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Abstract—Streamline integration of fields produced by computational fluid mechanics simulations is a commonly used tool for the
investigation and analysis of fluid flow phenomena. Integration is often accomplished through the application of ordinary differential
equation (ODE) integrators—integrators whose error characteristics are predicated on the smoothness of the field through which the
streamline is being integrated, which is not available at the interelement level of finite volume and finite element data. Adaptive error
control techniques are often used to ameliorate the challenge posed by interelement discontinuities. As the root of the difficulties is the
discontinuous nature of the data, we present a complementary approach of applying smoothness-increasing accuracy-conserving
filters to the data prior to streamline integration. We investigate whether such an approach applied to uniform quadrilateral
discontinuous Galerkin (high-order finite volume) data can be used to augment current adaptive error control approaches. We discuss
and demonstrate through a numerical example the computational trade-offs exhibited when one applies such a strategy.

Index Terms—Streamline integration, finite element, finite volume, filtering techniques, adaptive error control.

Ç

0 continuous. Hence, one of the limiting factors of
streamline accuracy and integration efficiency is the lack of
smoothness at the interelement level of finite volume and
finite element data.

Adaptive error control techniques are often used to
ameliorate the challenge posed by interelement discontinu-
ities. To paraphrase a classic work on the subject of solving
ODEs with discontinuities [3], one must 1) detect, 2) deter-
mine the order, size, and location of, and 3) judiciously
“pass over” discontinuities for effective error control. Such
an approach has been effectively employed within the
visualization community for overcoming the challenges
posed by discontinuous data at the cost of an increased
number of evaluations of the field data. The number of
evaluations of the field increases drastically with every
discontinuity that is encountered [3]. Thus, if one requires a
particular error tolerance and employs such methods for
error control when integrating a streamline through a finite
volume or finite element data set, a large amount of the
computational work involved is due to handling interele-
ment discontinuities and not the intraelement integration.

As the root of the difficulties is the discontinuous nature
of the data, one could speculate that if one were to filter the
data in such a way that it was no longer discontinuous,
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impact the set of appropriate choices of ODE time-stepping
algorithms that can be successfully applied [47].

3.3 Adaptive Error Control

One suite of techniques often employed in the numerical
solution of ODEs is time stepping with adaptive error control
(for example predictor-corrector and RK-4/5). As pointed out
in [32], such techniques can be effectively utilized in
visualization applications that require time stepping. It is
important, however, to note two observations that can be
made when considering the use of error control algorithms of
this form. First, almost all error control algorithms presented
in the ODE literature are based upon the Taylor series
analysis of the error and hence tacitly depend upon the
underlying smoothness of the field being integrated [47].
Thus, error control algorithms can be impacted by the
smoothness of the solution in the same way as previously
discussed. The second observation is that the error indicators
used, such as the one commonly employed in RK-4/5 [48] and
ones used in predictor-corrector methods, will often require
many failed steps to “find” and integrate over the disconti-
nuity with a time step small enough to reduce the local error
estimate below the prescribed error tolerance [3]. This is
because no matter the order of the method, there will be a
fundamental error contribution that arises due to integrating
over discontinuities. If a function f has a discontinuity in the
pth derivative of the function (that is, fðpÞ is discontinuous),
the error when integrating past this discontinuity is on the
order of C½½fðpÞ��ð�tÞpþ 1, with p � 0, C being a constant, and

½½���being the size of the jump. Thus, streamline integration
over a finite volume field having discontinuities at the
element interfaces (that is, p ¼ 0 on element boundaries) is
formally limited to first-order accuracy at the interfaces.
Adaptive error control attempts to find, through an error
estimation and time-step refinement strategy, a time step
sufficiently small that it balances the error introduced by the
jump term.

These two observations represent the main computa-
tional limitation of adaptive error control [3]. The purpose
of this work is to examine whether the cost of using
SIAC filters as a preprocessing stage can decrease the
number of refinement steps needed for adaptive error
control and thus increase the general efficiency of stream-
line integration through discontinuous fields.

4 THEORETICAL DISCUSSION OF

SMOOTHNESS-INCREASING

ACCURACY-CONSERVING FILTERS

In this section, we present a mathematical discussion of the
filters we employ in this work. Unlike the mathematics
literature in which they were originally presented, we do not
require that the filtering be accuracy increasing. It is only a
necessary condition for our work that the filters be
smoothness-increasing and accuracy-conserving. In this
section, in which we review the mathematics of the filter,
we will explain these filters in light of the original motivation
for their creation (in the mathematics literature)—increasing
the accuracy of DG fields.

As noted in Section 2, the accuracy-conserving filter that
we implement (provably) reduces the error in the L2 norm
and increases the smoothness of the approximation. The

L2 norm is the continuous analogy of the commonly used
discrete root-mean-square (weighted euclidean) norm [49].
Unless otherwise noted, our discussion of accuracy is in
reference to the minimization of errors in the L2 norm. We
have made this choice as it is the norm used in the
theoretical works referenced herein and is a commonly
used norm in the finite volume and finite element literature.
The work presented here is applicable to general quad-
rilateral and hexagonal meshes [6]. However, in this paper,
we focus on uniform quadrilateral meshes as the presenta-
tion of the concepts behind the postprocessor can be
numerically simplified if a locally directionally uniform
mesh is assumed, yielding translation invariance and
subsequently localizing the postprocessor. This assumption
will be used in our discussion and will be the focus of the
implementation section (Section 5).

The postprocessor itself is a convolution of the numerical
solution with a linear combination of B-splines and is
applied after the final numerical solution has been obtained
and before the streamlines are calculated. It is well known
within the image-processing community that convolving
data with B-splines increases the smoothness of the data
and, if we are given the approximation itself, the order of
accuracy the numerical approximation [22], [23], [30].
Furthermore, we can increase the effectiveness of filtering
by using a linear combination of B-splines. Exactly how this
is done is based on the properties of the convolution kernel.
Indeed, since we are introducing continuity at element
interfaces through the placement of the B-splines, smooth-
ness is increased, which in turn aids in improving the order
of accuracy depending on the number of B-splines used in
the kernel and the weight of those B-splines. This work
differs from previous work in visualization that utilizes
B-spline filtering in that we are using a linear combination of
B-splines and in that we present a discussion of formulating
the kernel for general finite element or finite volume
approximation data to increase smoothness and accuracy.
As long as the grid size is sufficiently large to contain the
footprint of the filter, SIAC properties will hold. Given the
asymptotic results presented in [4] and [5], there will be
some minimum number of elements N above which
accuracy enhancement will also occur.

To form the appropriate kernel to increase smoothness,
we place certain assumptions on the properties of the
convolution kernel. These assumptions are based upon the
fact that finite element and finite volume approximations
are known to have errors that are oscillatory; we would like
to filter this error in such a way that we increase
smoothness and improve the order of accuracy. The first
assumption that allows for this is a kernel with compact
support that ensures a local filter operator that can be
implemented efficiently. This is one of the reasons why we
have selected a linear combination of B-splines. Second, the
weights of the linear combination of B-splines are chosen so
that they reproduce polynomials of degree 2k by convolu-
tion, which ensures that the order of accuracy of the
approximation is not destroyed. Last, the linear combina-
tion of B-splines also ensures that the derivatives of the
convolution kernel can be expressed as a difference of
quotients. This property will be useful in future work when
alternatives to the current derivative filtering [5] will be
explored for this postprocessor. The main option for
high-order filtering follows from the work of Thomée [34]
and is similar to that of Möller et al. [31].
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In order to further the understanding of the postpro-
cessor, we examine the one-dimensional (1D) postprocessed
solution. This solution can be written as

f � ðx� Þ ¼
1

h

Z 1

�1
K2ðkþ 1Þ;kþ 1 y � x�

h

� �
fhðyÞdy; ð4Þ

where K2ðkþ 1Þ;kþ 1 is a linear combination of B-splines, fh is
the numerical solution consisting of piecewise polynomials,
and h is the uniform mesh size. We readily admit that the
notation we have used for the kernel appears awkward. It
has been chosen to be identical to the notation used in the
theoretical works upon which this work is based (for
example, [36]) to assist those interested in connecting this
application work with its theoretical foundations. As this is
the common notation used in that area of mathematics, we
hope to motivate it so that people will appreciate the
original notation. The rationale behind the notation Ka;b is
that a denotes the order of accuracy that we can expect from
postprocessing and b denotes the order of accuracy of the
numerical method (before postprocessing).

The symmetric form of the postprocessing kernel can be
written as

K2ðkþ 1Þ;kþ 1ðyÞ ¼
Xk
�¼� k

c2ðkþ 1Þ;kþ 1
�  ðkþ 1Þðy � �Þ; ð5Þ

where B-splines of order ðk þ 1Þis obtained by convolving
the characteristic function over the interval ½� 1

2 ;
1
2� with

itself k times. That is

 ð1Þ ¼ �0j½�1=2;1=2�;  ðkþ 1Þ ¼  ðkÞ� �0j½�1=2;1=2�: ð6Þ

The coefficients, c2ðkþ 1Þ;kþ 1
� , in (5) are scalar constants

obtained from the need to at least maintain the accuracy
of the approximation. That can be achieved by

K2ðkþ 1Þ;kþ 1 � p ¼ p; for p ¼ 1; x; x2; � � � ; x2k; ð7Þ

as shown in [36] and [50]. We note that this makes the sum
of the coefficients for a particular kernel equal to one:

Xk
�¼� k

c2ðkþ 1Þ;kþ 1
� ¼ 1:

Once we have obtained the coefficients and the B-splines,
the form of the postprocessed solution is then

f � ðx� Þ ¼
1

h

Z 1

�1

Xk
�¼� k

c2ðkþ 1Þ;kþ 1
� �  ðkþ 1Þ y � x�

h
� �

� �
fhðyÞdy:

ð8Þ

Although the integration in (8) is shown to be over the
entire real line, due to the compact nature of the convolu-
tion kernel, it will actually just include the surrounding
elements. A more specific discussion of this detail will take
place in the next section.

As an example, consider forming the convolution kernel
for a quadratic approximation, k ¼ 2. In this case, the
convolution kernel that we apply is given by

Kð6;3ÞðxÞ ¼c6;3
� 2 

ð3Þðx þ 2Þ þ c6;3
� 1 

ð3Þðx þ 1Þ þ c6;3
0  ð3ÞðxÞ

þ c6;3
1  ð3Þðx � 1Þ þ c6;3

2  ð3Þðx � 2Þ:
ð9Þ

The B-splines are obtained by convolving the characteristic
function over the interval ½�1=2; 1=2� with itself k times. In
this case, we have

 ð3ÞðxÞ ¼�0 � �0 � �0 ¼

1
8 ð4x2 þ 12x þ 9Þ; � 3

2 � x � � 1
2 ;

1
8 ð6 � 8x2Þ; � 1

2 � x � 1
2 ;

1
8 ð4x2 � 12x þ 9Þ; 1

2 � x � 3
2 :

8><
>:

ð10Þ

The coefficients, c2ðkþ 1Þ;kþ 1
� , are found from convolving the

kernel with polynomials of degree up to 2k ðK � p ¼ pÞ.
The existence and uniqueness of the coefficients is
discussed in [36]. In this case, p ¼ 1; x; x2; x3; x4. This gives
us a linear system whose solution is

c� 2

c� 1

c0

c1

c2

2
66664

3
77775 ¼

37
1920

� 97
480

437
320

� 97
480

37
1920

2
6666664

3
7777775
:

Notice the symmetry of the B-splines, as well as the
coefficients multiplying them. Now that we have deter-
mined the exact form of the kernel, we can examine the
kernel itself. The 1D function is pictured in the top of Fig. 1.
Notice that the emphasis of the information is on the
current element being postprocessed, and the neighboring
cells contribute minimally to the filtering process.

Fig. 1 plots not only the 1D convolution kernel used in the
quadratic approximation but also the projection of the
postprocessing mesh (that is, the support of the kernel, where
mesh lines correspond to the knot lines of the B-splines used
in the kernel construction) onto the approximation mesh in
two dimensions. That is, the top mesh shows the mesh used in
the quadratic approximation, fhðx; yÞ, obtained by the finite
element or finite volume approximation with the mesh
containing the support of the B-splines used in the convolu-
tion kernel,Kð6;3Þðx; yÞ(given above), superimposed (shaded
area). The bottom mesh is the supermesh that we use in order
to obtain the filtered solution, f � ðx� ; y� Þ. Integration is
implemented over this supermesh as an accumulation of
the integral over each supermesh element. In the lower image
in Fig. 1, we picture one element of the supermesh used in the
postprocessing with the Gauss points used in the integration.
Note that Gauss integration on each supermesh element
admits exact integration (to machine precision) since both the
kernel and approximation are polynomials over the sub-
domain of integration.

We note that our results are obtained by using the
symmetric kernel discussed above. Near the boundary of a
computational domain, a discontinuity of the vector field,
or an interface of meshes with different cell sizes, this
symmetric kernel should not be applied. As in finite
difference methods, the accuracy-conserving filtering tech-
nique can easily be extended by using one-sided stencils [7].
The one-sided version of this postprocessor is performed by
simply moving the support of the kernel to one side of the
current element being postprocessed. The purely one-sided
postprocessor has a form similar to the centered one, with
different bounds on the summation and new coefficients
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c2kþ 1;2k
� [7]. Similarly, a partially left one-sided postprocessor

is obtained by changing the bounds of the summation. In
each case, the use of 2k þ 1 B-splines remains consistent.
The right one-sided postprocessed solution is a mirror
image of the left.

The 2D symmetric kernel is a product of the 1D kernels
with the form

K2ðkþ 1Þ;kþ 1ðx� ; y� Þ ¼
Xk
�x¼� k

c2ðkþ 1Þ;kþ 1
�x

 ðkþ 1Þ x� � �xð Þ

�
Xk
�y¼� k

c2ðkþ 1Þ;kþ 1
�y

 ðkþ 1Þ y� � �y
� �

;

ð11Þ

[5]. The kernel is suitably scaled by the mesh size in both the

x- and y-directions. The same coefficients, c2ðkþ 1Þ;kþ 1
� , as well

as B-splines, are used for both directions. This easily
extends to three dimensions as well (the kernel will be a
tensor product of three B-splines).

4.1 Putting It Together

Putting this filtering process together with the streamline
algorithm for a 2D quadratic approximation, we would
execute the following algorithm:

. Obtain the approximation over a given

quadrilateral or hexagonal mesh using a

finite element or finite volume scheme

(Fig. 1).
. Form the postprocessing kernel using a

linear combination of B-splines, scaled

by the mesh size. This will form the

postprocessing mesh (Fig. 1, shaded area).

The intersection of these two meshes forms

more subelements (Fig. 1, bottom).

– Obtain the B-spline from  ð3Þ ¼ �0 � �0 � �0.
– Obtain the appropriate coefficients

from K � p ¼ p for p ¼ 1; x; x2; x3; x4.
. Given the kernel for this quadratic

function, use RK-4 (or your favorite

ODE solver) to integrate the streamline,

where the right-hand-side function is

given by

f � ðx� ; y� Þ ¼
1

hxhy

Z
IR2

X3

�x¼� 3

c6;3
�x
 ð3Þ z1 � x�

hx
� �x

� �

�
X3

�y¼� 3

c6;3
�y
 ð3Þ z2 � y�

hy
� �y

� �
fhðz1; z2Þdz1dz2:

ð12Þ

In Fig. 2, the time integration of a streamline as it crosses
element boundaries is shown. By using this postprocessor
as part of the time integration step, we have the ability to
impose a type of interelement continuity at the evaluation
points of the integration (denoted by the circles) by using
the solution information in the neighborhood of the point
(denoted by the shaded regions—that is, by using the
information in the footprint of the kernel) to regain
convergence.

5 IMPLEMENTATION OF SMOOTHNESS-INCREASING

ACCURACY-CONSERVING FILTERS

When computing more than one streamline in a given field, it
is often more efficient to postprocess the entire field ahead of
time. This allows us to simplify the implementation of the
postprocessing kernel given in (5) by exploiting the symmetry
of the postprocessor and the B-spline coefficients [5], [7], [36].
There is an additional advantage in the local behavior of the
postprocessor, specifically that the kernel needs information
only from its nearest neighbors and can be implemented by
doing small matrix-vector multiplications [5]. The matrix-
vector format in the modal basis in one dimension is found
from evaluating
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Fig. 1. The convolution kernel for a 2D quadratic approximation when
element Ii;j ¼ ½xi � hx

2 ; xi � hx
2 � � ½yj � hy

2 ; yj � hy
2 � is postprocessed. The

B-spline mesh is shown (shaded area), as well as the approximation
mesh (in white). The bottom figure represents one quadrilateral element
and the points at which the postprocessor is evaluated.

Fig. 2. Diagram showing the time integration along a streamline as it

crosses element boundaries.



f � ðx� Þ ¼
1
h

Xk0

j ¼� k0

Z

I iþ j

K 2ðkþ 1Þ;kþ 1 y � x�

h

� �

�
Xk

l¼0

f ðlÞ
iþ j �

ðlÞ
iþ j ðyÞdy

¼
Xk0

j ¼� k0

Xk

l¼0

f ðlÞ
iþ j Cðj; l; k; x � Þ;

ð13Þ

where

Cðj; l; k; x � Þ ¼
1
h

Xk

� ¼� k

c2ðkþ 1Þ;kþ 1
�

Z

I iþ j

 ðkþ 1Þð� Þ� ðlÞ
iþ j ðyÞdy;

� ¼ y� x�

h � � , and � ðlÞ
i are the basis functions of the projected

function on cell I i ¼ ðxi � h
2 ; xi þ h

2Þ. The modes on element

I i are given by f ðlÞ
i , l ¼ 0; � � � ; k. We further note that the

compact support of the 2k þ 1 B-splines reduces the area of
the integral, which leads to a total support of 2k0þ 1
elements, where k0 ¼ d3kþ 1

2 e.
Furthermore, to provide ease of computation, we can

choose to compute the postprocessed solution at specific
points within an element. This allows us to calculate the
postprocessing matrix coefficients ahead of time and store
the values for future calculations. It also simplifies the
application in two and three dimensions, which are just
tensor products of the 1D postprocessor.

Consider a 2D application that uses four Gauss points
per element (two in each direction, denoted zn, n ¼ 1; 2).
The matrix-vector representation to postprocess element

I i;j ¼ ½xi � hx
2 ; xi � hx

2 � � ½yj � hy

2 ; yj � hy

2 � would be

f � ðznðxÞ; znðyÞÞ ¼
Xk0

mx¼� k0

Xk0

my¼� k0

Xk

lx ¼0

Xk

ly¼0

f ðlx ;lyÞ
iþ mx;j þ my

Cðmx; lx ; k; znðxÞÞ �Cðmy; ly; k; znðyÞÞ:

ð14Þ

Notice that Cðmx; lx ; k; znðxÞÞand Cðmy; ly; k; znðyÞÞcontain
the same matrix values. The only new information plugged
into calculating the postprocessed solution is the data
provided on element I i;j and surrounding elements. That is,
the value of the data f i;j .

We rely on a 2D quadratic approximation over the
element I i;j for further explanat ion. In this case, the
approximation is given by

f hðx; yÞ ¼f ð0;0Þþ f ð1;0Þ� ð1Þ
i ðxÞ þ f ð0;1Þ� ð1Þ

j ðyÞ

þ f ð1;1Þ� ð1Þ
i ðxÞ� ð1Þ

j ðyÞ þ f ð2;0Þ� ð2Þ
i ðxÞ

þ f ð0;2Þ� ð2Þ
j ðyÞ;

ð15Þ

where the basis of the approximation is denoted with
� i ðxÞ, � j ðyÞ. In many DG simulations, this basis is chosen
to be the Legendre basis, although mathematically it
is not required to be. Let us denote by f i;j the vector

½f ð0;0Þ
i;j ; f ð0;1Þ

i;j ; f ð0;2Þ
i;j ; f ð1;0Þ

i;j ; f ð1;1Þ
i;j ; f ð2;0Þ

i;j �T . We then proceed as

follows:

. Obtain the five coefficients and the quad-
ratic B-splines outlined in Section 4.

. For n ¼ 1; 2, evaluate the integral

Cðj; l; 2; xnÞ ¼
1
h

X2

� ¼� 2

c6;3
�

Z

I iþ j

 ð3Þð� Þ� ðlÞ
iþ j ðyÞdy;

at the Gauss points , xn. Denote this
matrix C.

. For each element in our 2D mesh, the post-
processed solution at the Gauss points
would be the matrix-vector multiplication :

f � ðxn; ynÞ ¼
X3

mx ¼� 3

X3

my¼� 3

f iþ mx ;j þ myCxCy: ð16Þ

We note that it is only necessary to compute the
postprocessing matrix, C, once, even though we apply it in
each direction and on every element. This is the advantage
of the directionally uniform mesh assumption. As is shown
in [6], the postprocessing takes OðN Þ operations to filter
the entire field, where N is the total number of elements.
Each field presented in this paper was postprocessed in
less than 5 seconds. Once the postprocessing is accom-
plished, the only cost difference between the original and
the postprocessed field is the cost of the field evaluation.
From our analysis, the cost function for evaluation of the
field goes asC1Pd þ C2P, where P is the polynomial degree
of the field, d is the dimension of the field, and C1 and C2 are
constants independent of the degree. The first term relates
to the cost of the linear combination; the second term relates
to the cost of evaluating the polynomials. It is worth noting
that the postprocessed field has twice the number of
modes per dimension as the unprocessed field, and thus,
the cost of each postprocessed field evaluation is asympto-
tically 2d times the cost of an unprocessed field evaluation.

6 RESULTS

To demonstrate the efficacy of the proposed filtering
methodology when used in c onjunction with classic
streamlining techniques, we provide the following tests on
a set of 2D vector fields. We provide these illustrative
results on 2D quadrilateral examples because it is easy to
see the ramifications of the filtering (as exact solutions are
available by construction and hence allow us to do
convergence tests); everything we have discussed and will
demonstrate holds true for 3D hexahedral examples also.

The three vector field examples ðu; vÞT ¼ ~F ðx; yÞ pre-
sented in this paper can be replicated using the set of
equations given below; they were obtained from [51]. The
domain of interest in all three cases is ½�1; 1� � ½� 1; 1�, and
the range is a subspace ofIR2. Each field is then projected
(using an L 2 Galerkin projection) onto an evenly spaced
quadrilateral high-order finite volume mesh—a procedure
that mathematically mimics the results of a DG simulation.
For details as to the mathematical properties and numerical
issues of such projections, we refer the reader to [49].

Once projected to a (high-order) finite volume field, we
can then apply the postprocessor in an attempt to regain
smoothness at element interfaces and to increase accuracy
(in the sense of the minimization of the L 2 norm of the
difference between the true and the approximate solution).
For simplification reasons, the comparisons in this paper
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were limited to those regions of ½�1; 1�2 for which the
symmetric postprocessing kernel remains within the do-
main. In general, the entire domain can (and should) be
postprocessed using a combination of the symmetric and
one-sided kernels as described in [7].

In Tables 1, 2, and 3, we present errors measured in the
L 2 norm and a discrete approximation of the L 1 norm
(sampled on a 1,000 � 1,000 uniform sampling of the
domain) for both the projected and postprocessed solutions.
The errors are calculated by comparing the projected and
postprocessed solutions against the analytic fields. This

error calculation is performed for various numbers of
uniform element partitions ( N in each dimension) and
polynomial orders ðIPkÞ. Both u and v components are
provided individually.

The three analytic fields used as examples are all of
the form:

z ¼x þ {y;

u ¼ReðrÞ;

v ¼ � Im ðrÞ:

Example Field 1

r ¼ ðz � ð 0:74þ 0:35{ÞÞðz � ð 0:68� 0:59{ÞÞ

ðz � ð� 0:11� 0:72{ÞÞð�z � ð� 0:58þ 0:64{ÞÞ

ð�z � ð 0:51� 0:27{ÞÞð�z � ð� 0:12þ 0:84{ÞÞ2:

Example Field 2

r ¼ ðz � ð 0:74þ 0:35{ÞÞð�z þ ð� 0:18� 0:19{ÞÞ

ðz � ð� 0:11� 0:72{ÞÞð�z � ð� 0:58þ 0:64{ÞÞ

ð�z � ð 0:51� 0:27{ÞÞ:

Example Field 3

r ¼ �ð z � ð 0:74þ 0:35{ÞÞðz � ð 0:11� 0:11{ÞÞ2

ðz � ð� 0:11þ 0:72{ÞÞðz � ð� 0:58þ 0:64{ÞÞ

ð�z � ð 0:51� 0:27� {ÞÞ:

As predicted by the theory, we see a decrease in the
L 2 error for all applications of the postprocessor. In addition,
we observe that when the postprocessing order matches
the original polynomial order of the analytical solution, we
regain the solution to machine precision (as predicted by the
theory). We note that this represents the “ideal” case—when
the filter is able to regain the exact solution. We also observe
a benefit in the L 1 norm—something not explicitly given
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TABLE 1
The L 2 and L 1 Errors for the U and V Components of Field 1

Results are shown for before and after postprocessing.

TABLE 2
The L 2 and L 1 Errors for the U and V Components of Field 2

Results are shown for before and after postprocessing.

TABLE 3
The L 2 and L 1 Errors for the U and V Components of Field 3

Results are shown for before and after postprocessing.



by the theory but something upon which many of the
theoretical papers have commented is likely and has been
observed empirically [4], [5].

One of the nice consequences of the reduction in the
L1 error of the fields is that the computation of field
“features” such as critical points are not hampered. As an
example, we computed a sampling of critical point locations
for two of the previously mentioned fields. Critical points
were computed using a Newton-Raphson algorithm with a
finite differencing of the field values for creating the
Jacobian matrix [48]. As the exact position of the critical
points are known, we can compare in the standard
euclidean norm the distance between the exact and computed
critical point location. In Table 4, we present the results of a
collection of computed critical point locations based upon the
projected and the postprocessed field. Note that in general,
the postprocessed field does no worse than the original field.

In Fig. 3, we present three vector field visualizations
produced by projecting the functions above over a
40 � 40 uniform mesh on the interval ½�1; 1� � ½� 1; 1�. The
field approximations are linear in both the x- and
y-directions. The “true-solution” streamlines (denoted as
black lines in all three images) are calculated by performing
RK-4/5 on the analytical function. The blue streamlines
represent the streamlines calculated from the L2-projection
of the field. The red streamlines represent the streamlines
calculated from the postprocessed projection of the field.
All streamlines were calculated using RK-4/5 with an error
tolerance of 10� 6.

Note that in the cases presented, the streamline based
upon the postprocessed data more closely follows the
true solution. In these cases, we also observe that in regions
where bifurcations occur, the postprocessed solution follows
the true solution instead of diverging away like the non-
postprocessed solution. This behavior can be attributed to
the projection accuracy obtained due to the use of the
postprocessor.

To ameliorate the accuracy and smoothness issues induced
by jumps at element interfaces in the L2-projected field, the
Runge-Kutta-Fehlberg adaptive-error-controlled RK-4/5
time-stepping method [52] was used with an error tolerance
of 10� 6 and no min/max step sizes. This tolerance was chosen
as a representative of what would be selected if one wanted
streamlines that were accurate to single-precision machine
zero. The smoothness of the analytical function and the

postprocessed field would allow for efficient integration
using a standard RK-4 method; however, for comparison,
integration on all fields was performed using the same
adaptive RK-4/5 method with the same tolerances. Table 5
shows the number of accepted RK-4/5 steps and total number
of RK-4/5 steps (accepted plus rejected) required to compute
the streamlines in Fig. 3. In Table 6, we provide a timing
comparison based upon our nonoptimized Matlab imple-
mentation of the streamline algorithms running on an Intel
Pentium 4 3.2-GHz machine. Note that the ratio of filtered to
nonfiltered time per integration step is much less than the
ratio of the total number of integration steps required. That is,
even though the cost per integration step is greater on the
postprocessed field, the reduction in the total number of
integration steps required more than compensates for this
difference.

For most streamlines, the total number of RK-4/5 steps1

required for the postprocessed field is comparable to the
number of steps required for the analytical function. For this
error tolerance, the total number of steps required for the
L2-projected field is asymptotically four times greater than
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TABLE 4
Error Comparison in Critical Point Location

Results are shown for before and after postprocessing.

Fig. 3. Three streamline integration examples based upon vector fields
generated using the methodology presented in [51]. Black streamlines
denote “exact” solutions, blue streamlines were created based upon
integration on an L2-projected field, and red streamlines were created
based upon integration on a filtered field. In cases where the black
streamline is not visible, it is because the red streamline lines obfuscates
it. The streamline seed points are denoted by circles. Specific details
concerning the projected fields are given in the text.

1. Here, “step” does not refer to a time step—the advancement of
time—but rather the execution of all the stages of the RK algorithm and
error estimation.



the number required for the postprocessed field (recall from
Section 5 that the postprocessed solution is asymptotically
four times more expensive to evaluate; hence, a computa-
tional win is attained when the postprocessed solution takes
less than four times the number of steps. In Table 6, we see
that we are not in the asymptotic worst case as the cost of
evaluating the postprocessed solution is only twice that of
the unfiltered field). This discrepancy is again due to the
RK-4/5 method drastically reducing the time step and
rejecting many steps to find discontinuities in the underlying
field. When tighter error tolerances are used or when coarser
discretizations are examined (which cause larger jumps in
the solution at element boundaries), the discrepancy
between the number of RK-4/5 steps required grows, and
likewise, with looser error tolerances or refined meshes, the
discrepancy decreases. To compare with another integration
method, Table 7 shows the results for the same tests with the
RK-3/4 method used by Stalling and Hege [19]. The
difference between the total number of steps required for
the L2-projected field and the postprocessed field is much
greater with RK-3/4 than with RK-4/5.

To further illustrate how discontinuities at element
boundaries affects the performance of RK-4/5, Fig. 4 shows
the cumulative number of RK-4/5 steps required for a

portion of one streamline.

This study shows that there exist regimes based on
things such as the tolerance of the desired streamline and
the size of the jump discontinuities in which postprocessing
the solution prior to streamline integration provides a
computational benefit. The improved smoothness greatly
reduces the need for adaptive time-stepping schemes to
adapt the time step to account for discontinuities, reduces
the number of rejected steps, and allows for much larger
step sizes for the same error tolerance.

7 SUMMARY AND FUTURE WORK

Adaptiveerror control througherror predictionandtime-step
refinement is a powerful concept that allows one to maintain a
consistent error tolerance. When adaptive error control is
used for streamline integration through discontinuous fields,
the computational cost of the procedure is primarily
determined by the number and size of the discontinuities.
Hence, when one is integrating streamlines through a high-
order finite element or finite volume data set, most of the
adaptation occurs at the element boundaries. There has been a
recent interest in the mathematical community in the
development of postprocessing filters that increase the
smoothnessof the computational solution without destroying
the formal accuracy of the field; we have referred to these
filters as SIAC filters. In this paper, we have presented a
demonstration of a complementary approach to classic error
control—application of SIAC filters to discontinuous data
prior to streamline integration. These filters are specifically
designed to be consistent with the discretization method from
which the data of interest was generated and hence can be
subjected to the verification process [53]. The objective of this
work was to understand the computational trade-offs
between the application of error control on discontinuous
data and the filtering of the data prior to integration.

If one neglects the cost of the filtering step as being a fixed
“preprocessing” step to streamline integration (such as if one
expects to integrate many streamlines through the same
field), then the trade-off that arises can be expressed
succinctly as follows: does one take many adaptive integra-
tion steps (due to the presence of discontinuities) through the
original field, or does one take fewer adaptive steps through a
more expensive field to evaluate (that is, the postprocessed
field)? Through our empirical investigation, we find that
when the error tolerance required for streamline integration
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TABLE 7
Number of RK-3/4 Steps Required to Calculate Different

Streamlines on the Three Different Fields with the
Error Tolerance Set to 10� 6

TABLE 6
Number of Steps, Time per Integration Step (in Seconds),

and Ratio of Filtered to Nonfiltered Time per Step Required
to Calculate Different Streamlines on the Three Different

Fields with the Error Tolerance Set to 10� 6

TABLE 5
Number of RK-4/5 Steps Required to Calculate Different

Streamlines on the Three Different Fields with the
Error Tolerance Set to 10� 6



is low or when the jump discontinuities in the field are very
high, the strategy advocated in this paper provides a
computational win over merely using adaptive error control
on the original field (that is, the total computational work can
be greatly reduced). We do not advocate that the filtering as
presented here replace adaptive error control but rather that it
augments current streamline strategies by providing a means
of increasing the smoothness of finite element/volume fields
without accuracy loss. In doing so, it allows the visualization
scientist to balance the trade-offs presented here for mini-
mizing the computational cost of streamline integration
through discontinuous fields.

As future work, we seek to extend the filtering
techniques presented herein to general discretizations (for
example, triangles and tetrahedra), as well as to gradients of
fields. We also will seek to understand the relationship
between postprocessing vector fields as a collection of
single fields versus developing postprocessing techniques
that preserve vector properties (such as divergence-free or
curl-free conditions). If this were solved, these postproces-
sing techniques could possibly be of great value as a
preprocessing stage prior to other visualization techniques
such as feature extraction or isosurface visualization.
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Fig. 4. The center graph shows Streamline 2 on the L 2 projected Field 1 integrated using RK-4/5. The left graph shows the streamline betweent ¼ 0
and t ¼ 0:3 and the cumulative number of RK-4/5 steps (including rejects) required for integration. Vertical lines on this graph represent multiple
rejected steps occurring when the streamline crosses element boundaries. The right graph shows the cumulative number of RK-4/5 steps required
for integration to t ¼ 2:0.


