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Figure 1: Fromtheexamplemodel(a), a larger mocel (b) is automaticallycreatedusingmodelsynthesis.

Abstract

Modelsynthesiss a new approacho 3D modelingwhich automat-
ically generatetarge modelsthatresemblea smallexamplemodel
provided by the user Model synthesis extendsthe 2D texture syn-
thesisprobleminto higherdimensionsand can be usedto model
mary differentobjectsandenvironments. The useronly needsto
provide anappropriateexamplemodelanddoes notneedto provide
ary otherinstructionsabouthow to generatehemodel. Modelsyn-
thesiscanbe usedto createsymmetricmodels,modelsthatchange
overtime,andmodelsthat t softconstraintsTherearetwo impor-
tantdifferencedetweerour methodandexisting texture synthesis
algorithms. The rst is the useof a globalsearchto nd potential
con icts beforeaddingnew materialto the model. The secondlif-
ferenceis that we divide the problemof generatinga large model
into smallersubproblemsvhich areeasieito sdve.

CR Categories: 1.3.5 [ComputerGraphics]: Computatioal Ge-
ometryandObjectModeling—;
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1 Introduction

Marny of themostvisually exciting ervironmentssuchasvastland-
scapesand cityscapesare quite large and quite intricate. Due to
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their sizeandcompleity, thetaskof modelingtheseervironments
is often a long andtediousprocess. This dif cult task could be
eliminatedif therewerea suitablemethodto modelthesetypesof
environmentsautomatically

Example-basetechniquesrewidely usedfor texture synthesisin
texture synthesisthe userinputsan exampletexture andthe algo-
rithm outputsa more extensve texture thatresembleshe example
texture. A similar approachcould be usedto modellarge 3D ervi-
ronments.The userinputsa smallexamplemodelandthena com-
puteralgorithmoutputsa larger model thatresembleshe example
model. This processs illustratedin Figurel. Figurel(a)shovs an
examplemodelandFigure 1(b) shovs the new syntheizedmodel
generatecby computer The new modellooks similar to the ex-
ample model, but is larger and more complex. Model synthesis
requiresthatit be possibleto breakapartthe examplemodelinto
small building blocksthat canbe arrangedogetheron a 3D grid.
Becausanodelsynthesisacceptamary differentexamplemodels,
it is ageneral-purposproceduramodelingtool.

3D artistsneedconsiderablereatve freedomto be ableto create
modelsthat look both realistic and artistically interesting. This
is why it is importantfor themto have general-purposenodeling
tools. A proceduramodelingtechniquethatcanonly modela spe-
ci ¢ type of objectoften haslimited value, becauseas soonasa
signi cantly differentobjectis neededthe techniquemustbe re-
programmedWe expectthat3D artistswill nd thatcreatinganew
examplemodelis ofteneasierthanadjustinganexisting procedural
modelingtechniqueto suittheir needs.

1.1 Related Work

Model synthesiss closely relatedto texture synthesis. Recently
mary technique$iave beendevelopedfor synthesizingexture. One
groupof methodsouldbe catgorizedasglobalmethodsvhich at-
temptto matchthe large-scalestochastigpropertiesof the example



texture onto the new texture [Heeger and Bergen 1995; Portilla
andSimoncelli2000]. In aseparateateyory arelocal region grow-
ing methodswhich synthesizethe texture pixel by pixel or patch
by patch [Efros andLeung199; Wei andLevoy 2000; Efrosand
Freemar2001]. Model synthesisnorecloselyresembleshe local
methods.

Model synthesiould be thoughtof asa generalizatiorof texture
synthesisinto three or more dimensions. Previous extensionsof
texture synthesisusedtime asthe third dimension [Doretto et al.
2003;Wei andLevoy 2000;Kwatraet al. 2003]. Texture synthesis
hasalsobeenusedto create3D geometridexture on the surfaceof
agivenmodel [Bhatetal. 2004].

Wangtiles aresmallblocksof texturethatcanbearrangedogether
on a grid to createlarger texturesand have beenusedin texture
synthesis[Cohenet al. 2003]. The 3D countepart of a Wangtile

is a Wangcube [Il andKari 1996]. Wangcubeshave beenused
to mocel asteroidfields [Sibley etal. 2004]andto rendervolume
data [Lu et al. 2004]. Synthesizinga modelis not difficult after
a Wang cube sethas beenfound. However, in orderto form an
acceptabldVang cubesetmary differentpartsof the modelmust
be stitchedtogethemwithout creatingseamswvherethey meet. This

canbedifficult to achieve on somemodels.

Contet-basedsurfacecompletion[Sharfetal. 2004]is designedo
completemodelswheresectionsof the modd are missingsurface
information. Surfacecompletionfills in any missingsectionswith
surfacesthatresemblehe restof the model. Therestof themodel
effectively actsasthe example. Anothertool [Funkhousert al.
2004]canbeusedto stitchtogethempartsof mary differentexample
modelsto createa new model. Thesetwo mettods are useful for
modelingindividual objects but modelsynthesiss bettersuited to
modelinglarge-scalestructures.

Proceduralmodeling techniques that model specific objects or
ervironments such as plants [Mech and Prusinkiavicz 1996;
Prusinkisvicz et al. 2001], terrain [Musgrave et al. 1989], and
buildings [Muller et al. 2006; Legakis et al. 2001] have beenex-
tensvely studied [Ebertetal. 1998],but thesemethod requirethat
mary rulesfor generatinghemodelsbe specifiedandareonly able
to modela small classof objects. In contrast,model synthesiss
a general-purpos@roceduralmodelingtool. While the example
model must satisfy a few requrements,ary example model that
doessatisfythemcanbe usedregardlessof the type of object.

2 The Consistenc y Problem

To describethe models,we usea setof predefinedmodelpieces
Model piecesarethebuilding blocksof amodel. Thepiecesarear
rangediogetherin spaceto form models.Figure2(a) demonstrates
how amodelof apillar canbeconstructedisingfour distinctmodel
pieces.Every positionin a 3D lattice is assgnedan integer value
correspondingo the model piecethat occupiesthe space.In this
casetherearefour differentmodelpiecesnumbered0 through3.

The model piecesare constructednanually The examplemodel
provided by the useris assembledrom the modelpieces. It must
be possibleto decomposdhe example modelinto a few unique
pieces.

A modelwill notlook plausibleif it is piecedtogethethaphazardly
For example,Figure2(b) shawvs whathappensvhenthe piecesare
arrangedogethemvithoutary rules. Theresultis aentirelyunsatis-
factory Sinceemptyspacepiecesareallowedto bebelow theother
piecesl through3, someof thecolumnsin themodelarelevitating.

To avoid generatingronsensicainodeldik e this, a setof rulesmust
be establishedo ensurehatthe piecesall fit togethercorrectlyand
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Figure 2: (a) A modelcomposedf four modelpieces,(b) An In-
consistenModel, (c) A ConsisteniModel

seamlesslyOneruleis thata modelpiecemayonly be beneattan-

othermodelpieceif it wasbeneattthatpiecein theexamplemodel.

Similarly, amodelpiecemayonly be behindanothempieceif it was

behindthatpiecein the examplemodel. If amodelobeys all these
rules,thenit is consistentMore preciselyamodelM is consistent
with anexamplemodelE if all the modelpiecesthatareadjacent
to oneanotherin M arefound adjacento oneanotherin E along

thesamedirection.Consisteng is testedn six directionswhich are

thepositive andnegative x, y, andz directions.

3 Method

Model synthesids performedon a three-dimensiondattice which
consistof asetof verticesV connectedby asetof edgesEachver
tex is occupiedby a model piece. Eachmodelpieceat a particular
positionin spacewill berepresentetly alabelassignedo apartic-
ular vertex. If thereareN possiblemodelpiecesthenthereareN
possiblelabels. The problemof modelsynthesiss how to assign
alabelto eachvertex without violating the rulesof consisteng. A
labeledvertex c = (v; k) isavertex v 2 V thathasbeenassigned
alabelk 2 [1:::N]. A modelM is definedasa setof labeled
vertices. Two labeledverticesmay not occupy the samespace.A
modelthatis unfinishedor incompletewill have someverticesthat
aremissinglabels.If amodelcontainsonelabeledvertex for each
vertex in V, thenit is complete

Thetransitionfunction T is a Booleanfunction that controlshow
theverticesarelabeled.Let ¢c; andc, betwo adjacentabeledver-
tices. If ¢1 andc; areallowedto benext to oneanother T (c1; C2)
is equalto one. Othawise, it is zero. For non-adjacentertices,
T (c1; ¢2) is definedto beone. A conpletemodelM is consistent
if for ary two labeledverticesci;c; 2 M;T(ci;¢2) = 1. An
incompletemodelM is corsistentf thereexistsacompleteconsis-
tentmodelM °suchthatM M °.

In the three-dimensionaCartesiancase,T is calculatedfrom the
examplemodelE accordingo theequations

Tx(ki;k2)  ;vi = va+ (1;0;0)

Tx(kz2;k1) svi=vz2 (1;0,0)

Ty(ki;ka) ;vi= vz + (0;1;0)

T((vi;ki); (v2;k2)) = Ty(kz; ki) svi=v2 (0;1,0)

Tz(ki; k2) ;v = vz + (0;0;1)

Tz(k2;k1) svi=vz2 (0;0;1)

1 ; otherwise

oy~ 1 59vj(v;ka);(vi+ (1;0;0);ke) 2 E
Te(kik) = g : otherwise

by 1 9vi(vika);(v+ (0;1,0);ke) 2 E
Ty(kika) = : otherwise



T, (ki: k) = 1 ;9vj(v;ke);(v+ (0;0;1),k2) 2 E

3.1 Global Search for Conicts

Ourgoalisto createacompleteconsistentmodel. We canstartwith
anemptymodelandindividually addlabeledverticesto it until it is
complete.However, if we arenot carefulit is likely thatthe model
will became inconsistentas more labeledverticesareaddedto it.
For somelabeledverticesiit is relatively easyto seethatthe model
will becomeinconsistentf they areaddedto it. We usea global
searcho find thesetypesof labded verticesandremove themfrom
considerationOncetheseabeledverticesareremoved, we areleft
with a setof cardidatelabelsthatwe areconsideringaddingto the
modelM andthissetis calledC(M ). C(M ) is updatecbverytime
themodelchanges.

A detailedexplanationof how to calculateC (M ) is providedin Ta-
ble 1 anda simpleexampleof the calculationis providedin Figure
3. This calculationrequiresseveraliterations. C¢ (M) is the esti-
matedvalueof C(M ) atiterationt. During eachiteration,labeled
verticesthatdo not belongin C(M ) areremoved. After mary it-
erations,C;(M ) will be equalto the desiredvalueof C(M). At
eachvertex thathasbeenassigneda labelin M, all otherlabels
areremovedin Stepl sinceeachvertex may only have onelabel.
Wheneer C; (M ) changesta vertex, all of its neighborsmustbe
checledto seeif ary of themareaffectedby thechangeLetu; be
the setof all verticesthathave beenchangedbut whoseneighbors
have not beenchecled. In Step3, a vertex v is selectedout of u;
andthenits neighborsareupdatedn Step4. A labeledvertex only
belongsin C;(M) if eachof its neighborshasat leastone possi-
ble labelthatis consistentvith it. All labelsthatdo notbelongare
removedin Step4. All of the verticesthat changedn Step4 are
addedto the setut+1 in Step5. This processhenrepatsitself.
A new vertex is selectedout of u., its neighborsare updated and
thenary of its neighborsthathave chargedareaddedto u;. This
continuesuntil all partsof the modelthatneedto be checled have
beenchecled,which occurswhenu; is empty

This methodimprovesuponexisting texture synthesisnethodghat
only examinea local neighborhoodeforesynthesizingtexture. A
local searchmay miss somecon icts that a global searchwould
detect sincemary modelpieceshave anin uence far outsidetheir
local neighborhood.

Althoughaglobalsearchs betterthanalocal searchit alsois im-

perfect.This global searctonly eliminatedabded verticesthatare
relatively easyto eliminate. For somelabeledvertices, it canbe
extraordinarilydifficult to decideif the modelwill becomencon-
sistentif they areaddedto it. Decidingwhethe or not a modelis

consistents shavn to beanNP-completeroblemin theappendix.
(This proof appliesto both 2D texturesand3D models.)Deciding
if amodelwith anadditionallabeledvertex is consistents alsoNP-
complete This meanghatwe mustlimit the sizeof themocklsthat
arebeingchecled for consisteng which is achiezed by operating
onsmallpartsof themodelseparatelyvhichis discussed Section
3.2. Creatinga single consistenmodelis not a difficult problem.
Most modelscontainsomeempty space.An entire modelfull of

emptyis consistentbut notvery interesting. Eventhoughthis solu-
tion is notvery usefulby itself, it canbe usedasaninitial solution
thatis improvedstepby stepovertime.

3.2 Synthesis

A detaileddescriptionof the modelsynthesisalgorithmis givenin
Table2. An exampleis shovn in Figure4. We begin with a triv-
ial solutionwhich normally consistsof emptyspaceover a ground

0 ;otherwise 1)

Figure 3: A 2D exampleoftheC(M ) Calculation

Stepl:

Step2:

Repeat

Step3:
Step4:

Step5:

Step6:

Co(M) is thesetof all labeledverticesexceptthose
occupying the samespaceasanothewertex in M :
Co(M)=V [1:::N] f(v;k)j9i 6 k;(v;i)2 Mg
Uo is thelocationof all verticesin M :
Uo = fvj(v;i) 2 Mg; t=0

Steps3-6 whileu; 6 ;

Selectavertex v from u;
Remove all neighboringverticesthatdo notagree
with ary of thelabeledverticesatv:
Ci+1 (M) = C(M)  f(VEK)j@ (v;i) 2 Ci(M)
andT ((v;i); (v%k)) = 1g
Add all locationsthatchangednto u andremaove v:
Uer = (U V) [ FV99Kk; (V%K) 2 C(M)  Cier (M)g
Incrementt

Tablel: C(M) Calculation

Figure 4: Anexampleillustrating the Model Synthesig\gorithm.

Stepl:
Repeat

Step2:
Step3:

Step4:

Stepb5:

My is asimpleconsistentmodel,M = Mg
Step2-5 until every partof the modelhaschanged:

Choosea setof verticesB to modify

Createa nav modelM ° without thosevertices:
M%=M f(v:k)jv2 Bg

WhileC(M% 6 ; andB 6 ;

Pick (v; k) suchthatv 2 B and(v;k) 2 C(M 9
M%= M°[ f(v;k)gandB = B fvg

IfC(M% 6 ; thenM = M°

Table 2: Model Synthesig\lgorithm




plane.Thenwe pick a sectionof theinitial modelto modify. Let B
bethe setof verticeswe have choserto modify. Sincethe remain-
ing unmodified part of the modé is known to be consistentthe
consisteng only needgo be checledwithin theB region. By only
modifying the B region, the size and compleity of the problem
is loweral dramatically Small partsof the modelcanbe modified
muchmoreeffectively. We createa new modelM ° with all theold
labelsin B remaved. For eachvertex in B, anew labelis selected
at random from our list of candidatdabelsC(M ©) andassgned
to thevertex. C(M 9 canbe calculatedfairly quickly becausehe
consisteng only needsto be checled within the B region. After
all theverticesin B have beenlabeledthe changesreacceptedn
Step5. However, sinceC (M 9) isimperfectthereis achancehata
labelwill beassignedhatcauseshe modelto becomeanconsistent
andC (M 9 to becomeempty Whenthis happensthenew changes
arerejected.Theseeventsarelesslikely to occurwhenthe region
to modify B is small. After, the changesareacceptedr rejected,
anew sectionB is selectecandmodified. Eachvertex shouldhave
thechanceao bemodifiedafew times.Successie B regionsshould
overlap.

3.3 Resemblance

In additionto producingconsistentnodels,anothefimportantgoal

of modelsynthesiss to createmodelsthat resemblethe example
model. To resemblethe examplemodel,eachsmall region of the

new modelshouldapproximatelymatchotherregionsin the exam-

ple.Let! (v; M) beasmallcubicregion of themodelM centered
onthevertex v which hasawidth of 2w + 1 pieces.

V(v;M) = f(gk)j(v+ g;k) 2 M andq 2 [ w:::w]3g 2

Theperceptuatlistancead betweertwo setsis definedasthenumber
of modelpiecegthatarenot sharetetweerthe two setswhichis:

d(P;Q) =JPj jP\ Q] ®)

wherejPj is the cardinalityof thesetP .

Modelsthatmorecloselyresenble the examplemodelwill bepro-
ducedmorefrequently if the following modificationis appliedto
thealgorithmin Table2 at Step4. In Step4, onelabelis choserat
thevertex v. Thislabelshouldbechosersothatthe perceptuatis-
tancebetweerthe new modelandthe examplemodeis minimized.
Let L (k) bethe numberof locationsin the examplemodelE that
closelyresemblehe modelM © with (v; k) addedto it, if (v;k) is
consistent

Lok) = jfvid(! (VEE);! (MO f(vik)g)  dogi  (4)

_ L%k s(vik)2C(M9
LI =" o7 ik 2cM9 ©)

wheredp is a thresholdnormally set at the minimum perceptual
distance.In Step4, the probability of picking the label k will be

assignedhevalueof:

L (k)

Pk)= ————:
) L LG)

(6)

Thiswill causethe nev modelto morecloselyresemblehe exam-
ple model.

4 Variants of Model Synthesis

4.1 Symmetric Models

Symmetric models can be synthesizedusing model synthesis.
Mary differentkindsof synmetrycanbedescribedisingaBoolean
function of two labeled vertices called the symmetry function
S(c1;¢2). S(ca;c2) is similar to the transitionfunction T. The
transitionfunction T describesvhich labeledverticesare allowed
to be in adjacentlocations. The symmetryfunction S describes
which labeledverticesareallowedto bein symmetricallocations.
When the two verticesv, and v, arein symmetricallocations,
S((v1;Kk1); (v2; k2)) is equalto oneonly if the modelpiececor
respondingto the label k; is symmetricto the model piece cor
respondingto the label k,. Whenv; andv, arenotin symmet-
ric locations,S((v1;K1); (v2; k2)) is equalto one. In the same
way that the transitionfunction enforcesconsistecy, the symme-
try functionenforcessymmetry If the transitionfunctionwerere-
placedby the symmetryfunction, the algorithm would generate
symmetricmodelswhich might not be consistent. We can cre-
ate a new transitionfunction T° that combinesthe requirements
of boththe original transitionfunction andthe symmetryfunction,
T%ci;c2) = S(cr;c2)T(c;c2). By replacingthe old transition
functionwith the new one,the algorithmgeneratesnodelsthatare
both consistenind symmetric. Symmetricmodelscanbe created
with only minor changedo thealgorithms.

4.2 Constrained Models

It is possibleto addsoft constraintdo modelsynthesissothatthe
modelsthat are synthesizechave certaindesirablecharacteristics.
For example,amodelof acity couldbeconstrainedo becreatedn
the shapeof andher object. Analogously therearetexture synthe-
sismettodswhich aredesignedo createtexturethatfits somekind
of constraint [Efros andFreemar2001; Ashikhmin 2001; Kwatra
etal. 2005].

Oneway a constraintcanbe addedis basedoff of the Metropolis
samplingalgorithm. Let f (M ) be afunction of themodelM that
definesthe constraint. We wish to find amodelM thatmaximizes
f (M). This can be doneby makinga minor changeto our algo-
rithm in Step5. Originally, Step5 would occurwhenerer M © was
consistenor, in otherwords,wheneer M oWascorsistent,StepS
would occurwith a probability of 1. If thisis changedsothat Step
0

5 occurswith a probability of min  1; % , thenthosemodels
which betterfit the constraintaremorelik ely to be synthesized.

Anotherway to adda constraintis to modify Equatian (6), sothat
the labelsthat betterfit the constrainthave a higher probability of
beingselected.

4.3 Higher -Dimensio nal Models

Model synthesisanbeusedto createfour-dimensionabndhigher

dimensionalobjects. By addinga time dimensia, it is possible
to synthesizdime-varying models. The procesf synthesizinga
time-varying model is almostidentical to the processof synthe-
sizing a stationarymodel. The userinputs a time-varying exam-
ple model constructecdbut of time-varying model pieces,and the
algorithmsynthesizes time-varying modelthat resembleghe in-

put. The sameprinciplesthatappliedin threedimensionsapplyin

four dimensionsTemporalconsisteng is just asimportantasspa-
tial consisteny. In the sameway thatonly somemodelpiecesare
allowed to be adjacento one anotherin spaceonly somemodel
piecesareallowedto beadjacento oneanotheiin time. Theexten-
sioninto higherdimensiongs fairly straightfaward.
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Figure 5: (a) ExampleTexture, (b) Kwatra et al. 2005, (c) 2D
Model SynthesisPart of the exampletexture is magni ed beneath
theoriginal to showthe4  4-pixeltexture pieces.

5 Results

A two-dimensionalversionof the algorithmwasusedto compare
it with anothertexture synthesis algorithm. The examge textureis

shavn in Figure5(a). This texture was chosenbecauseés it pos-
sibleto decomposét into a few distincttexture pieces.2D model
synthesiscan not be appliedto an arbitrary texture as mostother
texturesynthesisnethodscan,but for thosetexturesthatcanbede-

composedn thisway, modelsynthesigs ableto exploit thedecom-
position. Theexamplemodelin Figure5(a)is one continuougpath
with no deal ends.Model synthesiggenerates consistentexture
thatis madeup of only continuouspathsasshavn in Figure5(c).

Theresultfrom anexisting texture synthesislgorithmis shavn for

comparisorin Figure5(b).

Figures1 and 6 through13 shav a variety of modelsthat were
generatedrom examplemodels,including cities with differentar
chitecturalstyles, plants, terrain, castles,and building interiors.
The synthesizednodelsarefairly large andwould requirea great
amountof effort to modelmanually Figure 12 shavs modelswith
differenttypesof symmetrythatareall basedff theexamplemodel
in Figure 1(a). Figure 13 shawvs modelsthat are constrainedo be
in the shapeof differentsymbols. The comparon video shavs a
time-varyingmodelof acity with moving carssynthesizedrom an
examplemodelusing4D modelsynthesis.

Model synthesisanalsobe usedto light environmentscontaining
a large number of lights. This is doneby including modelpieces
thathave lightsin them. In Figure 8, all of the streetlights andcar
lights weregeneratedisingmodelsynthesis.

The computatiortime requiredto createmodds usingmodelsyn-
thesisdependson the size of the B region that is modified. For
sometypesof modelssuchasthe city at night (Figure8) andthe
landscapédFigure9), the algorithmis successfuevenwhenthe B
region is aslarge the entirenev model. Consequentlythe models
in Figures8 and9 were createdwithin a few seconds.The other
modelsneedsmallerB regionsandmoreiterationsto be success-
ful. Themodelsin Figuresl, 6, 7, 10, and11 took betweerhalf a
minuteandhalf anhourto create.

6 Limitations

An importantlimitation is thattheexamgde modelsneedto beman-
ually decomposeihto modelpieces. Thereare somemodelsthat
would be difficult to decomposén this way. Architecturalobjects
arefrequentlycomposedf elementghatrepeat andarestructured
in alattice. Thesetypesof objectsare well-suitedto model syn-
thesis. Other objectsmay be more difficult. Terrain, trees,and
otherobjectscanbe modeledusingmodelsynttesis,but the exam-

ple modelsmustbe constructeaarefullyfor it to work properly If
theexamplemodelsarenot constructedtarefully, it is possiblethat
the outputwill be sotightly constrainedhat modelsynthesiswill

simply reprodice the examplemodelover andover. As long asthe
regionto modify B is keptreasonablymall,thealgorithmwill not
becomestuckin a positionwherefurtherchanges impossible.

7 Conclusion

A new methodfor automaticallysynthesizingmodels using an
example model has beenpresented. Model synthesisis able to
modelmary differentlarge, complex ervironmentsthat would be
difficult to createmanuallyor from existing proceduralmodeling
technigues.Model synthesiscan be extendedto generatenodels
in motion, symmetricmodels,andmodelsthatfit constraints.We
have shavn how to performa global searchto avoid addingary
modelpiecesthatdirectly con’ictwith othermodelpiecesandthat
by only modifying partof themodel,it is muchmorelikely thatthe
modificationwill be successful. This allows us to generatdarge
consistentmodels.

(a) YinandYang (b) Examplela (c) Wheelchair (d) Examplela

Figure 13: ConstainedModels
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A Deciding if a Texture can be Completed is
an NP-Complete Problem

We will shav thatdecidingwhetheror nat it is possibleto fill in an
incomplete2D modelor texture and createa completeconsistent
texture is an NP-completeproblem. This problemis in NP since
a solutioncanbe guessedndthenverified in polynomialtime by
checkingthe transitionfunction at eachvertex. To show thatthe
problemis NP-hard we reducea knovn NP-completeproblemthe
Planar3-SAT problemto it. The Planar3-SAT problemis to de-
cide the satisfiability of a Booleanformulawith threeliterals per
clausethatcanbe putinto a planargraph.An exampleis shavn in
Figure 14(a). Theliterals are connectedy wires into three-input
OR gates. One of the threeinputs musthave a true value for the
Booleanformulato besatisfied.

To reducethe problemto a texture completionproblem,we con-
structatexturelik e thatshawvn in Figure 14(c)whichresembleshe
planargraph. Eachliteral andthe wires comingout of the literal
areenclosedy a groupof texture pieces. The transitionfunction

@) (b)

© (d)

Figure14: (a) APlanar3-SA Problem(x1_ X2 _ X4)" (X2 _X3_
Xa) ™ ( X1 _ X2_  Xa), (b) Possiblecon gurationsof a NOT
and OR gatecreatedfromtexture pieces(c) An Equivalenttexture
synthesigproblem,(d) A texture synthesisolution

T is carefully chosernsothatall the texture insidethe enclosures
oneof two possiblevarietieswhich arethe TRUE andFALSE tex-
turepieces.Thetransitionfunctionis chosersothatthe TRUE and
FALSE texture cannever touchoneanother To be consistentgv-
erythinginsidethe enclosuresnust be completelyTRUE or com-
pletely FALSE. The wires may have NOT gatesattachedo them
andthewiresmeetatthe OR gates.

By constructinghe propertransitionfunction, we cancreateNOT
gatesandOR gates.A NOT gateis createdby placinga particular
modelpieceonthewire. This piecealwayshas oneof two possible
modelpiecego theright of it which areshavn asbluesquaresvith
arrans. Thefirst of thesepiecesalwayshasatruepiecebelow it and
afalsepieceaboreit. Thesecondoossiblepiecealwayshasafalse
piecebelow it andatruepieceaboreit. In bothcasesthevalueon
thewire is negatedandsothisfunctionsasaNOT gate.An OR gate
is createdy placingaparticularmodelpiecewherethe threewires
meet. This piecealways hasone of three possiblemodel pieces
belaw it which areshowvn with arrons. For eachof thesepossible
pieces the TRUE texture piecemustbe foundin the diredion the
arrown points. The othertwo directionsmay have TRUE or FALSE
values. Thetexture canonly be completedconsistentlyif a TRUE
valueis foundat oneof thethreeincomirng wires.

A solutionto the Planar3-SAT problemexistsif andonly if it is
possibleto comgetethetexturein away thatall the OR gateshave
at leastone TRUE value and the valuesare negated at the NOT
gates.ThePlanar3-SAT problemis reducedo thetexture comple-
tion problemin polynomialtime. This resultextendsto threeand
higherdimensionsput notto the one-dinensionakase.
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