetheoremthe
diagonalelementsareall zero.

6. A specialviewer

As wasalreadymentionedhe presente@pproactcanalso
be usedto determinethe expectedambiguity for speci c
views. We haveincorporatedheambiguityevaluationalgo-
rithm into a 3D viewer. While viewing a 3D reconstruction,
theuseris informedof the expectedambiguityontheview.
Our implementationof this viewer shifts the background
color from greento red, dependingon the ambiguity We
used( ) with ~ asRGB-values
for thebackgrouncolor.

For testingpurposeswe have usedthe castlesequence
(seeFigures3). As was alreadymentionedin [12] self-
calibrationleavesa large scalingambiguityalongthe opti-
calaxisfor thecentralviewpointwhenassumingll param-
etersknown exceptthe focal length. For illustration pur-
posesthe 3D modelwasscaledby a factorof 2 alongthis




motiontype A B C D E F G
A puretranslation 110 1 1 1 0 0 1
B purerotation 3/3 0 3 3 2 3 3
C planarmotion 0j/0 0O O O O O O
D orbital motion 0/0 0O O O O O O
E forwardmotion 2|11 1 2 2 0 1 2
Ftransl.&rotoptax. 1 {0 1 1 1 0 0 1
G general 0O0/0 0O O O O O O

Tablel1: Ambiguitiesfor novel views whenall intrinsic pa-
rameterdut thefocal lengthareknown

motiontype

A puretranslation 5
B purerotation 3
C planarmotion 1
D orbital motion 2
E forwardmotion 5
Ftransl.&rot.opt.ax. 1
G general 0

OO Or OwOol>
OFRLr ANPFPONMND
ORr MPRPOWRDO
Or OO WAMNDOU
OO OFrONOMm
OO RANEFR WARNT
OFRANEPWANGOD

Table2: Ambiguitiesfor novel views whenall intrinsic pa-
rametersareconstan{but unknown)

ambiguity (i.e. this distortionwould only causea minimal
increasein residualfor the self-calibrationcostfunction),
sothatthe readercanvisually verify the predictionsof the
viewer.

A few views are shawvn in Figure 4 and Figures5. It
shouldbe clearthat even someviews very far away from
theoriginally recordedmagescanberenderedvithoutrisk
of ambiguity (greenor lightviews), while someothersthat
arelessfaraway areshaving alot of ambiguity(redor dark
views).

7. Conclusion

In mary practicalcasegshemotionof the cameras not suf-
ciently generato allow for theunambiguougsomputation
of the metric structureand motion. The questionthatwas
addresseih this paperis whatcanstill beachiezedin terms
of generatinghovel views. It wasproventhat novel views
arecorrectaslong asthe inclusion of the new posein the
motion sequenceields the sameambiguity on the recon-
struction. Basedon this a practicalapproachwas derived
that determineghe expectedambiguity from novel views.
This was usedsuccessfullyon syntheticdatato determine
the level of ambiguityfor differenttypesof restrictedmo-
tion sequenceandincludedinto a 3D viewer to visualize
theexpectedevel of distortionof therenderediiews. There
could be a numberof interestingapplicationsfor the pre-
sentedwork. It canextendthe rangeof applicationswithin
reachfor self-calibration,especiallyin the areaof model-

Figure3: The castlesequenceSomeimageqtop), 3 ortho-
graphicviews (middle)anda generalview (bottom).

ing for visualization. It could for examplealsobe usedto
automaticallyoptimizea y-through in virtual ervironment
containing3D modelsobtainedfrom imagesequences.
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