Drainage Queries in TINs:

From local to global and back again^�

Sidi Yu Department of Computer Science University of British Columbia syu@cs.ubc.ca

Marc van Kreveld Department of Computer Science Utrecht University marc@cs.ruu.nl

Jack Snoeyink Department of Computer Science University of British Columbia snoeyink@cs.ubc.ca

DRAFT: This preliminary version has been accepted to the 7th International Symposium on Spatial Data Handling, August 1996, Delft, the Netherlands. Full version available after June 15 by contacting snoeyink@cs.ubc.ca.

Abstract This paper considers the cost of preprocessing a digital terrain model (DTM) represented as a triangulated irregular network (TIN) so that drainage queries—e.g., what is the watershed of a query point, or how much water passes through a point given that rain is falling at a known rate—can be answered by simply evaluating a summary function. Although the worst-case storage and preprocessing costs are high, the experimentally-observed costs are reasonable.

In order to compute a compact and consistent summary function, the drainage network needs a rigorous definition. This paper, therefore, also surveys some of the previous definitions, extends them, and establishes a number of properties of drainage networks with a focus on TINs.

1 Introduction

Terrain drainage characteristics provide important information on water resources, possible flood areas, erosion and other natural processes. In natural resource management, for example, the basic management unit is the watershed, the area around a stream that drains into the stream. Road building, logging, or other activities carried out in a watershed all have the potential to affect the defining stream. Manual quantification of terrain drainage characteristics is a tedious and time consuming job. Thus, many researchers have developed spatial analysis algorithms to compute drainage characteristics from digital terrain models (DTMs).

We began this research intending to go one step further. Many of the spatial analysis algorithms on terrains are batch processes whose product is a map depicting drainage characteristics; our aim is to provide this map, but also provide richer structures that could answer interactive queries for watershed areas, regions, or flow rates. We had to start, however, by taking a step back to reconsider definitions of the drainage network and its components, especially for triangulated irregular networks (TINs). Thus, Section 2 begins with a brief critique of definitions and algorithms for drainage in various terrain models.

�Research of the UBC authors was partially supported by an NSERC Research Grant and a B.C. Advanced Systems Institute Fellowship. The last two authors performed part of the research during a workshop sponsored by the a PIONIER grant of the Dutch Organization for Scientific Research (N.W.O.).

Frank et al. [6] point out that formal definitions should be used to define terrain-specific features so that properties of the structure can be established mathematically and contradictory definitions (or at least those in disagreement with other related research) can be avoided. We concur, and propose definitions in Section 2.3 that capture the global behavior of non-inertial flow on a surface. Our definition extends the local definitions of Frank et al. [6] to include accumulation of water. The focus of the definitions and methods is on triangulated irregular networks (TINs).

Using a global definition for the drainage network (with accumulation) is natural but may make it more difficult and time consuming to extract additional drainage information. Section 3 describes how to augment the drainage network with quantitative information like areas of watersheds and flow rates through the network. This information is represented in a compact and consistent manner by summary functions, which are computed for all parts of the drainage network. The summary functions turn global drainage queries into local ones.

Several useful applications of the summary functions cannot be obtained easily from local drainage models. Firstly, user-defined questions on flow rate and basin areas can easily be answered, since these are quantified by the accumulation in the model. Secondly, by thresholding on the flow rate in the drainage network we mmediately obtain a multi-scale drainage network, useful for map generalization. Thirdly, by thresholding on basin areas (or volumes), local depressions that could be artifacts of data acquisition or modelling can be removed in a uniform way.

For an n-point TIN, a fiendish (and improbable) worst-case example shows that the size of this structure can be cubic, but preliminary experimental results indicate that the size is more likely to be proportional to n. We then turn to the delineation of the watershed of a point, or basins for whole parts of the drainage network. Section 4 relaxes some of our initial assumptions, indicates possible extensions to the model and at the same time, discusses ideas for further research.

2 Definitions and assumptions for drainage

A terrain is the graph in R^3 of a continuous function z = f(x, y) defined on a closed, compact, connected subset of the xy plane. A TIN is a terrain that consists of triangles.

2.1 Assumptions When one looks at a terrain, one can intuitively identify a network of watercourses and ridges based on the notions that water flows downhill, tributaries join larger streams, rivers run to the sea, and ridges divide rivers. Let us be more precise about the first three of these assumptions; we consider the fourth in Section 3.2. A1 At any point, water follows the steepest descent, A2 Watercourses can merge, so that the drainage network has the topology of a set of trees, and A3 Watercourses end only at a local minimum of the terrain.

Precise definitions of watercourse and ridge networks that satisfy these assumptions are rare in the literature, especially when these definitions are applied to a terrain model that is stored in the computer. In hindsight, this should not have been a surprise; from a continuous, two-dimensional terrain, represented in the computer by a discrete set of bits, one wishes to extract connected networks that are one-dimensional but have a discrete (graph) topology. Thus, if the reader will permit some hasty generalizations, the mathematical literature is “too continuous,” being concerned with the differential geometry of flows on smooth surfaces, the GIS literature is too focused on computation, often defining the drainage network as the output of some algorithm, and the hydrology literature is willing to introduce uncomputable “infinite regress” to have duality properties for interlocking ridge and channel networks. The issue of interlocking networks is discussed in Section 3.2.

2.2 Earlier definitions in various terrain models In addition to drainage definitions for smooth mathematical surfaces, there are different definitions for the three main forms of digital terrain models (DTMs): gridded DEM (digital elevation model storing elevations at points of a regular grid), digital contours, and TINs (triangulated irregular networks). Drainage has also been defined in terms of other surface networks.

Smooth mathematical surfaces The study of drainage on smooth mathematical surfaces has a long history, including mathematicians such as Cayley [3] and Maxwell [16]. Koenderink and van Doorn [11, 12] credit Rothe [27] with the first characterization of ridges and channels in 1915; Koenderink and van Doorn’s work expresses this solution in the terminology of modern differential geometry and includes examples of why other attempts at characterizing drainage on smooth surfaces (especially using those using local criteria) are inadequate.

Unfortunately, in smooth surfaces, watercourses tend not to join except in the limit, violating A2.A3 can also be violated; watercourses can end at points that are not local minima. A further complication is that most smooth surfaces and their flows can only be approximated in the computer. Thus, it is debatable whether smooth surfaces are appropriate models of physical terrain.

Contours Some researchers [8, 13, 19, 32] define the drainage networks in terms of contour lines: A points is on the the watercourse or ridge network if it is a local minimum or maximum on its contour line. Koenderink and van Doorn [11] have shown that this definition can violate A1—the computed network does not necessarily travel in the direction of steepest descent. This definition also implies that the terrain should be twice differentiable, which again hinders streams from joining (A2). Three of the above-mentioned papers [8, 13, 32] continue the computation of the drainage network on gridded models.

Grid or raster-based DEM There is no accepted definition of the drainage network in a grid. Frequently the network is defined as the output of an algorithmic procedure, which may not be completely specified outside of the computer code. We can, as other researchers have done, classify these computations by their locality and by whether they have an explicit surface model.

A number of methods [5, 9, 10, 13, 17, 21, 23, 28, 31] are based on extracting features from a raster DEM by local operations, using techniques that are common in raster image processing. Local filters are are used to detect potential pit, peak, channel, and ridge cells, then the channel and ridge cells are linked according to some heuristic to form the drainage network. Basin boundaries are formed in a similar fashion [9, 17]. Assumptions A1 and A3 are frequently violated, since the global nature of the terrain’s drainage network is not adequately reflected. As with image processing, there are inherent ambiguities when combining information from local filters—one research team developed an expert system for this task [26]. Different heuristics will result in different sets of extracted terrain features.

Mark [15] proposed a global computation: sort all the cells in order of decreasing elevation, and initially assign each cell one unit of fluid. Then each cell in order adds its fluid to the lowest of its eight neighbors. In the end, cells receiving more than a threshhold quantity of fluid are declared to be on the drainage network. This method has an implicit surface and approximates a steepest descent; at lower elevations the network may become two-dimensional.

A grid of points with elevations does not give a terrain unless a continuous surface is defined. (One early approach to drainage [23] has no concept of surface.) Approaches that define flow based on 4 or 8 neighbors in the grid [2, 9, 15, 21, 24, 28] define an implicit surface, which may not have geometric interpretation in which water flows according to steepest descent. If an interpolation method is specified, then the grid can be considered as an explicit surface on which flow can be properly defined. Douglas [5] inserts a virtual grid point at the center of each square for a piecewise linear interpolation; Haralick [7] uses bicubic polynomial surface patches for a continuous and smooth surface. Afterwards, however, flow is still approximated in raster pieces.

We note that both the surface and the flow are discretized in many grid algorithms. The discontinuities in both make it difficult to compute summary functions and lead us to prefer TINs.

TINs Triangulated irregular networks, or TINs, define a continuous terrain that is not differentiable at the edges and vertices. Flow along triangles and edges are easy: the steepest descents in a triangle lie on parallel lines; an edge becomes a channel if flow comes from both adjacent triangles.

In the literature, the continuous nature of the terrain is often ignored; this happens in one of two ways. First, the flow may be discretized and passed triangle to triangle based on neighbor relations in the direction of steepest slope [22]. This approximates steepest descent (A1). It also calls for small elements, which works against the adaptive nature of TINs. Second, a subset of edges that catch flow (the cofluent edges or local channels as defined in the next section) may be considered important features and cross-triangle flows may be ignored [6, 20, 30, 33]. Watercourses then stop at places that are not local minima (A3).

Surface networks Related to drainage networks are the so-called surface networks by Mark [14], Pfaltz [25], Warntz [35], Shinagawa and Kunii [29], and Wolf [39, 40]. Also worth mentioning as related work is the computation of terrain data from hydrological information [19, 32]; hydrologists use complex models that differentiate between surface flow and subsurface flow, and therefore are also dependent on permeability of the ground, rainfall, and other quantities [18, 30, 34].

2.3 Definitions for global drainage in TINs We make one more assumption in order to simplify our definitions: A4 At any point, there is a unique direction of steepest descent.

This assumption rules out flat faces and enforces a canonical choice at edges and vertices where there may be more than one descent. It also means that watercourses in our model do not bifurcate. We modify and relax this assumption in Section 4.

General definitions The following definitions capture infinitesimal, viscous flow on a surface.

ffl The trickle path τ(p) of a point p on a surface S is the path that begins at p and follows the steepest descent until it reaches a local minimum or the boundary of S.

ffl The watershed of a point p is the set of all points whose trickle paths contain p. ffl The watercourse network (or drainage network) consists of all points whose watersheds have non-zero area (or more mathematically: whose watersheds have two-dimensional Lebesgue measure).

A key observation is that trickle paths cannot cross—if two trickle paths join at some point, then by our assumptions they must continue together along the steepest descent path.

As we shall see next, these definitions capture the local definitions in a TIN by Frank et al. [6, 33] and extend them to satisfy our assumptions on global behavior of a drainage network.

In smooth terrains these definitions omit some of the special slope lines that satisfy Rothe’s differential equations [11, 12] because trickle paths in smooth terrains may merge only in the limit. The expected watercourse at the bottom of a smooth gutter, for example, does not materialize. Rothe’s equations do not apply in non-differentiable terrains such as TINs, however.

Figure 1: Definitions in a TIN: Any point p on a local channel has a watershed with non-zero area

The relation to TIN-based definitions Figure 1 illustrates definitions from Frank et al. [6] that are specific to edges of a TIN. We say that an edge e of a triangle receives flow, sends flow, or does neither, depending on whether the steepest descent direction for the triangle moves flow into, out of, or parallel to the edge. By convention, edges do not include their endpoints.

ffl An edge e of the triangulation is transfluent if it is receives flow from one adjacent triangle and sends flow to the other.

ffl An edge e of the triangulation is a local channel (or is cofluent) if it receives flow from an adjacent triangle and is not transfluent.

ffl An edge e of the triangulation is a local ridge (or is difluent) if it sends flow to an adjacent triangle and is not transfluent.

The following definitions apply to general surfaces.

ffl A peak is a local maximum of the surface. In a TIN, a peak is a vertex with higher elevation than its incident edges and triangles.

ffl A pit is a local minimum of the surface. In a TIN, a pit is a vertex with lower elevation than its incident edges and triangles.

ffl A basin is the watershed of a pit.

These definitions imply that all local channels are on the watercourse network and that none of the local ridges are: A point p on a local channel collects fluid from the region bounded by steepest ascents in the adjacent triangles, as shown shaded in Figure 1. A point q on a ridge is on the trickle path for itself. In fact, the trickle paths from local channels determine the watershed network.

Lemma 2.1 The watercourse network in a TIN is collection of disjoint (graph-theoretic) trees rooted at pits whose leaves are local channels.

Proof: The trickle path from any point on the watercourse network is contained in the network. Since a trickle path can only end at a pit, the watercourse network is, what is called in graph theory, a forest of rooted trees. These trees are disjoint because the trickle paths cannot bifurcate.

We have already argued that local channels are contained in the watercourse network, and one can check that points on triangles, transfluent edges, or vertices are on the network only if some point above is also on the network. Therefore the watercourse network begins at local channels.

Knowing the topology of the watercourse network, the following definitions are natural. We’ll use them throughout the paper.

ffl A (watercourse) junction is a point of the watercourse network that has degree at least 3 in graph terminology, that is, there are at least two separate incoming parts of the watercourse network.

ffl A watercourse segment is a maximal portion of the watercourse network that doesn’t contain junctions, leaves, or pits of the watercourse network.

ffl A catchment area of a watercourse segment is the part of the terrain that drains directly into the watercourse segment; it does not enter another watercourse segment first.

Junctions occur, for example, where two local channels have the same downstream vertex or where cross-triangle flow reaches a local channel.

3 Processing a TIN for drainage queries

The definitions from the previous section describe global flow on a TIN surface. There are now a number of queries or operations that we would like to support, including:

1. What is the area of the watershed of point q?

2. What is the area of the projection of the watershed of point q on the xy plane? 3. What is the flow rate through q if water falls at a uniform rate r? 4. Construct the watershed of point q.

5. What is the catchment area (projected area, flow) of a given watercourse segment? 6. What points have watershed areas of size (at most, at least, exactly) A?

With additional processing (after a few more definitions) we can partition a TIN surface into pieces for which simple functions summarize the drainage behavior—in essense turning drainage computations back into local computations.

3.1 Partitioning a TIN based on drainage To compute the summary functions needed to solve the drainage queries, we need a few more definitions that are tailored for this purpose. The drain of a point p, denoted drain(p), is the point where the trickle path τ(p) first meets the watercourse network. If p is on the network, then drain(p) = p.

The set of basins, one for each pit, form a coarse level partition

Figure 2: Right strip for segment s of a TIN. The set of catchment areas for the watercourse segments refines this partition. For a watercourse segment s, its catchment area consists of all points p for which drain(p) is on s.

Define strips as a further refinement: For every triangle vertex v of the TIN, introduce a node at drain(v). These nodes cut the watercourse segments into yet smaller segments that we call base segments. One can easily verify that the nodes can only lie on local channels. Figure 2 gives an illustration. For a base segment s of a local channel, define the right strip to be the set of points p such that drain(p) lies on s and the trickle path τ(p) comes from the right, assuming base segments are directed consistent with the flow. Define the left strip similarly. Strips, whether left or right, have a simple structure. Lemma 3.1 A strip is a region bounded by a base segment from a local channel, a segment of a local ridge, and two steepest descent paths. No vertices of the TIN lie inside a strip.

Proof: We can establish this lemma for a right strip by induction on the number of triangles that the strip intersects.

Consider the triangle T to the right of the base segment s. The points of T in the strip are contained in a trapezoid (or triangle) formed by extending the endpoints of s in the direction of steepest ascent until they hit a triangle edge. Let s^0 denote the segment of this edge that forms the upper boundary of the trapezoid. This really is a trapezoid (or triangle, if an endpoint of s is a vertex of T ): only one of the other two edges of T can be hit, since the relative interior of s does not contain drain(v) for any triangle vertex v.

Now, if s^0 lies on a ridge, the trapezoid is the strip. Otherwise, the strip is the trapezoid together with the strip of s^0. Mathematical induction completes the proof.

This lemmas has immediate corollaries about the structure of coarser partitions and about summarizing area and flow.

Corollary 3.2 Basins, watersheds, and catchment areas are bounded by local ridges and steepest descent paths.

Proof: All three are composed of left and right strips for watercourse segments.

Corollary 3.3 Watershed area, projected area, or steady-state flow rate under uniform rainfall assumptions can be summarized by piecewise quadratic functions on segments of the refined watercourse network.

Proof: For a query point q on the watercourse network, the base segment s determines left and right strips that are partially inside the watershed of q. Every other strip is either entirely outside of the watershed of q or entirely inside and contributes a constant amount of area, projected area, or steady-state flow.

The contribution from the left and right strips with base s can be summarized as a quadratic function at^2 + bt + c, where t is a parameter indicating the position of q on s.

3.2 Ridge networks and duality The smallest natural units in the watercourse network are the watercourse segments. To partition the terrain into hydrological units a natural choice, therefore, is to delineate the catchment areas of the watercourse segments. We have seen that these are bounded by local ridges and steepest descent paths, and they are the union of sequences of strips. The efficient computation of watershed delineation is based on tracing the trickle paths of junctions back upward to local ridges.

In the full paper, we investigate the structure and computation of ridge networks in more detail: The important role of passes, also called saddle points, arises naturally from our definitions. For this extended abstract, we confine ourselves to some comments on the dual relation of rigdges and watercourses. Two types of duality are referred to in work defining ridges and courses; both have limited validity.

The first is that ridges and watercourses change roles when a terrain is inverted (or when all the elevations are negated). This is true for the local features: Local ridges and local channels, pits and peaks are duals in this sense. The global assumption A3, that water flows to a pit, breaks this duality at vertices, however. We cannot assume that ridges continue to a peak along the lines of steepest ascent without allowing watercourses to flow across ridges. Figure 3(a) shows such an example.

A second is that, in a given terrain, the ridge and watercourse networks interlock—that there is a ridge between two adjacent courses and a course between adjacent ridges. Werner [38] shows that in such a case the ridges and courses can be embedded in dual graphs and that specific properties of one network determine specific properties of the other. Here one must be careful with the meaning of “between.” Werner’s definition of “between” essentially guarantees that an embedding is possible, and thus his theorems are about graphs and need not reflect a physical situation.

Frank et al. [6] pointed out that this assumption can lead to infinite regress, a fact that was known to Warntz [36], even in a single triangle. Consider the side of a pyramid as having two ridges and a watercourse at the base, as in Figure 3(c). To separate the ridges, one must introduce a course splitting the triangle; one of the pieces now needs a ridge to separate two courses, ad infinitem. Although Frank et al. attributed this to the discrete nature of a TIN, continuous examples can also be given. Dawes and Short [4] argue that the problem occurs when one insists that the ridge and course networks are joined; if they are not joined,

Figure 3: Ridges and watercourses are not strict duals

however, then watershed boundaries are hard to determine and the word “between” must again be carefully defined.

In our global approach, every division of the watercourse network into segments induces a ridge network so that the two networks, taken together, form the catchment areas for each side of each watercourse segment.

3.3 Answering queries Using the summary functions or ridge networks described above, we can answer the six queries from the beginning of this section.

1–3. What is the watershed area, projected area, or flow rate through point q?

These queries can be answered from the summary functions attached to the watercourse network at q. (If q is not on the watercourse network, then the answer is “no measurable amount.”

4. Construct the watershed of point q.

Construction queries cannot be summarized, but can be answered in time proportional to the number times the output intersects triangles. Simply extend all strips through the triangles.

5. What is the catchment area (projected area, flow) of a given watercourse segment?

The area can be determined by subtracting the watershed areas for the nodes at the top from that for the node at the bottom of the watercourse segment. The other quantities can be determined analogously.

6. What points have watershed areas of size (at most, at least, exactly) A?

The summary functions can be evaluated to determine where a threshhold is reached or exceeded. “At least” or “at most” queries can be answered in time proportional the output size (plus the number of pits in the “at least” case) by starting with each pit or leaf, respectively, and growing the answer until the threshhold is reached.

3.4 Data structure size and computation Of course, one must pay a price for considering a global definition of drainage and again for computing and storing local summaries. We briefly investigate the memory size and computation time requirements for the watercourse network and for augmenting it with local summaries.

Figure 4: A watercourse network with cubic size

In a TIN with n vertices, the worst-case size of the network alone can be horrible. In conjunction with a number of computational geometers [1], we have shown that it can require on the order of n^3 memory cells. The upper bound can be proved by showing that a trickle path croses any edge at most n times; the lower bound is by a construction depicted in figure 4, in which roughly n rivers cross n triangulation edges n times each.

As you can see, this construction is unlikely to occur in physical geography, with the possible exception of when the Egyptians were building the pyramids. In our preliminary experiments on TINs derived from sampling data from St. Mary’s Lake, B.C., the network has slightly fewer segments than there are vertices. (For the final paper we will have more extensive tests on data provided by Facet Decision Systems.)

No. vertices 450 1800 4956 11125 Network size 353 1427 4134 10579 The network can be computed in time proportional to its size by simply tracing down from every local channel, marking which local channels we have visited so that we can stop as soon as we encounter a marked edge.

The memory required for local summaries is easy to analyze. For each vertex v of the TIN, drain(v) is a node of the augmented network, which requires a position and three coefficients of a quadratic polynomial.

We compute drain(v) for each vertex v by simply tracing the trickle path τ(v) through the triangles to drain(v). Several clever data structuring techniques could have been used to trace a several points at once and reduce the worst-case construction time, but our preliminary experiments indicated that this would not be a significant savings over the practical cases that we were attempting. The summary functions for area, projected area, or flow could be computed from areas of trapezoids in strips; we measure the quantities at three points in a watercourse segment and fit a quadratic polynomial to the measurements.

4 Extensions and future research

Our drainage model can be extended to take into account the absorption of water by different ground types. It can also be extended to take into account the fact that water has volume and can collect—one clearly should do so in terrains because errors in data or in sampling can create spurious local minima that are shallow pits. Any significant volume of water would collect to fill these and then spill over the lowest pass to rejoin the main network. Also, rivers whose flow is less than a certain volume can be pruned from the network. This is important for generalization of terrains [37]. By choosing the appropriate threshold value generalization to various scales is possible.

In our processing, we may desire that local depressions be filled to form lakes and that their outlet points be identified, so that water is assumed to pass through the depression and flow down from the outlet to find its final destination. Again we may use a threshold on the basin area to determine which local depressions should be filled, and smoothing operations can be performed to remove them. O’Callaghan and Mark [21] reported 90% removal rate for one pass of a simple binomial smoothing operator. For larger one, explicit methods have to be used to fill them.

We can also incorporate water absorption into the flow model. By employing precipitation models and water absorption models to different areas of the terrain (based on the surface type and vegetation, for instance), we can either fill the small pits into lakes if the influx is greater then the absorption, or leave it as a real pit (sink), if otherwise.

Finally, it is also possible to incorporate bifurcation of streams, and to allow horizontal triangles. Whether and how to do this will depend on the specific applications and desired drainage characteristics, and therefore we have chosen not to make any particular choices in our model.

Acknowledgment

The authors thank the fellow participants—especially Thomas Roos and Otfried Schwarzkopf—in the Utrecht Workshop on Computational Geometry and GIS, sponsored by a PIONIER grant from the Dutch Organization for Scientific Research (N.W.O.), for discussions on these definitions and on the worst-case size of the query structure [1]. The authors also thank David Mark for discussions on drainage networks.

References

[1] P. Agarwal, M. de Berg, P. Bose, K. Dobrint, L. Guibas, M. van Kreveld, M. Overmars, M. Pelegrini, T. Roos, O. Schwarzkopf, J. Snoeyink, P. Widmayer, and S. Yu. The complexity of rivers in triangulated terrains. Submitted, 1996.

[2] L. E. Band. Extraction of channel networks and topographic parameters from digital elevation data. In K. Beven and M. J. Kirkby, editors, Channel Network Hydrology, pages 13–42. John Wiley & Sons, New York, 1993.

[3] A. Cayley. On contour and slope lines. Lond. Edin. Dublin Phil. Mag. and J. of Sci., 18(120):264–268, 1859. [4] W. R. Dawes and D. Short. The significance of topology for modeling the surface hydrology of fluvial landscapes.

Water Res. Res., 30(4):1045–1055, Apr. 1994.

[5] D. H. Douglas. Experiments to locate ridges and channels to create a new type of digital elevation model. The Canadian Surveyer, 41(3):373–406, Autumn 1986.

[6] A. U. Frank, B. Palmer, and V. B. Robinson. Formal methods for the accurate definition of some fundamental terms in physical geography. In Proc. 2nd Intl. Symp. Spatial Data Handling, pages 585–599, 1986.

[7] R. M. Haralick. Ridges and valleys on digital images. Comp. Vis. Graph. Image Proc., 22:28–38, 1983. [8] M. F. Hutchinson. Calculation of hydrologically sound digital elevation models. In Proc. 3rd Intl. Symp. Spatial Data Handling, pages 117–133, 1988.

[9] S. K. Jenson. Automated derivation of hydrologic basin characteristics from digital elevation model data. In Proc. AUTO-CARTO 7, pages 301–310. ASP/ACSM, 1985.

[10] S. K. Jenson and J. O. Domingue. Extracting topographic structure from digital elevation data for geographic information system analysis. Photogrammetric Engineering and Remote Sensing, 54(11):1593–1600, Nov. 1988.

[11] J. J. Koenderink and A. J. van Doorn. Local features of smooth shapes: Ridges and courses. In Geometric Methods in Computer Vision II, volume 2031, pages 2–13. SPIE, 1993.

[12] J. J. Koenderink and A. J. van Doorn. Two-plus-one-dimensional differential geometry. Pat. Recog. Letters, 15:439–443, May 1994.

[13] I. S. Kweon and T. Kanade. Extracting topological terrain features from elevation maps. Comp. Vis. Graph.

Image Proc., 59(2):171–182, Mar. 1994.

[14] D. M. Mark. Topological properties of geographic surfaces: Applications in computer cartography. In G. Dutton, editor, First Int’l Adv. Study Symp. on Topological Data Structures for Geo. Info. Sys., volume 5. Harvard, 1978.

[15] D. M. Mark. Automated detection of drainage networks from digital elevation models. Cartographica, 21:168–178, 1984.

[16] J. C. Maxwell. On hills and dales. Lond. Edin. Dublin Phil. Mag. and J. of Sci., 40(269):421–425, 1870. [17] J. E. McCormack, M. N. Gahegan, S. A. Roberts, J. Hogg, and B. S. Hoyle, Feature-based derivation of drainage networks. IJGIS, 7:263–279, 1993.

[18] C. W. Mitchell, Terrain Evaluation: an introductory handbook to the history, principles, and methods of practical terrain assessment. Longman, Harlow, Essex, 1991.

[19] D. G. Morris and R. W. Flavin. A digital terrain model for hydrology. In Proc. 4th Intl. Symp. Spatial Data Handling, pages 250–262, 1990.

[20] S. G. W. Norman L. Jones and D. R. Maidment. Watershed delineation with triangle-based terrain models.

Journal of Hydraulic Engineering, 116(10):1232–1251, Oct. 1990.

[21] J. F. O’Callaghan and D. M. Mark. The extraction of drainage networks from digital elevation data. Comp.

Vis. Graph. Image Proc., 28:323–344, 1984.

[22] O. L. Palacios-Velez and B. Cuevas-Renaud. Automated river-course, ridge and basin delineation from digital elevation data. Journal of Hydrology, 86:299–314, 1986.

[23] T. K. Peucker and N. Chrisman. Cartographic data structures. Amer. Cartog., 2(1):55–69, 1975. [24] T. K. Peucker and D. H. Douglas. Detection of surface-specific points by local parallel processing of discrete terrain elevation data. Comp. Vis. Graph. Image Proc., 4:375–387, 1975.

[25] J. L. Pfaltz. Surface networks. Geog. Anal., 8:77–93, 1976.

[26] J. Qian, R. W. Ehrich, and J. B. Campbell. DNESYS—An expert system for automatic extraction of drainage networks from digital elevation data. IEEE Trans. Geosci. Remote Sens., 28(1):29–45, Jan. 1990.

[27] R. Rothe. Zum problem des talwegs. Sitz. ber. d. Berliner Math. Gesellschaft, 14:51–69, 1915. [28] W. W. Seemuller. The extraction of ordered vector drainage networks from elevation data. Comp. Vis. Graph.

Image Proc., 47:45–58, 1989.

[29] Y. Shinagawa and T. L. Kunii. Constructing a Reeb Graph automatically from cross sections. IEEE CG&A, 11(6):44–51, 1991.

[30] A. T. Silfer, G. J. Kinn, and J. M. Hassett. A geographic information system utilizing the triangulated irregular network as a basis for hydrologic modeling. In Proc. Auto-Carto 8, pages 129–136, 1987.

[31] S. Takahashi, T. Ikeda, Y. Shinagawa, T. L. Kunii, and M. Ueda. Algorithms for extracting correct critical points and constructing topological graphs from discrete geographical elevation data. In F. Post and M. Göbel, editors, Eurographics ’95, volume 14, pages C–181–C–192. Blackwell Publishers, 1995.

[32] L. Tang. Automatic extraction of specific geomorphological elements from contours. In Proc. 5th Intl. Symp.

Spatial Data Handling, pages 554–566, 1992.

[33] D. M. Theobald and M. F. Goodchild. Artifacts of tin-based surface flow modeling. In Proc. GIS/LIS’90, pages 955–964, 1990.

[34] A. K. Turner. The role of 3-d GIS in subsurface characterization for hydrological applications. In J. F. Raper, editor, Three Dimensional Applications in GIS, pages 115–127. Taylor & Francis, Bristol, 1989.

[35] W. Warntz. The topology of a socio-economic terrain and spatial flows. Papers Regional Sci. Assoc., pages 47–61, 1966.

[36] W. Warntz. Stream ordering and contour mapping. J. Hydro., pages 209–227, 1975. [37] R. Weibel, An adaptive methodology for automated relief generalization. In Proc. Auto-Carto 8, pages 42–49, 1987.

[38] C. Werner. Several duality theorems for interlocking ridge and channel networks. Water Res. Res., 27(12):3237– 3247, Dec. 1991.

[39] G. W. Wolf. Metric surface networks. In Proc. 5th Intl. Symp. Spatial Data Handling, pages 844–856, 1990. [40] G. W. Wolf. Hydrologic applications of weighted surface networks. In Proc. 5th Intl. Symp. Spatial Data Handling, pages 567–579. IGU Commision on GIS, 1992.