
Corollary 2 For all integers n, N ~ 4, n multiple-precision

integers occupying a total of N machine words can be sorted

in O(N + n log log n) time OK provided that w ~ (log n)2+c

for some~xed e >0, in O(N + n) expected time.

5 Space requirements

As is easy to discover from an inspection of the algorithms

of [2] and [14], the deterministic algorithm of Section 2

works in O (2W) space. The only point that might need clar-

ification concerns the recursion stack needed for successive

range-reduction steps. Each reduction step pushes a list of n

numbers on the stack. However, the number of bits needed

to store these numbers is reduced by a factor of essentially

two from one reduction step to the next. Hence, by stor-

ing several numbers in each machine word, we can arrange

that the total space requirements for the recursion stack are

O(E:O n/2i) = O(n) = O(2W).

By breaking each input key into r pieces of at most (w/T-l

bits each, for some r- ~ 1, thereby in effect reducing the word

length, and sorting the resulting multiple-precision integers

as described in the previous section, we obtain a sorting al-

gorithm that uses O(r-w + n log log n) time and O(n + 2W/r)

space. (The reduction of Corollary 2 itself works in O (n +

2WIT) space.)

The recursion stack of signature sort can also be repre-

sented in linear space, so that signature sort naturally works

in O(n) space.

6 Parallel sorting

We begin this section by discussing two deterministic parallel

packed-sorting algorithms. We then show how to parallelize

the range reduction of Kirkpatrick and Reisch and use this to

obtain a deterministic conservative parallel sorting algorithm

(Theorem 4). Subsequently we argue that the range reduc-

tion of signature sort parallelizes in a straightforward manner

and derive a randomized conservative parallel sotiing algo-

rithm (Theorem 5). Finally we consider the problem of sort-

ing multiple-precision integers in parallel.

Lemma 2 For all given integers n z 4 and w ~ log n,

n integers of [w/ (log n log log n)l bits each can be sorted

in O((log n)2 ) time using O(n) operations on an EREW

PRAM with the restricted instruction set. On the CREW

PRAM, the same result holds, except that the running time is

O(log n log log n).

PROOF The first part of the lemma is just Corollary 1 of [2].

It turns out that the only part of the algorithm of that corollary

that needs more than @(log n log log n) time are @(log n)

successive rounds of merging longer and longer sorted runs

of input numbers. The second part of the lemma follows by

observing that merging can be done in doubly-logarithmic

time on the CREW PRAM [16]. ❑

The algorithms of Lemma 2 need more than logarithmic

time because they are based on repeated merging. We now

provide an alternative algorithm that sorts n keys in O(log n)

time, but in return requires more keys to fit in one word and

needs multiplication.

For all integers M, ~ ~ 2, we extend the (M, ~)-

representation to cover objects of one additional type, namely

multisets of integers. If field i of a word X contains the inte-

gerz~, fori= l,..., M, X may be interpreted as the mul-

tiset obtained from the multiset {zl, . . ., ZM } by removing

all occurrences of zero; in other words, afield with a value of

zero is interpreted as being “empty”. We sometimes restrict

the multiset representation further by requiring all nonzero

field values to be distinct; in this case we will call the object

represented a (simple) set, rather than a multiset.

Lemma 3 Suppose that we are given two integers M ~ 2

and f ~ log M + 2, a word X representing a (simple)

set U according to the (M, f) -representation, an integer r

with 1 < r < IU], and the constants 1~,~, lM,Mf and

1~,(~–1) f. Then, in constant sequential time and using a

word length of M2 f bits, we canfind the element of U whose

rank in U is r.

PROOF Denote by z, the integer contained in field z of X,

fori= l,..., M. We will temporarily adopt the (M2, f)-

representation, i.e., operations like \ are to be interpreted ac-

cordingly below; note that the fundamental constant 1~2, ~

can be obtained as lM, f. 1M,Mf. The basic idea, which goes

back to Paul and Simon [1 8], is to create words A and B such
that field number (i – 1) M + j of A contains X3, while the

corresponding field of B contains x%, for i = 1, ..., M and

j= l,.. ., M, and then to carry out all pairwise comparisons

between elements of {z1,..., ZM} by evaluating [A z B].

A is easily computed as X . lM,Mf, and B can be obtained

as ((X” lM,(M–IJf) I lM,Mf)” lM,.f.

Setting C := (([A Z B] A [B > 0]) ~ lM,Mf) 4

((M – l)Mf) computes the rank of x, in U and stores it in

field z of the (M, f)-representation, for z = 1,..., M, pro-

vided that ~Z # O (see Fig. 2). Recall that if Z? = O then,

by definition, x, # U, and note how the test B >0 prevents

zero elements of Z1, . . . . ZM from interfering with the rank

computation. As in the algorithm of Lemma 1, the condition
~ ~ log M + 2 ensures that fields are wide enough to hold

the ranks.

We now revert to the (M, ~)-representation and remove all
elements of U except the one of rank r by setting D := X I

[C = r . IM, ~]. Finally the element of rank r is obtained as

((D . l~,f) ~ ((M - 1)~)) AND (2f - 1). ❑

Given two multisets U and V of integers containing the

same number k of elements, we denote by U A V and U V V

the multisets consisting of the k smallest and the k largest el-

ements of the (2k)-element multiset U U V, respectively. We
will use the term “k-halver” to denote a device that inputs two

multisets U and V of k integers each and outputs U A V and
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Figure 2: Computing the ranks of the x, ‘s. t,j denotes the result of the comparison x, $ z~, for z = 1,. ... M

andj= l,..., M,andc, istherankofx%, fori = 1,..., M. x represents a don’t-care value.

U V V. The following lemma describes the implementation

of a k-halver.

Lemma 4 Suppose that we are given integers M ~ 2, m =

[log Ml +2, and f ~ m + 1, two words X and Y repre-

senting multisets U and V of the same cardinality k accord-

ing to the (M, f)- representation, and the constants 1M,~,

12fvf,2~f,and 12~,2f~_lJ ~. Suppose further that the m + 1

most significant bits of each field of X and Y are zero. Then,

in constant sequential time and using a word length of 4M2 f

bits, we can compute words representing U A V and U V V

according to the (2M, f) -representation.

PROOF We first combine X and Y by computing W := (X

AND (2”f –l)) +(Y ~ (Mf)). From now on we employ the

(2M, ~)-representation. The idea is simply to split the multi-

set stored in W’ at its median, the latter being found with the

algorithm of Lemma 3. Before we can appeal to Lemma 3,

however, we have to convert the multiset stored in W to a

simple set by imposing a total order among equal elements.

We do this by shifting each element left by m bits and ap-

pending a unique marker to the right end of each element.

By the assumption of free leading bit positions in each field,

the representation remains valid, and the relative order of dis-

tinct elements is as before, which will ensure the correctness

of the procedure. The unique end markers are obtained from

the word A = (12~,~)2 = (1,2,..., 2M), so that altogether

we execute W’ := (W ~ m) + (A I [W > O]). Now we

can employ the algorithm of Lemma 3 to determine the ele-

ment x of rank k. Subsequently we compute the two words

W I [W < x . 12~,~] and W I [W’ > z . lW,j] and return

them after removing their end markers and shifting them right
by m bits. ❑

An important fact to note about the lemma above is that the

output is “less compact” than the input, in that the number of

fields per word has doubled, while the number of nonempty

fields per word remains exactly the same. In order to coun-

teract this drift, we will regularly compact words representing

multisets in the sense described in the following lemma.

Lemma 5 Given two integers M 2 2 and f > log M +

2 and a word X representing a multiset U according to the

(M, f )-representation, a word representing U according to

the ([U/, f) -representation can be computed sequentially in

O(log M) time using a word length of M f bits.

PROOF We adapt a classical algorithm developed in the con-

text of routing on hypercubic networks. We first give a high-

Ievel description of the algorithm and then describe its de-

tailed implementation.

The goal will be to pack the elements of U tightly without

changing the relative order in which they occur in X. Hence

for z = 1, ..., M, if field z contains an element that has T-i

zero fields to its right, then this element should be moved

right by r? field widths-call rt its move distance. The ac-

tual movement takes place in (’log Ml phases. In Phase t,for

t = O,.. ., [log M] – 1, some elements move right by 2t field

widths, while the other elements remain stationary. Whether

an element should participate in the movement in Phase t can

be read directly off the corresponding bit of its move distance.

The nontrivial fact about the algorithm, which guarantees its

correctness, is that fields never “collide” during the move-

ment (see, e.g., [17, Section 3.4.3]).

The sequence R = (rl, . . . . r~) of move distances is

computed by the instruction R := [X = O] . 1~,~, and
the movement in Phase t simply computes .A ;= (R J t)

AND lM,f and replaces X by (((X I A) $ (2tf)) AND

(2”f - 1)) + (X I (-IA)), fort = O,..., ~log Ml -1.
❑
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For our purposes, a comparator network of width m is

a straight-line program consisting of a sequence of instruc-

tions of the form Compare(z, j), where 1 s z < j <

m. The intended semantics is that a comparator network of

width m operates on an array Q [1 . . m] containing m (not

necessarily distinct) elements drawn from an ordered uni-

verse, and that the execution of an instruction Compare(i, j)

simultaneously replaces Q[z] and Q[j] by mh{Q[i], Q[d}

and max{Q [i], Q [j]}, respectively. If executing a compara-
tor network P according to this interpretation sorts Q, i.e., if

Q[l] s Q[2] s . . . s Q [m] after the execution of P irrespec-

tively of the initial contents of Q, P is called a sorting net-

work. A leveled network of depth d is a comparator network

whose sequence of Compare instructions is partitioned into

d contiguous subsequences, called levels, such that no inte-

ger occurs more than once as an argument to Compare within

a single level. All Compare instructions within one level of

a leveled sorting network can clearly be executed in parallel

without affecting the sorting property of the network. For all

integers m ~ 2, the AKS network [1] is a leveled sorting net-

work of width m and depth O(log m).

Let m and k be positive integers and suppose that we re-

interpret a sorting network P of width m as follows: Rather

than single elements, the cells of Q now contain multisets of

k elements each, and the execution of Compare(i, j) simul-

taneously replaces Q[z] and Q[j] by Q[z] A Q[j] and Q[i] V

Q[~l, respectively. Suppose further that we add to the be-
ginning of P instructions to partition km elements arbitrar-

ily into m multisets of k elements each and to store these

in Q[l], ..., Q[m], and that we add to the end of P instruc-

tions to sort the multiset Q[i] into nondecreasing order, for

i = 1~.. . ~m, and to concatenate the resulting sorted se-
quences in the order corresponding to Q[l],..., Q[m]. We

will call the procedure obtained in this way the k-halving ver-

sion of P. It is known that the k-halving version of any sort-

ing network of width m correctly sorts any sequence of km

elements [15, Exercise 5.3.4.38].

Theorem 3 For all given integers n ~ 2 and w > log n and

alljixed e > 0, n integers of b = [w/(log n)2+c] bits each

can be sorted in O (log n) time using O(n) operations on a

unit-cost EREW PRAM with a word length of w bits and the

full instruction set.

PROOF Let k be the smallest power of 2 no smaller than

log n and assume without loss of generality that k divides

n and that n, b ~ 4. We will use the k-halving ver-
sion of the AKS network P of width m = n/k, with

each Compare instruction being executed by the k-halver of

Lemma 4. Since the k-halver works in constant time and

the depth of P is O(log m) = O (log n), the sorting runs in

O(log n) time. Furthermore, since the number of Compare

instructions in a leveled comparator network cannot exceed

the product of its width and depth, the total number of lc-

halving steps and, hence, the total number of operations ex-
ecuted is O(m log m) = O(n). What remains is to check a

number of details.

Given n integers of b bits each and any integer j > b, it

is a trivial matter, spending O(k) = O(log n) time and O(n)

operations, to partition the input numbers into m multisets of

k elements each and to store each of these in a word accord-

ing to the (k, ~)-representation. One small complication de-

rives from the fact that the value zero, stored in a field, is re-

served to denote an “empty” field. We can deal with this by

adding 1 to each key for the duration of the sorting, which

may increase b by 1. This realizes the “preprocessing” of

the k-halving version of P. Similarly, the “postprocessing”

can be realized by first converting each multiset, stored in the

(k, f )-representation, to the corresponding sequence of k in-

tegers, stored ink words, and then sorting this sequence with

the algorithm of Lemma 2. The sorting needs O((log k)2) =

O(log n) time and a total of O(n) operations. Recall, how-

ever, that since the k-halvers of the k-halving version of P

are implemented via Lemma 4, each level of the network

blows up the representation by a factor of 2, i.e., takes us from

the (M, ~)-representation to the (2M, j)-representation, for

some M ~ k, We need to limit the maximum value M- of

M that arises during the sorting, which we do by compacting

the words produced by regularly spaced levels of the network.

More precisely, for an integer d ~ 1, we compact the words

at hand whenever the total number of levels executed so far

is divisible by d, as well as after the final level. We choose

d such that d < [(~/4) log log nl, but d = fl(log log n).

The first condition ensures that Mmm is bounded by k -

2 [(~/A) M @ ~1 < Zk(log n)’j4 = O((log n)l+’14). In par-

ticuk since Mmax is polylogarithmic in n, each compaction
according to Lemma 5 takes O(log log n) time, together with

which the second condition imposed on d implies that the to-

tal time spent on compaction is within a constant factor of the

depth of the network, i.e., negligible.

The word length needed is M:aXf bits (Lemma4 is the bot-

tleneck). By the discussion above, this is O(~(log n)2+c12)

bits. According to Lemma 4, ~ must be chosen so large that

each field, in addition to the b bits of the key stored there,

has at least (log M-l + 3 leading zero bits. Since Mmm is

polylogarithmic in n, we can easily satisfy this requirement
while ensuring that ~ = O(b + (log n)cj2 ); the necessary

word length therefore is O(b(log n)2+~ ) = O(w) bits, as

promised. Note also that it is trivial to compute the constants

of the form la,e required by Lemma 4 in O(log n) sequential

time for all relevant values of M. Finally, although we shall

not demonstrate it here, the AKS network can be constructed

within the required resource bounds. ❑

The range reduction of Kirkpatrick and Reisch does not

lend itself to easy direct parallelization. Bhatt et al. [6] dis-

covered a way around this based on reducing the integer-

sorting problem to another problem known as ordered chain-

ing and applying parallel versions of the techniques of Kirk-

patrick and Reisch to the latter problem. The ordered-

chaining problem of size N is, given N processors numbered

o,. ... N – 1, some of which are (permanently) inactive,

to compute for each active processor the smallest processor
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number of an active processor larger than its own number, if

any; the active processors are thus to be hooked together in a

linked list.

The problem of sorting n keys in the range O.. m – 1 can

also be viewed as that of sorting n distinct integers in the

range O.. nm – 1, which can in turn be viewed as an ordered-

chaining problem of size N = nm. Bhatt et al. describe a re-

duction that takes constant time on a CRCW PRAM and es-

sentially reduces an ordered-chaining problem of size IV to a

collection of ordered-chaining subproblems of size @ each.

Our approach is to apply this reduction r times, for suitable

r, and to solve the resulting ordered-chaining subproblems by

viewing them as integer-sorting problems (sort the processors

within each subproblem by their processor numbers, which

are integers of length smaller than the input keys by a factor of

2“). Undoing the reductions yields a solution to the original

ordered-chaining problem, which is turned into a solution to

the original integer-sorting problem by means of optimal list

ranking [7]. The whole reduction needs O (r + log n) time

and O (nr) operations.

Theorem 4 For all given integers n ? 4 and w 2 log n,

n integers in the range O.. 2W – I can be sorted using

O(n log log n) operations in O(log n log log n) time on a

unit-cost CRCW PRAM with the restricted instruction set, or

in O(log n) time on a unit-cost CRCW PRAM with the full in-

struction set.

PROOF We apply the reduction above with T = 3 [log log nl,

which takes O (log n) time and uses O (n log log n) opera-

tions. The resulting problem of sorting n integers of at most

[log nl + [(w+ log n)/(log n)31 bits each is solved using
the algorithm of [6] if w s (log n)4, and using the packed-

sorting algorithm either of the second part of Lemma 2 or of

Theorem 3 otherwise. •1

Theorem 5 Forallgiven integers n 24 and w 2 2(log n)2,

a unit-cost EREWPRAIW with a word length of w bits and the

fi.dl instruction set can sort n integers in the range 0.. 2W –

1 in O(log n(l + log log n/log q)2) time using O(n(l +

log log n/log q)2) operations, where q = w/(log n)z, with

probability at least 1 – l/n.

PROOF We will demonstrate the theorem only for w 2

(log n)3+’, for fixed c >0, in which case the bounds claimed

are O (log n) time and O (n) operations with high probability;

the extension to smaller word lengths centers around a ran-

domized version of Lemma 3 that is less wasteful, in terms of

word length. One may note that Theorem 5 actually strength-

ens Theorem 2. The sequential version of Theorem 5 does not

need the AKS network.

Recall that the major steps in the randomized signature-

based range reduction of Section 3 were to compute the con-
catenated signatures of the input keys, to sort these, then to

construct their compressed trie TD, and finally to sort the chil-

dren of each internal node in TD not by the relevant signa-

tures, but instead by the corresponding original fields.

The sequential computation of the concatenated signatures

of the input keys parallelizes trivially, since it is done inde-

pendently for each key. The same is true of the computation

of the lengths T1, ..., rn_l of the longest common prefixes of

consecutive concatenated signatures, Given these numbers,

TD can be constructed in O(log n) time using O(n) opera-

tions, as described in [11], and the Euler-tour technique [19]

and optimal list ranking [7] can be used to collect the leaves of
TD in left-to-right order after the sorting at the internal nodes,

which concludes the whole sorting.

We choose k = @(w/(log n)2+’12), which allows us to

sort at the nodes of the trie in O (log n) time using the al-

gorithm of Theorem 3. Since the “reduction factor” k/~ is

fl((log n) ’i2), after a constant number of reduction steps we

can also sort the concatenated signatures in O (log n) time us-

ing the algorithm of Theorem 3. ❑

Corollary 3 If w ~ (log n)2+’ for some$xed e >0, we can

sort n integers in O (log n) expected time on an EREWPRAM

using O(n) expected operations.

Theorem 6 For all integers n ~ 4, n multiple-precision

integers occupying at most L machine words each and N

machine words altogether can be sorted either in O (L +

log n log log n) time using O(N + n log log n) operations on

a CRCW PRAM 06 provided that w ~ (log n)2+6 for some

jixed c >0, in O(L + log n) expected time using O(N + n)

expected operations on a randomized CRCW PRAM.

PROOF Omitted. •1

7 Conclusions

The comparison-based model is an elegant and general

framework in which to study sorting prolblems, and the

@(n log n) complexity of sorting is one of the basic tenets

of computer science. However, many sorting problems of

considerable interest can be cast as integer-sorting problems.

The complexity of integer sorting on RAM-lil&e models there-

fore is of great practical and theoretical significance.

The problem of integer sorting is sometimes equated with

that of sorting n integers of O (log n) bits each, another clas-

sical and well-understood problem, solved using indirect ad-

dressing in the form of radix sorting. However, it seems more

natural to tie the size of the integers to be sorted not to the in-

put size, but to the word length of the computer on which the

sorting problem arises. A fundamental question therefore is:

How fast can we sort n w-bit integers on a w-bit machine?

Fredman and Wdlard achieved a breakthrough by showing

the complexity to be o(n log n), independently of w. In a

practical vein, they suggested that the use clf features found
on typical machines other than indirect addressing and com-

parison might eventually lead to new sorting schemes with

the potential of outperforming both comparison-based sort-

ing and radix sorting in certain settings.
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The actual algorithm proposed by Fredman and Willard

probably is impractical. Our sequential algorithms are sim-

pler, have smaller constant factors, require much shorter

word lengths to be effective and offer greater improvements

over comparison-based sorting. Moreover, like the algorithm

of Fredman and Willard, they do not rely on exotic instruc-

tions (indeed, the deterministic algorithm eschews even the

use of multiplication). Nevertheless, several factors remain

that probably preclude them from being practical. For in-

stance, the deterministic algorithm has inordinate storage re-

quirements, a property that it inherits from the algorithm of

Kirkpatrick and Reisch, and both algorithms still rely on un-

realistically large word sizes. In the case of the deterministic

algorithm, the last claim can be partially countered by observ-

ing that the exclusive use of ACO instructions could make the

unit-cost assumption remain valid even for fairly large word

sizes. Still, our results are best viewed as no more than a step

further towards the goal of faster practical integer-sorting al-

gorithms.

Our research also raises a number of intriguing theoretical

questions. One is to fmd tight bounds on deterministic integer

sorting. Can the performance of signature sort be matched

by a deterministic algorithm? And can integers be sorted in

linear expected time for all word lengths? We have demon-

strated that n integers can be sorted in O(n) expected time

with a word length of w bits not only for w = O(log n),

but also for w ~ (log n,)2+’, for arbitrary fixed e > 0.

Between these two outer ranges, however, there might be a

“hump”, where the complexity of integer sorting goes up to

@(n log log n). We leave as an open problem to demonstrate

the presence or absence of such a “hump”.

References

[1]

[2]

[3]

[4]

[5]

[6]

M. Ajtai, J. Kom16s, and E. Szemer6di. An O(n log n)

sorting network. In Proc. 15th Annual ACM Symp. on

Theory of Computing, pp. 1–9, 1983.

S. Albers and T. Hagerup. Improved parallel integer

sorting without concurrent writing. In Proc. 3rd Annual

ACM-SIAM Symp. on Discrete Algorithms, pp. 463-

472, 1992.

A. Andersson and S. Nilsson. A new efficient radix

sort. In Proc. 35th Annual IEEE Symp. on Foundations

of Computer Science, pp. 714-721, 1994.

P. Beame and J. Ht%tad. Optimal bounds for decision

problems on the CRCW PRAM. J. ACM, 36, pp. 643-

670,1989.

A. M. Ben-Amram and Z. Galil. When can we sort in

o(n log n) time? In Proc. 34th Annual IEEE Symp. on

Foundations of Computer Science, pp. 538–546, 1993.

P. C. P. Bhatt, K. Diks, T. Hagerup, V. C. Prasad,

T. Radzik, and S. Saxena. Improved deterministic paral-

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

lel integer sorting. Inform. and Comput., 94, pp. 2947,

1991.

R. Cole and U. Vkhkin. Approximate parallel schedul-

ing. Part I: The basic technique with applications to op-

timal parallel list ranking in logarithmic time. SIAM J.

Comput., 17, pp. 128–142, 1988,

M. Dietzfelbinger, T. Hagerup, J. Katajainen, and M.

Penttonen. A reliable randomized algorithm for the

closest-pair problem. Tech. Rep. no. 513, Fachbereich

Informatik, Universitat Dortmund, 1993.

M. L. Fredman and D. E. Willard. Surpassing the infor-

mation theoretic bound with fusion trees. J. Comput.

System Sci., 47, pp. 424-436,1993.

H. N. Gabow, J. L. Bentley, and R. E. Tarjan, Scaling

and related techniques for geometry problems. In Proc.

16th Annual ACM Symp. on Theory of Computing, pp.

135-143, 1984.

T. Hagerup. Optimal parallel string algorithms: Merg-

ing, sorting and computing the minimum, In Proc. 26th

Annual ACM Symp. on Theory of Computing, pp. 382-

391,1994.

T. Hagerup and H. Shen. Improved nonconservative se-

quential and parallel integer sorting. Inform. Proc. Lett.,

36, pp. 57-63,1990.

J. L. Hennessy and D. A. Patterson. Computer Organi-

zation and Design: The HardwareKoftware Inte~ace.

Morgan Kaufmann Publ., San Mateo, CA, 1994.

D. Kirkpatrick and S. Reisch. Upper bounds for sort-

ing integers on random access machines. Theoret. Com-

puter Science, 28, pp. 263–276, 1984.

D. E. Knuth. The Art of Computer Programming, Vol. 3:

Sorting and Searching. Addison-Wesley, Reading, MA,

1973,

C. P. Kruskal. Searching, merging, and sorting in par-

allel computation. IEEE Trans. Comput., 32, pp. 942–

946, 1983.

F. T. Leighton. Introduction to Parallel Algorithms

and Architectures: Arrays, Trees, Hypercubes. Morgan
Kaufmann Publ., San Mateo, CA, 1992.

W. J. Paul and J. Simon. Decision trees and random ac-

cess machines. In Proc. International Symp. on Logic

and Algorithmic, Zurich, pp. 33 1–340, 1980.

R. E. Tarjan and U. Vkhkin. An efficient parallel bicon-

nectivity algorithm. SIAMJ. Comput., 14, pp. 862–874,

1985.

436


