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Figure1: Fromtheexamplemodel(a), a larger model (b) is automaticallycreatedusingmodelsynthesis.

Abstract

Modelsynthesisis anew approachto 3D modelingwhichautomat-
ically generateslargemodelsthatresemblea smallexamplemodel
providedby theuser. Model synthesisextendsthe2D texturesyn-
thesisprobleminto higherdimensionsandcanbe usedto model
many differentobjectsandenvironments.The useronly needsto
provideanappropriateexamplemodelanddoesnotneedto provide
any otherinstructionsabouthow to generatethemodel.Modelsyn-
thesiscanbeusedto createsymmetricmodels,modelsthatchange
over time,andmodelsthat�t softconstraints.Therearetwo impor-
tantdifferencesbetweenour methodandexisting texturesynthesis
algorithms.The �rst is theuseof a globalsearchto �nd potential
con�icts beforeaddingnew materialto themodel.Theseconddif-
ferenceis that we divide the problemof generatinga large model
into smallersubproblemswhichareeasierto solve.
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1 Intr oduction

Many of themostvisuallyexciting environmentssuchasvastland-
scapesand cityscapesare quite large and quite intricate. Due to
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their sizeandcomplexity, thetaskof modelingtheseenvironments
is often a long and tediousprocess. This dif�cult task could be
eliminatedif therewerea suitablemethodto modelthesetypesof
environmentsautomatically.

Example-basedtechniquesarewidely usedfor texturesynthesis.In
texturesynthesis,theuserinputsanexampletextureandthealgo-
rithm outputsa moreextensive texture that resemblestheexample
texture. A similar approachcouldbeusedto modellarge3D envi-
ronments.Theuserinputsa smallexamplemodelandthena com-
puteralgorithmoutputsa largermodel that resemblestheexample
model.Thisprocessis illustratedin Figure1. Figure1(a)showsan
examplemodelandFigure1(b) shows thenew synthesizedmodel
generatedby computer. The new model looks similar to the ex-
amplemodel, but is larger and more complex. Model synthesis
requiresthat it be possibleto breakapartthe examplemodel into
small building blocksthat canbe arrangedtogetheron a 3D grid.
Becausemodelsynthesisacceptsmany differentexamplemodels,
it is ageneral-purposeproceduralmodelingtool.

3D artistsneedconsiderablecreative freedomto be ableto create
modelsthat look both realistic and artistically interesting. This
is why it is importantfor themto have general-purposemodeling
tools.A proceduralmodelingtechniquethatcanonly modela spe-
ci�c type of objectoften haslimited value,becauseassoonasa
signi�cantly differentobject is needed,the techniquemustbe re-
programmed.Weexpectthat3D artistswill �nd thatcreatinganew
examplemodelis ofteneasierthanadjustinganexistingprocedural
modelingtechniqueto suit their needs.

1.1 Related Work

Model synthesisis closely relatedto texture synthesis.Recently,
many techniqueshavebeendevelopedfor synthesizingtexture.One
groupof methodscouldbecategorizedasglobalmethodswhichat-
temptto matchthelarge-scalestochasticpropertiesof theexample



texture onto the new texture [Heeger and Bergen 1995; Portilla
andSimoncelli2000]. In aseparatecategoryarelocal regiongrow-
ing methodswhich synthesizethe texture pixel by pixel or patch
by patch [Efros andLeung1999; Wei andLevoy 2000;Efrosand
Freeman2001]. Model synthesismorecloselyresemblesthe local
methods.

Model synthesiscouldbe thoughtof asa generalizationof texture
synthesisinto threeor more dimensions. Previous extensionsof
texture synthesisusedtime asthe third dimension [Doretto et al.
2003;Wei andLevoy 2000;Kwatraet al. 2003]. Texturesynthesis
hasalsobeenusedto create3D geometrictexture on thesurfaceof
agivenmodel [Bhatetal. 2004].

Wangtilesaresmallblocksof texturethatcanbearrangedtogether
on a grid to createlarger texturesand have beenusedin texture
synthesis[Cohenet al. 2003]. The3D counterpartof a Wangtile
is a Wangcube [II andKari 1996]. Wangcubeshave beenused
to model asteroidfields [Sibley et al. 2004]andto rendervolume
data [Lu et al. 2004]. Synthesizinga model is not difficult after
a Wang cubeset has beenfound. However, in order to form an
acceptableWangcubesetmany differentpartsof the modelmust
bestitchedtogetherwithout creatingseamswherethey meet.This
canbedifficult to achieveonsomemodels.

Context-basedsurfacecompletion[Sharfetal.2004]is designedto
completemodelswheresectionsof the model aremissingsurface
information. Surfacecompletionfills in any missingsectionswith
surfacesthatresembletherestof themodel.Therestof themodel
effectively actsas the example. Another tool [Funkhouseret al.
2004]canbeusedto stitchtogetherpartsof many differentexample
modelsto createa new model. Thesetwo methodsareuseful for
modelingindividual objects,but modelsynthesisis bettersuited to
modelinglarge-scalestructures.

Proceduralmodeling techniques that model specific objects or
environments such as plants [M �ech and Prusinkiewicz 1996;
Prusinkiewicz et al. 2001], terrain [Musgrave et al. 1989], and
buildings [Muller et al. 2006;Legakis et al. 2001] have beenex-
tensively studied [Ebertetal. 1998],but thesemethodsrequirethat
many rulesfor generatingthemodelsbespecifiedandareonly able
to modela small classof objects. In contrast,modelsynthesisis
a general-purposeproceduralmodelingtool. While the example
model must satisfy a few requirements,any examplemodel that
doessatisfythemcanbeusedregardlessof the typeof object.

2 The Consistenc y Problem

To describethe models,we usea setof predefinedmodelpieces.
Modelpiecesarethebuilding blocksof amodel.Thepiecesarear-
rangedtogetherin spaceto form models.Figure2(a)demonstrates
how amodelof apillar canbeconstructedusingfour distinctmodel
pieces.Every positionin a 3D lattice is assignedan integer value
correspondingto the modelpiecethat occupiesthe space.In this
case,therearefour differentmodelpiecesnumbered0 through3.

The modelpiecesareconstructedmanually. The examplemodel
providedby the useris assembledfrom themodelpieces.It must
be possibleto decomposethe examplemodel into a few unique
pieces.

A modelwill not look plausibleif it is piecedtogetherhaphazardly.
For example,Figure2(b) shows whathappenswhenthepiecesare
arrangedtogetherwithoutany rules.Theresultis aentirelyunsatis-
factory. Sinceemptyspacepiecesareallowedto bebelow theother
pieces1 through3, someof thecolumnsin themodelarelevitating.
To avoid generatingnonsensicalmodelslikethis,asetof rulesmust
beestablishedto ensurethatthepiecesall fit togethercorrectlyand
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Figure 2: (a) A modelcomposedof four modelpieces,(b) An In-
consistentModel,(c) A ConsistentModel

seamlessly. Onerule is thatamodelpiecemayonly bebeneathan-
othermodelpieceif it wasbeneaththatpiecein theexamplemodel.
Similarly, amodelpiecemayonly bebehindanotherpieceif it was
behindthatpiecein theexamplemodel. If a modelobeys all these
rules,thenit is consistent. Moreprecisely, amodelM is consistent
with anexamplemodelE if all themodelpiecesthatareadjacent
to oneanotherin M arefoundadjacentto oneanotherin E along
thesamedirection.Consistency is testedin six directionswhichare
thepositiveandnegativex, y, andz directions.

3 Method

Model synthesisis performedon a three-dimensionallatticewhich
consistsof asetof verticesV connectedby asetof edges.Eachver-
tex is occupiedby a model piece.Eachmodelpieceat a particular
positionin spacewill berepresentedby a labelassignedto apartic-
ular vertex. If thereareN possiblemodelpieces,thenthereareN
possiblelabels. The problemof modelsynthesisis how to assign
a label to eachvertex without violating therulesof consistency. A
labeledvertex c = (v; k) is a vertex v 2 V thathasbeenassigned
a label k 2 [1 : : : N ]. A modelM is definedasa setof labeled
vertices.Two labeledverticesmaynot occupy thesamespace.A
modelthatis unfinishedor incompletewill havesomeverticesthat
aremissinglabels.If a modelcontainsonelabeledvertex for each
vertex in V , thenit is complete.

The transitionfunction T is a Booleanfunction that controlshow
theverticesarelabeled.Let c1 andc2 betwo adjacentlabeledver-
tices. If c1 andc2 areallowedto benext to oneanother, T (c1 ; c2)
is equalto one. Otherwise, it is zero. For non-adjacentvertices,
T (c1 ; c2) is definedto beone. A completemodelM is consistent
if for any two labeledverticesc1 ; c2 2 M ; T(c1 ; c2) = 1. An
incompletemodelM is consistentif thereexistsacompleteconsis-
tentmodelM 0 suchthatM � M 0.

In the three-dimensionalCartesiancase,T is calculatedfrom the
examplemodelE accordingto theequations

T(( v1 ; k1); (v2 ; k2)) =
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Tx (k1 ; k2) ; v1 = v2 + (1; 0; 0)
Tx (k2 ; k1) ; v1 = v2 � (1; 0; 0)
Ty (k1 ; k2) ; v1 = v2 + (0; 1; 0)
Ty (k2 ; k1) ; v1 = v2 � (0; 1; 0)
Tz (k1 ; k2) ; v1 = v2 + (0; 0; 1)
Tz (k2 ; k1) ; v1 = v2 � (0; 0; 1)
1 ; otherwise

Tx (k1 ; k2) = �

1 ; 9vj(v; k1); (v + (1; 0; 0); k2) 2 E
0 ; otherwise

Ty (k1 ; k2) = �

1 ; 9vj(v; k1); (v + (0; 1; 0); k2) 2 E
0 ; otherwise



Tz (k1 ; k2) = �

1 ; 9vj(v; k1); (v + (0; 0; 1); k2) 2 E
0 ; otherwise (1)

3.1 Global Search for Con�icts

Ourgoalis to createacompleteconsistentmodel.Wecanstartwith
anemptymodelandindividually addlabeledverticesto it until it is
complete.However, if we arenot carefulit is likely thatthemodel
will become inconsistentasmorelabeledverticesareaddedto it.
For somelabeledvertices,it is relatively easyto seethatthemodel
will becomeinconsistentif they areaddedto it. We usea global
searchto find thesetypesof labeledverticesandremovethemfrom
consideration.Oncetheselabeledverticesareremoved,weareleft
with a setof candidatelabelsthatwe areconsideringaddingto the
modelM andthissetis calledC(M ). C(M ) is updatedeverytime
themodelchanges.

A detailedexplanationof how to calculateC(M ) is providedin Ta-
ble 1 anda simpleexampleof thecalculationis providedin Figure
3. This calculationrequiresseveral iterations. Ct (M ) is the esti-
matedvalueof C(M ) at iterationt. During eachiteration,labeled
verticesthat do not belongin C(M ) areremoved. After many it-
erations,Ct (M ) will be equalto the desiredvalueof C(M ). At
eachvertex that hasbeenassigneda label in M , all other labels
areremoved in Step1 sinceeachvertex may only have onelabel.
Whenever Ct (M ) changesat a vertex, all of its neighborsmustbe
checkedto seeif any of themareaffectedby thechange.Let ut be
thesetof all verticesthathave beenchanged,but whoseneighbors
have not beenchecked. In Step3, a vertex v is selectedout of ut

andthenits neighborsareupdatedin Step4. A labeledvertex only
belongsin Ct (M ) if eachof its neighborshasat leastonepossi-
ble labelthat is consistentwith it. All labelsthatdo not belongare
removed in Step 4. All of the verticesthat changedin Step4 are
addedto the setut +1 in Step5. This processthenrepeats itself.
A new vertex is selectedout of ut , its neighborsareupdated,and
thenany of its neighborsthathave changedareaddedto ut . This
continuesuntil all partsof themodelthatneedto becheckedhave
beenchecked,whichoccurswhenut is empty.

Thismethodimprovesuponexisting texturesynthesismethodsthat
only examinea local neighborhoodbeforesynthesizingtexture. A
local searchmay miss somecon�icts that a global searchwould
detect,sincemany modelpieceshave anin�uence far outsidetheir
localneighborhood.

Althougha globalsearchis betterthana local search,it alsois im-
perfect.This globalsearchonly eliminateslabeledverticesthatare
relatively easyto eliminate. For somelabeledvertices, it canbe
extraordinarilydifficult to decideif themodelwill becomeincon-
sistentif they areaddedto it. Decidingwhether or not a modelis
consistentis shown to beanNP-completeproblemin theappendix.
(This proof appliesto both2D texturesand3D models.)Deciding
if amodelwith anadditionallabeledvertex is consistentis alsoNP-
complete.Thismeansthatwemustlimit thesizeof themodelsthat
arebeingchecked for consistency which is achieved by operating
onsmallpartsof themodelseparatelywhichis discussedin Section
3.2. Creatinga singleconsistentmodelis not a difficult problem.
Most modelscontainsomeemptyspace.An entiremodel full of
emptyis consistent,but notvery interesting.Eventhoughthissolu-
tion is not very usefulby itself, it canbeusedasaninitial solution
thatis improvedstepby stepover time.

3.2 Synthesis

A detaileddescriptionof themodelsynthesisalgorithmis givenin
Table2. An exampleis shown in Figure4. We begin with a triv-
ial solutionwhich normallyconsistsof emptyspaceover a ground

Figure3: A 2D exampleof theC(M ) Calculation

Step1: C0(M ) is thesetof all labeledverticesexceptthose
occupying thesamespaceasanothervertex in M :

C0(M ) = V � [1 : : : N ] � f (v; k)j9i 6= k; (v; i ) 2 M g
Step2: u0 is thelocationof all verticesin M :

u0 = f vj(v; i ) 2 M g; t = 0

Repeat Steps3-6 while ut 6= ;

Step3: Selectavertex v from ut

Step4: Removeall neighboringverticesthatdonotagree
with any of thelabeledverticesat v:

Ct +1 (M ) = Ct (M ) � f (v0; k)j@i; (v; i ) 2 Ct (M )
andT((v; i ); (v0; k)) = 1g

Step5: Add all locationsthatchangedinto u andremovev:
ut +1 = (ut � v) [ f v0j9k; (v0; k) 2 Ct (M ) � Ct +1 (M )g

Step6: Incrementt

Table1: C(M ) Calculation

Figure4: Anexampleillustrating theModelSynthesisAlgorithm.

Step1: M 0 is asimpleconsistentmodel,M = M 0

Repeat Steps2-5until everypartof themodelhaschanged:

Step2: Chooseasetof verticesB to modify
Step3: Createanew modelM 0 without thosevertices:

M 0 = M � f (v; k)jv 2 B g
Step4: While C(M 0) 6= ; andB 6= ;

Pick (v; k) suchthatv 2 B and(v; k) 2 C(M 0)
M 0 = M 0 [ f (v; k)g andB = B � f vg

Step5: If C(M 0) 6= ; thenM = M 0

Table2: ModelSynthesisAlgorithm



plane.Thenwepick asectionof theinitial modelto modify. Let B
bethesetof verticeswe have chosento modify. Sincetheremain-
ing unmodifiedpart of the model is known to be consistent,the
consistency only needsto becheckedwithin theB region. By only
modifying the B region, the size and complexity of the problem
is lowered dramatically. Smallpartsof themodelcanbemodified
muchmoreeffectively. We createa new modelM 0 with all theold
labelsin B removed. For eachvertex in B , a new label is selected
at random from our list of candidatelabelsC(M 0) andassigned
to thevertex. C(M 0) canbecalculatedfairly quickly becausethe
consistency only needsto be checked within the B region. After
all theverticesin B have beenlabeledthechangesareacceptedin
Step5. However, sinceC(M 0) is imperfect,thereis achancethata
labelwill beassignedthatcausesthemodelto becomeinconsistent
andC(M 0) to becomeempty. Whenthishappens,thenew changes
arerejected.Theseeventsarelesslikely to occurwhentheregion
to modify B is small. After, thechangesareacceptedor rejected,
a new sectionB is selectedandmodified.Eachvertex shouldhave
thechanceto bemodifiedafew times.SuccessiveB regionsshould
overlap.

3.3 Resemb lance

In additionto producingconsistentmodels,anotherimportantgoal
of modelsynthesisis to createmodelsthat resemblethe example
model. To resemblethe examplemodel,eachsmall region of the
new modelshouldapproximatelymatchotherregionsin theexam-
ple. Let ! (v; M ) bea smallcubicregion of themodelM centered
on thevertex v whichhasawidth of 2w + 1 pieces.

! (v; M ) = f (q; k)j(v + q; k) 2 M andq 2 [� w : : : w]3g (2)

Theperceptualdistanced betweentwosetsis definedasthenumber
of modelpiecesthatarenot sharedbetweenthe two setswhich is:

d(P; Q) = jP j � jP \ Qj (3)

wherejP j is thecardinalityof thesetP .

Modelsthatmorecloselyresemble theexamplemodelwill bepro-
ducedmorefrequently, if the following modificationis appliedto
thealgorithmin Table2 at Step4. In Step4, onelabel is chosenat
thevertex v. This labelshouldbechosensothat theperceptualdis-
tancebetweenthenew modelandtheexamplemodeis minimized.
Let L (k) be thenumberof locationsin theexamplemodelE that
closelyresemblethemodelM 0 with (v; k) addedto it, if (v; k) is
consistent

L 0(k) = jf v0jd(! (v0; E ); ! (v; M 0 [ f (v; k)g)) � d0gj (4)

L (k) = �

L 0(k) ; (v; k) 2 C(M 0)
0 ; (v; k) =2 C(M 0) (5)

whered0 is a thresholdnormally set at the minimum perceptual
distance.In Step4, the probability of picking the label k will be
assignedthevalueof:

P (k) =
L (k)

� N
i =1 L (i )

: (6)

This will causethenew modelto morecloselyresembletheexam-
plemodel.

4 Variants of Model Synthesis

4.1 Symmetric Models

Symmetric models can be synthesizedusing model synthesis.
Many differentkindsof symmetrycanbedescribedusingaBoolean
function of two labeled vertices called the symmetry function
S(c1 ; c2). S(c1 ; c2) is similar to the transitionfunction T . The
transitionfunctionT describeswhich labeledverticesareallowed
to be in adjacent locations. The symmetryfunction S describes
which labeledverticesareallowed to be in symmetricallocations.
When the two verticesv1 and v2 are in symmetricallocations,
S(( v1 ; k1); (v2 ; k2)) is equalto oneonly if the modelpiececor-
respondingto the label k1 is symmetricto the model piececor-
respondingto the label k2 . Whenv1 andv2 arenot in symmet-
ric locations,S(( v1 ; k1); (v2 ; k2)) is equal to one. In the same
way that the transitionfunction enforcesconsistency, the symme-
try functionenforcessymmetry. If the transitionfunctionwerere-
placedby the symmetryfunction, the algorithm would generate
symmetricmodelswhich might not be consistent. We can cre-
ate a new transition function T 0 that combinesthe requirements
of boththeoriginal transitionfunctionandthesymmetryfunction,
T 0(c1 ; c2) = S(c1 ; c2)T (c1 ; c2). By replacingthe old transition
functionwith thenew one,thealgorithmgeneratesmodelsthatare
bothconsistentandsymmetric.Symmetricmodelscanbe created
with only minorchangesto thealgorithms.

4.2 Constrained Models

It is possibleto addsoft constraintsto modelsynthesis,sothat the
modelsthat aresynthesizedhave certaindesirablecharacteristics.
For example,amodelof acity couldbeconstrainedto becreatedin
theshapeof anotherobject.Analogously, therearetexturesynthe-
sismethodswhicharedesignedto createtexturethatfits somekind
of constraint [Efros andFreeman2001;Ashikhmin2001;Kwatra
etal. 2005].

Oneway a constraintcanbe addedis basedoff of the Metropolis
samplingalgorithm. Let f (M ) bea function of themodelM that
definestheconstraint.We wish to find a modelM thatmaximizes
f (M ). This can be doneby makinga minor changeto our algo-
rithm in Step5. Originally, Step5 would occurwhenever M 0 was
consistentor, in otherwords,whenever M 0 wasconsistent,Step5
would occurwith a probabilityof 1. If this is changedsothatStep

5 occurswith a probabilityof min � 1; f ( M 0)
f ( M ) 	

, thenthosemodels
whichbetterfit theconstraintaremorelikely to besynthesized.

Anotherway to adda constraintis to modify Equation (6), so that
the labelsthatbetterfit theconstrainthave a higherprobabilityof
beingselected.

4.3 Higher -Dimensio nal Models

Modelsynthesiscanbeusedto createfour-dimensionalandhigher-
dimensionalobjects. By addinga time dimension, it is possible
to synthesizetime-varying models. The processof synthesizinga
time-varying model is almost identical to the processof synthe-
sizing a stationarymodel. The userinputsa time-varying exam-
ple model constructedout of time-varying modelpieces,and the
algorithmsynthesizesa time-varying modelthat resemblesthe in-
put. Thesameprinciplesthatappliedin threedimensionsapply in
four dimensions.Temporalconsistency is just asimportantasspa-
tial consistency. In thesameway thatonly somemodelpiecesare
allowed to be adjacentto oneanotherin space,only somemodel
piecesareallowedto beadjacentto oneanotherin time. Theexten-
sioninto higherdimensionsis fairly straightforward.
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Figure 5: (a) ExampleTexture, (b) Kwatra et al. 2005, (c) 2D
ModelSynthesis,Part of theexampletexture is magni�ed beneath
theoriginal to showthe4 � 4-pixeltexturepieces.

5 Results

A two-dimensionalversionof the algorithmwasusedto compare
it with anothertexturesynthesisalgorithm.Theexample textureis
shown in Figure5(a). This texture waschosenbecauseis it pos-
sible to decomposeit into a few distinct texturepieces.2D model
synthesiscannot be appliedto an arbitrary texture asmostother
texturesynthesismethodscan,but for thosetexturesthatcanbede-
composedin thisway, modelsynthesisis ableto exploit thedecom-
position.Theexamplemodelin Figure5(a)is one continuouspath
with no dead ends.Model synthesisgeneratesa consistenttexture
that is madeup of only continuouspathsasshown in Figure5(c).
Theresultfrom anexistingtexturesynthesisalgorithmis shown for
comparisonin Figure5(b).

Figures1 and 6 through13 show a variety of modelsthat were
generatedfrom examplemodels,includingcitieswith differentar-
chitecturalstyles, plants, terrain, castles,and building interiors.
The synthesizedmodelsarefairly large andwould requirea great
amountof effort to modelmanually. Figure12 shows modelswith
differenttypesof symmetrythatareall basedoff theexamplemodel
in Figure1(a). Figure13 shows modelsthatareconstrainedto be
in the shapeof differentsymbols. The companion video shows a
time-varyingmodelof acity with moving carssynthesizedfrom an
examplemodelusing4D modelsynthesis.

Model synthesiscanalsobe usedto light environmentscontaining
a large numberof lights. This is doneby including modelpieces
thathave lights in them. In Figure 8, all of thestreetlights andcar
lightsweregeneratedusingmodelsynthesis.

Thecomputationtime requiredto createmodels usingmodelsyn-
thesisdependson the sizeof the B region that is modified. For
sometypesof modelssuchasthe city at night (Figure8) andthe
landscape(Figure9), thealgorithmis successfulevenwhentheB
region is aslarge theentirenew model. Consequently, themodels
in Figures8 and9 werecreatedwithin a few seconds.The other
modelsneedsmallerB regionsandmoreiterationsto besuccess-
ful. Themodelsin Figures1, 6, 7, 10, and11 took betweenhalf a
minuteandhalf anhourto create.

6 Limitations

An importantlimitation is thattheexample modelsneedto beman-
ually decomposedinto modelpieces.Therearesomemodelsthat
would bedifficult to decomposein this way. Architecturalobjects
arefrequentlycomposedof elementsthatrepeat andarestructured
in a lattice. Thesetypesof objectsarewell-suitedto modelsyn-
thesis. Other objectsmay be more difficult. Terrain, trees,and
otherobjectscanbemodeledusingmodelsynthesis,but theexam-

plemodelsmustbeconstructedcarefullyfor it to work properly. If
theexamplemodelsarenotconstructedcarefully, it is possiblethat
the outputwill be so tightly constrainedthat modelsynthesiswill
simply reproducetheexamplemodelover andover. As long asthe
region to modify B is keptreasonablysmall,thealgorithmwill not
becomestuckin apositionwherefurtherchangeis impossible.

7 Conc lusion

A new method for automaticallysynthesizingmodels using an
example model has beenpresented. Model synthesisis able to
modelmany different large, complex environmentsthat would be
difficult to createmanuallyor from existing proceduralmodeling
techniques.Model synthesiscanbe extendedto generatemodels
in motion, symmetricmodels,andmodelsthat fit constraints.We
have shown how to perform a global searchto avoid addingany
modelpiecesthatdirectlycon¯ictwith othermodelpiecesandthat
by only modifying partof themodel,it is muchmorelikely thatthe
modificationwill be successful.This allows us to generatelarge
consistentmodels.

(a) Yin andYang (b) Example1a (c) Wheelchair (d) Example1a

Figure13: ConstrainedModels
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A Deciding if a Texture can be Completed is
an NP-Complete Problem

Wewill show thatdecidingwhetheror not it is possibleto fill in an
incomplete2D modelor texture andcreatea completeconsistent
texture is an NP-completeproblem. This problemis in NP since
a solutioncanbeguessedandthenverified in polynomialtime by
checkingthe transitionfunction at eachvertex. To show that the
problemis NP-hard, we reducea known NP-completeproblemthe
Planar3-SAT problemto it. The Planar3-SAT problemis to de-
cide the satisfiability of a Booleanformula with threeliterals per
clausethatcanbeput into a planargraph.An exampleis shown in
Figure14(a). The literals areconnectedby wires into three-input
OR gates. Oneof the three inputsmusthave a true valuefor the
Booleanformulato besatisfied.

To reducethe problemto a texture completionproblem,we con-
structa texturelike thatshown in Figure14(c)whichresemblesthe
planargraph. Eachliteral andthe wires comingout of the literal
areenclosedby a groupof texture pieces.The transitionfunction

(a) (b)

(c) (d)

Figure14: (a) A Planar3-SAT Problem(x1 _ x2 _ x4) ^ (x2 _ x3 _
x4) ^ (� x1 _ x2_ � x4), (b) Possiblecon�gurationsof a NOT
andORgatecreatedfromtexture pieces,(c) An Equivalenttexture
synthesisproblem,(d) A texturesynthesissolution

T is carefullychosenso thatall the texture insidetheenclosureis
oneof two possiblevarietieswhich aretheTRUE andFALSE tex-
turepieces.Thetransitionfunctionis chosensothattheTRUE and
FALSE texturecannever touchoneanother. To beconsistent,ev-
erythinginsidethe enclosuresmust be completelyTRUE or com-
pletely FALSE. The wires may have NOT gatesattachedto them
andthewiresmeetat theORgates.

By constructingthepropertransitionfunction,we cancreateNOT
gatesandOR gates.A NOT gateis createdby placinga particular
modelpieceonthewire. Thispiecealwayshasoneof two possible
modelpiecesto theright of it whichareshown asbluesquareswith
arrows. Thefirst of thesepiecesalwayshasatruepiecebelow it and
a falsepieceabove it. Thesecondpossiblepiecealwayshasa false
piecebelow it anda truepieceabove it. In bothcases,thevalueon
thewire is negatedandsothisfunctionsasaNOT gate.An ORgate
is createdby placingaparticularmodelpiecewherethe threewires
meet. This piecealways hasone of threepossiblemodel pieces
below it which areshown with arrows. For eachof thesepossible
pieces,theTRUE texturepiecemustbe found in thedirection the
arrow points.Theothertwo directionsmayhave TRUE or FALSE
values.Thetexturecanonly becompletedconsistentlyif a TRUE
valueis foundatoneof thethreeincoming wires.

A solution to the Planar3-SAT problemexists if andonly if it is
possibleto completethetexturein away thatall theORgateshave
at leastone TRUE value and the valuesare negatedat the NOT
gates.ThePlanar3-SAT problemis reducedto thetexturecomple-
tion problemin polynomialtime. This resultextendsto threeand
higherdimensions,but not to theone-dimensionalcase.
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