
Interactive Visibility Ordering and Transparenc y Computations among
Geometric Primitives in Comple x Envir onments

NagaK. Govindaraju MichaelHenson Ming C. Lin DineshManocha
Universityof NorthCarolinaatChapelHill

f naga,henson,lin,dmg@cs.unc.edu
http://gamma.cs.unc.edu/SORT

Abstract

We describea novel algorithmfor visibility orderingamongnon-
overlappinggeometricobjectsin complex and dynamicenviron-
ments. Our algorithmrearrangesthe objectsin a back-to-frontor
a front-to-backorder from a given viewpoint. We performcom-
parisonsbetweentheprimitivesby usingocclusionquerieson the
GPUsand exploit frame to frame coherenceto reducethe num-
berof occlusionqueries.Ourvisibility orderingalgorithmrequires
no preprocessingand is applicableto all kind of models,includ-
ing polygonsoupsanddeformablemodels. We have usedour al-
gorithmfor order-independenttransparency computationsin high-
depthcomplexity environmentsand performingN-body collision
culling in dynamicenvironments.We have implementedour algo-
rithm on a PCwith a 3.4 GHz PentiumIV CPUwith anNVIDIA
GeForceFX 6800Ultra GPU andappliedit to complex environ-
mentswith tensor hundredsof thousandsof polygons. Our al-
gorithm cancomputea visibility orderingamongthe objectsand
trianglesat interactive framerates.

CR Categories: I.3.1 [ComputingMethodologies]: Hardware
Architecture—GraphicsProcessors;I.3.7 [ComputingMethodolo-
gies]: Three-DimensionalGraphics and Realism—Visible sur-
face algorithms, animation, virtual reality; I.3.5 [Computing
Methodologies]:ComputationalGeometryandObjectModeling—
Geometricalgorithms;

Keywords: Visibility ordering,transparency computations,sort-
ing, collisiondetection,graphicshardware

1 Intr oduction

The problem of computinga visibility orderingamonggeomet-
ric objectsis importantin many interactive 3D graphicsapplica-
tions. Given a set of disjoint objectsin a complex and dynamic
environment, our goal is to computea front-to-backor a back-
to-front object-level orderingfrom a given viewpoint. This prob-
lemsarisesin renderingwith transparency [Mammen1989;Everitt
2001], volume renderingof unstructuredgrids [Williams 1992;
Cooketal.2004],collisiondetectionin largeenvironments[Govin-
darajuetal. 2003],specialeffectsgenerationincludingmotionblur
anddepthof �eld generation[Max andLerner1985;Przemyslaw
1993], image-basedrendering[Snyder andLengyel1998], occlu-
sion culling [Cohen-Oret al. 2001], etc. The underlyingobjects
in theseapplicationsarerepresentedaspolygonalmodelsor height
�elds or deformablemodels.

Visibility orderinghasbeenstudiedin computergraphicsand
relatedareasfor almost four decades. Different algorithmscan
be classi�ed into object-spaceand image-spacetechniques.The
object-spaceapproachesperforma 3D sortingamongobjectsand
computean object-level ordering. However, the resulting algo-
rithmseitherperformconsiderablepreprocessing(e.g. BSP-trees)
or arelimited to simpleshapes(e.g.convex polytopes).Theimage-
spacealgorithmsrasterizethe primitivesandcomputea visibility
orderingamongthe resultingpixel fragments,as opposedto an
object-level ordering. As a result,they arenot directly applicable
to someapplicationssuchas collision detection. Moreover, cur-
rent implementationson commoditygraphicsprocessorsperform
selectionsort at the fragmentlevel andmaynot beableto exploit
temporalcoherencein many interactiveapplications.

Main Results: We describea novel algorithm that computesan
object-level visibility orderingin complex and dynamicenviron-
ments. We assumethat differentobjectsarenon-overlappingand
a visibility orderexistsbetweenthem. Thesortingalgorithmpro-
ceedsover the list of objectsin multiple iterationsandcomputesa
sequenceof consecutivequantilesbasedon the orderingbetween
theobjects.Theoverlaptestsandcomparisonoperationsbetween
the objectsareperformedusingocclusionquerieson the graphics
processingunit (GPU).Our algorithmutilizes the temporalcoher-
encein interactive applicationsandperformsincrementalcompu-
tationsto reducethenumberof occlusionqueriesusedduringeach
frame.Overall,ouralgorithmcomputesanobject-level orderingby
performingimage-spaceocclusioncomputations.Theaccuracy of
theocclusioncomputationsis governedby theimage-spaceresolu-
tion for renderingapplications(e.g. renderingwith transparency)
andby object-spaceprecisionfor geometricapplications(e.g. col-
lision detection).Wehave implementedthealgorithmonaPCwith
3:4 GHzCPUandNVIDIA GeForceFX 6800GPU.Wehavetested
its performancefor renderingwith transparency andN-bodycolli-
sionculling on environmentswith hundredsof thousandsof poly-
gons. Our algorithmis able to computean orderingbetweenthe
3D objectsat interactive rates. Someof the main bene�ts of our
approachinclude:

� Generality: Our algorithmmakesno assumptionsaboutthe
inputobjectsor theirmotionandis applicableto all geometric
or sampledprimitives.

� Ef�ciency: The comparisonoperationsbetweenthe primi-
tivesareperformedby usingocclusionquerieson theGPUs.
As a result,we areableto handleenvironmentswith tensor
hundredsof thousandsof objectsandhigh depthcomplexity
at interactive rates.

� Exploitation of Coherence:Ouralgorithmexploits temporal
coherencebetweensuccessiveframesandreducesthenumber
of occlusionqueries.

Organization: The restof the paperis organizedasfollows. We
survey somerelatedwork on visibility orderingandrelatedappli-



Figure2: Theseimagesdemonstratetheperformanceof our visibility orderingalgorithmona CADmodelwith 820Ktrianglesandhighdepthcomplexity. Theleft imageshowsthe
original modelrenderedwith opaqueobjects.Theouterwalls andstructures(representedwith 91K triangles)of thepowerplantare renderedwith transparencyin theright image.
Our algorithmcomputesa back-to-front orderingof thetransparentprimitivesat 7 � 10 frameson a 3:4 GHzPC with NVIDIA GeForceFX 6800GPU andrenders themwith a
vertex shader.

cationsin Section2. Section3 givesanoverview of 1D visibility-
basedsortingalgorithmandwe extendit to sorting3D objectsin
Section4. We describeour implementationin Section5 andhigh-
light its performanceon renderingobjectswith transparency and
N-body collision culling. We comparesomefeaturesof our algo-
rithm with prior techniquesin Section6 anddiscusssomeof the
limitations.

2 Related Work

In thissection,wegiveabrief overview of relatedwork in visibility
ordering,sortingandtheir applications.Visibility computationis
a classicproblemin computergraphics,computationalgeometry
andrelatedareas.Many algorithmshave beenproposedfor hidden
surfaceremoval andvisible surfacecomputation[Sutherlandet al.
1973],beforethedepth-buffer hardwarebecamewidely available.

At abroadlevel, algorithmsfor visibility orderingcanbeclassi-
�ed into object-spaceor image-spacealgorithms.Theobject-space
algorithmscomputeanorderingof theprimitivesin 3D space.Berg
et al. [de Berg et al. 1994]presentanO(n ( 4

3 + � ) ) object-spaceal-
gorithmfor any �x ed� > 0 to computeavisibility orderof n prim-
itivesor to determinetheexistenceof acycle. However, wearenot
awareof any practicalimplementationof the algorithm. Someof
theearliestobjectspacealgorithmswereproposedby Schumacker
[1969] and Newell et al. [1972]. Later Fuchset al. [1980] de-
velopedthe binary spacepartitioning (BSP) tree that represented
a hierarchicalconvex decompositionof a given space.BSP-trees
canbeusedfor computinga visibility orderingof a setof objects.
Most of thesealgorithmswork well on staticenvironments.A few
algorithmshave beenproposedfor visibility computationsin dy-
namic environments. Torres [1990] useddynamicBSP treesto

computevisibility orderingof polygonsin the scenes.Sudarsky
andGotsman[1996]describedanoutput-sensitivealgorithmwhich
minimizesthetime requiredto updatea hierarchy for dynamicob-
jectsfor visibility culling. SnyderandLengyel[1998]presentedan
ef�cient algorithmfor visibility sortingof geometricprimitivesin
dynamicscenes.Their maingoal is to computea sequenceof im-
agelayerswhich canbecomposedto producethe�nal image.The
algorithmworkswell onenvironmentscomposedof a few hundred
convex polytopes(or unionof convex polytopes).A major limita-
tion of object-spacealgorithmsis that they can't beusedfor inter-
activevisibility orderingin complex, dynamicscenes.

Image-spacealgorithmsareusedfor visibility orderingof pixel
fragmentsasopposedto objectfragments.Checkout a recentsur-
vey [Cohen-Oret al. 2001]. Image-spacealgorithmsrasterizethe
primitivesandperformsomekind of of per-pixel sorting.Carpenter
[1984]proposedtheA-buffer algorithmthatsavesall thefragments
and their depthvaluesin per-pixel linked lists andusesthemfor
sorting. Wittenbrink [2001], Jouppeand Chang[1999] and Aila
et al. [2003] have proposedextensionsto the A-buffer algorithm
and usedthe resulting techniquesfor transparency. Other class
of image-spacealgorithmsfor interactive order-independenttrans-
parency arebasedondepthpeeling, whichis afragment-level depth
sortingtechniquedescribedby Mammen[1989]usingvirtual pixel
mapsandby Diefenbach[1996] usinga dual depthbuffer. Depth
peelingcanbe implementedusingshadow mappinghardwareon
commodityGPUs[Everitt 2001].All theseimage-spacealgorithms
areapplicableto generalmodelsanddynamicenvironments.How-
ever, they cannot bedirectly usedto computeanobject-level visi-
bility orderingof primitives.

Many specializedvisibility orderingalgorithmshave beenpro-
posedfor volumerenderingof unstructuredgrids and polyhedral
cell complexes [Williams 1992; Max 1993; Cignoni et al. 1998].



Figure 3: Occlusiongraph and 3-D visibility ordering: This �gur e illustratesa
simplescenewith four mutuallyoverlappingprimitivesandits occlusiongraph. Each
nodein thegraphcorrespondsto a 3D primitive. A directededge existsbetweenthe
nodesof two primitivesP1 and P2 if P1 occludesP2 from a givenviewpoint. 3D
visibility ordering is equivalentto performingtopological sorting on the occlusion
graph.

Thesealgorithmssort the cells alonga ray directionandcompute
theorderof theresultingraysegments.Somerecentvolumerender-
ing algorithmsuseGPUsto generatethe fragmentsbasedon their
visibility order [Krishnanet al. 2001; Cook et al. 2004; Callahan
etal. 2005].

Thealgorithmsfor coarse-grainedor N-bodycollisiondetection
usesorting techniquesto pruneaway pairs of primitives that are
notin closeproximity. Thesweep-and-pruneincrementalalgorithm
boundseachobjectwith anAABB (axis-alignedboundingbox)and
checksfor overlapbetweenthemby sortingtheir projectionsalong
thethreeaxes[Cohenetal. 1995].Govindarajuetal. [Govindaraju
et al. 2003] have presenteda two passcollision culling algorithm
that rendersthe objectsin two passesandchecksfor collision by
performingocclusionqueries.Thesealgorithmsonly prunetheob-
ject pairs that are not closeto eachother and do not computea
visibility orderingbetweenthem.

Sortingis a well studiedproblemin itself andextensive surveys
aregivenin [Knuth 1973;Estivill-CastroandWood1992]. In terms
of usingGPUsfor sorting,Purcelletal. [2003]describedanimple-
mentationof bitonicmergesorton theGPUs.Thealgorithmis im-
plementedasa fragmentprogramandeachstageof thesortingal-
gorithmis performedasonerenderingpass.RecentlyGovindaraju
et al. [2004c]have usedblendingandtexturemappingfunctionali-
tiesof GPUsto implementsortingnetwork algorithmsef�ciently .

3 Visibility Ordering

In this section,we formulatetheproblemof visibility orderingand
presentanalgorithmfor sorting1D elementsthatmapswell to the
GPUs. Our sorting algorithm is basedon Vis-sort [Govindaraju
et al. 2004b]thatcansort1D and3D elements.We show thatVis-
sortcanexploit thecomputationalcapabilitiesof theGPUsandcan
computeanorderingbetween1D objects.We extendit to compute
an orderingbetween3D objectsin Section4. Given a collection
of n acyclic 3D primitives, our sorting algorithm rearrangesthe
geometricprimitiveseitherin a front-to-backor aback-to-frontor-
der. In order to performvisibility ordering,we de�ne a pairwise
occlusionrelationbetweentwo 3D primitivesP1 andP2 basedon
whetherP1 occludesP2 or not. More speci�cally, P1 � P2 if for
every eye-rayintersectingP1 , theeye-rayintersectsP1 beforeP2 .
Givenn acyclic 3D geometricprimitives,P1 , P2 , : : :, Pn , we as-
sumethatavisibility orderingcanbede�nedbetweentheprimitives
andtherearenocycles.

Thesetof occlusionrelationsbetweenthedifferentpairsof ob-
jectsform a directedgraphbetweenthe geometricprimitives(see
Fig. 3). Theresultingdirectedgraphis alsode�ned asanocclusion

graph[Schumacker et al. 1969; Snyder andLengyel1998] anda
directededgeexists in thegraphfrom P1 to P2 if P1 � P2 . Com-
puting a 3D visibility orderingis equivalent to performingtopo-
logical sorton theocclusiongraph. Our algorithmcomputessuch
anorderingby performingthecomparisonsusingGPUs(graphics
processingunits). Furthermore,our algorithm exploits temporal
coherencebetweensuccessive instances.Therestof thesectionis
organizedin thefollowing manner. We�rst introducetheterminol-
ogy usedin therestof thepaper. Next we highlight someissuesin
sortingobject-level primitiveson GPUsandpresentthe1D sorting
algorithm.

3.1 Terminology

In this section,we introducesomeof theterminologyandnotation
usedin therestof thepaper. We uselower caselettersto represent
the elementsof sequencesanduppercaselettersto representthe
sequencesand3-D primitives. Moreover, we usebold facesym-
bolsto representa list of elements,like I or O. A sortingalgorithm
operateson a list of datavaluesI , andrearrangesthe datavalues
in a monotonicallyincreasingorder or a monotonicallydecreas-
ing order. A sequenceO is de�ned asmonotonicallyincreasingif
x i � x j for i < j , x i ; x j 2 O. A monotonicallydecreasingse-
quenceis de�ned in a similar fashion.Without lossof generality,
we assumethat our algorithm ordersthe datavaluesin a mono-
tonically increasingorderandcomputesanorderedsequenceS as
the output. Eachelementin the orderedsequenceS is associated
with a rankwhich indicatesits positionin S. We usethefollowing
de�nitions in therestof thepaper.

Quantile: An elementwith rankk in S is de�ned asthek-th quan-
tile or thek-th largestnumber.

Nearly-Sorted Sequence:A nearly-sortedsequenceis de�ned by
measuringthe disorderin the sequence.We useKnuth's measure
of disorder[Knuth 1973]. Givenaninput sequenceI , themeasure
of disorderis de�ned astheminimal numberof elementsthatneed
to removedfor therestof thesequenceto remainsorted.It canbe
trivially provedthat if Y is a setof suchdisorderedelements,then
I � Y is a longestascendingsequence.A sequenceis nearlysorted
if sizeof (Y ) � n.

3.2 Object-Le vel Sor ting using GPUs

Oneof the major goalsof our work is to handlegeneralanddy-
namic environmentsat interactive rates,without performingany
precomputation.In particular, we would like to usethehigh com-
putationalperformanceof GPUsfor topologicalsortingandto com-
puteanobject-level ordering.Therearetwo mainbene�tsof using
GPUsfor sorting:

� Ef�cient comparison operation: The performanceof any
sortingalgorithmdependson thecostof thecomparisonop-
erationbetweentheunderlyingelements.On a GPU,a com-
parisonoperationcan be performedbetweena pair of geo-
metricprimitivesby rasterizingtheprimitivesusingocclusion
queries.GPUsareoptimizedfor rasterizationandtheir raster-
ization performancehasbeenincreasingat a ratefasterthan
Moore'sLaw. As a result,reducingthecomparisonoperation
to rasterizationcanresultin signi�cant performancegains.

� Number of comparison operations: The performanceof a
sorting algorithm dependsupon the numberof comparison
operationsperformedto orderthe input elements.GPUsare
optimizedto perform spatialsorting on projectionsof geo-
metricprimitivesontotheimagespace.Therefore,a geomet-
ric primitive is comparedonly againstits overlappingprimi-
tivesin thescreen-space.Moreover, GPUscomputeanimage-
spacefusion of renderedprimitives i.e., the representation



generatedin theZ-buffer by renderingagroupof primitivesis
thesameastheoneobtainedby renderingeachprimitivesep-
arately. Therefore,a new primitive canbecomparedagainst
a collective groupof spatiallycoherentprimitives that have
beenrasterizedinto the Z-buffer. Effectively, this capability
canbeusedto reducethenumberof pairwisecomparisonop-
erationson theprimitives.

Issues: GPUsoffer many advantagesin termsof performing3D
visibility orderingamongprimitives. However, therearemany is-
suesin usingthemdirectly for sorting. Although GPUsarewell-
suitedfor performingvisibility sortingin image-space,it is dif�cult
to mapcurrentsortingalgorithmsontotheGPUs.TheZ-buffer rep-
resentationusedfor performingcomparisonoperationsstoresonly
onevalueateachpixel which representseithertheminimumor the
maximumdepthvalueof primitivesthatprojectontothepixel. Fur-
thermore,oncea portion of theZ-buffer is updated,it maynot be
possibleto accessthe prior storedvalues. Therefore,the classof
sortingalgorithmsthatcanmapwell to theGPUsaretheonesthat
perform comparisonsbetweenan input value against the current
minimumor thecurrentmaximumof a subsetof input primitives.
An exampleof suchan algorithmis selectionsort [Knuth 1973],
but that hasan asymptoticallyworst-casecomplexity (O(n2)) for
all input sequences.Someof themostpopularalgorithmslike in-
sertionsortor quick sortdo not mapwell to theGPUsin termsof
performingcomparisonoperations.

3.3 1D Sor ting Algorithm

We describea sortingalgorithmthatmapswell ontotheGPUsand
exhibits linear-time performancein environmentswith high coher-
ence.We �rst presentouralgorithmfor 1D primitives.

Our sortingalgorithmproceedsin multiple iterations. Initially
the input sequenceis an unsortedsequenceof 1D elementsand
the output sequenceis an empty set. During eachiteration, our
algorithmoperateson a list of unsorteddatavaluesandcomputes
a sequenceof consecutivequantilesbeginning with the minimum
of theunsortedlist. We appendthesesortedvaluesto theordered
sequence,anditerateon theremainingdatavalues.Thus,thesize
of theunsortedlist decreasesduringeachiteration,andupontermi-
nation,theoutputsequenceis thesortedlist. Thesetof operations
performedby ouralgorithmmapwell to theGPUs.

The consecutive quantilesin eachiteration are determinedby
computingamonotonicallyincreasingsequencein the�rst pass.In
thesecondpass,the �rst few valuesin themonotonicallyincreas-
ing sequenceareclassi�edasconsecutive quantiles.Thefollowing
notationis usedin therestof thepaper.

� I = input list for thesortingalgorithm

� S = currentsortedsequence

� M = monotonicallyincreasingsequence

Thepseudo-codeto describeour sortingalgorithmis given in Fig.
3.1.

In a companionpaper[Govindarajuet al. 2004b],we formally
prove that the algorithmsortsany input sequence.We now show
a simpleexampleof our sortingalgorithmoperatingon a list of 4
valuesI = f 1; 3; 2; 4g. We initialize themonotonicallyincreasing
sequenceM andthe sortedsequenceS to an emptysequence.In
the �rst iteration,we performa scanof I from the last elementto
the�rst elementin the�rst pass.Eachelementis comparedagainst
theminimumandM = f 1,2,4g is computed.In thesecondpassof
the�rst iteration,wedeterminethattheelements1 and2 aresorted
andareappendedto the sortedlist S = f 1; 2g. Similarly, in the
seconditeration,theremainingdatavaluesaresorted.Theseriesof
sortingoperationsareindicatedin Table1.

1D HardwareSort
1 M =fg , I= Unsortedinput,S=fg
2 while(I is notempty)
3 do

First Pass:
4 min=1
5 for each elementx i 2 I , i = sizeof (I ); : : : ; 1
6 if(x i =2 M andx i � min )
7 appendit to thebeginningof M
8 if x i � min , min = x i

9 endfor
SecondPass:

10 min=1
11 T = I
12 for each elementx i 2 I , i = 1; :::; sizeof (I )
13 if(x i 2 M andx i � min )
14 removex i fromM andT, andappendit to theendof S
15 if(x i 2 T )
16 if x i � min , min = x i

17 endfor
18 I = T
19 enddo
20 returnS
ALGORITHM 3.1: Pseudocodefor our novel1D SortingAlgorithm:Givenan
input sequenceI , our algorithmoutputsa sortedoutputS. During each iteration, we
performa �r stpasson theelementsin I in thereverseorderandcomputea monotoni-
cally increasingsequenceM. In thesecondpassof each iteration,wescantheelements
of I in order, anddeterminetheelementsin M that canbesorted(lines12-13).These
elementsare appendedto S, andat theendof thesecondpass,removedfromI (lines
14 and18). During each iteration, at leastoneelementis guaranteedto be removed
fromI andplacedin S. ThesortingalgorithmterminateswhenI is empty.

3.4 Anal ysis

Oursortingalgorithmhasabest-caserun-timecomplexity of O(n)
anda worst-caserun-timecomplexity of O(n2). In particular, our
algorithmhassomepropertiesthatareusefulfor many interactive
applications.Theseareef�cient handlingof nearlysortedlists,and
mappingwell to theGPUs.

3.4.1 Nearly-sor ted sequences and Coherence

Nearly-sortedsequencesof primitives occur often in computer
graphicsapplicationsdueto the coherentmotion of the viewer or
thecoherentmotionof theobjects.Thedepthvaluesaswell asthe
relativeorderof theobjectsdonotvarymuchdueto thespatialand
temporalcoherencein many interactive applications.If theprimi-
tivesareorderedin oneframe,thesequenceremainsnearlyordered
in the successive frame. Therefore,if the input is nearlyordered,
ouralgorithmtakesadvantageof thelow level of disorderin thein-
put sequenceandachievesa linear-time performance[Govindaraju
etal. 2004b].

We provide an informal justi�cation that our algorithm sorts
nearly-sortedsequencesin lineartime. Givenaninput sequenceI ,
let Y be thesubsetof disorderedelements.During eachiteration,
we canshow thatour algorithmsortsall theelementsin I thatare
lessthanor equalto themin(Y ) includingmin (I ), wheremin (X )
denotestheminimumof a sequenceX . Basedon this property, it
is easyto seethatat mosttwo successive iterationsarerequiredto
sortall theelementsin I thatarelessthanmin(Y ). In oneiteration,
all the elementsin I that are lessthanmin(Y ) aresorted,and if
min (I ) 6= min (Y ), aseconditerationis requiredto sortall theel-
ementsin I equalto min (Y ). Ouralgorithmremovesall thesorted
elementsfrom I . Thusthe sizeof I aswell asY decreasesby at
least1 during two successive iterations,till Y becomesempty. In
theworstcase,our algorithmneeds(2 � sizeof (Y )) iterationsto
sortall theelementsin I � max (Y ), wheremax (Y ) is themax-



Iteration 1
First Pass

CurrentElementScannedin I =f 1,3,2,4g 4 2 3 1
min = 1 ; M = fg min=4,M=f 4g min=2,M=f 2,4g min=2,M=f 2,4g min=1,M=f 1,2,4g

SecondPass
CurrentElementScannedin I=f 1,3,2,4g 1 3 2 4

min = 1 ; M = f 1; 2; 4g min = 1 , M=f 2,4g min=3,M=f 2,4g min=3,M=f 4g min=3,M=f 4g
S=fg , T =f 1,3,2,4g T =f 3,2,4g, S=f 1g T=f 3,2,4g, S=f 1g T =f 3,4g, S=f 1,2g T =f 3,4g, S= f 1,2g

Iteration 2
First Pass

CurrentElementScannedin I=f 3,4g 4 3
min = 1 ; M = f 4g min = 4; M = f 4g min=3,M=f 3,4g

SecondPass
CurrentElementScannedin I=f 3,4g 3 4

min = 1 ; M = f 3; 4g min = 1 ; M = f 4g min = 1 ; M = fg
T=f 3,4g, S=f 1,2g T=f 4g, S=f 1,2,3g T =fg S=f 1,2,3,4g

Table1: In this table, weillustrateour 1D hardware sortingalgorithmon an input sequenceI = f 1; 3; 2; 4g. Initially, themonotonicallyincreasingsequenceM andthesorted
sequenceS are setto fg . Our algorithmproceedsin multiple iterationsandeach iteration performstwo passeson I . At the beginningof each pass,thecurrent minimummin is
initializedto 1 . In the�r stpass,wescantheelementsin I in thereverseorder f 4; 2; 3; 1g andcomputeM. During thescan,wecompare theelementsnot in M againstthecurrent
minimumandonly thoselessthanor equalto thecurrentminimumareaddedto thebeginningof M. Theminimumis updatedaccordingly, andat theendof thepass,a monotonically
increasingsequenceM = f 1; 2; 4g is computed.In thesecondpass,theelementsin I arecopiedinto a temporary buffer T, andscannedin order f 1; 3; 2; 4g. Whilescanning, the
elementsin M are comparedagainstthecurrentminimum,andif lessthanor equalto theminimum,are removedfromM andT, andplacedin S. In this pass,thecurrentminimum
is updatedfor only theelementsin T andnot in M. At theendof thesecondpass,I is setto T. In this example, I = f 3; 4g, M = f 4g, andS = f 1; 2g at theendof the �r st
iteration. In theseconditeration, theremainingvaluesare sortedasshownin thetable.

imum of Y . At this stage,all theelementsin Y aresortedin their
properplace.As thereareno inversionsin therestof theelements,
therestof theelementsin I remainsortedandouralgorithmorders
theseelementsin a single�nal iteration. As a result,it requiresat
most(2 � sizeof (Y ) + 1) iterationsto terminate.If thenumberof
disorderedelementsis k � n, thentherun-timecomplexity of our
algorithmhasanupperboundof (4k + 2)n which is linear in the
numberof elementsin theinputsequenceI .

3.4.2 Mapping to GPUs

Our algorithmmapswell to thecommoditygraphicshardware,as
thecomparisonsof dataelementsareperformedagainstthecurrent
minimumof asubsetof datavalues.Theminimumvalueis storedin
thedepthbuffer, andthecomparisonoperationis performedusing
the depthtest functionality of the GPUs. Unlike prior implemen-
tationsof sorting algorithmson the GPU, our algorithm exhibits
linear-timeperformanceonenvironmentswith highcoherence,thus
enablingusto handlehighdepthcomplexity scenes.

4 Object-Le vel 3D Visibility Ordering

In this section,we show how the 3D versionof Vis-sort [Govin-
darajuetal. 2004b]mapswell to theGPUsandcanbeusedto com-
puteavisibility orderingbetween3D objects.Weperformcompar-
isonsbetween3D objectsusingocclusionqueries.

3D sortingis moreintricateascomparedto 1D sorting. In 1D
sortingall theprimitivesareoverlappingwhenviewedalongthe1D
dimensionandorderingis performedon theseoverlappingprimi-
tives. On the otherhand,given two non-overlapping3D objects,
wemayneedto performorderingbetweensuchobjectsto compute
a3D visibility sort.For example,in Fig. 3, primitiveO4 is overlap-
ping with primitive O2 but not with O3 . In termsof 3D visibility
ordering,O4 mustcomebeforeO3 in thefront-to-backordering.

Object-level 3D visibility sortingcanbeperformedby construct-
ing the occlusiongraph,and applying a depth-�rst search(DFS)
algorithmon theocclusiongraphto computethe �nishing time of
eachprimitive. A 1D sortof the�nish timescomputesthetopolog-
ical sort of the occlusiongraph. This canbe proved easilybased
on the following propertyof the �nish timescomputedby DFS: If

a directedpath existsfrom P1 to P2 , thenthe �nish time of P1 is
greaterthanthe�nish timeof P2 .

We do not computetheocclusiongraphexplicitly but ratheruse
avariationof the1D sortingalgorithmpresentedin Section3 along
with the propertylisted above. In particular, we incorporatetwo
overlapconstraintsbetweengeometricprimitivesto performtopo-
logical sorton theocclusiongraphimplicitly. Theconstraintsare:

� Constraint 1: If two primitivesP1 andP2 overlapin screen-
space,P1 � P2 if andonly if P1 is fully visible with respect
to P2 . That is, for every eye-rayintersectingP1 , theeye-ray
intersectsP1 onor beforeP2 .

� Constraint 2: If two primitivesP1 andP2 overlapin screen-
space,andP1 � P2 , thenP1 occursbeforeP2 in theoutput
list of thevisibility orderingalgorithm.

Constraint1 ensuresthata comparisonoperationis performedbe-
tweenpairsof overlappingprimitivesin thescene,thusconstructing
the occlusiongraphimplicitly. A comparisonoperationbetween
any two primitivescanbe implementedon the GPU usingan oc-
clusionquery. In order to compareP1 againstP2 , we renderP2

into thedepthbuffer. If P1 is fully visible with respectto P2 , then
P1 � P2 . Wecheckfor thisconditionby reversingthedepthtestto
GL GRE AT E R, disablethedepthwritesandrenderP1 usingan
occlusionquery. If the pixel passcountreturnedby theocclusion
query is zero, thenP1 is fully visible with respectto P2 andwe
placeit accordinglyin theoutputlist.

Constraint2 classi�esa primitive P assortedif andonly if all
theprimitivesthatoccludeP aresorted.Intuitively, constraint2 en-
suresthat the �nish timesof thegeometricprimitivesareproperly
ordered.Thedetaileddescriptionof theobject-level 3D sortingal-
gorithmis givenin [Govindarajuet al. 2004b].Notethat if a cycle
existsin thescene,ouralgorithmcandetectthecycle.

Multi-Stage Ordering: Wefurtherimprovetheperformanceof the
algorithmby using a multi-stageorderingapproach.We assume
that thesceneconsistsof multiple objectsandeachobjectis com-
posedof spatiallycoherenttriangles.In the�rst stage,wecompute
thevisibility atanobjectlevel. After the�rst stage,severalof these
objectsareorderedwith respectto eachotheranda local visibility
sort is suf�cient to orderthetriangleswithin eachof theseobjects.



It is possiblethat a few objectsin the scenemay result in cycles
andthealgorithmis notableto orderall theobjectsduringthe�rst
stage.Our algorithmdetectsthesecyclesandresolvesthevisibil-
ity orderby applyingoursortingalgorithmonthetrianglesin these
objects. Multi-stagesorting is also useful in scenarioswith low
coherenceand lets us avoid the worst casescenarioswith O(n2)
complexity.

5 Implementation and Applications

In this section,we describethe implementationof our algorithm
andhighlight its applicationto order-independenttransparency and
collisionculling in largeenvironments.

5.1 Implementation

We have implementedour algorithm on a PC with a 3:4 GHz
PentiumIV CPU running Windows XP operatingsystem. We
have testedthe performanceof our algorithm using an NVIDIA
GeForce FX 6800 Ultra GPU. The occlusion queriesare per-
formed on an offscreen buffer using the OpenGL extension
GL NV occlusionquery. The color writes aredisabledto reduce
the internalmemorybandwidthwithin the video card to improve
the runtime performance. We increasethe renderingthroughput
by copying the dynamicgeometricprimitives into a vertex array
storedin thevideomemory. We have reducedthestallsdueto oc-
clusionqueriesby batchingseveralqueriestogether. Wehavemea-
suredtheperformanceof ouralgorithmusingascreenresolutionof
1600� 1200andwith 4X anti-aliasingmode.

5.2 Order-Independent Transparenc y

We have usedour algorithm to generatetransparency effects in
complex CAD model and dynamic environments. During each
frame,our algorithmcomputesa back-to-frontorderof the prim-
itivesin thescene.We exploit frame-to-framecoherenceby using
thesortedorderof theobjectsin thepreviousframeasaninput se-
quenceof theprimitivesfor thecurrentframe. In mostinteractive
applications,our algorithmoperateson nearly-sortedlists andper-
formsalmostalinearnumberof comparisons.Wecomputethe�nal
output imageby �rst renderingthe opaqueportionsof the scene.
We thengenerateavisuallyaccuratetransparenteffectby blending
thetransparentprimitivesin astrict back-to-frontorder.

In orderto improve thequality of transparency, we have applied
membraneshadingon the transparentobjects. A simple vertex
shaderis usedwhile rasterizingthetransparentobjects.

5.3 N-Bod y Collision Culling

We have appliedour visibility orderingalgorithmto performfast
collision culling in dynamicenvironments.Givena largeenviron-
mentwith multiplemoving objects,ourgoalis cull awayall pairof
objectsthat arenot in closeproximity. Ultimately the exact colli-
siondetectiontestis appliedto thosepairsof objectsthatarealmost
colliding. Theculling algorithmis usedto avoid performingO(n2)
exactcollisiondetectiontests.

Givena list of 3D objects,we modify our 3D sortingalgorithm,
sothatit returnstwo lists. They are:

� S: It is a sortedlist of all non-overlappingand acyclic 3D
objects.

� C: It is a list of all the objectsthat areeitheroverlappingor
form acycle.

All theelementsin S arenon-overlappingandcanbeculledaway
in termsof exactcollision tests.On theotherhand,theobjectsin
C arepotentiallycolliding.

Givenanenvironmentwith multiple staticanddynamicobjects,
wecomputeavisibility orderingfromdifferentview directions.Ini-
tially, we chooseanaxisor randomdirectionandcomputethetwo
lists, S andC. We choosea differentviewing directionandapply
thealgorithmon theobjectscontainedin C . We repeattheproce-
dureuntil thelist of potentiallycolliding objectsdoesnot decrease
any further. Eventually, weuseexactcollisiondetectiontestsonthe
setof objectsin thepotentiallycolliding set.

We alsousetemporalcoherenceto improve theperformanceof
ouralgorithmandmaintainthesortedorderof theobjectsalongthe
chosenview directionsin eachframe. Thesesortedlists areused
in thenext frameto quickly prunenon-collidingobjectsalongthe
view direction.

Theocclusionqueriesareperformedat the image-spaceresolu-
tion on theGPUs.This canleadto samplingandprecisionerrors.
In orderto overcometheseerrors,we useorthographicprojections
alongtheviewing directionsfor visibility orderinganduseconser-
vative fattenedrepresentationsof objects.Thefattenedrepresenta-
tions arecomputedasa union of the boundingrepresentationsof
the trianglesof the object. The boundingrepresentationof each
triangletightly enclosesthe Minkowski sumof the triangleanda
pixel-sizedsphere[Govindarajuetal. 2004a].

In practice,our culling algorithmbasedon visibility orderingis
lessconservative thanCULLIDE [Govindarajuet al. 2003] for the
samenumberof view-directions.As a result,our algorithmresults
in fewer falsepositivesandreducesthe numberof exact collision
testsbetweentheprimitives.

5.4 Performance

Wehaveappliedouralgorithmon two complex benchmarks:

1. CAD Model: We have useda portion of the powerplant
model composedof 91 K transparentpolygonsand 732 K
opaquetriangles(seeFig. 1). This sceneexhibits a depth
complexity of 5 � 12 in differentview con�gurationsandwe
haveobservedanaverageframerateof 7� 10 framespersec-
ondastheusermovesaroundthemodel. It includesthetime
to computeanorderingbetweentheprimitivesandrendering
theprimitives.

2. Dynamic Scene: We appliedour algorithm on a dynamic
scenecomposedof deformingbunnies(seeFig. 4. Theoverall
geometriccomplexity is about25 K trianglesandall of them
arerenderedwith transparency. In this environment,18 de-
formingbunniesaremoving randomlyin acubeandcolliding
with eachother. Thedepthcomplexity in thescenevariesin
therange7 � 10 from mostview directions.We have tested
its performancein two scenarios:a stationaryviewer in the
dynamicenvironment,anda moving userin thedynamicen-
vironment. We computean orderingbetweenthe triangular
primitivesandrenderthescenewith transparency. In boththe
scenarios,wehaveobservedaframerateof 8� 10 framesper
second.In additionto transparency computations,weapplied
our algorithmto performN-bodycollisionculling on this dy-
namicenvironment.On anaverage,we wereableto compute
all thecollisionsin 40 ms.

5.5 Nearly Sor ted Lists and Coherence

The underlyingcomparisonoperationsin our orderingalgorithms
are performedusing occlusionqueries. The performanceof the
overall algorithmis dominatedby thenumberof occlusionqueries
andourgoalis to minimizethenumberof queries.



Figure4: DynamicScene:Thissceneis composedof 18 deformingbunniesmoving in a room.Thesceneconsistsof 25K trianglesandhasa high depthcomplexity of 8 � 10 in
manyview directions.Onesuch view is shownin theleft imagewhere thesceneis renderedwith transparencyusingour visibility orderingalgorithm(at 10 framesa second).In the
right image, thesamescenerenderedwith opaqueobjectsis shown.In thisdynamicenvironment,weareableto performinteractivecollisioncomputationsat 25 framespersecond.

Figure5: Occlusionquerycount:Thisgraphhighlightsthenear-linear timeperfor-
manceof our algorithmon a samplepath in thePowerplantmodel,and thedynamic
scenewith a stationaryvieweranda movingviewer. Our benchmarkscenariosexhibit
high frame-to-framecoherenceand our sorting algorithm exhibits an almostlinear-
timeperformancein such benchmarks.

In Fig. 5, we highlight thenumberof queriesperformedin dif-
ferent benchmarks.Thesescenariosexhibit high frame-to-frame
coherenceandweobservealmostlineartimeperformancein terms
of numberof queries.

6 Comparison and Limitations

In this section,we comparesomeof the featuresof our approach
with prior approachesandhighlightsomeof its limitations.Several
algorithmshave beenproposedto performvisibility orderingbe-
tweengeometricprimitivesfor volumerenderingandtransparency
computations.Wecomparethefeaturesof ouralgorithmwith other
algorithms.

Object-spacealgorithms: Thesealgorithmsperformorderingof
primitives in object-space.Williams [Williams 1992] proposeda
visibility orderingalgorithmfor arbitraryacyclic polyhedralmod-
els. However, the algorithmis limited to connectedconvex poly-
hedra. Several authorshave proposedalgorithmsto handlenon-
convex disconnectedmeshes[Silva et al. 1998]. In practice,these
algorithmswork well on staticscenesandcould involve consider-
ableoverheadin handlingdynamicenvironments.BSP-tree-based
algorithmsorder fragmentsof primitives in a back-to-frontor a
front-to-backorderandalsowork well in staticenvironments.

Image-spacealgorithms: Many of thesealgorithmsarebasedon

Figure6: Comparisonwith DepthPeeling:Thisgraphcomparestheperformanceof
our algorithm(Vis-sort)in a dynamicscenewith depthpeelingalgorithmasa function
of thescenedepthcomplexity. Thetimingswere gathered at a resolutionof 1600 �
1200. Vis-sortdoesnothavetheoverheadof texture copyoperations.

depthpeelingor A-buffer functionalitieswithin theGPUsto order
thefragmentsof primitivesin afront-to-backor back-to-frontorder.
Thesealgorithmsmaynot beableto performvisibility orderingof
geometricprimitivesef�ciently , andtherefore,maynotextendwell
toapplicationssuchascollisioncomputationswhereprimitive-level
orderingis essential.Depthpeeling[Everitt 2001]performsselec-
tion sorton thefragmentsof primitivesoneachpixel, anddoesnot
exploit temporalcoherenceor thenear-sortedorderof theseprim-
itives. Therefore,it maynot work well in environmentswith high
depthcomplexity (seeFig. 5). Several issuesexist in the archi-
tecturalimplementationof A-buffer [Molnar etal. 1992]andmany
graphicsvendorscurrently do not supportA-buffer functionality
in the hardware. Recently, Callahanet al. [Callahanet al. 2005]
implementeda �x ed-sizeA-buffer, calledk-buffer, usingthe pro-
grammablepipelineandmultiplerendertargetfunctionality(MRT)
of the currentgraphicscards. However, the currentGPU imple-
mentationof MRT limits theA-buffer sizeto six andit maynot be
suf�cient for environmentswith large depthcomplexity. In prac-
tice, theseimplementationscanbe texture-bandwidthlimited and
thereis considerableoverheadof usingsupersampling.Moreover,
currentGPUsdo not supportsupersamplingof depthtextures.On
theotherhand,ouralgorithmis ahybrid algorithmandusesimage-
spacecomputationsfor object-level orderinginsteadof fragment-
level ordering.Our algorithmusesthesupersamplingfunctionality
of framebuffersto generatehigherquality imagesandexploitsboth
spatialandtemporalcoherenceto ordernearly-sortedsequencesin



almostlinear time. Our algorithminvolvesno preprocessingand
candirectlyhandledynamicenvironments.

Limitations: Our visibility orderingalgorithm hassomelimita-
tions. First of all, we assumethat the input objects are non-
overlappingand thereis a sorting order amongthem. Our algo-
rithm candetectcycles in the input but doesnot split the objects
to resolve thecycles.A possiblesolutionis to useotherknown al-
gorithmsto resolve thesecycles. Secondly, the occlusionqueries
usedfor thecomparisonoperationshave additionaloverhead.The
currentimplementationof occlusionqueriesontheGPUsis notop-
timizedandreadingbacktheresultof anocclusionqueryfrom the
GPUcanstall thepipeline. Finally, thecomparisonoperationsfor
object-level orderingareperformedat image-precisionfor render-
ing applications.

7 Conc lusions and Future Work

Wehavepresentedanovel algorithmfor computinganobject-level
visibility orderingamonggeometricprimitivesin complex environ-
ments. Our algorithm is generaland makes no assumptionsre-
garding input modelsor their motion. We describea novel sort-
ing algorithm that performscomparisonsamongobjectsby per-
forming image-spaceocclusioncomputationson the GPUs. Our
algorithmexploits temporalcoherencebetweensuccessive frames
to improve its performance.We demonstrateits applicationto ren-
deringwith transparency andN-bodycollision culling in complex
environments.

Thereareseveralavenuesfor futurework. Wewouldlikeamore
detailedevaluationandcomparisonof our algorithmwith image-
basedtechniques.In orderto handlerendercomplex environments
with transparency, we would like to combineour algorithmwith
LOD techniquesandalso develop techniquesto handlecycles in
the input. Finally, we would like to useour algorithm for other
applicationsincludingvolumerenderingof unstructuredgridsand
image-basedreconstruction.
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