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Abstract

In manycasesself-calibration is not ableto yield a unique
solutionfor the 3D reconstructionof a scene. This is due
to the occurrenceof critical motion sequences.If this is
thecase, an ambiguityis left on thereconstruction.In this
paper it is derivedunder which conditionscorrect novel
views can be generated from ambiguousreconstructions.
Theproblemis �r st approachedfroma theoretical point of
view. It is proventhatnovelviewsarecorrectaslongasthe
inclusionof the new view in the sequenceyieldsthe same
ambiguityon the reconstruction.Theproblemis therefore
much relatedto the problemof critical motion sequences
sincethe virtual camera can be arbitrarily moved within
thesmallestcritical motionsetthat containstherecovered
camera motionwithoutdistortionsbecomingvisible. Based
on theseresulta practical measure for theexpectedambi-
guity on a novel view basedon therecoveredstructure and
motionis derived.Asanapplicationa viewerwasbuilt that
indicatesif a speci�c novel view can be trustedor not by
changingthebackgroundcolor.

1. Intr oduction

Oneof the importantapplicationsin computervision is to
retrieve the 3D structureof a scenefrom a collection of
images. However, dependingon the availableknowledge
andtheimagesat hand,it is notalwayspossibleto obtaina
uniquesolutionfor this problem.Onewell known ambigu-
ity is whentheobservedfeaturesandtheprojectioncenters
of the cameraareall locatedon a specialtype of surface,
calleda critical surface[11]. Anotherwell-known ambigu-
ity is thatwhentotally uncalibratedcamerasareused,it is
only possibleto recover thestructureof thesceneup to an
arbitraryprojective transformation[1, 3]. It is possibleto
reducethisambiguityby imposingconstraintsontheintrin-
sicparametersof thecamera.This is in generalunderstood
asself-calibration. In recentyearsmany differentmethods
wereproposed.Somearebasedon theassumptionsthatthe
intrinsicsdo not changeduring acquisition[2, 4, 13, 18].
Other methodrelax the constraintfor constantintrinsics
but requiretheknowledgeof oneor moreintrinsic param-
eters[5, 7, 14]. It wasproven that for suf�ciently general

motiontheknowledgeof oneintrinsic cameraparameteris
suf�cient to allow for successfulself-calibration[14, 8].

However, in practicethe motion of the camerais often
restrictedandthereremainsanambiguityonthereconstruc-
tion. This is known asthe problemof critical motion se-
quences(CMS). It wasintroducedby Sturm[15] andfur-
therstudiedin [9, 10, 17, 12]. Dependingontheconstraints
available for self-calibrationdifferent classesof motions
canbeidenti�ed ascritical. For eachof theseclassesaspe-
ci�c ambiguityremainson thereconstruction.

It dependson the applicationif someambiguity is ac-
ceptableor not. Therearetwo mainclassesof applications
for 3D reconstructionsfrom images.The�rst oneconsists
of metrologyapplicationsandin mostcasesno ambiguity
canbe tolerated.The secondtype of applicationsconsists
of visualization. In this casethe goal is to generatenovel
views basedon original images. Over the last yearsthis
secondtypeof applicationshasreceivedmoreandmoreat-
tention.Image-basedmodelingof 3D objectsor sceneshas
becomea major topic in both computervision and com-
putergraphics.Consideringthis applicationthe important
point is not the correctnessof the reconstruction,but the
correctnessof the novel views that are generatedfrom it.
This problemwasalreadypartially addressedin [10], but
only theoretically, for constantintrinsicsandusinga more
restrictedcaseby caseanalysis.

In this papera generaltheoremis derived that allows
to determinewhich motion a virtual cameracan undergo
to generateunambiguousnovel views given the recovered
(ambiguous)motion of the original camera.Furtheron, a
practicalalgorithmis presentedthatallows to characterize
theambiguityonanovelview. Thiswasusedin anumberof
syntheticexperimentsto verify the validity of the theorem
on somerestrictedmotion sequencesand to derive some
more insight into this problem. This algorithm was also
includedinto a 3D viewer that tells theuserin how far he
cantrusta speci�c view basedon theposesof theoriginal
cameras(and the applicableconstraintson the intrinsics).
This couldfor examplebeusedto optimize�y-throughs of
virtual worldscontainingvisual3D reconstructions.
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2. Background
Somefamiliarity with the projective formulationof vision
geometryis assumed[6]. A perspective camera is mod-
eled through the projection equation ������� where �

representsthe equalityup to a non-zeroscalefactor, ���

	 
���
������

representsa 3D world point, ���

	 ���������

rep-
resentsthecorresponding2D imagepoint and � is a �����

projectionmatrix. In a metricor Euclideanframe � canbe
factorizedasfollows
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containsthe intrinsic cameraparameters,# is a rotation
matrix representingtheorientationand ) is a 3-vectorrep-
resentingthepositionof thecamera.The intrinsic camera
parameters

-

representthe focal lengthmeasuredin width
of pixels, 0 is theaspectratioof pixels, 4

/657198

representsthe
coordinatesof theprincipalpointand

.

is atermaccounting
for theskew. In general

.

canbeassumedzero.In practice,
theprincipalpoint is oftencloseto thecenterof the image
andtheaspectratio 0 closeto one.

Projective geometryonly encodescross-ratiosandinci-
dence. The af�ne structure(parallelismandratiosof par-
allel lengths)is encodedby de�ning the planeat in�nity

:9;

. Euclideanstructure(lengthsandangles)is encodedby
apropervirtual conicon

:<;

. Thesimplestwayto represent
this absolute conic is by its envelope,i.e. a disc-quadric
representedby a �=�>� symmetricpositivesemide�niterank-
3 matrix ?A@ . In a metric frame ?A@
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The null-spaceof ?
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is the planeat in�nity
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andthus
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. Thesimilaritiesor metric transformations(i.e.
Euclideanplus a global scale-factor)areexactly the trans-
formationsthat leave the absoluteconic unchanged.The
following abbreviationswill beusedrepeatedlythroughout
the text AC for AbsoluteConic andIAC for Imageof the
AbsoluteConic.

The AC is the centralconceptfor self-calibration. Lo-
calizing the AC in a projective frame allows to upgrade
this frame to a metric one. Since it is invariant to rigid
displacements,the IAC is only dependingon the intrinsic
calibrationandnot on theextrinsic parameters(i.e. camera
pose). Constraintson the intrinsic cameraparameterscan
thusbetranslatedto constraintson theIAC. Thesecanthen
beback-projectedto constraintson theAC. In generalit is
thenpossibleto singleout the absoluteconic by combin-
ing suf�cient constraintsfrom differentviews, i.e. at least
8 equationsareneeded.It wasshown thatthis waspossible
imposingonly therectangularityof pixels[14].

The self-calibrationapproachcanbe formulatedasfol-
lows. If L representsthesetof cameraprojectionmatrices
for animagesequence,thentheAC,representedby itsenve-
lope ?

@
, canbefoundasthepropervirtual conicfor which

for every �NM

L thereexistsa valid ! satisfyingtheself-
calibrationconstraintssothat

�
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The problem is, however, that for a speci�c set of self-
calibrationconstraints,not all motionsequenceswill yield
auniquesolutionfor theAC. In thiscasethereis morethan
one potential absoluteconic and the motion sequenceis
termedcritical with respectto the setof constraints.The
setof potentialabsoluteconic is de�ned as QR4SL

8

. In this
caseanambiguitywill persiston thereconstruction.

3. Theoretical analysis
The classi�cationof all possibleCMS for a speci�c setof
self-calibrationconstraintscanbeusedto avoid critical mo-
tionswhenacquiringan imagesequenceon which onein-
tendsto useself-calibration. In somecases,however, an
uncalibratedimagesequenceis availablefrom whichamet-
ric reconstructionof therecordedsceneis expected.In this
case,it is notalwaysclear, at �rst, whatcanbeachievednor
if themotionsequenceis critical or not.

It canbe shown that the recoveredsetof camerasalso
hasto satisfytheself-calibrationconstraints.This resultis
alsovalid for CMS, wherethe recoveredmotion sequence
would be in thesameCMS classasthe original sequence.
In [16] a proof wasgivenfor thecaseof constantintrinsic
cameraparameters.Herea simplerandmoregeneralproof
basedon thediscquadricrepresentationis given. It is valid
for all possibletypesof self-calibrationconstraints.

Lemma 1 (Conjugacyof self-calibration solutions)
Let L be a camera sequenceand let T

@

M
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8

. Let U

beanyprojectivetransformationmappingT
@ to ?

@ andlet
V
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q.e.d.
Fromthis lemmaonecanconcludethatany reconstruc-

tion (i.e. structureandmotion)beinga solutionto theself-
calibrationproblemallows us to identify theambiguityon
the reconstruction. In that casemore speci�c algorithms
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canbecalledor additionalconstraintscanbebroughtin to
reducethe ambiguity [19]. In addition, the valuesfor the
intrinsiccameraparametersarenotarbitrary. Thepixelsare
always rectangularand most often closeto squares.The
principalpoint is in generalcloseto thecenterof theimage
andeven the focal lengthcannot take on arbitraryvalues.
Ontopof thatonecanimposethatall thevisiblepointsmust
belocatedin front of thecamera(see[5]). This meansthat
evenfor CMSonewill in generalbeableto domuchbetter
thanwhatcouldbeexpectedfrom theCMSanalysis.

Nevertheless,in somecasestherewill be an ambiguity
on the structureandmotion reconstruction.An important
questionis then: Whatcan still be donewith an ambigu-
ousreconstruction?An interestingansweris givenby the
next theorem(a similar result was recentlypresentedby
Ma [10]).

Theorem1 (correctnessof novel viewswithin CMS)
Let L representa CMS.Let T

@ bean arbitrary elementof
QR4�L

8

and let U be an arbitrary projectivetransformation
mappingT

@
to ?

@
. Let

V

L bethetransformedsequence. Let
V

�`_ representa novel camera projectionmatrix for which
QR4

V

Lba

V
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8

�

QR4

V
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8

. Then the correspondingprojec-
tion matrix �`_ �

V

�`_

U satis�es the self-calibration con-
straints.

Proof: From ?
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Sinceit is assumedthat QR4

V
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, it followsthat
Lemma1 canbeappliedto thesequence

V

L�a

V

�
_ , with the

dualquadric U`?�@�U

�

andthetransformationU
Zc[ . q.e.d.

This theoremallows usto concludethat it is possibleto
generatecorrectnew views (i.e. with a virtual camerafor
which theequivalentcamerain the real world satis�es the
self-calibrationconstraints),evenstartingfrom anambigu-
ousreconstruction.In thiscase,weshould,however, restrict
the motion of the virtual camerato the type of the CMS
recoveredin the reconstruction.For example,if a model
wasacquiredby a camerawith constantintrinsic parame-
tersperforminga planarmotion on the groundplaneand
thusrotatingaroundverticalaxes,thenweshouldnotmove
thecameraoutsidethisplanenor rotatearoundnon-vertical
axes. But, if we restrictour virtual camerato this critical
motion,thenall thesemotionswill correspondto Euclidean
motionsin therealworld andno distortionwill bepresent
in theimages(except,of course,for modelingerrors).Note
that the recovered cameraparametersshouldbe used(i.e.
theonesobtainedby factorizing
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.), ex-
ceptwhensomeparametersareunconstraintin which case
theseparametersareallowedto bevaried.In fact,thisresult
is relatedto themoregeneralrule thatfor thegenerationof
new views interpolationis more desirablethanextrapola-
tion.

4. A practical approach
Self-calibrationconsistsin generalof estimatingthe posi-
tion of the absoluteconic throughthe minimization of a
least-squaresfunction
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Theuncertaintyellipsoidsaroundtheestimate
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and p representsacertainlevel of certitude.
Theaxesof this ellipsoidsaregivenby theeigenvectorsof

€

|

�

mc�nm

andthe lengthsof the half-axesaregiven by
• ‚

s

with
‚

s

theeigenvaluesof
€

|

.
Theseellipsoidscharacterizethe ambiguity on the 3D

reconstruction.However, in our casethe goal is to char-
acterizethe ambiguity on a speci�c view. Therefore,the
uncertaintyellipsoidshave to be projectedin that view. It
turnsout thatit is simplerto dealwith thedualentities:

€

@

ƒ

�P„†…<‡

…

?Xˆ

€

@

|

„†…‰‡

…

?Xˆ

�

(4)

Note that
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if
€
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is of full rank. If
€

|

is not
of full rank,a goodapproximationis obtainedby changing
thesingularvaluessmallerthanasmallpresetnumber(e.g.

�

I

Z‹Š ) to thatnumber.
Theellipsoidscorrespondingto

€

ƒ give ustheambigu-
ity on the imageof the absoluteconic. This corresponds
to the variationsin intrinsic cameraparametersthat could
occurdueto theambiguityon the3D reconstruction.This
is not yet whatwe arelooking for, since-aswasshown in
Theorem1- thesetwo effectscouldcanceleachotherout.

In fact
€

|

couldbeseenastheequivalentof QR4eŒo•

8

in
Theorem1 sinceit containstheacceptableabsoluteconics.
Whena virtual camerais setup to generatea novel view
it shouldclearlysatisfytheself-calibrationconstraintswith
respectto

V

? . The questionis how well it would for other
elementsof QR4eŒ
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. In otherwordsonewould like to ver-
ify if QR4eŒ
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. A local approximationfor
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canbe obtainedby including constraintsfor
thenovel view in theself-calibrationminimizationcriterion
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Sincethe purposeis to investigatethe ambiguity in the

novel view, this comparisoncanbe carriedout on thepro-
jectionof thesesetsin this view. Thesimplestapproachto
comparetwo ellipsoidsis to applya transformationsothat
oneof theellipsoidsis transformedto unity. Applying the
sametransformationto the otherellipsoid yields an ellip-
soidthatcanbeseenastheratioof thetwo otherellipsoids.
Thus if

€

ƒ

•

�v‘

�

‘ (obtain ‘ throughCholesky fac-
torization),thecomparingellipsoid
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Figure1: Exampleof experimentalsetup.A sequenceof 10
views consistingof orbital motion (typeD) observedfrom
an arbitraryviewpoint (type G). The viewpointsare illus-
tratedby little pyramids.

The eigenvectorsof
€q’

’y“ yield the main directionsof un-
certainty, the squareroot of the eigenvaluesyields the rel-
ative uncertainty. As a global measureof ambiguityon a
view –

�
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canbeused(with
‚

’

’y“ theeigenvaluesof
€*’

’y“ ). Because
thereis a directmappingbetween

‡

andthe intrinsic cam-
eraparameters,it is alsopossibleto getan estimateof the
relative uncertaintyof theseparameters.It is thuspossible
to getanideaof whattypeof distortioncanbeexpectedin
thenovel views.

5. Syntheticexperiments
This approachwasappliedto determinethedimensionality
of the ambiguityon novel views from 3D reconstructions
obtainedfrom restrictedmotionsequences.Thedimension-
ality canbeestimatedby countingthenumberof very large
eigenvaluesof

€*’

’y“ for syntheticexperiments.In Table1
andTable2 a few typicalmotionsequenceswereanalyzed.
Thesedifferenttypeof motions(i.e. puretranslations,pure
rotations,planarmotion, orbital motion, forward motion,
translationstogetherwith rotationsalong the optical axis
andgeneralmotions)areillustratedin Figure2. The rows
correspondto the type of motion that wasusedfor the re-
construction(10 views) andthecolumnsto themotion for
the novel view. The setupis illustratedin Figure1. The
numberon the left of the vertical line correspondsto the
dimensionalityof the ambiguity on the 3D structureand
shouldthusalwaysbe larger or equalto the ambiguityon
a speci�c view. In generalobservation from an arbitrary
viewpointyieldsthesameambiguityasin 3D space,except
for constantintrinsic parametersand pure translationsor
forwardmotion (Table2) wherea singleextra view would
not besuf�cient to guaranteeunambiguous3D reconstruc-
tion. The numberin the tablegivesthe dimensionalityof

Figure2: Somerestrictedmotion sequences(puretransla-
tion, purerotation,planarmotion, orbital motion, straight
forward,translationandrotationalongopticalaxis).

theambiguity. Noticethataspredictedby thetheoremthe
diagonalelementsareall zero.

6. A specialviewer
As wasalreadymentionedthepresentedapproachcanalso
be usedto determinethe expectedambiguity for speci�c
views.Wehaveincorporatedtheambiguityevaluationalgo-
rithm into a3D viewer. While viewing a3D reconstruction,
theuseris informedof theexpectedambiguityon theview.
Our implementationof this viewer shifts the background
color from greento red, dependingon the ambiguity. We
used( ™

5

•

�

˜

™

k

5JI

) with ™

�

�

˜›š

Z\œ • asRGB-values
for thebackgroundcolor.

For testingpurposeswe have usedthe castlesequence
(seeFigures3). As was alreadymentionedin [12] self-
calibrationleavesa largescalingambiguityalongtheopti-
calaxisfor thecentralviewpointwhenassumingall param-
etersknown except the focal length. For illustration pur-
posesthe3D modelwasscaledby a factorof 2 alongthis
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motiontype A B C D E F G
A puretranslation 1 0 1 1 1 0 0 1
B purerotation 3 3 0 3 3 2 3 3
C planarmotion 0 0 0 0 0 0 0 0
D orbital motion 0 0 0 0 0 0 0 0
E forwardmotion 2 1 1 2 2 0 1 2
F transl.&rot.opt.ax. 1 0 1 1 1 0 0 1
G general 0 0 0 0 0 0 0 0

Table1: Ambiguitiesfor novel views whenall intrinsicpa-
rametersbut thefocal lengthareknown

motiontype A B C D E F G
A puretranslation 5 0 4 4 4 0 4 4
B purerotation 3 3 0 3 3 2 3 3
C planarmotion 1 0 1 0 0 0 1 1
D orbital motion 2 1 2 1 0 1 2 2
E forwardmotion 5 0 4 4 4 0 4 4
F transl.&rot.opt.ax. 1 0 1 1 1 0 0 1
G general 0 0 0 0 0 0 0 0

Table2: Ambiguitiesfor novel views whenall intrinsicpa-
rametersareconstant(but unknown)

ambiguity(i.e. this distortionwould only causea minimal
increasein residualfor the self-calibrationcost function),
so that the readercanvisually verify thepredictionsof the
viewer.

A few views are shown in Figure 4 and Figures5. It
shouldbe clear that even someviews very far away from
theoriginally recordedimagescanberenderedwithout risk
of ambiguity(greenor lightviews), while someothersthat
arelessfarawayareshowing alot of ambiguity(redor dark
views).

7. Conclusion

In many practicalcasesthemotionof thecamerais notsuf-
�ciently generalto allow for theunambiguouscomputation
of the metric structureandmotion. The questionthat was
addressedin thispaperis whatcanstill beachievedin terms
of generatingnovel views. It wasproventhat novel views
arecorrectaslong asthe inclusionof the new posein the
motion sequenceyields the sameambiguityon the recon-
struction. Basedon this a practicalapproachwasderived
that determinesthe expectedambiguity from novel views.
This wasusedsuccessfullyon syntheticdatato determine
the level of ambiguityfor differenttypesof restrictedmo-
tion sequencesandincludedinto a 3D viewer to visualize
theexpectedlevelof distortionof therenderedviews. There
could be a numberof interestingapplicationsfor the pre-
sentedwork. It canextendtherangeof applicationswithin
reachfor self-calibration,especiallyin the areaof model-

Figure3: Thecastlesequence.Someimages(top),3 ortho-
graphicviews (middle)anda generalview (bottom).

ing for visualization. It could for examplealsobe usedto
automaticallyoptimizea �y-through in virtual environment
containing3D modelsobtainedfrom imagesequences.
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