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CHAPTER I

INTRODUCTION

In the 1980Õs, researchers in computer science and applied mathematics developed

numerous techniques for the triangulation of implicit surfaces. Triangulating refers to

approximating a surface with polygons, allowing more convenient display on a computer

screen. Mathematicians traditionally refer to such an approximation as a ÒtriangulationÓ

regardless of dimension; strictly speaking though, triangles are used for approximating

2-dimensional surfaces. These triangulated surfaces may be derived from a host of

sources; medical data, computational geometry, CAD/CAM, modeling for computer ani-

mation, mathematics, and many more. Since many of these data sets involve the visualiza-

tion of real world data (e.g., contour lines to show temperature gradations on weather

maps, shaded surfaces to show a new wing design), the techniques have remained within

the scope of triangulating 2D and 3D contours. The investigation of techniques for con-

touring in 4 dimensions, or indeed for a general technique applicable in any dimension,

has been largely overlooked by computer scientists.

Does a general algorithm exist for triangulating an implicitk-manifold? Recall that

thek-dimensional analogue of a surface is thek-manifold (so 2-manifolds are surfaces).

Not all k-manifolds can be triangulated; it is known that ak-manifold can be triangulated

only if it is differentiable (Cairns 1935). An implicitly-deÞned manifold is not guaranteed

to be differentiable, so there must exist some contour (also known as an implicit surface, a

level set, or a variety) that prevents any algorithm from triangulating it. Fortunately, it is

guaranteed that a contourf(p) = 0 can be triangulated if the underlying functionf is alge-
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braic (van der Waerden 1929) or analytic (Koopman 1932). This paper will show that a

general algorithm exists for the triangulation ofk-manifolds. The algorithm has already

been put to use in one application used by an algebraic geometer to interactively visualize

implicit surfaces in 4-space, and in a second application for visualizing time-varying 3D

scalar Þelds.

Certain liberties taken in this paper with a particular mathematical term, manifold,

should be noted. The locus of points that satisfyfi(p) = ci is defined as a ÒvarietyÓ. This

term is not widely used in computer science. In three dimensions, the variety f(p) = 0

yields a surface, which may contain points of self-intersection. In higher dimensions, the

varieties are also generically called surfaces; this is a somewhat misleading convention

since other disciplines generally restrict the term surface to a two-dimensional variety in

3-space. Ak-manifold is not allowed to contain self-intersections or boundaries, thus not

all varieties are manifold. In this paper, a compromise is made between variety (techni-

cally correct, but unfamiliar) and isosurface (which implies dimension). Instead of invent-

ing new terminology such ask-variety ork-surface, the termk-manifold will be informally

extended to include the full reach of the term ÒvarietyÓ while explicitly mentioning dimen-

sion.

Implicit Contours and Their Uses

Implicit contours result from approximating a manifold in space deÞned by one or

more implicit equations. Formally, a contour is the locus of pointspi such thatfj(pi) = cj

for some set of functionsfj and constantscj (the constants are called isocontour values or

isovalues). Without loss of generality, we may assume the constantscj = 0 as we can con-

struct a set of functionsgj such thatgj(pi) = fj(pi) - cj = 0 and then substitutegj for fi.

Various triangulation techniques have been developed for computer graphics

(Koide, Doi and Kajioka 1986; Lorensen and Cline 1987; Bloomenthal 1988) and numeri-
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cal analysis (Allgower and Georg 1990; Allgower and Gnutzmann 1991). Many of these

techniques are designed speci®cally to construct triangulations only of curves, surfaces, or

varieties of co-dimension one. Several have been implemented as part of the Pisces project

at the Geometry Center (Wicklin and Steed 1995). The algorithm presented here, by con-

trast, is quite general. It consultsn functions in (k+n)-dimensional space to yield an

implicit k-dimensional contour. Figure 1.1 names some common contouring techniques

and shows where they fit in a taxonomy by dimension. Sincen > k, some entries in the

table are now allowed. The results in this paper permit the remaining entries to be ®lled.

Isocontours are used for the convenient display of data from a variety of ®elds. Iso-

surfaces of medical data from computed tomography (CT) and magnetic-resonance imag-

ing (MRI) are often used to display organs and other internal structures normally visible

only through invasive means (figure 1.2). Isosurfaces may also be used to visualize struc-

tures which are too small to be seen by the human eye such as the molecular structure of a

protein (figure 1.3). Isocurves may be used in engineering applications to show regions

where some parameter (for example, pressure in a fluid flow) is constant (figure 1.4).

Isocurves are often used for more mundane tasks as well; for instance, lines of constant

elevation on a topographic map are isocurves on a 2D plane.

Figure 1.1 Taxonomy of some previous contouring techniques by dimension. The variablen represents the
dimension of space and the variablek represents the dimension of the contour. Blanks in the table indicate a
lack of previous technique, now ®lled by the new technique described in this paper.

n = 2 n = 3 n = 4 . . .

k = 1 Web Pisces Contour
Following

k = 2 Marching
Cubes

Lorensen
(unpublished)

k = 3

. . .
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Figure 1.2 An isosurface of density from a 3D computed tomography dataset of a human skull (Data is in the
public domain).

Figure 1.3 An isosurface of electron density from a dataset of a SOD protein (data is in the public domain).

Figure 1.4 Isocurves of pressure from ßuid ßow over a surface (image courtesy John McGinley).
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An Introduction to Triangulation Techniques

In general, techniques for triangulating contours begin by partitioning space into

non-overlapping regions. Each region is typically a polytope Ð the convex hull of a set of

points P inRn. A partitioning of some spatial domain by non-overlapping polytopes is

often referred to as a tiling of that space; a tiling of space is not, however, restricted to

polytopes. For each polytope, functionsfi are evaluated at each of the polytope vertices.

By the intermediate value theorem, if there is a sign change inf between the verticesv1

andv2 (the endpoints of an edge of some polytope) then at least one zero-crossing occurs

along that edge. The converse is not true Ð the lack of a sign change does not preclude the

existence of a zero-crossing Ð so it is necessary to choose a suf®ciently ®ne partitioning of

space in order to resolve the contour with the partition. Figure 1.5 illustrates these impor-

tant concepts. Once it has been determined that a zero-crossing exists, a variety of meth-

ods are available to approximate the location of the intersection, such as linear

interpolation and iterative root-®nding schemes.

Figure 1.5 The intermediate value theorem. The grey lines indicate some functionf of interest. The black
lines are a line segment along which the zero-crossingf = 0 is desired. A sign change between endpoints
indicates at least one (an odd number) zero-crossing (left). No conclusion can be drawn when there is no
sign change as there may be zero or multiple (an even number) intersections (right).
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Techniques for Partitioning Space

Triangulation schemes may partition space in one of two ways. Space may be par-

titioned by continuation or by subdivision. A continuation method begins with one or

more seed points known to be on or near the target contour. A polytope is constructed

around the seed point, and contoured. For each intersection of a polytope face and the con-

tour, a new polytope is constructed to share the intersected face. These new polytopes are

then checked for contours, and the process repeats until no new polytopes can be created.

A subdivision method partitions space into polytopes recursively or exhaustively without

regard to where the contour is thought to lie. In exhaustive subdivision, all of space is par-

titioned (uniformly or not) into a grid of polytopes and then searched for pieces of the con-

tour. In recursive subdivision, a coarse grid is formed as in exhaustive subdivision, then if

a partitioning polytope is found to contain part of the target contour it may be further par-

titioned into polytopes, which are tested and partitioned and so on, until some predeter-

mined level of recursion has been reached. Generally, continuation methods are applied

when the underlying function is accessible in continuous form. Subdivision methods are

more common when the data has previously been discretized.

Figure 1.6 Examples ofn-cells (n = 1, 2, 3, 4).

Figure 1.7 Examples ofn-simplexes (n = 1, 2, 3, 4).
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Two kinds of polytopes are particularly convenient for partitioning space and are

therefore most often used. These two polytopes are then-cell and then-simplex. Recall

that a line segment is a 1-cell, a square is a 2-cell, a cube is a 3-cell, a ªhypercubeº is a 4-

cell, and so forth. Also recall that a line segment is a 1-simplex, a triangle is a 2-simplex, a

tetrahedron is a 3-simplex, a ªhypertetrahedronº is a 4-simplex, and so forth. Figures 1.6

and 1.7 illustrate cells and simplexes, respectively. Both of these polytopes allow simple

tilings of space and are convenient for finding contour intersections. Cells are typically

easier to partition space with, thus several techniques which use simplicial tilings begin

with a cellular partitioning of space and then decompose the cells into simplexes. 2D

examples of such decompositions are shown in ®gure 1.8.

Contouring Cells

The contouring of cells typically generates fewer contour-polytopes than the con-

touring of simplexes. Unfortunately (®gure 1.9), it can also lead to ambiguities in the con-

nectivity of the triangulation. Such an ambiguity results form choosing how to connect the

Figure 1.8 Three ways to decompose a 2-cell into 2-simplexes. On the left and in the middle, the decomposi-
tion is made without the introduction of new vertices, yielding 2 2-simplexes. On the right, the decomposi-
tion makes use of the midpoint of the cell, yielding 4 2-simplexes.

Figure 1.9 Ambiguities in connectivity due to contouring a cell. There are multiple ways to connect the cell-
edge intersections off (dark grey curves). The light grey lines show two such ways; one possibility is to sep-
arate the negative-valued cell-vertices (left), another is to separate the positive-valued cell-vertices (right).
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contour points. For example, should the contour-polytopes in the example from ®gure 1.9

be constructed to separate the two negative-valued vertices (left) or the two positive-val-

ued vertices (right). Either decision is arbitrary, though it can be made consistently given

no further information. There are techniques for making the decision based on the behav-

ior of the function being contoured (Nielsen and Hamman 1991).

One common technique for unambiguously contouring cells is to use a multi-entry

look-up table (Ning and Bloomenthal 1992). Tables are indexed by an encoding of the ver-

tex signs and contain predetermined orderings of polytope edges, which indicate how to

connect the intersections to construct contour-polytopes. Although fast, the tables require

construction and storage, and often must be constructed by hand. The number of entries in

the table increases as the dimension of space increases, although the tables can be made

Figure 1.10 The ªmarching squaresº table of single constraint contours within ann-cell for n = 2. White dots
indicate a negative function value; black dots indicate a positive function value. Note the two cases with
multiple contours: These are ambiguous cases which deserve multiple table entries for correctness. In this
ambiguous cases, each set of matching dashed lines indicates a different possible contour.
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smaller by exploiting symmetry. An n-cell has 2n vertices; each vertex will evaluate to a

positive or negative value. Thus, for ann-cell there are at least  entries in the full table

(extra entries are present when an ambiguity exists; the intersections could be connected in

more than one way to create a contour). Figure 1.10 shows the full table forn = 2. Figure

1.11 shows the reduced table forn = 3 (Lorensen and Cline 1987).

Contouring Simplexes

The decomposition of cells into simplexes avoids the ambiguous connectivity issue

entirely. In the 2D case, decomposition of a 2-cell into two 2-simplexes can be performed

by splitting the 2-cell along one of its diagonals, either from top-right to bottom-left or

from top-left to bottom-right. However, the decision to split along one diagonal or the

other is an arbitrary one. Splitting the 2-cell into four 2-simplexes by combining cell edges

22n

Figure 1.11 The 15 topologically distinct cases in a 3-cell (Lorensen and Cline 1987). These cases are those
that remain from the full 256 by considering the symmetry of the 3-cell. In this table, the black vertices lie
ªinsideº the surface and the polygons separate ªinsideº from ªoutsideº.
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with the cell midpoint yields a more correct construction of contour-polytopes (figure

1.12).

Aside from avoiding ambiguity issues, ann-simplex has very few non-degenerate

topologically distinct cases; there are  cases for ann-simplex. Figure 1.13 shows

the 2 cases for a 2-simplex and ®gure 1.14 shows the 3 cases for a 3-simplex.

Problems with Bifurcations

Although simplexes avoid the ambiguities allowed by cells, no polytope can

always capture a contour accurately. When a contour bifurcates within a partitioning poly-

tope, it is generally not possible to correctly approximate the split. Figure 1.15 gives an

example of both a cell and a simplex such that each fail to correctly capture the intersect-

ing contour. The problem stems from the limitations of the intermediate value theorem (in

®gure 1.2, the right-hand illustration). If the signs at the endpoints are the same we cannot

Figure 1.12 Splitting a 2-cell into 4 2-simplexes to disambiguate the contourÕs connectivity.

n
2
--- 1+

Figure 1.13 The 2 cases of contours for a 2-cell.

Figure 1.14 The 3 cases of contours for a 3-cell.
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locate an intersection with the contour, though one may exist. Many attempts at a solution

to this problem try to predict the occurrence of bifurcations and resample the domain in

that area (Allgower and Gnutzmann 1991). Such solutions ultimately rely on the existence

of a suf®ciently ®ne partitioning of space to capture the contour adequately. Costlier strat-

egies exist, such as solving for the zero-crossings numerically (Krishnan and Manocha

1997), but these are not always convenient to apply to the given data.

Figure 1.15 A cell and a simplex containing a bifurcation. The cell (left) will fail to capture the bifurcation in
one of two ways. The grey vertex could be negative (white) causing the bottom branch to be missed, or it
could be positive (black) causing bifurcation to be contoured as two separate line-segments. The simplex
(right) can capture only one piece of the contour, depending on the sign of the grey vertex.
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CHAPTER II

REVIEW OF LITERATURE

This chapter describes previous works from mathematics, engineering, and com-

puter science in the area of contouring and triangulation. Recall from chapter 1 that these

disciplines each have a favored method of triangulation, influenced by the nature of the

underlying data.

Continuation Methods

Mathematicians have written about the triangulation of contours since before the

advent of the modern computer. Ker•kjˆrt˜ f irst proved that every topological surface is

homeomorphic to a triangulated one (Ker•kjˆrt˜ 1923); simply put, some bicontinuous

mapping exists between the two surfaces. Though triangulations have been mostly used

for approximating ®xed points (a ®xed point is one which maps to itself under some oper-

ation) and solutions to systems of equations too large or too dense for more common

matrix methods, in the past few decades some mathematicians have applied these tech-

niques to generating piecewise linear approximations of surfaces.

In the late 1920s and early 1930s several mathematicians determined what types of

manifolds were triangulable. In 1929, van der Waerden showed that manifolds are triangu-

lable when the underlying function is algebraic (van der Waerden 1929); three years later

Koopman and Brown extended this result to analytic functions (Koopman and Brown

1932). Cairns, in 1935, showed that if the underlying function is differentiable then there
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is guaranteed to be a triangulation of the manifold (Cairns 1935). It is not necessarily true,

however, that the manifold cannot be triangulated if it is not differentiable.

In the last two decades a great deal of attention has been given to simplicial contin-

uation methods. Much of this effort has come from or been integrated by Allgower and

colleagues (Allgower and Georg 1980; Allgower and Schmidt 1985; Allgower and Gnutz-

mann 1987; Allgower and Georg 1990; Allgower and Gnutzmann 1991). In particular,

Allgower and Gnutzmann applied simplicial continuation methods to generate piecewise

linear approximations to implicit surfaces (Allgower and Gnutzmann 1987; Allgower and

Gnutzmann 1991). These two papers describe algorithms for continuation methods and

simplicial tilings of space. Their 1991 paper makes important contributions to the display

of surface triangulations: they show how to make a simplicial mesh uniform; they show

how to refine a mesh based on local information; and they show how to orient mesh ele-

ments for consistent surface normals.

Continuation methods have also been employed in engineering settings as surface

tracking techniques. Such techniques are ef®cient because they only visit polytopes which

contain a portion of the contour to be triangulated. Unfortunately, they require prior analy-

sis of the data to determine sufficient seed points for the contouring to be complete. This

often involves trial-and-error on the part of the user, or difficult and computationally

expensive calculations to locate probable seed points to be followed by trial-and-error

algorithms (Itoh and Koyamada 1994). Also, multiple disconnected contours require addi-

tional searches for seed points, making the chances of missing information high.

Subdivision Methods

The earliest subdivision methods were used by crystallographers for the generation

of contour plots of interference patterns. In 1963, Dayhoff used subdivision of a 2D grid

into regular cells to map contours for X-ray crystallography. DayhoffÕs technique makes
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crude assumptions about the nature of the contour components (only line segments at mul-

tiples of 45 degrees from horizontal are allowed) and does not consider all of the informa-

tion local to each cell that the contouring routine considers (Dayhoff 1963). As a historical

note, at that time contouring techniques on a 2D grid were referred to as ªisarithms.º Cot-

tafava and Le Moli introduced a technique in the late 1960s (Cottafava and Le Moli 1969)

which was one of the ®rst use of recursive subdivision to capture contours more accurately

in regions of high detail. Unlike Dayhoff, Cottafava and Le Moli did not make restrictive

assumptions about of the contour within each cell but instead calculated the exact cell-

contour intersections (as described in chapter one). Their technique is also one of the ear-

liest hybrid methods; it exhaustively traversed the cells to gather information about cell-

contour intersections, then used a continuation-like pass to build each contour line. At that

time the only practical graphics output device was a plotter, and following each individual

contour line made for faster plotting than drawing disconnected line segments. The search

technique could also recursively subdivide cells for more detail.

In the 1970s, a popular application of contouring was displaying medical data.

Medical data, such as computed tomography scans, would be collected as a series of 2D

slices. Techniques of this decade found contours within each slice separately, then con-

nected the contours to produce a 3D triangulation (Fuchs, Kedem, and Uselton 1977).

Some difficult problems arise when contours from adjacent slices must be connected

together. The topology, mesh structure, or geometry can change radically between slices,

making for many possible ambiguities when connecting the contours. Most of these prob-

lems are easily avoidable by contouring the slices as isosurface in a 3D volume instead of

connecting isocurves in disparate 2D layers.

Triangulation of implicit surfaces from 3D data became interesting to engineers

and computer scientists around 1985, with several competing methods being published in

a span of just a few years. CAD/CAM and animation packages rely heavily on construc-
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tive solid geometry (combining well-defined primitives via Boolean logic to yield more

complex objects). In 1986, Wyvill et al became interested in representing more complex

objects through implicit surfaces (Wyvill, McPheeters, and Wyvill 1986). Interest in

polygonal representations of these surfaces stemmed from the desire to render these sur-

faces quickly, to store them conventionally, and to re-display them later without repeatedly

solving the underlying implicit functions. Also at that time, research in displaying molec-

ular orbitals led to polyhedral approximations of implicitly defined models (Koide, Doi,

and Kajioka 1986). Koide et al. compared polyhedral subdivision of space to propagation

from seed points (subdivision to continuation) and pointed out that the polyhedral

approach, though ill suited to their graphics hardware, is more compact and simpler to

implement.

In 1987, Lorensen and Cline published what would become a popular example of

an exhaustive subdivision technique: Marching Cubes. Marching Cubes is one of the first

methods to make use of a pre-computed table to drive the contouring process (Lorensen

and Cline 1987). The table contains information determining which edges in the cube con-

tain intersections. The table is indexed by an encoding of the sign of the implicit function

evaluated at each of the cubeÕs vertices. Recall that an intersection can be found when the

endpoints of an edge have different signs; the sign change indicates that the underlying

function f must evaluate to zero at least once along the edge. Moreover, the Marching

Cubes table is reduced in size by considering symmetry. Instead of a table with 28 entries

(2 possible signs at each of 8 vertices in a cube), Marching Cubes uses a table with only 15

entries. Although early tables contained mistakes which led to incorrect triangulations,

these have since been documented and remedied. The original intent of Marching Cubes

was the visualization of discrete medical data, computed tomography to be speci®c, but it

has since been widely adapted to many other purposes, including the visualization of con-

tinuous data from engineering domains.
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Although Marching Cubes is a fast and simple algorithm to implement, it suffers

from problems of topological consistency. Neighboring cubes will not necessarily produce

contour-polygons which properly align at the shared cube-face. Solutions have been sug-

gested to this problem which force alignment of neighboring contour-polygons, but the

solutions typically require extensions to the original 15 Marching Cubes table entries and

often require additional computation when an offending case is encountered (Wilhelms

and van Gelder 1990; Nielson and Hamman 1991). More importantly, because Marching

Cubes is a local technique, the global information required to align neighboring contours

has to be made available by extension to the algorithm. Although other cell-based subdivi-

sion techniques have been suggested, the limitations of the cell have led many to consider

the simplex as an improved polytope for tiling space. Since cells can be easily decom-

posed into simplexes, many techniques start with a cellular tiling of space, but then replace

the cells with simplexes (Bloomanthal 1988; Hall and Warren 1990). As mentioned in

chapter one, simplexes are much easier to contour because there are no ambiguous con-

nectivity issues and they are guaranteed to have contour-polygons which share common

vertices across faces. Another advantage of the simplex is that it can easily be used to con-

tour unstructured data (Shen and Johnson 1995).

Increasing Performance

Several methods have been explored by other researchers for improving the perfor-

mance of existing subdivision techniques for contouring. Since continuation techniques

need not visit any region of space devoid of a contour, they are generally considered to be

optimally ef®cient. One such method uses octrees to greatly reduce the time spent travers-

ing the cells by avoiding empty regions of space and as a convenient mechanism for adap-

tive recursive subdivision (Bloomenthal 1988; Wilhelms and van Gelder 1992). Other

techniques sort partitioning polytopes by span (the difference between maximum and min-
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imum function value) and by minimum function value (Gallagher 1991). The idea of span

also extends to consider coherence between neighboring polytopes, allowing for faster

constructing of subsequent contours when the isovalue is varied slightly (Shen and

Johnson 1995).

Extensions into Large Dimensional Spaces

Over the past few years interest has been growing in the area of visualization of

continuous data in large dimensions (Hoffman and Zhou 1991; Banks 1992; Hanson and

Cross 1993; Hanson 1994). Surfaces in these cases have been produced parametrically,

which offers the trade-off of (1) having a simple mathematical method for modeling the

surface directly at the cost of (2) having a limited selection of possible surfaces (since

parametric surfaces form a subset of implicit surfaces). The need for a method capable of

producing surfaces (and other manifolds) in large dimensions has been growing, but the

techniques have only recently begun to appear in the computer graphics literature.

The continuation methods suggested by Allgower and others are based on multi-

variate numerical analysis, and therefore easily extend to large dimensional spaces. As

mentioned previously, they require the location of seed points from which the contours are

grown. Finding a minimal but complete set of seed points becomes more difficult as the

dimension of space grows. Subdivision techniques also extend to multidimensional con-

touring; however, no such methods were published prior to Recursive Contour Meshing in

1996 (Weigle and Banks 1996). Recursive Contour Meshing is the technique presented in

the following chapter. Lorensen has developed an unpublished extension to Marching

Cubes allowing the contouring of surfaces in four-dimensional spaces (Lorensen 1996).

LorensenÕs technique will be included in the Visualization ToolKit (Schroeder, Martin,

and Lorensen 1996), an object-oriented visualization development package encompassing

many of the techniques mentioned in this chapter as well as techniques for other types of
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visualization. LorensenÕs extension uses a new, procedurally-generated table with 216

entries (there are 16 vertices in a 4-cell). It is not known whether the table will exhibit

anomalies like the original table for Marching Cubes.

Summary of Literature

There is a large volume of previous work in the area of contouring. Many disci-

plines have produced contouring methods suited to their speci®c needs. However, with the

exception of mathematical continuation methods, these techniques do not readily general-

ize to arbitrary dimensions. Since the majority of multidimensional scientific data to be

visualized is medical or engineering related, this shortcoming is expected: these disci-

plines produce 3D data where surfaces are of most interest. Until recently, there simply

had not been the historical need for a truly general approach to contouring.
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CHAPTER III

RECURSIVE CONTOURING ALGORITHM

This chapter presents a set of new, simple, recursive routines (Recursive Contour

Meshing) that can be combined to triangulate (n-k)-dimensional contours. The contours

arise from the set of scalar-valued functionsfk: Rn ® R with fk = ck for constantsck. The

®rst routine locates a contour in an-simplex; the second triangulates a polytope. Polytopes

are decomposed into simplexes to avoid the ambiguities that cells introduce and because

simplexes yield contour-polytopes that are simple to construct, allowing for a purely pro-

cedural approach. The technique works by subdivision; n-space is partitioned inton-sim-

plexes, which are exhaustively tested for intersections. Thesen-simplexes are contoured in

a recursive manner. For each occurrence offk = ck on an edge of ann-simplex, then-sim-

plex is partitioned into (n-1)-simplexes, which may in turn be contoured and partitioned.

This process is encapsulated in two routines,triangulate andcontour, which

comprise the focus of this research and provide a new, general technique for contouring

implicit surfaces, Recursive Contour Meshing. The routines combine to produce (n-k)-

dimensionalsimplicial meshes of contours fromn-dimensional space givenk constraint

functionsfk. The contour is the Boolean intersection of the constraintsfk = ck.

Contouring with Multiple Functions

Figure 3.1 demonstrates the concept of contouring with multiple functions on a 3-

cell. Two functions are represented by the colors red and blue, which vary throughout the

cell. By first contouring against a constant value of the function represented by the color
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Figure 3.1 Two functions are represented by color, one as red and one as blue. A 3-cell shows the two func-
tions as they vary in space (left). A constant value of blue (the ®rst function) is contoured within the cell,
yielding a polytope (middle). A constant value of red (the second function) is contoured within the polytope,
yielding a line-segment (right).

Figure 3.2 Two functions are represented by color, one as red and one as blue. A 3-simplex shows the two
functions as they vary in space (top left). A constant value of blue (the ®rst function) is contoured within the
simplex, yielding a polytope (top right). A constant value of red (the second function) is contoured within
the polytope, yielding a line-segment (bottom left). Note that the polytope is not a simplex; it must be trian-
gulated by combining each polytope-edge with the polytope-midpoint to form a simplex before it can be
contoured correctly as a simplex (bottom right).
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blue, a contour-polytope results (in this case, a triangle). Next, the function represented by

the color red is constrained, which de®nes a line-segment. This line-segment approximates

a section of the cell where both functions (the colors red and blue) are constant.

Figure 3.2 demonstrates the same process, but on a 3-simplex rather than a 3-cell.

The functions represented by color are constrained as before. This time, the first contour-

ing pass yields a polytope which is not a simplex. This non-simplicial polytope is divided

into four simplexes by a midpoint division technique (described later in this chapter) and

the second constraint is then applied to each simplex. The resulting line-segments yield

the contour of interest within the original 3-simplex.

Tiling n-Space withn-Simplexes

Euclidean spaceRn is conveniently tiled byn-cells, but we wish to contour sim-

plexes because they are easier to contour than cells. Contouring simplexes avoids ambigu-

ities that can arise when contouring a cell. There are various ways to perform the split of

cells into simplexes (Allgower and Gnutzmann 1991). We chose a method that can be for-

mulated to work in arbitrary dimension and that can also be applied to other polytopes in

addition to then-cell. This section presents a general, recursive method for decomposing

ann-cell inton-simplexes. The explanation is motivated by three examples, each restricted

to a progressively larger dimension. In these examples, pseudocode is given using the fol-

lowing conventions: the variableshypercube, cube, square, andedge are instances of some

hierarchical data structure for a cell; the variablesimplex contains an array of points; the

individual points in asimplex, edge, cube, et cetera can be accessed like an array from the

p ®eld of the data structures. For example,simplex.p[0] is the zeroth point in a simplex.

Splitting 2-Cells into 2-Simplexes

First consider the 2D case, splitting a 2-cell into four 2-simplexes (a square into 4

triangles). Each edge in the cell can combine with the cellÕs midpoint to form a 2-simplex
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(figure 3.3). The process is analogous to barycentric subdivision of a simplex. The

pseudocode for thesplitC2 routine is given below. The functionmidpoint  ®nds the bary-

center (or midpoint) of a collection of points. The midpoint of the square is ®rst found and

stored in the simplex. Then each edge of thesquare is combined with the midpoint to com-

plete thesimplex.

Splitting 3-Cells into 3-Simplexes

Next consider the 3D case. We want to split a 3-cell into 3-simplexes (a cube into

tetrahedra). Each face in the cell can combine with the 3-cellÕs midpoint to form a pyra-

mid. If a square face (now shared by both the cube and the pyramid) is further split into

four triangles the result is 4 tetrahedra rather than one square pyramid, a step performed by

the previous routine. The process is sketched in figure 3.4 and pseudocode is given as

splitC3. The midpoint of the cube is found and stored in the simplex. For each square face

of thecube,splitC2 is passed the square and the simplex as arguments.

Figure 3.3 A 2-cell (left) divided at its midpoint (middle) yields 4 2-simplexes (right).

splitC2  (square, simplex)
   simplex.p[2] ¬ midpoint  (square)

foreach  edge in  square do
      simplex.p[0..1] ¬  edge.p[0..1]

splitC3  (cube, simplex)
   simplex.p[3] ¬ midpoint  (cube)

foreach  square in  cube do
splitC2  (square, simplex)
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Splitting 4-Cells into 4-Simplexes

Now consider the 4D case. We want to divide a 4-cell into 4-simplexes (a hyper-

cube into hypertetrahedra). Again, we start by finding the midpoint of the cell. Then for

each 3-cell ªfaceº in the 4-cell (each cube in the hypercube) we apply the previous routine,

chopping the face into its constituent tetrahedra. Each tetrahedron, together with the mid-

point if the hypercube, yields a 4-simplex. Pseudocode is given assplitC4. Again, it stores

the midpoint of the hypercube in the simplex and calls the previous routine.

Splitting n-Cells inton-Simplexes

The routinessplitC2, splitC3, andsplitC4 can be extended by additional routines

splitC5 and so forth to contour higher dimensional objects. But they can all be subsumed

by a single recursive routine once we supply the right data structures. Collectingn+1 ver-

tices in an array is a simple way to de®ne ann-simplex. The order of the vertices is unim-

portant (ignoring orientation), since any permutation of the vertices defines the ªsameº

simplex.

Figure 3.4 A 3-cell (far left) is divided at its midpoint (left center) to produce pyramids (right center). On
each face shared by a pyramid and the original 3-cell, a second midpoint is found (right center). The two
midpoints are then combined with the edges of the shared face to produce tetrahedra (far right).

splitC4  (cube, simplex)
   simplex.p[4] ¬ midpoint  (hypercube)

foreach  cube in  hypercube do
splitC3  (cube, simplex)
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The aforementioned recursive routine solves the problem of splittingn-cells inton-

simplexes. ThesplitCn routines can be written recursively, passing each sub-cell to the

next level and terminating the subdivisions upon reaching the 1-cell (edge). Pseudocode

for splitting then-cell is given insplitCell. Whenn = 1, the cell is a line-segment (both a

1-cell and a 1-simplex) and can be copied directly into simplex. Whenn > 1, the midpoint

of the cell is added to the list of vertices in simplex and the subcells are traversed recur-

sively. Selecting the (n-1)-cells from ann-cell is simply a matter of combinatorics.

This midpoint-splitting scheme generates 2n-1án! simplexes from ann-cell. An n-

cell has 2án faces, each of which is an (n-1)-cell. Each (n-1)-cell faces has 2á(n-1) faces,

which are (n-2)-cells, and so forth until the 1-cell is reached (the 1-cell has ªdegenerateº

faces, points). The 1-cells in ann-cell can be enumerated recursively by the function

f(n) = 2ánáf(n-1), wheref(1) = 1. Note that this enumeration is not one-to-one; a 1-cell may

be reachable from more than one intermediate cell (anm-cell where 1< m < n), but the

simplexes constructed are still unique because the intermediate cells contribute their

unique midpoint to the simplex. This givesf(n) = 2n-1án! n-simplexes from ann-cell (that

f(n) = 2n-1án! can be shown by inductive proof). There are other techniques that generate

only n! simplexes (Allgower and Gnutzmann 1991). The midpoint scheme is therefore

simple to encode but inef®cient in simplex production, a familiar trade-off (simplicity ver-

sus ef®ciency) in computer science. However, the actual number of contour-triangles pro-

duced is, in practice, much lower than this worst-case analysis would suggest as it is

splitCell  (cell, simplex, n)
if  (n > 1) then

      simplex.p[n] ¬ midpoint  (cell)
foreach  subcell in  cell do

split  (subcell, vertex, n-1)
else

      simplex.p[0..1] ¬  cell.p[0..1]
/* simplex.p[0..n] now contains a simplex */
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possible to test if the contour intersects the current subcell before recursively splitting it

into simplexes.

Contouring Simplexes

A contour of a 1-simplex (segment) is a single pointp such thatf(p) = c for some

constantc. Assume, without loss of generality, thatc = 0. We will not treat the degenerate

case wheref = 0 identically at all the vertices of the simplex; the problem of such sim-

plexes not transverse tof is addressed elsewhere (Allgower and Gnutzmann 1991). This

section presents a general, recursive method for contouring ann-simplex. The explanation

is motivated by three examples, each restricted to a progressively larger dimension. In

these examples, pseudocode is given using the following conventions: the variableshyper-

tet, tet, triangle, andedge are instances of some hierarchical data structure for a simplex;

the variablespolytope, polygon, segment, andpoint are instances of some hierarchical data

structure for a contour. The individual points in a these two data structures can be accessed

like an array from thep field. For example,segment.p[0] is the zeroth point in a line-seg-

ment.

Contouring a 1-Simplex

To determine whether the functionf crosses zero on a 1-simplex (an edge), we

check for a sign change at the endpointsv1 andv2. Thus,  implies (by the

intermediate value theorem) that there is a zero-crossing in the interval between vertices

v1 andv2. In the pseudocodecontourS1 below, the test for a zero-crossing is encoded by

the if -statement. The contour point on an edge might be found through a simple linear

f v1( ) f v2( )× 0<

contourS1  (function, edge)
if  (function = 0) on edge then

return contourPoint  (function, edge)
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approximation or through a more complicated iterative root-finding scheme. We leave

these details to a ªblack-boxº calculation performed by the routinecontourPoint.

Contouring a 2-Simplex

A contour within a 2-simplex (triangle) is approximated by a segment. Each end-

point of the segment is a point that lies on an edge of the triangle. We loop over the edges

(each edge being a sub-simplex of the triangle), locate zero-crossings, and then connect

them to form a contour-segment in the triangle. The endpoints defining the contour-seg-

ment are found on the triangleÕs edges via 3 calls tocontourS1. The points returned by

contourS1 form a line-segment implicitly, and the order of the points is unimportant in a

line-segment. Pseudocode for the 2D case is given below ascontourS2. Note the use of

append; it is assumed that the hierarchical data structure allows the simple ªunionº of

geometric elements so two points combine to make a line-segment or several line-seg-

ments combine to make a polygon.

Contouring a 3-Simplex

 Contours in 3-simplexes (tetrahedra) can be found by enumerating combinations

of zero-crossings into a table (Bloomenthal 1994). The table provides an explicit construc-

tion of a contour. By contrast, we seek a procedural approach that mimics the sequence of

steps applied above to a triangle. To construct the contour-polygon in a tetrahedron, we

loop over its four triangular faces. The contour-segments found within them are combined

in order to form a contour-polygon in the tetrahedron; again, the vertex order is unimpor-

tant because it is assumed that the hierarchical data structure constructs a polygon from

contourS2  (function, triangle)
foreach  edge in  triangle do

      point ¬ contourS1  (function, edge)
append  point to  contour

   /* contour will be a line-segment */
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line-segments and not from ordered points. Note that the contour-polygon may have either

three or four edges. The four-edge case may actually be non-planar, so calling it a polygon

is technically an abuse of terminology, but simpli®es discussion. The pseudocode is given

below ascontourS3.

Contouring a 4-Simplex

The possible contours of a 2-simplex or a 3-simplex are fairly easy to enumerate

by hand. For a 4-simplex, the task is harder. A contour in a 4-simplex is found procedur-

ally by looping through the 3-simplex ªfacesº and collecting the contour-polygons they

contain. Figure 3.5 illustrates the 3-simplexes that comprise a 4-simplex; the decomposi-

tion is a matter of combinatorics, and generalizes readily ton-simplexes. The contour-

polygons form the boundary elements of the contour-polyhedron within the 4-simplex.

Note that the ªpolyhedronº may actually be non-¯at, even if it has ¯at polygonal faces, so

calling it a polyhedron is technically an abuse of terminology. A contour-polyhedron in a

contourS3  (function, tet)
foreach  triangle in  tet do

      segment ¬ contourS2  (function, triangle)
append  segment to  contour

   /* contour will be a polygon */
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Figure 3.5 The decomposition of a 4-simplex (far left) into 3-simplexes. Note that ann-simplex decomposes
into n+1 (n-1)-simplexes (in this case, a 4-simplex decomposes into 5 3-simplexes).
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4-simplex can assume a variety of shapes. The pseudocodecontourS4 demonstrates the

method for ®nding contours in 4-simplexes.

Contouring ann-Simplex

The edges produced bycontourS2 are joined to form triangles incontourS3 (®g-

ure 3.6), which are then joined to form tetrahedra incontourS4. They can be extended to

contourS5, contourS6, and beyond by forming the union of the contours from multiple

calls to thecontourSn routine for the next lower dimension. In this way, one could con-

tour an arbitraryn-simplex by combining the requiredcontourSn routines. Instead of

encoding individual routines, thecontourSn routines can be subsumed by a single recur-

sive solution to ®nd the contour-polytope in ann-simplex. Whenn = 1, then-simplex is a

line-segment and the contour is a single point returned bycontourPoint. Whenn > 1, the

n-simplex can be decomposed inton+1 (n-1)-simplexes that form the faces on its bound-

contourS4  (function, hypertet)
foreach  tet in  hypertet do

polygon ¬ contourS3  (function, tet)
append  polygon to  contour

   /* contour will be a polyhedron */

Figure 3.6 Contouring ann-simplex. Each 1-simplex of a 2-simplex (or edge of a triangle, top) is contoured,
producing points which can be joined to create a line-segment. At the next dimension up (bottom), each 2-
simplex of a 3-simplex (or triangular face of a tetrahedron) is contoured, producing line-segments which can
be joined to create a polygon.
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ary. These faces can be enumerated by combinatorics (recall the decomposition of a 4-cell

in ®gure 3.5). The pseudocode is shown below ascontour.

Triangulating a Polytope

It was previously shown how to decompose ann-cell into n-simplexes. The same

decomposition can be performed on star-shaped polytopes. A polytope is star-shaped if

there exists some point inside the polytope from which a line can be drawn to any point on

the boundary of the polytope without penetrating the polytope. This allows the contour-

polytopes created bycontour to be decomposed into simplexes. The routinesplitCell can

be adapted to split a polytope into simplexes, and is given below in a more general version

calledtriangulate. Its only essential difference fromsplitCell is that it loops over sub-

polytopes (rather than sub-cells) along the boundary of the polytope.

Why would one want to triangulate a polytope rather than just use it as a geometric

primitive for contouring or display? One reason is to provide simple graphics primitives

for rendering an image on a computer screen. But the more important reason is that each

simplex in a contour-polytope can be passed as an argument to thecontour routine again.

contour  (function, simplex, n)
if  (n > 1) then

foreach  subsimplex in  simplex do
         polytope ¬ contour  (function, subsimplex, n-1)

append  polytope to  contour
else /* simplex is a line-segment */

if  (function = 0) on simplex then
return contourPoint  (function, simplex)

triangulate  (polytope, simplex, n)
if  (n > 1) then

      simplex[n] ¬ midpoint  (polytope)
foreach  subpoly in  polytope do

triangulate  (subpoly, simplex, n-1)
else

      simplex[0..1] ¬  polytope[0..1]
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This is what permits this technique to proceed recursively, contouring in arbitrary dimen-

sions. A functionf1 produces a contour-polytope which is split into simplexes viatriangu-

late. Each of the simplexes can be contoured against a functionf2 to find a lower-

dimensional contour-polytope. This can be repeated recursively as necessary for eachfk to

approximate the desiredd-manifold. To ®nd ad-manifold inn-dimensional space, we use

k functionsfk andn-k calls to contour (callingtriangulate as needed), wheren = k + d.
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CHAPTER IV

RESULTS

In this chapter two applications of the new contouring techniques described in

chapter 3 are discussed. The first application concerns the contouring of surfaces in 4-

space, speci®cally complex curves inC´ C (Weigle and Banks 1996). The second applica-

tion deals with isosurfaces of time-varying 3D scalar fields and their envelopes (Weigle

and Banks 1997). Also, this chapter presents a technique for reducing error in the triangu-

lated contours. Finally, the new technique Recursive Contour Meshing is compared to

other existing technique.

Complex-Valued Curves and Surfaces in 4-Space

A complex curve, de®ned implicitly by a constraint function byf: C2 ® C, can be

represented by a surface in real 4-space. Each complex variable is specified by a pair of

values, one real and one imaginary. For a complex curve, which is described by two com-

plex-valued variables, the domain has 4 real-valued dimensions and the constraint func-

tion can be written asf: R4 ® R2. The real-valued constraintsreal(f) = 0 and

imaginary(f) = 0 serve as the two constraintsf1 andf2 required to construct a triangulation

of the complex curve.

The algorithm proceeds as follows. First, a region ofR4 is tiled with 4-simplexes.

This may be accomplished by way of tiling with 4-cells, then splitting the cells into sim-

plexes. The 4-simplexes are contoured against the functionf1 = real(f) = 0 to extract con-

tour-polyhedra. A polyhedron that satis®esf1 = 0 should next be constrained byf2 = 0. But



32

contouring a polyhedron is much more difficult than contouring the simplexes that com-

prise it. The constituent 3-simplexes of each contour-polyhedron are contoured against

f2 = imaginary(f) = 0 to extract the contour-polygons which form the implicit surface. Fig-

ure 4.1 shows the 3-simplexes (as wire frames) resulting from the first contouring pass

surrounding the surface (a torus in 4-space) resulting from the second contouring pass.

Figure 4.2 shows the same surface with the simplicial mesh highlighted. Figure 4.3 shows

an example of a complex-curve f = y2 - x (x - t)2 wherex andy are complex-valued and

t = 0, while figure 4.4 shows a real-valued surfacef1 = x2 + z2 = 0 andf2 = y2 + w2 = 0

wherex, y, z, andw are real-valued in 4-space.

Time-Varying 3D Scalar Fields

A time-varying 3D scalar field can be treated as a 4-dimensional scalar field

f1(x, y, z, t) by considering time to describe the fourth, temporal axis. A single contouring

step forf1 = 0 gives the volume swept out by the isosurface over time. From this volume,

individual time steps may be contoured, or the envelope of the swept isosurface may be

found.

The Isosurface at Time t0

To find an isosurface at a particular time-step in the data, letf1 be the scalar value

at each point in space andf2 be the temporal value at each point. The ®rst contouring step

(f1 = 0) gives the volume swept out by the isosurface over time. The second pass (f2 = t0)

produces the desired instance of the isosurface at timet0. Other instances of the isosurface,

at different time steps, may be easily found by settingf2 = tk and recontouring the isovol-

ume (defined byf1) to produce the isosurface. Note thattk need not correspond to time

steps from the time-varying dataset; contours can be estimated for the intervening time

steps. Figures 4.5 shows examples of isosurfaces in a time-varying 3D scalar ®eld.
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Figure 4.1 3-simplexes (shown as wire frames) result from the ®rst contouring pass. They comprise part of
an isovolumef1 = 0. The surface (a torus) within the volume is found during the second pass.

Figure 4.2 A simplicial mesh approximating a torus.
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Figure 4.3 A surface in 4-space resulting from contouring the complex curve f = y2 - x (x - t)2 wherex andy
are complex-valued andt = 0.

Figure 4.4 A surface in 4-space resulting from contouring a torus asf1 = x2 + z2 = 0 andf2 = y2 + w2 = 0
wherex, y, z, andw are real-valued.
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Figure 4.5 Isosurfaces of magnitude of the electric ®eld around a dipole antenna (data courtesy John Beggs).

Figure 4.6 The same isosurfaces from ®gure 4.5, with the envelope of the time-varying ®eld (semi-transpar-
ent surface) (data courtesy John Beggs).
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The Envelope of the Swept Isosurface

The envelope of the swept surface is defined by the boundary of the volume it

sweeps out in space-time. The envelope de®nes the minimum extent of space necessary to

contain all of the instances of the swept surface. Finding this envelope, given the isovol-

ume de®ned byf1 = 0, is a fairly simple task in 4-space.

It has been observed that a point on the envelope of a swept surface satisfies the

condition  (Wang and Wang 1986). To see why an envelope satisfies this con-

straint consider a time-varying 2D functionf(x, y, t) = 0. At a given time-stept0, f(x, y,

t0) = 0 defines a curve. These curves sweep out a surface in (x, y, t)-space. When viewed

down thet-axis, the surfaceÕs silhouette corresponds to the envelope of the time-varying

curve. This view directionv (down thet-axis) grazes a points on the silhouette where the

surface normal is perpendicular to thet-axis. The surface normal at pointp is Ñf(p), thus

, which agrees with the observation.

The envelope of a time-varying 3D scalar ®eld can be found in the same way as in

the example above. Given the isovolume defined by f1 = 0, a second constraint

 is applied to locate the points in the isovolume that lie on the envelope.

Figure 4.6 shows examples of such envelopes.

Reducing Error in Triangulated Contours

Special care needs to be taken when contouring against more than one constraint

functionfk. Because contours are approximated by piecewise linear polytope, the approxi-

mations are generally only correct at the polytope vertices. These approximations become

progressively worse as more constraints are applied.

f¶
t¶

------ 0=

fÑ v× f¶
t¶

------ 0= =

f 2

f 1¶

t¶
-------- 0= =
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 The first contouring pass inn-space produces a collection of (n-1)-polytopes

whose vertices lie on the contour de®ned byf1 = 0. Their edges, however, generally do not

lie on the contour; they give only a piecewise linear approximation to it. The next pass,

applyingf2 = 0, finds a subcontour which lies within (n-1)-polytope. The new (n-2)-poly-

topes have vertices which satisfyf2 = 0, but lie on the edges of the (n-1)-polytopes. As

noted, these edges are only a piecewise linear approximation to the contourf1 = 0, the ver-

tices of the (n-2)-polytopes may not satisfyf1 = 0.

Root Adjustment

Consider the case in 2D of contouring a simplex against two functionsf1 andf2. A

2-simplex S (a triangle) and two constraint functionsf1 andf2. First, contouring the trian-

gle againstf1 yields a line segmentL whose endpoints satisfyf1 = 0. Next, contouring the

segmentL against f2 produces a pointp on the lineL which satis®es f2 = 0. Note that f1(p)

is not guaranteed to be zero since we only demanded that f1 = 0 at the endpoints ofL (®g-

ure 4.7), but not necessarily along its length. To find a pointp¢ that satisfies both con-

straints, the pointp must be adjusted toward f1 = 0. The gradientÑf1(p) offers the shortest

path to this root. The pointp is adjusted by applying a root ®nding method bounded by the

Figure 4.7 Left: The contour (black line) of a functionf1 (grey curve) within a simplex satis®esf1 = 0 only at
the endpoints. Right: The contour (open dot) of a functionf2 (solid grey curve) on the line segment approxi-
matingf1 only satis®esf2 = 0.



38

pointsp + a×Ñf1(p) andp - a×Ñf1(p), wherea is a user-defined parameter (examples in

this paper usea = 0.25).

In the 3D case, a 3-simplex S (a tetrahedron) is constrained by f1 = 0 to yield a

polygonP (either a triangle or a quadrilateral), thenP is constrained by f2 to produce one

or more segmentsLk. Note that the gradient-based adjustment ofp produces the same

point p¢ even whenp is common to several simplexes. An adjacent 3-simplex S2 may

share an edge of the polygonP Î S. Any two segments that meet this edge must do so at

precisely the same point in order to ensure the integrity of the resulting mesh. Conse-

quently, the adjustment of a pointp must produce the samep¢ regardless of whether this

improvement step is performed within simplex S or simplex S2. Note that the gradientÑ

f1(p) does not depend on which simplex containsp, satisfying the demand for mesh ele-

ments to exactly share vertices. This property permits the simplexes to be contoured in

parallel on a multiprocessor machine, with no inter-processor communication required.

A side-effect of this gradient-based improvement is that the new point p¢ is not

guaranteed to satisfyf2 = 0. By alternating betweenÑf1(p) andÑf2(p) the pointp will

generally converge to the desired pointp¢ which satis®es both f1 = 0 and f2 = 0. Care must

be taken to impose some maximum amount of desirable movement and to deal with the

cases whereÑfk = 0. The examples in this paper use only one iteration of ªimprovementº

for each constraintfk as this usually signi®cantly reduces the error as measured as the dif-

ference between the actual value of fk and the desired value of zero. Note that the

ªimprovementº to the surface may not be esthetically pleasing (®gure 4.8, compare middle

to top), since it may produce crevices and ridges that deserve to be re-sampled at a higher

resolution. This improvement technique reduces the error at vertices, but may actually

worsen the appearance of the surface.
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Figure 4.8 Improving the contour-mesh. The top images show views of a surface-mesh resulting from an
unmodi®ed application of Recursive Contour Meshing. The middle images show the ªimprovementº made
to the surface-mesh by application of gradient-based mesh improvement. The bottom images show views of
the same surface-mesh after application of gradient-based surface re®nement.
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Mesh Re®nement

The surface in ®gure 4.8 (middle) exhibits a number of crevices and ridges. These

are created by long, thin polygons containing an edge that does not follow the shape of the

contour very closely. These polygons may be re®ned by splitting them along their longest

edges to produce more polygons whose edges approximate the contour more closely.

A user-defined parameter, e, determines the maximum edge-length allowed.

Within each triangle, edges are tested to determine whether any are longer thane. If so, the

longest edge is split, and its midpoint is joined by a new edge to the opposite vertex, pro-

ducing two triangles. Each of these triangle is tested for long edges, and so forth, until the

original polygon has been decomposed into triangles with suf®ciently short edges.

Recall that these edge midpoints are not guaranteed to lie on the contour, since

only the vertices must satisfy the constraints. Therefore it is necessary to adjust a midpoint

p to a better positionp¢. The gradient-based improvement can be used for this purpose.

Since the gradient calculation is the same whenever a point is re-visited, each triangle

splits a shared edge in the same way. Figure 4.8, bottom, shows the result of subdividing

the triangle mesh usinge = 0.5 on a regular grid of 6x6x6x6 samples in the domain

[-3, 3]4. The resulting mesh is therefore free of cracks that could arise if adjacent triangles

modified a shared edge in different ways. Consequently, it is possible to forego maintain-

ing connectivity information and still preserve the integrity of the isosurface.

Refining the mesh is asymptotically faster than sampling then-dimensional

domain at a higher resolution. Moreover, it is possible to picke such that the ®nal mesh is

nearly identical to the mesh generated by increasing the sample rate along then coordinate

axes.
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Special Parameters

Recall that a pointp is ªimprovedº by moving it to p ± a×Ñfk(p). The choice ofa

should permitp to move a little bit, but not too much. Ifa is too large, an iterative root-

®nding method may fail to locate the contour or the adjusted point may slip outside of the

simplex that originally contained it, resulting in a non-manifold mesh. This problem is

ªsolvedº by choosing a bound on the size of the excursion that an adjusted point can take.

A constant value for the parametere is also chosen. A better choice may be to

examine the local geometry of the contour before deciding whether to split edges of a cer-

tain size. Refining the surface based on its curvature in a large-dimensional space is an

area of further work.

Comparison of Recursive Contour Meshing to Other Techniques

In this section, Recursive Contour Meshing is compared to other contouring tech-

niques. The algorithm performance, mesh-element production, memory requirements,

topological correctness, generality, and ease of implementation of Recursive Contour

Meshing are discussed as they relate the same parameters of work by previous researchers.

Algorithm Performance and Mesh-Element Production

Recursive Contour Meshing divides space into many simplexes to be contoured; in

fact, it generates considerably more initial polytopes than other contouring algorithms.

This difference causes Recursive Contour Meshing to perform more slowly than other

techniques on the same initial grid. This large set of simplexes also leads to large final

meshes (asymptotically larger than those produced by other techniques). Multi-entry

lookup table techniques, such as Marching Cubes, typically perform faster and produce

fewer mesh-elements than procedural techniques. The simplex-based splitting scheme that

Recursive Contour Meshing adopts offers an important advantage, however: it extends

very simply to large dimensions.
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On current workstation-level hardware (an SGI R4400 running at 150MHz) a typi-

cal application of Recursive Contour Meshing may take 600 seconds to locate an isosur-

face consisting of approximately 250,000 vertices in a 4D volume of over 250,000 cells.

Of this time, only about 60 seconds are spent contouring the isosurface in the intermediate

isovolume of just under 10 million 3-simplexes. On similar hardware, ISSUE, a highly

optimized contouring algorithm for isosurfaces in 3D data, typically produces about

200,000 from datasets of over 1,200,000 cells in as little as 30 milliseconds (Shen, et al.

1996). Figure 4.9 reiterates these comparisons.

Memory Requirements

Regardless of the contouring technique employed, some amount of system mem-

ory must be dedicated to storage of the dataset to be contoured. Any memory required

beyond this is considered the overhead required by the contouring algorithm. Since Recur-

sive Contour Meshing is a procedural contouring algorithm, there need be no more mem-

ory requirements than the active data structures, such as the current polytope or simplex.

Other techniques may require some permanent overhead; for instance, Marching Cubes

requires storage of a lookup table for determining contour connectivity.

Topological Correctness

When a contour bifurcates, various contouring techniques may fail to capture it

accurately. Recursive Contour Meshing is unable to correctly capture local bifurcations

ISSUE

Recursive Contour Meshing

0.25 M 4-cells 10 M 3-simplexes 0.25 M 2-simplexes

1.2 M 3-cells 0.2 M 2-simplexes0.03 ms

60 s600 s

Figure 4.9 A comparison of Recursive Contour Meshing to ISSUE in terms of speed and mesh-elements.
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within a single simplex. However, it may be able to approximate the global topological

behavior of a bifurcating contour.

Disregarding the issues of bifurcation, the midpoint splitting scheme for decom-

posing a polytope allows Recursive Contour Meshing to produce a more accurate mesh

than produced by other techniques, given the same initial grid. However, this increased

accuracy comes at the expense of performance. The extension of gradient-based contour

improvement to mesh refinement also allows Recursive Contour Meshing to produce a

more accurate mesh, often even in comparison to another technique with a more densely

sampled initial grid.

Generality

No other current technique in computer science can claim to be as general as

Recursive Contour Meshing. Although, given the performance of typical modern systems,

it may not currently be practical to apply Recursive Contour Meshing in its present form to

all contouring problems, these techniques allow the contouring of any implicitly defined

contour. Previous techniques are specialized, either able to find volumes, surfaces. or

curves, and then only in one speci®c dimension. For example, Marching Cubes ®nds only

isosurfaces in 3D scalar data.

Ease of Implementation

At the heart of Recursive Contour Meshing are the two simple routines presented

in chapter three. Recursive Contour Meshing requires no prior analysis for table construc-

tion; it is a purely procedural approach to contouring. Iterative versions of the Contour

Meshing routines are also simple to implement, allowing the use of less complex data

structures than those suggested in chapter three.
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CHAPTER V

CONCLUSIONS AND FUTURE WORK

In this chapter, conclusions about the new techniques presented in this paper, col-

lectively Recursive Contour Meshing, are presented. Also discussed are areas for future

research, both in improving the techniques and in new applications for the techniques.

Conclusions

Recursive Contour Meshing is a general algorithm for triangulating contours in

arbitrary dimensions de®ned as the Boolean intersection of several constraint functions in

arbitrary dimensions. The algorithm locates contour-polytopes in simplexes. The ability to

split polytopes into simplexes allows the algorithm to be applied recursively for multiple

constraint functions in large dimensions. The performance of the algorithm is slow com-

pared less general techniques, but the generality gained is a compelling trade-off (speed

versus generality). The design of the algorithm allows for easy parallelization; contours

are found and improved within polytopes solely from local data.

Recursive Contour Meshing has been successfully used in two applications, one to

contour complex-curves as surfaces in 4-space and one to contour time-varying scalar

fields as 4D data (3D plus time). Tyler Jarvis, and algebraic geometer at Brigham Young

University, uses an implicit surface mesher based on the Recursive Contour Meshing algo-

rithm to explore complex curves in real 4-space. John Beggs, an electrical engineer with

the Mississippi State University/National Science Foundation Engineering Research Cen-

ter, has supplied electromagnetic ®eld data for research and development of new visualiza-

tion techniques for time-varying 3D data made possible by Recursive Contour Meshing.
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Future Work

In this section, future research for improvement to Recursive Contour Meshing and

new applications of the techniques are discussed. This future work falls into three catego-

ries. First, new applications for Recursive Contour Meshing are discussed. Next, possible

methods for improving the speed of the Recursive Contour Meshing are proposed. Finally,

the possibility of ®nding ways to improve rendering performance is discussed.

New Applications

Although any new opportunity to apply Recursive Contour Meshing is of interest,

those opportunities which involve dimensions not yet explored are most desired. Applica-

tions involving space curves, 3-manifolds, or dimensions of space larger than 4 are of par-

ticular interest.

Improving Contouring Performance

Bloomenthal (Bloomenthal 1988) and others (Shen and Johnson 1995) use hierar-

chical spatial subdivision to accelerate the exhaustive search for polytopes containing the

desired contour. This has been extended to a dual entry mechanism which considers spa-

tial coherence when changing the isovalue by some small valued (Shen and Johnson

1995). These hierarchical techniques are of general benefit to the contouring phase. Spa-

tial coherence is of particular interest for interactive visualization of manifolds where dif-

ferent isovalues are explored by the user. Also, since time-varying data can be projected

into a space where time becomes a coordinate axis, it should be possible to extend spatial

coherence techniques to consider temporal coherence and achieve interactive visualization

of time-varying data.
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Improving Display Performance

Although modern graphics hardware is quite capable of handling disconnected

polygons with great speed, higher performance is possible when connectivity information

is provided to the geometry processors (for example, sending triangles in connected

strips). Exhaustive subdivision methods keep no global information about the meshes they

create, and therefore cannot take advantage of these hardware features. However, enumer-

ation schemes which can be applied to restoring the connectivity of the disparate polygons

is another area of future research. The combination of hierarchical spatial subdivision and

enumeration schemes can hopefully lead to a fast method for combining polygons into

more advantageous display primitives.
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Over the past few years interest has been growing in the area of visualization of

continuous data in large dimensions. Early pioneers in this area have been restricted to the

small class of mathematical entities which could be described parametrically. Only

recently have techniques for more general classes of data begun to appear in the computer

graphics literature.

This paper presents a new, robust, recursive technique for triangulating contours in

multiple variables. This technique is de®ned independent of dimension, lending itself to a

potential limitless array of new applications. The technique is already in use in two appli-

cations, (1) allowing an algebraic geometer to interact with complex-curves as surfaces in

4-space and (2) making possible the exploration of time-varying 3D scalar ®elds and their

envelopes.


