A Hierar chical Symmetric Stereo Algorithm using Dynamic Programming

G.VanMeerbegen,M. VergauwenM. PollefeysandL. VanGool
ESAT-PSI
K.U.Leuwven
B-3001Leuven,Belgium

Abstract

In this paper a new hierarchical steeo algorithmis pre-
sented. The algorithm matdesindividual pixelsin cor-
respondingscanlinesby minimizinga costfunction. Sey-
eral costfunctionsare compaed. Thealgorithmachievesa
tremendougainin speedand memoryrequirementgy im-
plementingt hierarchically. Theimagesare downsampled
anoptimalnumberof timesandthedisparitymapof alower
levelis usedas'offset' disparity mapat a higherlevel. An
importantcontribution consistsof the compleity analysis
of the algorithm. It is shownthat this compleity is inde-
pendentof the disparityrange. This resultis also usedto
determinethe optimal numberof downsampldevels. This
speedyain resultsin the ability to usemore complex (com-
puteintensive)costfunctionsthat deliver high quality dis-
parity maps. Anotheradvantae of this algorithm s that
costfunctionscan be chosenindependenof the optimisa-
tion algorithm. Thealgorithmin this paperis symmetric,
i.e. exactly the samematesare foundif left and right
image are swapped. Finally, the algorithm was carefully
implementedo that a minimal amountof memoryis used.
It hasprovenits efciency on large imageswith a high dis-
parity range as well asits quality. Examplesare givenin
this paper

1. Intr oduction

The goal of this work is to computefastaccuratedisparity
maps,even for big imageswith large disparity ranges. It
is assumedhattheseimagesarerecti ed rst. Theimpor-
tanceof the disparity mapsfor good 3D reconstructioris
well known. Theresultsof researclton this topic includea
widevarietyof algorithmg1]. Mostof thesealgorithmsare
minimizing a costfunction. The costhas2 aspectsA rst
componentlecideshow well a pixel of the left imagecor
respondgo a pixel attheright image,i.e. the dissimilarity
betweer? pixels. A secondyrespectiely third component
arerelatedto the continuity in the horizontal,respectiely
vertical dimensionof the disparitymap. The latteris only
dominantif no strongimagedataareavailable.

A possiblecriterion to classify thesealgorithmsis the

dimensionof the optimization problem. The cost func-
tion decideshow well a pixel of the left imagecorresponds
to a pixel of the right image (zerodimensionalcostfunc-
tion) [12]. More robustis to optimizethe sumof all costs
of all matchesn onescanling(lonedimensional).The best
is to optimize the sum of all costsover the whole image
(two dimensional)8]. This algorithm,like mary otheral-
gorithms[5] [7], haschoserthe secondmethod becauset
seemsthe besttradeof betweenrobustnessand computa-
tional compleity. However, we will take into accountin-
formationof theotherscanlinedby propagatingnformation
betweerthem.

Our stereoalgorithm hasa numberof speci c proper
ties. The algorithmis basedon the hierarchicalsolution of
the correspondencproblem. Using this approachwe will
shav thatthe compleity decreasefrom
to , where W and H representrespectiely the
width and height of the pictures. Note that the com-
plexity becomesndependenbf the disparity searchrange

. The algorithm offers a signi cant advantageover
otheralgorithms especiallywhenthis searchrangeis large.
[12] [8]

Anotheradwantageof this hierarchicalapproachs that
thememoryusagecanbegreatlyreduced.Theacceleration
discussedibore doesnot leadto an explosionof memory
usage. As will be explainedin the following paragraphs,
ratherthe contraryis true. Consideringhattodaythe bot-
tlenecklies in the memorybandwidthandthe cachesizes,
thisis very importantin implementingthe algorithm. Even
for large images(1500x1500),t usesonly a 100kbyte,so
thatit ts easilyinto Pentiummemorycaches.

This algorithmis a candidatefor realtime implementa-
tion, asit offersa goodtradeof betweerspeedandquality.
Becauseof the gainin speed,it was possibleto usemore
complex and computationintensive cost functions. Sec-
ondly, becauseof decouplingbetweenalgorithmand cost
function, several costfunctionscould betested.

The paperis structuredasfollows. Firstaformal prob-
lem de nition is given. In sectionthree,a tree searchal-
gorithmthathasbeenusedasa startingpoint for this work
is given. In thenext sectionanef cient hierarchicaimple-
mentations developedfollowedby its compleity analysis



in section ve. In sectionsix, thesymmetryof thealgorithm
is discussedndthe algorithmis slightly modi ed to pro-
vide this symmetry In sectionseven,a comparisoris made
with known solutionsfrom litterature. Finally, resultsand
conclusionsarepresented.

2. Problem De nition

In thissectionwe rst introducesomemportantde nitions
thatareusediroughouthis paper Then,we discusghecost
functionandgo morein detailaboutoneof its components,
thedissimilarityfunction. We endup with aformal problem
de nition.

Match sequence The correspondenceroblem,that we

aretrying to solve, searchedor matcheshetweenleft and
rightimage. A matchis noted , is

theindex of the pixel in theleft imageand is thepixel

index in therightimage.Thedisparity of amatchmustlie

betweer? prede nedconstantsaspostulatedy constraint
C1l:

1)
We de ne
An orderedsetof matches thatobeys con-
straintsC2..C4,is calleda matchsequenc#/S.
where
where
(2)

It isimportantto have acloserook attheseconstraintsThe

rst constraintC2 expresseghat no pixel canever belong
to 2 matchesn the samematchsequenc@ndan ordening
constrainis imposed.ConstraintC3imposeghatthematch
sequencenay not containgaps.If thereis amatchM, then
eitherthe next pixel in theleft, or the next pixel in theright
scanlinemust be matchedto the matchfollowing M. We
saythatthematchsequencés completeif alsothelastpixel
of left and/orright scanlineappearsn the (last) match. In
Figure 1, an exampleis givento clarify thesede nitions.
Thematchsequencaisedin theexampleis:

®3)

Insteadbf codingamatchsequencasgivenin theexample
above, onecanaswell just codethe disparitiesin whatwe
calla . The disparity map consistsof noth-
ing elsethanall . The that
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Figure 1. Graphicalrepresentatiorof a match sequence
with a left and a right occlusion. The left scanlineis on
top. Thecorrespondinglisparitiesarealsoindicated.

correspondsvith theexampleabove is':

(4)

Costfunction Oncewe de ned amatchsequencea cost
canbeassociatedo it. As saidin theintroduction,the cost
functionconsistof 3 component¢Theintensityof theim-
agess representety 1.):

(5)

For eachunoccludedoixel, a costthat equalsthe dis-
similarity betweer? pixelsis takeninto account.This
dissimilarityfunctionis discussedbelow in detail.

If thepixelis occludedacostequalto is countedIn
contrasto otheralgorithmsin theliterature [4], larger
occlusionsare(linearly) moreseverelypenalized L eft
occlusionsaretaken into accountin the secondsum-
mation,while right occlusionsarein thethird summa-
tion.

Thelasttermtakesinto accountheverticaldimension
in theimage. If this differsalot from
thescanlineabove, its penaltywill behigher Thisterm
is alsoscaledby anintensitygradientfactor that
decreasethis penaltyif thereis alarge verticalinten-
sity gradientnearthe pixel underconsideration.This
is aninter-scanlinepenaltywith far lower complexity
thandescribedn previouswork [3], but with compa-
rableperformanceTheintensitygradients are

1The underlineddisparitiesareinterpolated. This is necessaryor the
hierarchicaimplementation.



easilycalculatedusingthe Sobeloperator The actual
functionusedis:

(6)

where

The parameter is scaledsuchthata Sobeloutputof
70gives . Outputsabore 1 areclipped.

Dissimilarity Function The dissimilarity function indi-
cateshow well (the neighbourhoodf) the pixel at posi-
tion xL matcheswith pixel xR. It is themostdominanterm
in the costfunction. Threedissimilarity functionsare dis-
cussed.Eachtime, the dimensionof the neighbourhoods
consideredhecausét is directlyrelatedto therobustnes®f
thedissimilarity function.

1. The easiesdissimilarity function s to take the abso-
lute valueof differencein intensities.

()

The adwantagesreits simplicity andspeed.lts prac-
tical useis very limited becausét is not robust (0 di-

mensional).To make it morerobust, this valuecanbe
calculatedover a 2 dimensionawindow. It is named
Sumof AbsoluteDifferenceSAD). The Sumof the
SquareDifferencesanalsobe calculated SSD).

2. A secondalternatve is a more comple dissimilarity
functionthatimplementsa 2 dimensionakrosscorre-
lation betweerthe neighbourhoodsf the pixelsunder
consideratiorf10]. It isimplementedaccordingo fol-
lowing formula:

where

(8)

Thisis themostrobustdissimilarityfunctiondiscussed
in this paper Becauseof the normalizationin the de-
nominator it candealwith zonedifferencesbetween

%
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Figure 2: Birch eld' s dissimilarity measure:

,thus  equalsd.

left and right images,suchas global intensity varia-
tions. The biggestdisadwantageis its computational
cost. Attemptsto minimize the numberof operations,
resultin an explosionof memoryusage.With nowva-
day's computersyve shouldde nitely avoid this.

3. Thelastdissimilarityfunctionpresentedhereis theone
describedby Birch eld [6]. This dissimilarity func-
tion is insensitve to imagesampling. The latter phe-
nomenoncansigni cantly changethe intensity value
of a pixel where the intensity function is changing
rapidly. Most stereoalgorithms[7] [13] just work at
pixel resolution,soit is importantto usea dissimilar
ity function thateliminateserrorsdueto sampling. It
is illustratedin Figure 2. First we calculate  and

, the linearly interpolatedintensitieshalfway be-
tweenxR and its neighbours. Actually, Birch eld' s
dissimilarity measuras looking for the minimumdis-
tancebetween and the linearly inter
polatedintensity curve in aninternval - - around
XR. Indeed,consideringthe maximumand minimum
of the intensities , an intensity
band is formed. The dissimilarity
measurd(xL,XR) equalghedistancebetween and
the nearestoundaryof this band. If is foundin
the band,asillustratedin Figure2, D(xL, XR) equals
0. The sameprocedureis repeatedn which the left
imageis interpolatedo obtaina symmetricdissimilar
ity measureThis dissimilarity measurgerformsvery
well, andwill beusedindeedin our algorithm,unless
extra robustnesds needed.It needsonly 3 additions
per pixel in an ef cient implementation. Furtherde-
tails canbefoundin Birch eld' s paper|[6]

Problem De nition  Now, all the materialis ready for
a formal problemde nition: Find betweenall matchse-
guenceshatobey constraintsC1..C4 thesequencevith the
lowest cost, accordingto the costfunction de ned above.
The costof a scanlinecanbe calculatedncrementallyi.e.
one canreusethe resultif oneaddsa matchto the match
sequenceln thenext section|t is shavn how this sequence
is found, makinguseof dynamicprogramming.



'ﬁl: f -.
Eﬂ [& cost]
.3. 62
/’:s r:.'-\, r‘j‘g“)
eee
T r -
8 @ @
e

Figure3: Stereareewith thesuccessorsf match(0,0)and
match(1,0).

3. Treesearch algorithm

In this sectionwe describea rst solution,usingatreerep-
resentatiorin which the bestpathis found makinguseof
dynamicprogrammind?2]. Thematrix structurethatis used
to solve this optimizationproblemis also coveredin this
section.

Stereo Tree To describethe stereotree, we de ne the
nodesand edges. Eachnodeis just a valid match,obey-
ing constraintC1. An edgeis de ned by the constraints
of a matchsequencebetweenevery 2 nodesthat comply
with constraintsC2 and C3 exists an edge. It is not dif -
cult to seethata kind of network is built betweenall pos-
sible matcheghatincludethe rst pixel (beginnodes)and
all matcheghathave the lastpixel of a scanling(lendnode).
Theconstructiorof thetreeis bestexplainedwith anexam-
ple (The 2 scanlinesusedarethe sameasin the introduc-
tion). Figure3 shavs suchatree,with thematchessnodes
in the shadedbullets. The beginnodesarefoundin the up-
perrow andtheleft column.Also shavn arethe successors
of match(0,0) andmatch(1,0). Also remarkthatthe nodes
(XL, xR) areplacedin a specialcon guration, namelythe
matrix with horizontalxL andverticalxR axis. Thisway, a
kind of bandmatrixrom upperleft to bottomright corneris
formed. Thisis the subjectof the next paragraph.

Matrix ~ Theimplementatioruses4 matrices Firstit is ex-
plainedusingindicesxL, xR, asin Figure3. Afterwards,it
will beexplainedhow atransformatiorof xL, xR is applied
yielding Figure4.

Every node hasits own matchcost,calcu-
latedby the dissimilarity function. Becausehis func-
tion canbe quite expensve from computationapoint
of view, it is calculatedbeforeandstoredin matrix .

Every nodehasoneandonly one predecessoby the
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Figure4: The 4 compressednatrices , , and

The lling hasjuststarted.

de nition of thetreestructure Thispredecessaranbe

unambiguouslcharacterizedby its num-

bers. That's why we need2 other matrices and
thatstore  , respectiely of eachnode.

Becaus@achnodehasonly onepredecessethis node
alsocharacterizethe pathfrom oneof thebeginnodes
to thatnode. The pathcostof that pathis storedin a

4th matrix , thus = (MS).

The matricesare lled top-down, the endnodewith the
lowestcost( ) is selectedandtrivial backtrackingis per
formedto nd thebestpath.

To be morememoryef cient, only thediagonalbandof
the matricesis stored. In fact, this is equivalentto a trans-
formationby which the axis is transformednto the
axis. Thisway, implementatioris far moreef cient andthe

canbedirectly readout from the matrix.

The4 compressedatricesareshovn in Figure4, whenthe

lling hasjuststarted.Notethespecialpatternby whichthe
successorsf node(0,0) canbefound.

4. Hierar chical implementation

The compleity of this algorithm is , as
will be shavn in the next section. In this section, we
develop a hierarchicalimplementationof the above algo-
rithm, which will be shovn to have a compleity indepen-
dentof . We rst needto introducethe conceptof an

Offset stereotree An offsetsteredreeis anormalstereo
tree,but the numberof allowednodess limited by anextra
constraint:

where (9)
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Figure5: Overview of the hierarchicaltereocalculation.

This meansthat the nodesthat are allowed must have
a disparity in the interval

, arounda givenoffsetdisparity This offsetdis-
parity sequence is given. How it is calculateds
subjectof the next paragraph.

Hierar chical calculation of the disparity map As al-
readysuggestedh theintroduction,this offsetdisparityse-
guencsis theresultof the disparity calculationat a higher
(downsampled)evel. We assumen this paperthat down-
samplingis alwaysdoneby afactor2 in 2 dimensionsAn
example of one scanlineis givenin Figure 5, wherethe
scanlinesof the sameexample are usedagain. Both of
themaredownsampledy which thedisparitysearchrange
halves. Then,our algorithmis executedwith aninitial off-
setdisparity map, which is chosenall-zero. 2 The result
(in our example,all ones but thisis coincidence)s upsam-
pled afterwardsandmultiplied by 2. This is
thenusedasan in our next run atthe
original level in a . Fromnext section,it
will beclearthatexecutingthealgorithmtwice with asmall
is cheapethanone'big' searchin thefull
Next, thememoryrequirement$or the4 matricescanbe
reducedfurther by usingtherelatve  axisinsteadof the
absolutedisparity . Thealgorithmis programmedn such
way thatthe sequencés readfrom thedispar
ity map, usedto calculatean updated(re ned) map using
our4 matricesandrewrittenin thesamedisparitymap,after
beinginterpolated. The 4 matricesareshovn in Figure6.
One questionremainsunanswered:What's the largest
re nementthat's allowed, i.e. what's the choiceof ,
? As alreadysuggestedn [9], this dependson the
disparity estimationerrorin eachlevel. Experimentshave
shawn that this error is belon 1.5 pixel. In the previous

2|f araw disparitymapis available,it canbeusedhereasoffsetdispar
ity map.
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Figure6: The 4 reducedmatricesusedin the hierarchical
stereocalculation.
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upsampledevel, this error correspondso 3 pixels. That's
why we choosethe constants and

Disparity errorsup to 3 pixelswill be correctedn a Iower
level. As aconsequence

5. Complexity Analysis

Reduction of complexity As already discussedin
Birchield's thesis [4], the compleity of the non-
hierarchicalalgorithmis proportionalto the squareof the
disparity searchrange. L representdhe numberof times
downsamplingis applied. (L = O representshe non-
hierarchicaklgorithm.)

(10)
Downsamplingonce reduceghe overall com-
plexity to®:
B (11)
where
An analyticalexpressiorfor thecomplexity , func-

tion of L, canbefound. It reachesuniqueglobalminimum
for . Thisoptimalnumberof levelsis only afunc-
tion of theinitial disparitysearchrange . Thecom-
plexity atthisoptimallevelis

(12)
So, if is large enough,we claim that the com-
plexity is independenof thedisparitysearchrange.Thisis
illustratedin Figure7 which shavs alogarithmicplot of the
complity  versud.. Thetestsareperformecdonlargeim-
ages:1404x1092The gure compareshecalculateccom-
plexity with experimentallymeasureduntimesfor 4 values
of the disparityrange . As we

31t sufces to searchin a thatis smallerthan
Thisdisparityrangewill becorrectedandenlaged)while upsamplingand
re ning thedisparitymap.
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Figure7: Logarithmicplot of thecompleity  versudl..

can see, the theoreticalcurves (solid without bullets) de-
creaseexponentiallytowardsan almostconstantcomple-
ity, wherethey reacha uniqueminimum. Practicalresults
(dashedwith bullets) shav the sametendeng. All these
minima for a varying parameter as describedby
Equation12, are connecteddy the solid line, that reaches
asymptotically .

We endthis sectionwith a practicalimplementatiorfor
calculatingthe optimal level of downsampling. The real
formula, a result of the analytical optimization problem

( ), is

(13)

A goodapproximatiorof this curveis givenby:

(14)

This is nothing else than the result of the solution of

. Sowe keepon dovnsamplingas

longas is greaterthan

6. Symmetry

Recentlythefocusof ourwork hasshiftedtowardsthesym-
metry of the algorithm. Symmetrymeansthat the same
matchsequencés foundif theleft andtherightimageare
swapped.If we considerFigurel againandif we swapthe
imageswould the samematchsequencsstill be found?To

have a symmetricalgorithm, 3 conditionshave to be ful-
lled. First,the costfunctionandthecorrespondinglissim-
ilarity functionmustbe symmetric. Thedissimilarity func-
tions that are presentedn this paperare symmetric. The
costfunctionof Equation16 is assymetricdue to the last
term. A modi ed symmetriccostfunctionis givenin the
following equation.

(15)

Secondly the samenodesmust be consideredin the
searchtree. Figure8 shaws thatthis is not the casefor the
algorithmdescribedefore.In this gure, thesearchreeis
shawvn neara left occlusion. In the right image,whenthe
left andright imageareswappedthe matchesareindicated
in gray. In theleft image,the samematchesasin theright
imageare consideredgray), but thereare also additional
ones(darkgray). Thisis becaus®f theverticaldirectionof
re nement. To avoid this, the boundarygivenby constraint
C5 (Equation9) mustbe moretight nearanocclusion.Cur
rentwork consistan swappingthis directionof re nement
in thepresencef occlusions.

Third, the samesearchtree mustbe built during execu-
tion of the algorithm. This meansthatin caseof anam-
biguity (2 pathswith the samecost), the samepath must
betaken,independenthyof which imageis consideredrst.
This meanghatat every stagein the searchalgorithm,we
will make aharddecision.Neverthelessthe existenceof an
ambiguityprovidesuswith extrainformationregardingthe
reliability of thatmatch.We will call this soft information,
in contradictiorwith the harddecisionthatmustbetaken.

xL :Iii'q xR

xR xL.

Figure8: Symmetricnodesmustbe considered.



7. Comparison

It is instructive to compareour sterecalgorithmwith other
sterecalgorithms. First, it is comparedvith the algorithm
of Koch [12] and Falkenhager10]. They developedan

algorithmthat searchedor correspondencelsy matching
blocks (for instanceNCC). Local boundaryconditionsare
takeninto accountput noglobalcostfunctionis minimized.
Interpolationof disparitiesis non-eistent. To increasethe

robustnes®f thelocal optimisationproblem,andto reduce
the coronaeffect, oneestimateghe disparityin alargere-

gion (largerobustblock comparison)afterwhich thesedis-

paritiesarere ned with smallerblocks. Althoughthis kind

of hierarchyis comparablawith the oneusedin our algo-

rithm, it arisesfrom afundamentallydifferentreasonj.e. a

lack of robustnessf the local optimisationproblem. It is

importantto seethatthe acceleratiorof our algorithm,un-

dercertainconditiongprovenby Birch eld [6], hasnoeffect

ontheoutcome!Thecompleity of thealgorithmdescribed
in [10Q] is .

Secondly our algorithmis comparedwith Birch eld' s
algorithm[4]. A modi ed versionis implementedn In-
tels' OpenCV The core of this algorithmis very similar
to our algorithm, but thereis a major differencein how
the acceleratioris performed. Birch eld' s fastalgorithm
(compleity ) useda methodto
prunebadnodesn the searchree. Thedisadwantagas that
theexactminimum (bestpath)is nolongerguaranteedand
to achieve anacceptableninimum (path),extra constraints
are put on the costfunction. It canno longer be chosen
independenthof the algorithm,andBirch eld hadto post-
poneseveraltasksto apostprocessingtep.For instancejn
Birch eld' s algorithm, propagationof disparitiesbetween
scanlinesintensitygradientinformationandprocessingc-
clusionsare doneduring postprocessingTo malke all this
happenalot of postprocessingarameterareusedwithout
rulesto tunethem.

Finally, a comparisoris madewith the classof mincut-
max ow stereoalgorithms[8] [15]. We comparedour al-
gorithmwith the implementationof Roy and Cox [8]. A
complete2D optimisationproblenis solved, making use
of mincut-max ow problem. The algorithm offers high
quality disparity maps,comparablewith the one obtained
by our algorithm. The disadwantageis its compleity

andits memoryuse(more
than 3.5 Gbyte for Mars imagesgiven in the Resultssec-
tion).

8. Results

The rst exampleis provided by ESA (EuropeanSpace
Agengy). Figure9 showvs imagesof the testbedof Mars'
surface.Thesearelargeimageg1404x1092with largedis-
parity rangeg500andmore). This wasthe actualreasorto

searchfor a new algorithmwhich resultedin the hierarchi-
cal algorithm,sincemostexisting algorithmsfailed. This is
agoodexampleto illustratethememoryneedsandspeedf
our algorithm. Theimageswveredovnsampled! times,and
the total processingime did not exceed70 seconds.The
amountof memoryusedwas150kbyte. Becausef imper
fectionsof the camerasyielding anintensitypro le in the
images,the more expensie NCC dissimilarity functionis
used.

Figure 9: Marsimages. Original left andright imageare
shavn atthetop. Thedisparitymapis presentedtthe bot-
tom left and a detail of the disparity map neara stoneon
Mars' surfaceis shovn atthe bottomright.

A secondestcaséncludesa setof imagesof the Aren-
bemgcastlein Leuven. Thesetwo images(792x635)canbe
foundat thetop of Figure10. It is agoodexampleto shav
the accurag of the disparitymap. Therearelots of depth
discontinuitiesand lots of details. The hierarchicalalgo-
rithm achieves sharpedges(roof, crenels,...) anda good
overall quality. Thetotal runtimeis 16 seconds?

A third testcasencludesa setof imagesof an Indian
temple(Figurel11). Lots of smallocclusionsanddepthdis-
continutiesarepresentin theimages. Again, the accuray
of the disparitymagps very high. Many details(ornaments,
faces,hair, ...) areclearly visible in the 3D modelwhich
shaws alsoa goodoverall quality. Thetotal runtimeis 30
seconds.

Thenext imageis providedby theUniversityof Tsukuba

4Thetestswereperformedonanintel Pentiumlliworkstation700MHz



as a dataseffor testingaccuray. The depthmap ground [4] StanBirch eld, Depth and Motion Discontinuities,
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Figurell: Imagesfrom anIndiantempleOriginal left and

Figure10: Imagesfrom the 'ArenbergkasteelOriginal left g right imageareshavn at thetop. The disparitymapis pre-

andright imageare shavn at the top. The disparitymap
is presentedn the middle togethemwith a 3D modeland2
detailsof this model.

sentedn themiddletogethemwith a 3D modeland?2 details
of this model.



Figure 12: Tsukubadatasefor testingaccurag. Original
left andright imageareshowvn atthetop. Thedisparitymap
is presentedn the middle. The groundtruth canbe found
atthebottom.
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Figurel3: Slanteddatasefor testingaccurag. Original left
andright imageareshawn atthetop. The disparitymapis
presentedn the middle. The groundtruth canbe found at
thebottom.



