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Abstract

Prior work on Pfair scheduling has resulted in three op-
timal multiprocessor scheduling algorithms, and one algo-
rithm, EPDF, that is less expensive but not optimal. EPDF is
still of interest in soft real-time systems, however, due to its
ability to guarantee bounded tardiness. In particular, it has
been shown that a tardiness bound oft quanta is possible un-
der EPDF if all task weights (i.e., shares or utilizations) are
restricted to a value specified as a function oft. In an actual
system, however, different tasks may be subject to different
tardiness bounds. If such a system is scheduled under EPDF,
then the tardiness of a task with a higher bound may cause
the tardiness bound of a task with a lower bound to be vio-
lated; that is,temporal isolationamong the various tardiness
classes may not be guaranteed. In this paper, we propose an
algortihm based on EPDF for scheduling task classes with
different tardiness bounds on a multiprocessor. Our algo-
rithm provides temporal isolation among classes, allows the
available processing capacity to be fully utilized, and does
not require that previously established per-task weight re-
strictions be made more stringent.

1 Introduction

Pfair scheduling, originally introduced by Baruahet al.
[4], is the only known way of optimally scheduling recurrent
real-time tasks on multiprocessors. Under Pfair schedul-
ing, each task must execute at an approximately uniform
rate, while respecting a fixed-size allocation quantum. A
task’s execution rate is defined by itsweight (or utiliza-
tion). Uniform rates are ensured by subdividing each task
T into quantum-lengthsubtasksthat are subject to interme-
diate deadlines. To avoid deadline misses, ties among sub-
tasks with the same deadline must be broken carefully. In
fact, tie-breaking rules are of crucial importance when de-
vising optimal Pfair scheduling algorithms.

As discussed by Srinivasan and Anderson [9], overheads
associated with tie-breaking rules may be unnecessary or

∗Work supported by NSF grants CCR 9988327, ITR 0082866, CCR
0204312, and CCR 0309825.

unacceptable for many soft real-time systems. A soft real-
time task differs from a hard real-time task in that its dead-
lines may sometimes be missed. If a job (i.e., task instance)
or a subtask with a deadline at timed completes executing
at timet, then it is said to have atardinessof max(0, t− d).
As discussed in [7], the results produced by a soft real-time
job are of decreasing usefulness after its deadline. Thus, an
implicit bound exists on the tardiness that such a job can
tolerate.

Systems with quality-of-service requirements, such as
multimedia applications, are examples where bounded
deadline misses may be tolerable. Here, fair resource allo-
cation is necessary to provide service guarantees, but occa-
sional deadline misses often result in tolerable performance
degradation. Hence, an extreme notion of fairness that pre-
cludes all deadline misses is usually not warranted.

In dynamic systems that permit tasks to join or leave,
the overhead introduced by tie-breaking rules may be unac-
ceptable. In such a system, spare processing capacity may
become available that can be reallocated by changing task
weights on the fly. It is possible to reweight each task so that
its next subtask deadline is preserved [9]. If no tie-breaking
information is maintained, then such an approach entails
very little overhead. However, weight changes can cause tie-
breaking information to change. Thus, if tie-breaking rules
are used, then reweighting may necessitate anΩ(N log N)
cost forN tasks, due to the need to re-sort the scheduler’s
priority queue. This cost may be prohibitive if load changes
are frequent.

The observations above motivated Srinivasan and Ander-
son to consider the viability of scheduling soft real-time ap-
plications using the simplerearliest-pseudo-deadline-first
(EPDF) Pfair algorithm, which uses no tie-breaking rules.
They succeeded in showing that EPDF can guarantee a tardi-
ness ofk quanta for every subtask of a feasible task system,
if each task’s weight is at mostkk+1 [9]. In recent work [6],

we showed that this condition can be improved tok+1
k+2 . With

either condition, the greater the tardiness allowed, the less
stringent the weight restriction.

Contributions. In the work summarized above,all tasks
are assumed to have equal tolerance to tardiness. How-
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Figure 1. Under Pfair scheduling, each of a task’s sub-
tasks has an associatedwindowin which it shouldbe sched-
uled; the end of a subtask’s window is its deadline. In this
figure, a schedule for different classes of soft-real-time tasks
on M processors under EPDF is depicted. Tasks in Classi

are allowed to miss their deadlines by up toi quanta. For
clarity, only a few subtask windows have been shown; for
each subtask shown, an ‘X’ denotes where it is scheduled.
At time t, at leastM subtasks of Classes 2 and higher with
deadlines prior tot have not yet been scheduled. As a result,
a subtask of Class 1 with a deadline att cannot be scheduled
at t, and hence, misses its deadline by at least two quanta,
i.e., its miss threshold is exceeded.

ever, as discussed in [7], the usefulness of results pro-
duced by different soft real-time applications may decrease
with tardiness at different rates; thus, different applications
can be expected to have different tardiness bounds. When
independently-developed real-time applications are multi-
plexed onto a common platform, it is essential that the
temporal correctness of each application is immune from
the properties or misbehavior of other applications,i.e.,
the applications should betemporally isolated. If applica-
tions with different tardiness bounds are multiplexed, then
it should be ensured that the increased demand due to dead-
line misses in an application with a higher bound does not
cause tardiness bounds to be exceeded in an application with
a lower bound.

The tardiness bound that can be guaranteed to a task
system under EPDF depends on the largest task weight.
Hence, if tasks with varying tardiness bounds and weights
are present in a system and are scheduled using EPDF, then
it may not be possible to guarantee every task its bound. As
illustrated in Fig. 1, breaking deadline ties in favor of tasks
with more stringent tardiness bounds may not be helpful.
Another approach would be to increase the deadline of each
subtask by its tardiness bound, and schedule using the mod-
ified deadlines. However, it can be shown that, for a reason
similar to that illustrated in Fig. 1, this approach may not
be successful either. An obvious next solution would be to
partition the tasks into classes by their tardiness bounds and
schedule each class independently on disjoint sets of proces-
sors. Unfortunately, if the total utilization of a class is not

integral, then this approach will lead to wasted processing
capacity. For example, consider a task system comprised of
two tardiness classes with utilizationsM1+δ andM2+1−δ,
respectively, where0 < δ < 1, M1 + M2 + 1 = M , andM
is integral. Under partitioning,M1 +M2 +2 = M +1 pro-
cessors will be required to schedule the two classes. Thus,
processing capacity equivalent to a full processor would be
wasted. In general, withq tardiness classes,q−1 additional
processors may be required.

In this paper, we propose a new algorithm, based on
EPDF, for supporting classes with different tardiness re-
quirements. Our algorithm provides temporal isolation
among classes, allows all available processing capacity to
be fully utilized, and does not require that previously estab-
lished per-task weight restrictions be made more stringent.
Our algorithm is described in Sec. 3 after first giving needed
definitions in Sec. 2. An experimental evaluation of it is pre-
sented in Sec. 4.

2 Pfair Scheduling

In this section, we summarize relevant Pfair scheduling
concepts and some prior results from [1, 2, 3, 4, 8, 9]. To
begin with, we limit attention to periodic tasks that begin
execution at time 0. Such a taskT has an integerperiod
T.p, an integerexecution costT.e, and aweightwt(T ) =
T.e/T.p, where0 < wt(T ) < 1. A task islight if its weight
is less than1/2, andheavyotherwise.

Pfair algorithms allocate processor time in discrete
quanta; the time interval[t, t + 1) is calledslot t. (Hence,
time t refers to the beginning of slott.) A task may be
allocated time on different processors, but not in the same
slot. The sequence of allocation decisions over time defines
a scheduleS. Formally,S : τ × N 7→ {0, 1}, whereτ is
a task set.S(T, t) = 1 iff T is scheduled in slott. On M
processors,

∑
T∈τ S(T, t) ≤ M holds for allt.

Lags and subtasks. The notion of a Pfair schedule is de-
fined by comparing such a schedule to an ideal fluid sched-
ule, which allocateswt(T ) processor time to taskT in each
slot. Deviation from the fluid schedule is formally captured
by the concept oflag. Formally, thelag of task Tat timet
is defined bylag(T, t) = wt(T ) · t −

∑t−1
u=0 S(T, u).1 A

schedule is defined to bePfair iff

(∀T, t :: −1 < lag(T, t) < 1). (1)

Informally, the allocation error associated with each task
must always be less than one quantum.

The lag bounds above have the effect of breaking each
taskT into an infinite sequence of quantum-lengthsubtasks,
T1, T2, . . . . Each subtask has apseudo-releaser(Ti) and a

1For conciseness, we leave the schedule implicit and uselag(T, t) in-
stead oflag(T, t, S).
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Figure 2. (a) Windows of the first job of a periodic taskT
with weight8/11. This job consists of subtasksT1, . . . , T8,
each of which must be scheduled within its window, or else
a lag-bound violation will result. (This pattern repeats for
every job.) (b) The PF-windows of an IS task. SubtaskT5

becomes eligible one time unit late.

pseudo-deadlined(Ti), where

r(Ti) =

⌊
i− 1

wt(T )

⌋
∧ d(Ti) =

⌈
i

wt(T )

⌉
.

(For brevity, we often omit the prefix “pseudo-.”) To sat-
isfy (1), Ti must be scheduled in the intervalw(Ti) =
[r(Ti), d(Ti)), termed itswindow. For example, in Fig. 2(a),
r(T1) = 0 andd(T1) = 2. Therefore,T1 must be scheduled
at either time0 or time1.

Soft real-time scheduling. As mentioned earlier, the tar-
diness of a subtaskTi is defined astardiness(Ti) =
max(0, t − d(Ti)), wheret is the time thatTi completes
execution. Thetardiness of a task systemis then defined
as the maximum tardiness among all of its subtasks in any
schedule [9].

For reasons discussed in the introduction, we consider
scheduling soft tasks using EPDF [9]. EPDF prioritizes
subtasks by their deadlines, and resolves any ties arbitrar-
ily. EPDF is not optimal on more than two processors [3],
but as discussed earlier, it can ensure a tardiness of at most
k (≥ 1) quanta for each subtask, provided certain per-task
weight restrictions hold.

Task models. In this paper, we consider theintra-sporadic
(IS) and thegeneralized-intra-sporadic(GIS) task models
[2, 8], which provide a general notion of recurrent execution
that subsumes that found in the well-studied periodic and
sporadic task models. Thesporadicmodel generalizes the
periodic model by allowing jobs to be released “late”; the
IS model allows subtasks to be released late, as illustrated
in Fig. 2(b). That is, an IS task is obtained by allowing its
windows to be shifted right from where they would appear if

the task were periodic. Ageneralizedintra-sporadic (GIS)
task differs from an IS task in that the task may omit some
of its subtasks [8].

Each subtaskTi has an additional parametere(Ti) that
specifies the first slot in which it is eligible to be sched-
uled. We requiree(Ti) ≤ r(Ti) ande(Ti) ≤ e(Ti+1) for all
i ≥ 1. If e(Ti) < r(Ti) holds, thenTi is said to beearly re-
leased. The interval[r(Ti), d(Ti)) is called thePF-window
of Ti and the interval[e(Ti), d(Ti)) is called theIS-window
of Ti. A schedule for an IS system isvalid iff each subtask
is scheduled in its IS-window. (Note that the notion of a job
is not mentioned here. For systems in which subtasks are
grouped into jobs that are released in sequence, the defini-
tion of e would preclude a subtask from becoming eligible
before the beginning of its job.)

As shown in [2], a schedule satisfying (1) onM
processors exists for an IS or a GIS task systemτ iff∑

T∈τ wt(T ) ≤ M .

3 Integrating Tardiness Classes

In this section, we present Algorithm I-EPDF, which
schedules a soft real-time task systemτ comprised of tasks
with different tardiness bounds. We let tasks that can be
guaranteed a tardiness ofc quanta comprise Classc. Thus, if
every task can be guaranteed a tardiness of at mostq (≥ 1),
then there are at mostq classes. Any class, except Classq
may be empty. IfM denotes the total utilization ofτ , then
I-EPDF schedulesτ on at mostdMe processors. Without
loss of generality, we assume thatM is integral. If neces-
sary, this property can be ensured by adding a dummy task
of weightdMe −M to τ .

The algorithm consists of three phases: a classification
phase, a distribution phase, and a scheduling phase. In the
classification phase, the tardiness class of each task is identi-
fied, based on its weight. As already mentioned, Srinivasan
and Anderson established a per-task weight restriction of

k
k+1 for ensuring a tardiness ofk quanta under EPDF [9],

which we later improved tok+1
k+2 [6]. In this paper, we as-

sume that task weights are restricted for each class using the
k

k+1 condition. Our goal in this paper is only to illustrate the
idea of integrated scheduling. Our approach is still correct
when thek+1

k+2 condition is used.

Classification phase. We include in Classc all tasks with
weights in the range( c−1

c , c
c+1 ], i.e., tasks that can be en-

sured a tardiness ofc quanta under EPDF. Note that this has
the advantage that a taskT with wt(T ) ≤ c

c+1 that can tol-
erate a tardiness ofd > c can be assigned to Classc and
guaranteed a lower tardiness bound, without impacting the
tardiness of other tasks.

We denote the set of all tasks in Classc by τ c and its total
utilization byM c. Thus,

τ =

q⋃
c=1

τ c, Mc =
∑

T∈τ c

wt(T ), andM =

q∑
c=1

Mc.
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Figure 3. (a) Distribution of processors for a system with eight tardiness classes. Column headings refer to various terms
mentioned in the text. (We explain in Sec. 3.2 how some of these values are calculated.)(b) Weights of donor tasks.(c) Tree
representation of the task system in (a). Labels within nodes indicate class indices. The integer adjacent to a node denotes the
number of processors assigned to the class that the node represents. Edge(a, b) defines the supplier/borrower relation beween
Classesa andb; Classa supplies a processing capacity ofw(a, b) to Classb, wherew(a, b) is the weight of(a, b).

Distribution phase. The goal of this phase is to distribute
theM processors among the classes and to define how pro-
cessors are shared. The processors are divided intoq groups
of sizesP1, . . . , Pq, with theith group assigned to Classi.
Because the number of processors assigned to Classi is inte-
gral, whereas its total utilizationM i may not be, each class
is allowed to borrow processing capacity from at most one
lower-indexed class. To ensure correctness for each class,
this borrowing is subject to a number of rules given below.
Later, in Sec. 3.2, we present an algorithm for defining an
assignment that satisfies these rules. Before stating these
rules, we introduce some relevant notation. The use of this
notation is illustrated in Fig. 3.

Notation. wi denotes the amount of processing capacity
that Classi borrows from some lower-indexed class.Supi
denotes the lower-indexed class that supplies processing ca-
pacity to Classi; if wi = 0, thenSupi = 0. f i denotes the
fractional part of the utilization ofτ i, i.e.,

f i = M i − bM ic. (2)

To enable the different classes to share processors at run-
time, a donor taskDj (1 ≤ j ≤ q) of weightwj > 0 may
be created;Dj is added to Classi, wherei = Supj . (The
manner in whichDj is used to share processors is explained
in Sec. 3.1.) The set of all donor tasks added to Classi is
denotedλi. τ̂ i extendsτ i by including these tasks,i.e.,

τ̂ i = τ i ∪ λi. (3)

Correspondingly, we define

M̂ i = M i +
∑

T∈λi

wt(T ). (4)

Processor sharing rules.2 The sharing of processors
among classes is governed by the following rules.
(R1) The processing capacity that Classi borrows is at

most the fractional part of its utilization,i.e.,

0 ≤ wi ≤ f i. (5)

(R2) Class i borrows processing capacity from at most
one class with a lower tardiness bound (i.e., a lower-
indexed class), and lends to zero or more classes. In
other words, the following hold.

(∀i : i ≥ 1 :: Supi < i) (6)

(∀i : i ≥ 1 :: {j | Di ∈ λj} = {Supi}) (7)

(∀i :: |{j : Supj = i}| ≥ 0) (8)

(R3) If f i ≤ 2/3 or wi = f i holds, wherei ≥ 3, then
Classi does not lend any processing capacity to other
classes. If0 < f i ≤ 1/2, then Classi borrows a
capacity off i from Class 1; iff i ranges between 1/2
and 2/3, then it borrowsf i from Class 2. Iff i = 0,
then Classi does not borrow.

(∀i : i ≥ 3 ∧ 0 < f i ≤ 1/2 :: wi = f i ∧ Supi = 1) (9)

(∀i : i ≥ 3 ∧ 1/2 < f i ≤ 2/3 :: wi = f i ∧ Supi = 2)(10)

(∀i : i ≥ 3 ∧ f i = 0 :: wi = 0 ∧ Supi = 0) (11)

(∀i : i ≥ 3 :: wi = f i ⇐⇒ λi = ∅) (12)

(R4) The processing capacity that Class3 or higher bor-
rows is less than what it lends to any single class,i.e.,

(∀i : i ≥ 3 :: (∀j : Supj = i ⇒ wi < wj)). (13)

2Some of these rules are somewhat technical in nature. They are in-
cluded to address certain cases that arise in showing that I-EPDF is correct.



ALGORITHM I-EPDF(τ)

E1, . . . , Eq : integer;
P1, . . . , Pq : integer;
D1, . . . , Dq : GIS tasks initially ∅;
τ1, . . . , τq : GIS task sets initially ∅;
τ̂1, . . . , τ̂q : GIS task sets initially ∅;
λ1, . . . , λq : GIS task sets initially ∅;
tight1, . . . , tightq : boolean initially TRUE

1 Classification Phase
2 Distribution Phase

Scheduling Phase
3 t := 0;
4 while TRUE do
5 for i := q downto 1 do
6 if τ̂ i 6= ∅ then
7 for eachDc in λi do
8 if Ec ≤ Pc then
9 s := index of next eligible subtask ofDc;

10 if r(Dc
s) ≤ t ∧ d(Dc

s) > t + 1 then
11 if r(Dc

s) < t) then s := 1 fi;
12 r(Dc

s), e(Dc
s) := t + 1, t + 1

fi
fi

od;

13 Ei := # of eligible tasks in̂τ i excluding those
early-released (it suffices to determine
if Pi + 1 are eligible)

fi
od;

14 for i := 1 to q do /*The lowest-indexed class is always tight*/
15 if tighti then
16 maxSchedulable := Pi

else
17 maxSchedulable := Pi + 1

fi;
18 Schedule at mostmaxSchedulable tasks of

τ̂ i using EPDF (for Class3 and higher, break ties
involving the heavy donor task, if any,
in favor of the donor task);

19 for eachDc in λi do
20 if Dc is scheduledthen
21 tightc := FALSE

else
22 tightc := TRUE

fi
od

od;
23 t := t + 1

od

Figure 4. Algorithm I-EPDF—detailed pseudo-code for the scheduling phase.

(R5) The number of processors assigned to the various
classes must satisfy the following.

(∀i : Pi = M i − wi +
∑

{j:Supj=i}

wj) (14)

P1 = dM1 + w2 +
∑

{j:((j≥3) ∧ (fj≤1/2))} wje (15)

P2 = bM2 +
∑

{j:((j≥3) ∧ (1/2<fj≤2/3))} wjc (16)

(∀i : i ≥ 3 :: Pi = dM ie ∨ Pi = bM ic) (17)
q∑

i=1

Pi = M (18)

The supplier/borrower relationship among classes can be
represented as a forest of weighted trees in which nodes rep-
resent classes. An edge of weightw between nodesi andj,
where i < j, implies thatwj = w and Supj = i. As
an example, Fig. 3 shows an assignment of processors to
classes and a supplier/borrower relation among classes that
conforms to the rules above for a task system comprised of
eight tardiness classes.

3.1 Scheduling Phase of I-EPDF

Assuming that processors are assigned to classes per the
rules above, we now explain the scheduling phase. As men-
tioned earlier, Sec. 3.2 presents an algorithm for creating
such an assignment. In the scheduling phase, a separate
instantiation of EPDF is used to schedule eachτ̂ i. The
pseudo-code for this phase is shown in lines 3–23 in Fig. 4.
τ̂ i includes the donor tasks inλi (refer (3)), which com-
pete with tasks inτ i at every time instant. If at timet, a
donor taskDj in λi is scheduled, then one of the proces-

sors of Classi is handed down to Classj. Thus, Classj
hasPj + 1 processors for scheduling the tasks inτ̂ j at time
t, zero or more of which may be handed down to higher-
indexed classes, recursively.

In the first part of the scheduling phase given by thefor
loop of lines 5–13, the number of eligible subtasks ofτ̂ c at
time t is identified in the iteration in whichi = c. Because
thefor loop considers the classes in decreasing index order,
the number of eligible tasks in classes with higher indices
thanc are known at this time. By (6) and (7), donor tasks
in λc are of higher index thanc. Therefore, ifτ̂ c includes
donor taskDk and the number of eligible tasks in̂τk is at
mostPk, then the release time of the next subtaskDk

s of
Dk is postponed tot + 1, if its deadline is greater thant +
1. We do this because Classk is not able to use an extra
processor that it would be given, and hence, by postponing
the release time of the next subtask of its donor task under
the conditions specified, Classk may be provided with an
extra processor sooner in the future than may otherwise be
possible. Another related rule in line 11 is that if the release
time ofDk

s before the postponement was earlier thant, then
Dk

s is replaced byDk
1 with r(Dk

1 ) set tot + 1.

The second part of the scheduling phase, given by the
for loop in lines 14–23, determines the maximum number
of tasks ofτ̂ c that can be scheduled (maxSchedulable) at
t, and schedules those with the highest priority. For all but
the lowest-indexed class,maxSchedulable is eitherPc or
Pc + 1, based on whetherDc is scheduled. IfPc processors
are available for scheduling tasks inτ̂ c, thent is said to be
a tight slot for τ̂ c; otherwise,t is anon-tightslot for τ̂ c. An
example is given in Fig. 5, in which Classes 1 and 6 from



τ1

τ1

D6

35
1

15
4

D6

  T  − Tight 
            slots for Class 4

XX

5 procs.

Class 1

Tasks in 

    of      )

X

NT NT NTT T

Tasks in

(Total util.

  tasks)  
(Total util. of donor 

Donor tasks D , D , D , and2 3 4

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Class 6

6

and λ6
 τ

T

7 procs.

NT − Non tight
            slots for Class 4

T

Figure 5. Classes 1 and 6 of the example task system in
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seven processors and borrows a processing capacity of1/4

from Class 1. An additional processor is handed down to
Class6 from Class1 when donor taskD6 is scheduled in
Class1. The partial schedule depicted shows the first three
subtasks ofD6, which are scheduled in the slots marked by
an ‘X’. The release of the third subtask is postponed from
time 8 to time 11. Thus, slots 4, 8, and 14 are non-tight for
Class 6 and the rest are tight.

Fig. 3 are considered.
Selecting the highest priority tasks to schedule dominates

the per-slot time complexity of this phase, and hence, it is
the same as that of EPDF,i.e., O(M log N). A correctness
proof is presented in [5].

3.2 Distribution Phase of I-EPDF

In this subsection, we describe an algorithm for distribut-
ing the processors and defining supplier/borrower relations
that conform to (R1)–(R5). Fig. 6 presents the detailed
pseudo-code. In describing this code, we refer to Classj as
an i-borrower if Classj borrows processing capacity from
Classi. The computation here proceeds in three steps.

The for loop in lines 1–7 comprises the first step, which
ensures that (9), (10), and (11) of (R3) hold, and together
with the third step (see below), that (12) and (17) are sat-
isfied. In this step, Classi, wherei ≥ 3, is set to bor-
row its entire fractional utilization off i from Class1, if
f i ≤ 1/2, or from Class2, if 1/2 < f i ≤ 2/3. This is
done by settingwi = M i − bM ic = f i (refer (2)) in line 3,
followed by the addition of a donor taskDi of appropriate
weight to Class1 or Class2. Every class that is made a 1-
or a2-borrower at the end of Step 1, is consideredfinished,
and does not participate in future distribution steps. (More
specifically, Classi markedfinishedby setting the boolean

variabledonei to TRUE cannot have new donor tasks added
to it.) Such a class is assignedbM ic processors, which are
not shared with other classes. For example, consider Fig. 3.
The total utilization ofτ4 is 3 7

20 , with f4 = 7
20 < 1

2 . There-
fore, at the end of the step just described, a donor taskD4

of weightw4 = 7
20 is added to Class1, three processors are

assigned to Class4, and it is marked finished.

Lines 8–12 comprise the next step, which ensures (16).
In this step, Class2 is made a1-borrower by letting it bor-
row a processing capacity ofw2 = (M2+

∑
T∈λ2 wt(T ))−

b(M2 +
∑

T∈λ2 wt(T ))c from Class1 (where by (3),

M2+
∑

T∈λ2 wt(T ) = M̂2), and is assignedbM̂2c proces-
sors; it is then marked finished. In the example in Fig. 3, the
fractional part of the utilization of no class is between1/2
and2/3; therefore, no donor tasks are added to Class2 in
the previous step. Thus,w2 = 4

5 , a donor taskD2 of weight
4
5 is added to Class1, Class2 is assigned four processors,
and is marked finished.

Thewhile loop in lines 14–40 constitutes the third step in
the distribution phase. This step is responsible for ensuring
(12), (13), (15), and (17). In this step, every class that is
not yet finished is considered in increasing index order in an
iteration of thewhile loop. Classes that are already finished
are skipped via line 15. Thus, the unfinished class with the
lowest index is given by the value ofi at the end of this line.
The goal of the remainder of the iteration is to determine
at most two higher-indexed classes with which Classi can
share its spare capacity (given bydM̂ i − wie− (M̂ i−wi)).
(To ensure the tardiness bound of the borrowing class, it is
necessary to ensure that it does not borrow from a class with
a larger bound.) Classi is also marked finished at the end of
theith iteration. Thus, at the beginning of iterationi, every
class with a lower index thani is already finished. Note that
for Class3 and higher,M̂ i = M i holds at line 17. This is
because these classes are not augmented with donor tasks
prior to this point. Line 19 identifies Classl with the lowest
index greater thani that is not finished that can be made
an i-borrower. To ensure (R1), iff l ≤ avail holds, then
Classl is made to borrow a processing capacity off l from
Classi and is marked finished in theif block in lines 21–27.
Line 27 identifies and setsl to the next higher-indexed class
that is not yet finished.

Regardless of whether the test in line 21 succeeded,f l >
avail holds at line 28. This is clearly the case if the test
in line 21 failed. On the other hand, if this test succeeded,
then becausef l > 2/3 holds for every class of index three
or higher that is not finished by Step 2,wl > 2/3 holds at
line 25. Becauseavail as computed in line 17, is less than
one,avail < 1/3 holds at the end of line 25. Hence, for
the same reason thatf l > 2/3 holds for every class of index
exceeding three that is not finished by Step 2,f l > avail
holds at line 28. Because the amount of processing capacity
that Classl borrows is set tomin(avail, f l), Classi can



Distribution Phaseof ALGORITHM I-EPDF(τ)

Sup1, . . . ,Supq : integer initially 0;
done1, . . . , doneq+1: boolean initially FALSE

1 for i := 3 to q do
2 if M i − bM ic ≤ 2/3 then
3 wi := M i − bM ic;
4 if wi > 0 then
5 if wi ≤ 1/2 then Supi := 1 elseSupi := 2 fi;
6 ADDDONORTASK(i, wi,Supi)

fi;
7 Pi, donei := bM ic, TRUE

fi
od;

8 w2 := M̂2 − bM̂2c;
9 if w2 > 0 then ADDDONORTASK(2, w2, 1) fi;

10 P2, done2 := bM̂2c, TRUE;

11 if dM̂1e = M̂1 then
12 P1, done1 := M̂1, TRUE

fi;
13 i := 1;
14 while i ≤ q do
15 while donei do i := i + 1 od;
16 if i ≤ q then
17 avail := dM̂ i − wie − (M̂ i − wi);
18 l := i + 1;
19 while donel do l := l + 1 od;
20 if l ≤ q then
21 if avail > 0 ∧ (M l − bM lc) ≤ avail then
22 wl := M l − bM lc;
23 ADDDONORTASK(l, wl, i);

24 Pl, donel := bM lc, TRUE;
25 avail := avail − wl;
26 l := l + 1;
27 while donel do l := l + 1 od

fi;
28 if avail > 0 /* ∧ l ≤ q */ then
29 wl := avail;
30 ADDDONORTASK(l, wl, i);
31 d, j := l, i;
32 while wd < wj do
33 τ̂j , λj := τ̂j − {Dd}, λj − {Dd};
34 wj , M̂j := wj − wd, M̂j − wd;

35 τ̂Supj
:= τ̂Supj ∪ {Dd};

36 λSupj
:= λSupj ∪ {Dd};

37 if wj < wd then d := j fi;
38 j := Supj

od
fi;

39 Pi, donei := bM̂ ic, TRUE

fi
40 i := l

fi
od

PROCEDUREADDDONORTASK(i, w, sup)

41 Di := donor task of weightw;
42 Supi := sup;
43 τ̂sup, λsup := τ̂sup ∪ {Di}, λsup ∪ {Di};
44 M̂sup := M̂sup + wi;
45 return

Figure 6. Algorithm I-EPDF—detailed pseudo-code for the distribution phase.

have at most two donor tasks added to it in this iteration.
l is the unfinished class with the lowest index at line 40.
Therefore,i is updated tol so that Classl is considered for
the addition of donor tasks in the next iteration.

Using our example (Fig. 3),avail at line 17 wheni = 1
holds isdM̂1e − M̂1 = 5 − 4 7

20 = 13
20 . (BecauseD4

of weight w4 = 7
20 and D2 of weight w2 = 4

5 were
added to Class1 in Steps 1 and 2, respectively, by (4),
M̂1 = M1 + w4 + w2 = 3 1

5 + 7
20 + 4

5 = 4 7
20 , and hence,

dM̂1e = 5.) In this iteration of thewhile loop in lines 14–
40, the first unfinished class with a higher index than one,
which is Class3, is made a1-borrower (lines 29–30). Thus,
l = 3 in this case. Hence, at the end of the first iteration,
w3 is set to 13

20 (line 29) and donor taskD3 of weight w3

is added to Class1 (line 30). Class1 is then marked fin-
ished (line 39). The unfulfilled utilization of Class3 is now
4 7

10 −
13
20 = 4 1

20 . Therefore, Class3 is assigned five proces-
sors and has a spare capacity of19

20 . Because Class 3 is the
next unfinished class, classes with which its spare capacity
is shared are identified in the next iteration.

One final adjustment is performed in lines 32–38. If the
weight of the donor taskwl that is added to Classi is less
thanwi, i.e., the processing capacity that Classi borrows
in turn from its supplierj = Supi, then Classj is made
Classl’s supplier, too. This is done by movingDl to Classj
from Classi. wi is appropriately reduced so that the total

capacity that Classj supplies remains the same. As a result
of this adjustment, Classj will now have two donor tasks
Di and Dl in place ofDi (it is possible that Classj has
some other donor tasks, whose weights are not altered), and
it is possible for one of them to be lighter thanDj . If this
is the case, then thewhile loop in lines 32–38 moves the
lighter of the two donor tasks,Di andDl, up the supplier
chain, to ensure (R4). Fig. 3 shows the final distribution and
sharing of processors among classes.

It can be shown that the complexity of the above algo-
rithm isΘ(q). A correctness proof is presented in [5].

4 Experimental Evaluation

In this section, we report results of our empirical evalu-
ation of the additional processing capacity that may be re-
quired when classes do not share processors. The evalu-
ation procedure was as follows. 1,000,000 task sets were
generated at random, with total utilizationM in the range
5..64. The tasks in each task set were divided intoq tar-
diness classes based on their weights. The total number
of processorsP required to schedule the task set was then
computed, assuming that each tardiness class has exclusive
access to the processors that it requires. The difference
E = P − M , which represents the additional processing
capacity required, was then determined. The average value
of E (expressed as a percentage ofM ) with respect to total
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Figure 7. Additional processing capacity (as a percent-
age of total utilization) with respect to(a) total utilization
and(b) number of classes that may be required if tardiness
classes are partitioned rather than using I-EPDF.

utilization (M ) and the number of classes (q) is plotted in
Fig. 7. 99% confidence intervals are also shown on these
plots. The figure also depicts the worst-case observed val-
ues ofE, for each value ofM andq. The graphs show that
the average percentage of loss is quite high (over 30%), for
small values ofM andq, and decreases with increasingM
andq. The reason for this is as follows. In Fig. 7(a), the
value of q for a givenM is the average over all task sets
with that value ofM , and in Fig. 7(b), the value ofM for a
givenq is the average over all task sets with that value ofq.
As mentioned in the introduction,E is at mostq − 1. Also,
because a class can span multiple processors,q increases at
a lower rate thanM . Therefore,E, expressed as a percent-
age ofM , decreases with increasingq andM . Even though
E decreases asM andq increase, the loss is still more than
5% for largeM andq, which suggests significant waste.

5 Conclusion

We have presented a new algorithm for integrating soft
real-time tardiness classes on a multiprocessor. Our al-
gorithm provides temporal isolation among classes, allows

available processing capacity to be fully utilized, and does
not require that previously established per-task weight re-
strictions for a given tardiness threshold be lowered. Our
experiments indicate that the proposed algorithm allows a
substantial amount of processing capacity to be reclaimed.

Our algorithm can be extended to allow hard tasks, in
addition to soft tasks. In that case, an optimal algorithm
(with tie breaks) is used for scheduling hard tasks, while a
separate instantiation of EPDF is used for each soft class.

As discussed in Sec. 1, one motivation for using EPDF is
the ability to reweight tasks efficiently in dynamic systems.
However, reweighting a task may alter the tardiness bound
that can be guaranteed to it, and hence, may require that the
task be migrated to a different tardiness class. Redistributing
processors to the redefined classes can be done in constant
time. It only remains to be proved that the tardiness bounds
of individual tasks can still be guaranteed. We are currently
working on this problem.

Acknowledgement: We are thankful to Phil Holman for
his suggestions on improving the presentation of this paper.
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