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Abstract.

In this paperthe theoreticaland practicalfeasibility of self-calibrationin the presenceof varying

intrinsic camergparameterss underinvestigation. The papers main contribution is to proposea self-calibration
methodwhich ef ciently dealswith all kinds of constraintson the intrinsic cameraparameters. Within this

framework apracticalmethodis proposedvhich canretrieve metricreconstructiorirom imagesequencesbtained
with uncalibratedzooming/focusingcameras.The feasibility of the approachs illustratedon real and synthetic
examples. Besidesthis a theoreticalproof is given which shaws thatthe absencef skew in the imageplaneis

sufcient toallow for self-calibration A countingarguments developedwhich —deperding onthesetof constraints—
givestheminimumsequenckngthfor self-calibratiorandamethodo detectritical motionsequenceis proposed.

1. Intr oduction

In recentyears,researchertave beenstudyingself-
calibrationmethodsfor cameras.Mostly completely
unknowvn but constantintrinsic cameraparameters
wereassumedThishasthedisadwantagehatthezoom
cannot be usedandevenfocusingis prohibited. On
theotherhand theproposegerspectie modelis often
toogeneracomparedo therangeof existingcameras.
Mostly theimageaxescanbeassumearthogonabnd
oftenthe aspectratio is known. Thereforea tradeof
canbe madeandby assumingheseparameterso be
known, onecanallow (someof) the otherparameters
to vary throughoutheimagesequence.

Since it becameclear that projective reconstruc-
tions could be obtained from image sequences
alone (Faugeras,1992, Hartley, 1992), researchers
triedto nd waysto upgradethesereconstructionso
metric (i.e. Euclideanup to unknowvn scale). Many
methodswere developedwhich assumeatonstantin-
trinsic cameraparameters. Most of thesemethods

are basedon the absoluteconic which is the only
conicwhich stays x ed underall Euclideantransfor
mations(Sempleand Kneebone,1952). This conic
laysin the planeat in nity andits imageis directly
relatedto the intrinsic cameraparametershencethe
advantagefor self-calibration.

Faugeragtal.(1992) seealso(LuongandFaugeras,
1997), proposedto usethe Kruppa equationswhich
enforcethat the planesthroughtwo cameracenters
which are tangentto the absoluteconic should also
be tangentto both of its images. Later on Zeller and
Faugera$1996)proposecdmorerobustversionof this
method.

Heyden and Astrdom (1996), Triggs (1997) and
PollefeysandVanGool(1997b) useexplicit constrairts
which relatethe absoluteconic to its images. These
formulationsare especiallyinterestingsincethey can
easilybeextendedo deal with vatyingintrinsiccamera
parameters.

Pollefeys and Van Gool (1997a)also proposeda
strati ed approachwhich consistsof rst locatingthe
planeatin nity usingthe modulusconstraint(i.e. for
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constantintrinsic cameraparameterghe in nity ho-
mographyshouldbe conjugatedo a rotation matrix)
andthencalculatingheabsoluteconic. Hartley (1993)
proposedanotherapproactbasedn theminimization
of the differencebetweertheintrinsic camergparam-
etersfor thedifferentviews.

Sofar notmuchwork hasbeendoneon varyingin-
trinsic camergparametersPollefeysetal. (1996)also
proposedstrati ed approactior thecaseof avarying
focal length, but this methodrequireda pure trans-
lation as initialization, alongthe lines of Armstrong
et al. (1994) earlier accountfor x ed intrinsic cam-
eraparametersRecentlyHeydenand Astrom (1997)
provedthatself-calibrationwaspossiblewhenthe as-
pectratio wasknown andno skew waspresent. The
self-calibratiormethodproposedn ther pagerisbased
on bundleadjustmentwhich requiresnon-linearmin-
imization over all reconstructecpoints and cameras
simultaneously No methodwasproposedo obtaina
suitableinitialization.

Inthispapettheirproofis extended.lt will beshovn
thattheabsencef skew aloneis enoughto allow self-
calibration. A versatileself-calibratiormethodis pro-
posedvhichcandealwith varyingtypesof constraints.
Thiswill thenbespecializedowardsthecasevherethe
focal lengthvaries,possiblyalsothe principalpoint.

Sectior2 of thispapelintroducesotaionsandsone
basicprinciples,Section3 givesa countingargument
for self-calibratiorand nally shavsthatimposingthe
absencef skew is sufcient to restrictthe projective
ambiguityto thegroupof similarities(i.e. metricself-
calibration). In Section4 the actualmethodis devel-
oped. A simpli ed linearversionis alsogivenwhich
canbe usedfor initialization. Section5 summarizes
the completeprocedurefor metric reconstructionof
arbitrarily shapedyigid objectsfrom an uncalibrated
imagesequencealone. The methodis thenvalidated
through the experimentsof Section6, in Section7
somemoreresultsillustrate the e xibility of our ap-
proach.Section8 concludeghis paperandgivessome
directionsfor furtherresearch.

2. Notationsand basicprinciples

In this sectionthe basicprinciplesandnotationsused
in this paperareintroduced.Projective geometryand
homogeneousoordinatesreused.Metric entitiesare
indicatedwith a subscript

2.1. Cameas

Thefollowing equatioris usedo describeheperspec-
tive projectionof thesceneontotheimages

1)
where isa projectionmatrix describingthe
perspectie projectionprocess, and

arevectorscontainingthehomogeneous
coordinatesof the world points respectiely image
points. Notice that will be usedthroughoutthis
papetto indicateequalityupto anon-zercscalefactor
In the metriccasethe camergorojectionmatrix fac-
torizesasfollows:

- )

Here denotesarigid transformatior(i.e. isa
rotationmatrixand is atranslationvector)whichin-
dicatethepositionandorientationof thecamerayvhile
theuppertriangularcalibrationmatrix ~ encodeghe
intrinsic parametersf the camera:

®3)

where and representhefocal lengthdividedby
the pixel width resp. height, representshe
principal point and is a factorwhich is zeroin the
absencef skew.

2.2. ConicsandQuadrics

In this papera speci ¢ conic andquadricplay anim-
portantrole. Thereforesomerelatednotationsarein-

troducedhere.A conicis representedy a sym-
metricmatrix , aquadricbya symmetriamatrix

. A point ontheconicsatis es and
apoint  onthequadricsatis es . A
dual (or line) conicis representedby a matrix

, While a dual (or plane)quadricis representedtyy

a matrix . A line tangentto the conic

satis es . A plane tangento thequadric
satis es . Provided resp. arefull

rank and It canbe shavn

that(Karl etal., 1994),
4

Thisequatiordescribeshe projectionof theoutline of
adualquadricontoadualimageconic.



2.3. Transformations

A projective transformatiorof 3D spaceis described
by a matrix . In thecaseof asimilarity trans-
formation takeson thefollowing form:

()

with aglobalscalefactor(
transformation).

Points, planesand projection matricesare trans-
formedasfollow:

yieldsa Euclidean

and (6)

Onquadricsanddualquadricgheeffectof aprojective
transformationis asfollows:

and @)

3. Sometheory

Before developing a practical self-calibrationalgo-
rithm sometheoreticabspect®f theproblemarestud-
ied in this section. First a countingargumentis given
which stateshe minimal sequencédengththat allows
self-calibratiorfrom aspeci ¢ setof constraintsThen
aproofis giventhatself-calibratioris possiblefor the
minimal casewheretheonly availableconstrainis the
absencef skew.

3.1. Acountingargument

Torestricttheprojectveambiguity(15degreesof free-

dom)to ametricone(3 degreef freedontor rotation,

3 for translationand1 for scale) atleast8 constraints
areneeded Thisthusdetermineshe minimumlength

of a sequencdrom which self-calibrationcan be ob-

tained,dependingn thetype of constraintsvhich are

availablefor eachview. Knowing anintrinsic camera
parametefor viewsgives constraints,xing one

yieldsonly constraints.

Of coursethis countingarguments only valid for non-
critical motionsequenceseeSectiond.3).
Thereforethe absenceof skew (1 additional con-
straintperview) shouldin generabe enoughto allow
self-calibrationon a sequencef 8 or moreimages.In
Section3.2it will beshavn thatthis simpleconstraint
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is notboundto bedegeneratelf in additiontheaspect
ratio is known (e.g. ) then4 views shouldbe
sufcient. Whenalsothe principal point is known, a
pair of imagesis enough. A few more examplesare
givenin Tablel.

3.2. Self-calibationusingonly the absencef skew

In this paragraplhit is shovn thatthe absencef skew
canbesufcient to yield ametricreconstructionThis
is an extensionof the theoremproposedby Heyden
and Astrom (1997) which besidesorthogonalityalso
requiresheaspectatio to be known.

Theorem1. The class of transformationswhich
preservesheabsencef skew is thegroupof similarity
transformations.

Theproofis givenin theappendix.If asequencés
generaknough(in its motion)it follows from thisthe-
oremthatonly a projective representationf the cam-
eraswhich canberelatedto the original onesthrough
a similarity transformation(possiblyincluding a mir-
roring) would satisfy the orthogonalityof rows and
columnsfor all views. Using orientedprojective ge-
ometry (Laveau and Faugeras,1996) the mirroring
ambiguity can easily be eliminated. Thereforeself-
calibrationandmetricreconstructioris possibleusing
this orthogonalityconstraintonly.

Of courseaddingmore constraintswill yield more
robustresultsandwill diminishthe probability of en-
counteringeritical motionsequences.

4. Self-Calibration

It is a well-known resultthat from imagecorrespon-
dencesalonethe cameraprojectionmatricesand the
reconstructiorof the scenepointscanberetrieved up
to a projectie transformation(Faugeras;1 992, Hart-
ley, 1992). Note that without additional constraints
nothingmorecanbe achieved. This canbe seernfrom
thefollowing equation.

with  anarbitraryprojective transformation.There-
fore is alsoa valid reconstructiorfrom the
imagepoints
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Tablel. A few examplesof minimumsequencéengthrequiredto allow self-calibration

constraints

known x ed

min #images

no skew
x edaspectatio andabsencef skew
known aspectatio andabsencef skew

only focallengthis unknavn
standardself-calibratiorproblem

In generalhowever, someadditionalconstraintare
available. Someintrinsic parameterareknown or can
be assumedtonstant. This yields constraintswhich
shouldbeveri ed when s factorizedasin Eq. (2).

It wasshavn thatwhenno skew is presenttheam-
biguity of thereconstructiorcanberestrictedo metric
(seeSection3.2). Althoughthisis theoreticallysuf-
cient,underpracticalcircumstancesftenmuchmore
constraintareavailableandshouldbe used.

In Euclidean spacetwo entities are invariant —
setwise,not pointwise—underrigid transformations.
The rst oneis the planeatin nity which allows
to computeaf ne measurementslhe seconcentity is
theabsoluteconic  whichis embeddedh theplaneat
in nity . If besidesheplaneatin nity theabsolute
conic hasalsobeenlocalized,metricmeasurements
arepossible.

Whenlooking at a staticscengrom differentview-
pointstherelative positionof the cameraowards
and is invariant. If the motionis generalenough,
only one conic in one speci ¢ planewill satisfythis
condition. Theabsoluteconiccanthereforebeusedas
avirtual calibrationpatternwhichis alwayspresenin
thescene.

A practicalway to encodeboth the absoluteconic

andthe planeat in nity is throughthe useof
theabsolutequadric  (SempleandKneebone1952)
(introducedin computervision by Triggs (1997),see
also Heyden and Astrom, (1996), Pollefeys and Van
Gool (1997b). This dual quadricconsistsof planes
tangentto the absoluteconic. Its null-spaceis the
planeat in nity . In a metric frameit is represented

by a symmetricrank 3 matrix

Using(5) and(7) it canbeveri ed thatfor a similarity
transformation . Similarto (4) the
projectionof the absolutequadricin the imageyields
thedualimageabsoluteconic:

(8)

independenif the chosenprojective basis. Using
Eq.(2) thiscanbeveri ed for ametricbasis.Through

Egs.(6) and(7), Eqg. (8) canthenbe veri ed for ary
projectvebasis.Someof theseconceptareillustrated
in Figurel.

Thereforeconstraintson the intrinsic camerapa-
rametersn canbetranslatedo constrainton the
absolutequadric. If enoughconstraintsare at hand
only onequadricwill satisfythemall, i.e. theabsolute
quadric. At that point the scenecan be transformed
to the metricframe(which brings  to its canonical
form).

4.1. Non-linearAppmac

Eq.(8) canbeusedo obtainthemetiic cdibration from
theprojective one. Thedualimageabsoluteconics
shouldbe parameterizedh sucha way thatthey en-
forcetheconstraint®nthecalibrationparameterskor
theabsolutequadric  aminimum parameterization
(8 parameters¥houldbe used. This canbe doneby
putting andby calculating  from therank
3 constraint. The following parametrizatiorsatis es
theserequirements:

9)

o

Fig. 1. The absolutequadric which encodesboth the plane
at in nity (afne referenceentity) and the absoluteconic
(metricreferenceentity), projectsto the dualimageof the absolute
conic . The projectionequationallows to translate
constraintn theintrinsic parameterso constrainton



Here de nes the position of the plane at in nity
. In this casethe transformatiorfrom

projectiveto metricis particularlysimple:

(10)

An approximatesolutionto theseequationsanbe ob-
tainedthroughnon-lineareastsquaresThefollowing
criterionshouldbe minimized:

(11

Remarkthatto obtainmeaningfulresults and
shouldbothbenormalizedo have Frobenius
normsequalto one.

If onechooses
asfollows:

, EQ. (8) canberewritten

(12)

In thisway 5 of the 8 parametersf the absoluteconic
are eliminatedat once,which simpli es corvergence
issues. On the otherhandthis formulationimplies a
biastowardsthe rst view sinceusingthis parameter
ization the equationsfor the rst view are perfectly
satis ed, whereaghe noisehasto be spreadover the
equationdor theotherviews. In theexperimentst will
be seenthat this is not suitablefor longer sequences
wherein this casethe presentredundang cannot be
usedoptimally. Thereforeit is proposedo rst use
thesimpli ed versionof Eg.(12) andthentore ne the
resultswith the unbiasedgarameterization.

To apply this self-calibrationmethodto standard
zooming/focusingamerassomeassumptionshould
bemade.Oftenit canbeassumedhatthereis no skew
andthatthe aspectatio is tunedto one. If necessary
(e.g. whenonly a shortimage sequences at hand,
whenthe projective calibrationis notaccurateenough
or whenthe motion sequencés closeto critical with-
out additionalconstraints)it canalsobe usedthatthe
principalpointis closeto thecenterof theimage. This

leadsto thefollowing parameterization®r  (trans-
form theimagesto have in themiddle):
or (13)
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Theseparameterizationsanbeusedin (11). It will be
seenin the experimentsof Section6 thatthis method
givesgoodresultson syntheticdataaswell ason real
data.

4.2. LinearApproach

In the casewerebesidegheskew ( ), bothprinci-
pal point andaspectratio are (approximately)known
alinearalgorithmcanbeobtainedby transforminghe
principal point and the aspectratio

— . Theseassumptionsimplify (12) asfollows:

(14)

with

and . Fromtheleft-handside
of Eq. (14) it canbe seenthatthefollowing equations
have to be satis ed:

(15)
(16)
17

Notethatdueto symmetry(16)and(17)resultin iden-
tical equationsTheseconstraintsanthusbeimposed

ontheright-handside,yielding independent
linearequationsn and
with representing row of and

parametrizedasin (14). The rank 3 constraintcan
beimposedy takingtheclosestrank3 approximation
(usingSVD for example).

Whenonly two views are available the solutionis
only determinedup to aoneparametefamily of solu-
tions . Imposingtherank3 constrainin this
caseshouldbedonethroughthedeterminant:

(18)

This resultsin up to 4 possiblesolutions. The con-
straint , seeEq. (14), canbe usedto eliminate
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someof thesesolutions.If morethanonesolutionsub-
sistsadditionalconstraintsshouldbe used. Thesecan
comefrom knowledgeaboutthecamerge.g. constant
focallength)or aboutthescende.g. known angle).

4.3. DetectingCritical Motion Sequences

It is outsidethe scopeof this paperto give a com-
plete analysisof all possiblecritical motionswhich

canoccurfor self-calibration. For the casewhereall

intrinsiccamergparameterare x ed,suchananalysis
wascarriedout by Sturm(1997).

Herea more practicalapproachis taken. Givenan
imagesequencea methodis givento analyzeif that
particularsequencés suitedfor self-calibration. The
methodcandealwith all differentcombination®f con-
straints.It isbasednasensitvity analysigowardsthe
constraints.An importantadvantageof the technique

isthatit alsoindicatequasi-criticaimotionsequences.

It canbeusedonasynthetianotionsequencaswell as
onarealimagesequencérom which therigid motion
sequencevasobtainedthroughself-calibration.

Withoutlossof generalitythecalibrationmatrix can

bechoserto be (andthus ). Inthecase
of real imagesequencethis implies that the images
should rst be transformedvith . In this caseit
can be veri ed that - , - ,

: and

Now the typical constraints
which are usedfor self-calibrationcanall be formu-
latedaslinear equationsn the coefcients of . As
anexampleof suchasystenmof equations¢onsidetthe
case , — and =constant. By lineariz-
ing around this yields

. Which canberewrittenas

(19)

More in generalthe linearizedself-calibrationequa-
tionscanbewritten asfollows:

(20)

with a columnvectorcontainingthe differentials
of thecoefcients of thedualimageabsoluteconic

for all views. Thematrix encodesheimposedsetof
constraints Sincetheseequationsaresatis edfor the
exactsolution,thissolutionwill beanisolatedsolution
of this systemof equationsf andonly if any arbitrary
smallchangdo thesolutionviolatesatleastoneof the
conditionsof Eqg. (20). Using(8) a smallchangecan
be modeledasfollows:

— (21)
with andthe
Jacobian — evaluatedatthe solution. To have the
expressionof Eq. (21) differentfrom zerofor every
possible , meansthatthe matrix  shouldbe of
rank8(  shouldhavearight null spaceof dimension

0). In practicethis meansthat all singularvaluesof
shouldsigni cantly differ from zero,elsea small
changeof the absolutequadric proportionalto right
singularvectorsassociateavith smallsingularvalues
will almostnotviolatethe self-calibrationconstraints.
To usethis methodon resultscalculatedrom areal
sequencahe cameramatrices should rst be ad-
justedto have the calculatedsolutionbecomeanexact
solutionof the self-calibratiorequations.

5. The Metric ReconstructionAlgorithm

Theproposedelf-calibratiormethods embeddedh a
systemto automaticallymodelmetric reconstructions
of rigid 3D objectdfromuncalibratedmagesequences.
The completeproceduregor metric 3D reconstruction
is summarizedere. In Figure2 the differentstepsof
the 3D reconstructiorsystemareshown.

5.1. Retrievingthe ProjectiveFrameavork

Our approachfollows the procedureproposedby
Beardslg et al. (Bearsdlg et al., 1996). The rst
correspondencesrefound by extractingpointsof in-
terestusingtheHarriscornerdetectoHarris,1988)in
thedifferentimagesandmatchingthemusingarobust
trackingalgorithm. In conjunctionwith the matching
of the interestpointsthe projective calibrationof the
setupis calculatedn arobustway (). This allowsto
eliminatematchesvhichareinconsistentvith thecali-
bration. Usingtheprojective calibrationmorematches
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Metric
Calibration

Image
Sequence

Projective
Reconstruction

3D Model
Building

Dense
Correspondences

Fig. 2. Overview of thedifferentstepsin the 3D reconstructiorsystem

caneasilybe foundandusedto re ne this calibration.
This canbeseenin Figure3.

At rst correspondingcornersin two imagesare
matched.Thisde nesaprojectveframavorkin which
the projectionmatricesof theotherviews areretrieved
one by one. We thereforeobtain projectionmatrices
of thefollowing form:

and (22)
with the homographyfor somereferenceplane
fromview 1toview and thecorrespondingpipole
(i.e. theprojectionof the rst camergpositionin view

).

5.2. Retrievingthe Metric Framevork

Sucha projective calibrationis certainly not satishc-
tory for thepurposeof 3D modeling.A reconstruction
obtainedup to a projective transformationcan differ
verymuchfromtheoriginal sceneaccordingo human
perception:orthogonalityand parallelismarein gen-
eralnot presered, partof the scenecanbe warpedto
in nity , etc. Thereforea metricframework shouldbe
retrieved. This shouldbe achieved by following the
methodsdescribedn Section4. Oncethe calibration
is retrieved it canbe usedto upgradethe projective
reconstructiorio ametricone.

5.3. DenseCorrespondences

At this pointwe disposeof a sparsametricreconstruc-
tion. Only a restrictednumberof points are recon-
structed. Obtaininga densereconstructiorcould be
achievedby interpolation but in practicethis doesnot
yield satishctoryresults. Often somesalientfeatures

(@ ® @\g

Fig. 3. (a)apriori searctregion, (b) searctregion basedninitial
projectvegeometry, (c) searchiegionafterprojediverecastrution
(usedfor re nement).

aremissedduringtheinterestpoint matchingandwill
thereforenot appeain thereconstruction.

Theseproblemscanbe avoidedby usingalgorithms
whichestimatecorrespondencdsr almosteverypoint
in theimages. At this point algorithmscan be used
which were developedfor calibrated3D systemdike
stereorigs. Sincewe have computedthe projective
calibrationbetweersuccessie imagepairswe canex-
ploit theepipolarconstrainthatrestridsthecorrespon
dencesearchto a 1-d searchrange. In particularit is
possibleto remaptheimagepairto standardyeometry
wherethe epipolarlines coincidewith theimagescan
lines(Koch,1996). Thecorrespondencsearchis then
reducedo a matchingof theimagepointsalongeach
imagescanline. In additionto the epipolargeometry
otherconstraintdik e preservingheorderof neighbor
ing pixels, bidirectionaluniqguenessf the match,and
detectionof occlusionscanbe exploited. Thesecon-
straintsareusedto guidethe correspondencmwards
themostprobablescanlinematchusingadynamicpro-
grammingscheme(Falkenhagen,1997). The most
recentalgorithm(Kochetal., 1998)improvesthe ac-
curag/ by usingamultibaselineapproach.

5.4. BuildingtheModel

Onceadenseorrespondenamapandthemetriccam-
era parametershave been estimated,densesurface
depth mapsare computedusing depth triangulation.
The 3D modelsurfaceis constructedstriangularsur

facepatchesvith theverticesstoringthesurfacegeom-
etry andthefacesholdingthe projectedmagecolorin

texture maps. The texture mapsaddvery muchto the
visualappearancef the modelsandaugmenmissing
surfacedetail.

The modelbuilding processds at presentrestricted
to partialmodelscomputedrom singleviewpointsand
work remainsto be doneto fusedifferentviewpoints.
Sinceall theviewsareregisterednto onemetricframe-
work it is possibleto fusethe depthestimateinto one
consistentodelsurface(Koch, 1996).

Sometimest is not possibleto obtaina singlemet-
ric frameawork for largeobjectdik e buildingssinceone
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maynotbeableto recordimagescontinuouslyaround
it. In that casethe differentframewvorks have to be
registeredo eachother Thiswill bedoneusingavail-
ablesurfaceregistrationschemegChenandMedioni,
1991).

6. Experiments

In this sectionsomeexperimentsare described.First
synthetiamagesequencewereusedoassesthequal-

ity of the algorithm under simulatedcircumstances.

Both the amountof noise and the length of the se-
guencesverevaried. Thenresultsare givenfor two
outdoorvideo sequencesBoth sequenceweretaken
with a standardsemi-professionatamcordethatwas
moved freely aroundthe objects. Sequencel was
Imed with constantamergarameterslike mostal-
gorithmsrequire. The new algorithm—which doesnt
imposethis—couldthereforebe testedon this. A sec-
ond sequencavasrecordedwith varyingintrinsic pa-
rametersA zoomfactor( ) wasappliedwhile Im-

ing.

6.1. Simulations

Thesimulationsverecarriedoutonseqencesof views
of asyntheticscene.The sceneconsistef 50 points
uniformly distributedin a unit spherewith its center
at the origin. The intrinsic cameraparametersvere
choserasfollows. Thefocal lengthwasdifferentfor
eachview, randomlychosenwith an expectedvalue
of 2.0 anda standarddeviation of 0.5. The principal
point had an expectedvalue of and a standard
deviation of . In additionthe syntheticcamera
hadanaspectatioof oneandnoskew. Theviewswere
takenfrom all aroundthe sphereandwereall moreor
lesspointing towardsthe origin. An exampleof such
asequenceanbeseenn Figure4.

The scenepoints were projectedinto the images.
Gaussianwhite noisewith a known standarddevia-
tion wasaddedto theseprojections. Finally, the self-
calibrationmethodproposedn this paperwascarried
out on the sequence For the differentalgorithmsthe
metric error was computed. This is the meandevia-
tion betweerthe scenegpointsandtheir reconstruction
afteralignment. The sceneandits reconstructiorare
alignedby applyingthe metric transformationwhich
minimizesthe differencebetweerboth. For compari-

sonthesameerrorwasalsocalculatedafteralignment
with a projectie transformation By defaultthe noise
hadanequialentstandardleviation of 1.0 pixel for a

image. To obtainsigni cant resultsevery
experimentwascarriedout 10timesandthe mearnwas
calculated.

Fig. 4. Exampleof sequenceisedfor simulations(the views are
representedly the optical axisandtheimageaxesof the cameran
thedifferentpositions.)

To analyzethein uence of noiseonthealgorithms,
noisevaluesof 0,0.1,0.2,0.5,1, 1.5and2 pixelswere
usedon sequencesf 6 views. Theresultscanbeseen
in Figureb. It canbe seenthatfor smallamountsof
noisethe more complex modelsshouldbe preferred.
If more noiseis added,the simple model gives the
bestresults. Thisis dueto the low redundang of the
systemof equationgor the modelswhich, besidethe
focal length, also try to estimatethe position of the
principalpoint.
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Fig. 5. Relative 3D errorin functionof noise

Anotherexperimentwascarriedout to evaluatethe
performanceof the algorithm for differentsequence
lengths. Sequencesangingfrom 4 to 40 views were
used.A noiselevel of onepixel wasused.Theresults
areshawn in Figure6. For shortimagesequencethe
resultsaarebetterwhentheprincipalpointis assumeth
themiddleof theimage eventhoughthisis notexactly



true. For longerimage sequenceshe constraintson
the aspectratio and the imageskew are sufcient to
allow anaccurateestimationof the metric structureof
the scene. In this case xing the principal point will
degradetheresultsby introducingabias.
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Fig. 6. Relatve 3D errorfor sequencesf differentlengths

6.2. RealSequencé

The rst sequencehawing partof anold castlewas
Imed with a x edzoom/focus.It is thereforea good
testfor thealgorithmspresentedh this paperto check
if they indeedreturnconstantntrinsic parametersgor
this sequenceln Figure8 someof theimagesof the
sequencareshowvn. Figure9 shovsthereconstruction
togethemwith the estimatedsiewpointsof the camera.
In Figure10 anotherview is shovn, bothwith texture
andwith shading. The shadedview shows that even
small geometricaldetails(e.g. window indentations)
were recoveredin the reconstruction. To judge the
visual quality of thereconstructiondifferentperspec-
tive views of the modelwerecomputedanddisplayed
in Figure10. Theresultingreconstructioris visually
corvincing and presere the metric propertiesof the
original scenegi.e. parallelismorthogonality ).

A quantitatve assessmerlf thesepropertiecanbe
madeby explicitly measuringanglesdirectly on the
objectsurface.Forthisexperiment lineswereplaced
alongprominentsurfacefeaturesthreeon eachobject
plane,alignedwith the windows. Thethreelinesin-
side of eachobjectplane shouldbe parallelto each
other(anglebetweerthemshouldbe0 degrees)while
the lines of differentobjectplanesshouldbe perpen-
dicular to eachother (anglebetweenthem shouldbe

Self-CalibratiorandMetric Reconstruction 9

90 degrees). The measuremendn the objectsurface
shaws thatthis is indeedcloseto the expectedvalues
(seeTable?2).
Table2. Resultsof metricmeasurementsn thereconstruction
angle( std.de.)

parallellism
orthogonality

degrees
degrees

In Figure7 thefocal lengthfor every view is plot-
ted for the different algorithmsand different setsof
constraints. The calculatedfocal lengthsare almost
constangsit shouldbe. In onecasealsothe principal
point was estimated(independentlyfor every view),
buttheresultswerenotsogood. Notonly did theprin-
cipalpointmovealot (over100pixels),butin thiscase
the estimateof thefocal lengthis not asconstantny-
more. In this caseit seemghe projective calibration
wasnotaccurateenoughto allow anaccurateetrieval
of the principal point andit could be betterto stick
with thesimpli ed algorithm. In generalt seemshat
it is hardto accuratelydeterminehe absolutevalueof
thefocallength,especiallywhennotmuchperspectie
distortionis presenin theimages.This explainswhy
the differentalgorithmscanresultin differentvalues
for the focal length. On the otherhandaninaccurate
estimationof the focal lengthonly hasa small effect
onthereconstructiorfBougnoux,1998).
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Fig. 7. focallength(in pixels)versusviews for the differentalgo-
rithms

6.3. RealSequenc@

This sequenceshaws a stonepillar with curved sur
faces.While Iming andmoving away the zoomwas
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Bousppppsyey wewn #F

Fig. 9. Perspectie view of thereconstructionogethemwith the estimatecpositionof the cameréor the differentviews of the sequence

Fig. 10. Two otherperspectie views of the Arenbeg castlereconstruction



changedo keeptheimagesizeof the objectconstant.
The focal length was not changedbetweenthe two
rst imagesthenit waschangednoreor lesslinearly.
From the secondimageto the last image the focal
lengthhasbeendoubled(if the markingson the cam-
eracanbetrusted).In Figure13 3 of the 8 imagesof
the sequenceanbe seen.Noticethatthe perspectie
distortionis mostvisible in the rst images(wide an-
gle) anddiminishestowardsthe end of the sequence
(longerfocal length).

Figure 14 shavs a top view of the reconstructed
pillar togethemwith the estimateccameraviewpoints.
Theseviewpointsareillustratedwith small pyramids.
Their heightis proportionalto the focal length. In
Figure 15 perspectie views of the reconstructiorare
given. The view on top is renderedboth shadedand
with surfacetexture mapped.The shadedriew shavs
that even most of the small details of the objectare
retrieved. The bottom part shavs a left and a right
sideview of thereconstructeabject. Althoughthere
is somedistortionat the outerboundaryof the object,
a highly realisticimpressionof the objectis created.
Note the arbitrarily shapedree-formsurfacethat has
beenreconstructed.

A gquantitatve assessmerdf the metric properties
for the pillar is not so easybecausef the curved sur
faces. It is, however, possibleto measuresomedis-
tancesontherealobjectasreferencdengthsandcom-
parethemwith the reconstructednodel. In this case
it is possibleto obtaina measurdor theabsolutescale
andverify the consisteng of thereconstructetengths
within the model. For this comparisora network of
referencdines wasplacedon the original objectand
27manuallymeasureabjectdistancesverecompared
with thereconstructedistance®n themodelsurface,
asseenin Figure1ll. Fromeachcomparisortheabso-
lute objectscalefactorwascomputed.Theresultsare
foundin Table3.

Table3. Resultsof metricmeasurementsn thereconstruction
ratio( std.de.)

all points
interior points

Due to the increasedeconstructioruncertaintyat
theouterobjectsilhouettesomedistanceshawv alarger
error than the interior points. This accountsfor the
outliers. Averagingall 27 measurediistancegjave a
consistanscalefactorof 40.25with a standarddevi-
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ation of 5.4% overall. For the interior distancesthe

reconstructiorerror droppedto 2.3%. Theseresults
demonstratehe metric quality of the reconstruction
evenfor complicatedsurfaceshapesandvaryingfocal

length. In Figure12 thefocal lengthfor everyview is

plottedfor thedifferentalgorithms.It canbeseerthat

the calculatedvaluesof the focal length correspond
to what could be expected. Whenthe principal point

wasestimatedndependentlyor every view, it moved

aroundup to 50 pixels. It is probablethattoo much

noiseis presentto allow us to estimatethe principal

pointaccurately

Fig. 11. To allow for a quantitatve comparisorbetweerthe real
pillar ansits reconstructionsomedistancessuperimposeah black,
weremeasured.
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Fig. 12. focallength(in pixels) versusviews for the differental-

gorithms
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Fig. 13. Imagesl,4and8 of Sequencé (Notetheshortfocal length/wideanglein the rst imageandthelong focallengthin thelastimage)

Fig. 15. Perspectie views of thereconstructiorfwith textureandwith shading)



7. Somemoreresults

In this sectionsomemoreresultsarepresentedvhich
illustratethe e xibility of our reconstructiormethod.
The two rst exampleswere recordedat Sagalassos,
an archaeologicaskite in Turkey. The last sequence
consistof imagesof aJaintemplein Ranakpuyindia.
Theseimageswere taken during a tour aroundindia
afterICCV'98.

7.1. TheArcheolgical Siteof Sagalassos

In Figure 16 imagesof the Sagalassosite sequence
(10images)areshovn. They shav thelandscapeur
roundingtheSagalassasite. Someviewsof therecon-
structionareshawvn in Figure 17. With our technique
this modelwasobtainedjust aseasilyasthe previous
ones. For mostactive techniquest is impossibleto
copewith scenesf this size. The useof a stereorig
would also be very hard since a baselineof several
tensof meterswould be required. Thereforeone of
themostpromisingapplicationsof the proposedech-
niqueis large scaleterrainmodeling. In additionone
canseefrom Figure 18 thatthis modelcould alsobe
usedto obtaina Digital TerrainMap or anorthomapat
low cost. In this caseonly 3 referencaneasurements
—GPSandaltitude-arenecessarto localizeandorient
themodelin theworld referencdrame.

7.2. TheFountainof Sggalassos

Besideghewholesite,sezeralmonumentsvererecon-
structedseparatelyAs anexample thereconstruction
of the remainsof an ancientfountainis shavn. In
Figure 19 threeof the six imagesusedfor therecon-
structionareshown. All imagesweretakenfrom the
samegroundlevel. They wereacquiredwith a digital
camerawith aresolutionof approximately1 500x1000.
Half resolutionimageswereusedfor the computation
of the shape.The texture wasgeneratedrom the full
resolutionimages. The reconstructiorcanbe seenin
Figure 20, theleft sideshavs a view with texture, the
right view givesa shadedview of the modelwithout
texture. In Figure21 two close-upshotsof the model
areshawn.

Self-CalibratiomandMetric Reconstruction 13

7.3. TheJain Templeof Ranakpur

Theseimageswere taken during a tourist trip after
ICCV'98 in India. A sequencef 11limagesvastaken
of somedetails of one of the smaller Jain temples
at RanakpuyIndia. Theseimagesweretakenwith a
standardNikon F50photocameraandthenscannedh.
Threeof themcanbeseenin Figure22. A view of the
reconstructiorwhich wasobtainedrom this sequence
canbe seenin Figure23, somedetailscanbe seenin
Figure 24. Figure 25 is an orthographicview taken
from belown the reconstruction. This view allows to
verify the orthogonalityof thereconstruction.

Thesereconstructionshav thatwe areableto han-
dle even complex 3D geometriesaffectively with our
reconstructiorsystem.

8. Conclusions

This paperfocussedn self-calibrationandmetricre-
constructionin the presencef varyingandunknaown
intrinsic cameraparameters.The calibrationmodels
usedin previous researctareon the onehandtoo re-
strictive in real imaging situations(constantparame-
ters)andonthe otherhandtoo generalall parameters
unknown). The more pragmaticapproachwhich is
followedin this paperresultsin more e xibility .

A countingargumentwas derived which givesthe
minimumnumberof views neededor self-calibration
dependingon which constraintsaare used. We proved
that self-calibrationis possibleusing only the most
generalconstraint(i.e. thatimagerows andcolumns
are orthogonal). Of courseif more constraintsare
available,thiswill in generalyield betterresults.

A versatileself-calibrationrmethodwhich canwork
with differenttypesof constraint{someof theintrin-
siccamergarametersonstanbr known)wasderived.
This methodwasthenspecializedowardsthe practi-
cally importantcaseof a zooming/focusingcamera
(without skew and an aspectratio — ). Both
known andunknawn principalpointswereconsidered.
It is proposedo always startwith the principal point
in the centerof theimageandto rst usethe linear
algorithm. The non-linearminimizationis thenused
to re ne the results,possibly—for longer sequences—
allowing theprincipalpointto bedifferentfor eachim-
age.Thiscanhoweverdegradetheresultsf theprojec-
tive calibrationwasnotaccurateenoughthe sequence
not long enough,or the motion sequenceritical to-
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Fig. 16. Someof theimagesof the SagalassoSitesequence

Fig. 17. Perspectie views of the 3D reconstructiorf the Sagalas- Fig. 18. Topview of thereconstructiorof the Sagalassasite
sossite
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Fig. 19. Threeof thesix imagesof the Fountainsequence

Fig. 20. Perspectie views of thereconstructedountainwith andwithouttexture

Fig. 21. Close-upviews of somedetailsof thereconstructedountain
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Fig. 22. Threeimagesof a detailof a Jaintempleof Ranakpur

Fig. 23. A perspectie view of thereconstruction

Fig. 24. Someclose-upof thereconstruction Fig. 25. Orthographioiew from belov thereconctruction



wardsthe setof constraints As for all self-calibration
algorithmsit is importantto dealwith critical motion
sequences. In this papera generalmethodis pro-
posedwhich detectscritical andquasi-criticalmotion
sequences.

Thedifferentmethodsarevalidatedby experiments
whicharecarriedoutonsyntheticaswell asrealimage
sequencesTheformerareusedo analyzenoisesensi-
tivity andin uence of thelengthof thesequenceThe
latter shav the practicalfeasibility of the approach.
Somemoreresultswereincludedto demonstratehe

e xibility of the approachand the visual quality of
theresultswhich canbeobtainedoy incorporatinghis
techniqudan a 3D reconstructiorsystem.

In the future several problemswill be investigated
morein depth. Somework is plannedon attachinga
weightto differentconstraints For example the skew
can be very accuratelyassumedo be zero, whereas
the principal point is only known to lay someavhere
aroundthe centerof theimage. Also the critical mo-
tion sequenceletectionshouldbe incorporatedn the
algorithmandbe usedto predictthe accurag of the
results.

Appendix

In this appendixthe proof of Theoreml is given. Be-
fore startingthe actualproof a lemmauwill be given.
This lemmagivesa way to checkfor the absenceof
skew from thecoefcients of  directly withoutneed-
ing thefactorization.A camergprojectionmatrix can
be factorizedasfollows

In whatfollows and denoteherowsof and

Lemmal. Theabsenceof skew is equivalentwith

Proof: It is alwayspossibleto factorize as
Thereforethefollowing canbewritten:

Because this concludeghe proof. O

Equippedwith this lemmathe following theorem
canbeproven.
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Theorem1. The class of transformationswhich
preservesheabsencef slkewis thegroupof similarity
transformations.

It is easyto show thatthesimilarity transfor
andhence

Proof:
mationspresenre the calibrationmatrix
alsothe orthogonalityof theimageplane:

Thereforeit is now sufcient to prove that the class
of transformationsvhich preserethecondition

is at mostthe group of similarity
transformations.To do this a speci ¢ setof positions
andorientationsof camerasanbe chosen sincethe
absenceof skew is supposedo be presered for all

possibleviews. In general canbe transformedas
follows:
If then andthus

Thereforeheconditionof thelemmais ecuivalert with

Choosingthe rotationmatrices and rota-
tions of aroundthe -, -and -axis,imposeghe
following equationgo hold:

(A1)

Hence , and de ne aset
of 3 mutually orthogonalplaneswhere , and
formtheintersectiorandarethereforealsoorthogonal.

Choosing and as and  followed by
arotationof aroundthe -axis,thefollowing two
equationcanbederived:

(A2)

Carryingout somealgebraicmanipulationsandusing
thisyieldsthefollowing result:
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Thesaesultsmearthat with ascalarand
an orthonormalmatrix. The available constraintsare
notsufcient toimpose , thereforemirroring

is possible.

Choose and , then
must hold. Us-
ing (A1) and this conditionis equivalent

with . Writing as
this boils down to Taking ,
, and leads
in asimilarway to and andthereforeto

In conclusionthe transformation is re-
strictedto the following form which con-
cludesthe proof. O

Remarkthat8 viewswereneededn thisproof. This
isconsistentvith thecountingargumenif theprevious
paragraph.
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