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Chapter 10

Sorting

1 Introduction and Overview

Sorting is the process of converting a set of values (or more generally a multiset, which may contain duplicate values) into a sequence of values ordered by a binary relation. The ordering relation, which we will denote by ≤, must be reflexive (that is, a ≤ a), and transitive (that is, if a ≤ b and b ≤ c, then a ≤ c). The most familiar ordering relations are on numbers and character strings, but such an ordering can often be defined in other cases as well. In fact, in programming, since all representations are ultimately sequences of binary digits, an ordering based on the representation can always be defined, although it may not correspond well with relations between the values represented. 

Sorting is not a task to be done for its own sake — sorting is desirable only if it makes the performance of some other task, most commonly searching, more efficient. Nevertheless, because it facilitates the solving of so many other problems, sorting is ubiquitous. One has only to imagine the task of searching for a phone number in an unsorted telephone directory to realize the extent to which sorting can expedite a task.

Sometimes the set to be sorted consists of exactly the values themselves. But often each item (value) in the set to be sorted is a conglomerate of many values, such as a first and last name, an address, an account number, and any number of other data items. Such a data object is often called a record, and records are usually sorted by selecting some field (an individual data item, such as the last name) to serve as the key for sorting and searching. If more than one record can have the same key value, then two keys may be used, called the primary and secondary keys. Thus, if a set of records is sorted using the last name as the primary key; then a record with the name Smith would precede a record with the name Woods. Within subsets of records with the same primary key value, records might be sorted using the first name as the secondary key; thus the record of James Smith would precede that of John Smith. We will not concern ourselves with of the matter of choosing keys except to acknowledge that keys are always used to sort, and the choice of keys is best done in the context of a specific task. Although we discuss the task of sorting only in the context of sets of values of (primary) keys, those values are often not the set to be sorted.

Sorting methods are broadly categorized according to whether they require direct comparisons between values of the set. Non-comparison sorts accomplish their task without comparing values; for example, eggs are sorted by weight by simply weighing them. Comparison sorts require that the values in the set be compared with one another. Non-comparison sorts are generally more limited in applicability, but they can be faster than comparison sorts when they are applicable. In this chapter we’ll discuss only comparison sorts, and in the remainder of the chapter, phrases such as “sorting algorithm” and “sort” will mean “comparison sorting algorithms” and “comparison sort”. 

Because the particulars of a problem can affect the performance of a sorting algorithm, a great number of sorting algorithms have been devised, and indeed entire books are devoted to sorting. We’ll discuss only a few of the most important algorithms, but in doing so we’ll pay particular attention to a number of different criteria, including speed, space, and ease of programming. Choosing the right algorithm for a given situation is not usually a difficult task, but it requires an understanding of the relevant issues.

In the algorithms below, we will demonstrate sorting arrays of integers.  The algorithms can be used with minimal modification to sort reals or non-primitive types.  The only change required is in the way array elements are compared.  Primitive types can be compared with < while non-primitive types require the use of a compareTo method.

2 The Easy Comparisons Sorts.

We’ll discuss two sorting algorithms that you might devise without much trouble before lunch. 

2.1 Selection Sort.

As with all the sorting algorithms treated here, selection sort takes as input a set (or multiset) of values, and produces a list of values as its output, where the list contains the same values as the original set, but ordered according to the given ordering relation. Selection sort can be described iteratively as follows:

// Selection sort of a set of n elements:

initialize the output list to empty.

as long as the set is not empty,



remove the smallest value from the set and 



append it to the end of the list.

A recursive description can be given as follows:

// Selection sort of a set of n elements:

If the set to be sorted is empty, the result is the empty list.

Otherwise, 



remove the smallest value from the given set and place it in a list L1 


of length 1;



sort the remaining values of the set into a list L2;



concatenate L1 and L2.

In practice, of course, the set of input values is often given as the entries of an unsorted one-dimensional array. If that array is named b[0...n] then the iterative form of the algorithm can be described as follows:

// Selection sort of an array b[0...n]:

for (int i=0; i<=n i++)

{

find the index m of the smallest value in the subarray b[i...n].


swap b[i] and b[m]

}

When performing a selection sort of the entries of an array, a minor but easy optimization is obtained by making the upper bound of the loop n-1, since, if n-1 elements are in their proper place, the nth element must be in its proper place as well. The loop invariant asserts that after the ith iteration, the smallest i values of the input array are a sorted sublist in the subarray b[0...i-1].  Selection sort was developed in Chapter 5; we repeat it here. Note our use of executable assertions:


isSorted(b,i,j,"up")
returns true if the subarray b[i...j] is sorted in                 non-decreasing order.


isPerm(b,old_b)

returns true if array b is a permutation of array old_b


max(b,i,j)



returns the maximum value in b[i...j]


min(b,i,j)



returns the minimum value in b[i...j]


minIndex(b,i,j)

returns the index of the minimum value in b[i...j]

public void selectionSort(int[] b)

{


// Sort array into nondecreasing order.


Assert.pre(true,"");




// Copy array.


int[] olb_b=(int[])b.clone();


selectionSortM(b);


Assert.post(isPerm(b, old_b) && isSorted(b,0,b.length-1,"up"),



"Sort error");

}

private void selectionSortM(int[] b)

{


int n=b.length-1;  // Largest array index.


for (int i=0; i<n; i++)


{



swap(b, i, minIndex(b, i, b.length-1);



// Inv: b is a permutation of old_b and



//      the elements in b[0...i] are sorted into their 



//      final locations.



Assert.inv(isPerm(b, olb_b) && isSorted(b,0,i,"up") &&




        b[i]=max(b,0,i) && b[i]=min(b,i,b.n),




        "Error during sort");


}

}
// end of selectionSort

If the input set is represented as an array, the recursive form of the algorithm can be described as follows. Note that two basis cases, in which the subarray is either empty or has a single entry, are handled implicitly by the algorithm leaving the subarray unchanged.

// Recursive selection sort of an array b[i...n]:

if (i < n) 


Find the index minIndex of the smallest value in b[i...n]


swap b[i] and b[minIndex ]


selectionSort b[i+1...n]

A recursive form of selection sort was given in Chapter 6. Both the iterative and recursive forms of the algorithm are easily implemented, but because the iterative form avoids the overhead of approximately n repeated method calls, it is the clear choice. 

2.1.1 The space and time complexity of Selection Sort

Selection sort is an in-place sort; that is, it requires no space other than that required by the input data (that is, the array) and a few variables whose number does not depend on the size of the set being sorted. Thus its asymptotic space complexity is (n).

Selection sort is unusual in that its average case and worst case costs are the same, and in fact the same as the best case cost
. Specifically, if we measure the number of comparisons made, the ith iteration requires that we find the minimum of b[i...n] which requires n-i comparisons.  Hence the total number of comparisons is (always!)


(n) + (n-1) + (n-2) + ...+ 3 + 2 + 1 + 0 = n(n+1)/2

Moreover, because a swap always requires 3 assignments, for the program given, the number of assignments
 of array entries is (always) 3n. Thus, measured by comparisons or assignments operations or both together, the asymptotic time complexity of selection sort is (n2).

We can also analyze the complexity of selection sort by writing a recurrence system from the recursive form of the algorithm. If T(n) denotes the number of comparisons required to sort a set of n elements, the following recurrence equations hold:

T(0) = T(1) = 0

T(n) = T(n-1) + n-1

for n > 1

The first equation reflects that no comparisons are required to sort lists of length 0 or length 1. The second equation asserts that the number of comparisons to sort a list of n entries is (n-1) (to find the smallest entry) plus the work required to sort a list of (n-1) entries. Expansion of the value of this T(n) shows that 

T(n) = (n-1) + (n-2) + ... + 3 + 2 + 1

and we can conclude that the cost of sorting n elements is n(n-1)/2, or (n2). 

2.2 Insertion Sort

The second of our simple sorts is insertion sort. Insertion sort works in much the same way that one might sort a box of cards, or a card hand if one picks up the cards as they are dealt. As with selection sort, we begin with an unordered set of elements and end with a sorted list. The common implementation uses an array; initially the array holds the unordered set, and values are permuted until the array holds the sorted list. As with the array implementation of selection sort, throughout the sorting procedure the array is divided into two parts: an initial part that is sorted and a final part that is not necessarily sorted. But while selection sort expends its work carefully selecting each successive element to put into its final place, insertion sort simply picks up the next element of the array and inserts it into the proper position in the current sorted list. Thus while selection sort and insertion sort both have a sorted initial portion of the array, with selection sort, the entries in the sorted subarray are in their final position, while with insertion sort, if the sorted subarray has k elements, then the values in that sorted sublist are the first k values of the original array. 

An iterative version of insertion sort can be described as follows:

// Iterative insertion sort of a set of n elements:

Initialize the output list to empty.

As long as the input set is not empty,



remove an arbitrary element from the set and



insert it into its proper place in the output list

Note the duality with selection sort: the cost of selection sort is incurred in determining which of the remaining elements to add to the output list, and the cost of the making the addition is small. Insertion sort pays a small cost to select the next element to add to the output list but incurs its cost in determining where to put it.

A recursive description of insertion sort can be given as follows:

// Recursive insertion sort of a set of n elements:

If the set is empty, the result is the empty list.

Otherwise,


remove an arbitrary element x from the input set.


sort the remaining elements, producing the sorted output list L


insert x into L, producing the sorted output list L'.

The duality of selection and insertion sort is reflected in their recursive formulations. Selection sort first puts one element into place and then sorts the remainder of the list. Insertion sort turns this around — it first sorts 'the rest of the list' and then puts the last element into place by insertion. 

The following version of recursive insertion sort, which we give only for completeness, uses two recursive methods. The sort procedure sorts n items by first sorting (recursively) the first n-1 items, and then inserting the nth into that sorted list by a call to the method insert. 

The recursive insert procedure inserts the value stored in b[hi] into the sorted list stored in b[lb...hi-1], resulting in a sorted list in b[lb...hi]. The basis case is hi == lb; this requires no action, since b[lb...lb] is a sorted list.  We have not used executable assertions here because they severely effect efficiency.

// Insert b[n] into the sorted b[0...n-1].

public void recInsert(int[] b, int n)

{


// Pre:  b[0...n-1] is sorted and old_b==b.


// Post: b[n] has been inserted in its proper place in b[0...n-1].


//       Hence, b is a permutation of old_b and b[0...n] is sorted.


if (0 < n && b[n]<b[n-1]) // b[n] belongs further to the left.


{



swap(b,n-1,n);



recInsert(b,n-1);


}

}

public void recInsertionSort(int[] b, int hi)

{


// Pre:  old_b==b


// Post: b is a permutation of old_b and b[0...hi] is sorted.


if (0 < hi)


{



recInsertionSort(b, hi-1);



recInsert(b, hi);


}

}

As with selection sort, using a recursive implementation of insertion sort is not a good idea. Not only will the subroutine calls prove expensive, but inserting by swapping is obviously an expensive way to go about it.

If the set to be sorted by insertion sort is given as an array b[0...n], an iterative form of the algorithm can be expressed informally as follows:

// Insertion sort of an array b[0...n].

for (int i=0;i<=n;i++)

{


insert b[i] into the sorted list b[0...i-1]

}

A small but easy improvement is obtained by changing the lower limit of the for loop from 0 to 1, because any list of length 1 is sorted.

Insertion sort is more difficult to program than selection sort because there is a subtle problem concerning termination of the inner loop, which inserts the value of b[i] into the sorted list b[0...i-1]. The insertion process must locate the proper position by either finding the entry in the list b[0...i-1] after which the new value is to be inserted, or (if no such element exists in the list), the new value must be moved into the first position of the sorted list.    Conventionally, if the value x is to be inserted into the sorted subarray b[0...i-1], we successively examine b[i-1], b[i-2],... until the proper insertion position is found. The first b[i-k] that is smaller than x indicates that x belongs between b[i-k] and b[i-k+1].  We then shift all the elements from b[i-k+1] through b[i-1] right by one position to make room for x and insert x in position b[i-k+1]. If an entry of b[0...i-1] is always found that is smaller than x, termination is straightforward. The difficulty occurs when x is smaller than all elements of b[0...i-1], that is, when x is to be inserted into the first position of b.

A common solution to the problem uses a compound exit condition for the inner loop:


while (0<=j && x<b[j]) // SC eval

This solution works, but it has a number of undesirable characteristics. First, it relies on a short circuit evaluation of the boolean expression to avoid an out-of-bounds array reference to b[-1]; thus, the order of the tests is critical. (For this reason, this solution is not available in standard Pascal, which does not permit short-circuit evaluation; a flag must be used to avoid the illegal array reference.) The complete subroutine follows; it has been annotated with calls to assertion methods.

// Standard insertion sort.

public static void insertionSort0(int[] b)

{


// Pre:   olb_b==b


int[] olb_b = (int[])b.clone();


insertionSort0M(b);


Assert.post(isPerm(b,old_b) && isSorted(b,0,b.length-1,"up"),



"Sort error");

)

// Insertion sort implementation.

public static void insertionSort0M(int[] b)

{


int temp,j;


for (int i=1;i<b.length;i++)


{



temp=b[i];



// Insert temp into the sorted subarray b[0...i-1].



// Inv:  b is a permutation of the original array and



//       b[0...i-1] is sorted.



j=i-1;



while (0<=j && temp<b[j])  // SC eval



{




b[j+1]=b[j];




j--;



}



b[j+1]=temp;


}



}

Rather than relying on short circuit evaluation, one can avoid any chance of an illegal array reference by stopping the loop before that is a possibility.  This approach follows our dictum to leave a loop as soon as it is feasible, and results in the following code:

// Insertion sort implementation.

public static void insertionSort1M(int[] b)


{



int temp,j;



for (int i=1;i<b.length;i++)



{




temp=b[i];




// Insert temp into the sorted subarray b[0...i-1].




// Inv:   b is a permutation of the original array and




//        b[0...i-1] is sorted.




j=i-1;




while (1<=j && temp<b[j])




{





b[j+1]=b[j];





j--;




}




if (b[j]<=temp) // temp goes after b[j].





b[j+1]=temp;




else            // temp goes in b[0].




{





// Assert j==0 and temp<b[j].  temp goes into position 0.





b[1]=b[0];





b[0]=temp;




}



}


}
But this code still has an unattractive compound test in the inner loop; this test incurs a double cost with each execution of the inner loop body. Clearly it would be better if a simple test would suffice.

How could the compound test be replaced by a simple test? Clearly the only part of the compound test that might be removed is the test for 1<=j; the other part of the test is crucial to insertion sort, while the test for 1<=j merely keeps us from stepping off the end of the array. Consequently, a simple test could be used if we could guarantee that each time an element is inserted into the sorted list, the insertion loop will be halted no later than j == 1. This will be the case if some element of the sorted portion of the array is indeed less than or equal to the element being inserted. We can assure this, in turn by guaranteeing that the value stored in b[0] prior to any insertion is no greater than the value being inserted. This is an example of the use of a sentinel. A sentinel is a value used to simplify and guarantee the termination of an indefinite loop. 

There are several ways in which a sentinel value can be stored in b[0] when b[i] is to be inserted into b[0...i-1]. One approach would be to determine before the insertion whether the new value to be inserted will move to b[0]. If so, then put it in b[0] immediately and insert (instead) the former value stored in b[0]. This results in the following code:

if (b[i] < b[0])

{



temp = b[0];


b[0] = b[i];

}

else


temp = b[i];

// Insert temp into b[0...i-1].

The conditional swap guarantees that when a new value is put into position b[0], it will be done prior to execution of the insertion loop.  A new value will never be moved into position b[0] by the insertion loop.  The result is the following:

// Insertion sort implementation.

public static void insertionSort2M(int[] b)

{


int temp,j;


for (int i=1;i<b.length;i++)


{



// Select temp as larger of b[0] and b[i]; smaller is in b[0].



if (b[i] < b[0])



{





temp = b[0];




b[0] = b[i];



}



else




temp = b[i];



// Insert temp into the sorted subarray b[0...i-1].



// Inv:  b is a permutation of the original array and



//       b[0...i-1] is sorted.



j=i-1;



while (temp<b[j])



{




b[j+1]=b[j];




j--;



}



b[j+1]=temp;


}



}

Alternatively, we can precede all executions of the insertion loop by first swapping the minimum value of b[0...n] into b[0].. This guarantees that nothing that is inserted by the insertion loop is smaller than the value in position b[0]. This approach is implemented in the following version of insertion sort. The code is longer, because of the separate method to find the index of the minimum entry in the array, but the number of comparisons with the first entry is the same as with insertionSort2, and the number of assignments to b[0] is 1, whereas there can be as many as n-1 assignments to b[0] with insertionSort2.  An additional small improvement in insertionSort3 is that we can start the insertion loop at 2 rather than 1.  Once we place the smallest value in b[0], then the subarray b[0..1] must be sorted and we can begin the insertion process with b[2].

public static void insertionSort3M(int[]b)


{



// Move smallest element to b[0].



swap(b,0,minIndex(b));



// Insertion sort



int temp,j;



for (int i=2;i<b.length;i++)



{




temp=b[i];




// Insert temp into the sorted subarray b[0...i-1].




// Inv:  b is a permutation of the original array and




//       b[0...i-1] is sorted.




j=i-1;




while (temp<b[j])




{





b[j+1]=b[j];





j--;




}




b[j+1]=temp;



}


}

We have made some substantial improvements over the original insertion sort.  InsertinoSort0 relied on short circuit evaluation; insertionSort1 removed that reliance but required complex loop finalization code.  And both 0 and 1 required a compound loop exit condition.  Versions 2 and 3 use a simple loop exit test.  The improvements of these two versions is notable; the complex loop finalization code of the inner loop of insertionSort1 has been replaced with a simple assignment. The cost in insertionSort2 is comparing each value to be inserted with the first value of the array. The cost in insertionSort3 is a simple loop and swap preceding the nested loop. Another way of describing this strategy is to say that insertionSort3 contains a straightforward segment of preprocessing code that moves the smallest entry of the array into b[0]. Far more importantly, the rather delicate loop finalization code of the inner loop of insertionSort1 is replaced by a single assignment in both insertionSort2 and insertionSort3. 

2.2.1 The space and time complexity of Insertion Sort

As with selection sort, insertion sort is an in-place sort. Its asymptotic space complexity is (n).

We next analyze the performance of insertion sort by examining insertionSort3. The initial phase of the algorithm requires n comparisons to find the minimum value in b[0...n], and three assignments (i.e., one swap) to put the value in place. After this initial phase, the first two elements b[0] and b[1] are sorted, so only the elements indexed from 2 to n need be inserted. The worst case performance occurs when the list b[2...n] is sorted in the wrong order; that is, the list must be reversed by the insertion process. In this case, inserting the element in position i requires i comparisons, where i goes from 2 to n. Thus the number of comparisons for insertions in the worst case is 2 + 3 + ... + n, which sums to (n(n+1)/2) - 1. Adding the n comparisons for finding the minimum gives a total of n(n+1)/2 + (n-1), which is equal to (n(n+3) - 1)/2, which we can approximate closely with n(n+3)/2. This is slightly worse than the worst case performance of selection sort (n(n-1)/2), but the time complexity measured by comparisons is still (n2). 

If we refine our analysis by measuring assignment statements, in the worst case, insertion of the element in position i requires i-1 assignments to shift i-1 elements of the list, plus two assignments to move the inserted element out of the array and then back to it. Thus, insertion of the ith element requires i+1 assignments, where i goes from 2 to n. Combining this with the three assignment required to swap in the initial phase gives the total number of assignments in the worst case: ((n+1)(n+2))/2-3. This analysis shows that in the worst case, selection sort is likely to outperform insertion sort, largely because of the number of assignments performed.

Unlike selection sort, the average case performance of insertion sort is better than the worst case. An average case analysis can be done by assuming that each insertion promotes the new element to the midpoint of the sorted list. This reduces the number of comparisons and the number of assignments of each iteration to about half their worst case values, although the cost of the initial phase (to put the minimum value into b[0]) remains unchanged. As a consequence, the total cost of the sort is approximately halved, giving an approximate value of n(n+1)/4 comparisons and n(n-1)/4 assignments. Thus in the average case, insertion sort performs fewer comparisons but significantly more assignments than selection sort. Note, however, that the average case asymptotic complexity is still (n2).

Finally, we consider the best case. A best case analysis is not usually of much interest, but that is not the case for insertion sort, because we will see an application of insertion sort for lists in which values are guaranteed to be not very far from their correct position. The best case for insertion sort is an input array that is correctly sorted; in this case, each insertion performs a single comparison to establish that the element is correctly positioned, and two (unnecessary) assignments to move the value being inserted out and then back into the array. The total cost in this case is (n-1) + (n-2) comparisons and 2n+1 assignments, which is clearly a considerable gain over selection sort. In fact, in any case where each value in the array needs to be moved no more than k positions for some constant k, insertion sort is an (n) sort.

Our analyses lead us to the conclusion that for arrays of values in random order, selection sort dominates insertion sort, but for arrays known to be “largely sorted”, insertion sort can be expected to perform substantially better than selection sort.

As is often the case, we can also do a very easy analysis of complexity based on the recursive formulation of the algorithm, but this is most easily done if we assume the first form of the algorithm which does not use the sentinel, and ignore all comparisons except those between values of the set being sorted. If T(n) denotes the number of comparisons between values of a set to perform an insertion sort of n elements, then the recurrence relations are


T(0) == T(1) == 0


T(n) <= T(n-1) + n-1

These relations are exactly those of selection sort, except that the "==" of the second equation of selection sort is replaced by "<=". We can conclude that, in the worst case, insertions sort is (about) the same as selection sort according to this measure of cost.

This ends our discussion of the simple (n2) sorts. Both selection sort and insertion sort are in-place sorts and easy to program. For arrays of modest size or tasks that are rarely performed on large arrays, they may be entirely satisfactory. But for large arrays their (n2) complexity becomes a serious concern. In the next section we’ll  examine   two (n log n) comparison sorting algorithms.

3 The Efficient Comparison Sorts

We will consider two (n log n) comparisons sorts: mergesort and quicksort. Both can be understood most easily as divide and conquer algorithms. A divide and conquer algorithm has the following form:

To solve a problem P, 


if P is sufficiently small, solve it directly, 


otherwise



Divide P into smaller problems P1, P2, ... Pn



Solve some specified subset of the problems Pi



Construct the solution of P from the solutions of the Pi.

The smaller problems P1, P2, ... Pn are most commonly similar to the original problem P, in which case a divide and conquer algorithm has a natural recursive implementation. In either case, a divide and conquer algorithm gives rise to a set of recurrence relations for expressing the cost of the solution: the cost of solving a problem which is not small enough to solve directly is the sum of

1.
the cost of dividing the problem into subproblems,

2. 
the cost of solving the subproblems, and

3.
the cost of constructing the solution of P from those of the subproblems.

A common example of a divide and conquer algorithm is binary search of a sorted list. Here we’ll consider two sorting algorithms. For ease of description, we’ll always assume that n, the size of the set being sorted is a power of 2. Without this assumption, the descriptions get messier, but nothing breaks.

3.1 Mergesort

The divide and conquer description of mergesort is the following


To mergesort a nonempty set S of n elements,



if n = 1, then put the single element into a list;



otherwise




divide S into two subsets S1 and S2, each of size n/2,




mergesort S1 and S2, producing sorted lists R1 and R2,




merge R1 and R2 to produce the output list R.

Note that the only comparisons between values of the set performed in this algorithm are done in the merge step, which occurs both at the top level and in recursive calls. The merge is performed in the straightforward way of successively comparing the first elements of two sorted lists to build up a merged list. As soon as one list is empty, the remaining nonempty list is simply concatenated to the output list. If all the elements of one list precede all the elements of the other, then merging of two lists of size n/2 will take only n/2 comparisons; the worst case, however, requires n-1 comparisons. This worst case bound can be understood most easily by observing that each comparison allows the moving of a single value from the two sorted input lists to the merged output list; in the worst case, when one input list becomes empty, the other list contains a single value. It follows that the recurrence equations for mergesort, if we count only comparisons between elements, are the following:

T(1) == 0

T(n) == 2T(n/2) + n-1

We can make this recurrence easier to evaluate if we write

T(1) == 0

T(n) < 2T(n/2) + n

and then, assuming n = 2k, expand the recurrence to find

T(1) = 0

T(n) < 2T(n/2) + n = 2T(2k/2) + 2k = 2T(2k-1) + 2k


== 2(2T(2k-2)+ 2k-1) + 2k


... == k 2k = n log n

An inspection of the way the algorithm sorts a list of length 2k shows that T(n) is no greater than n log n and thus (n log n), and we'll later show that any comparison sort cannot be better than (n log n). We conclude that, measured in terms of the number of comparisons of elements of the set to be sorted, mergesort is an asymptotically optimal algorithm.

Mergesort has, of course, an iterative form. The iterative algorithm starts by merging pairs of lists of length 1 to make a set of lists of length 2, then pairs of lists of length 2 are merged to make a set of lists of length 4. Thus the iterative form of mergesort works “bottom up,” starting with the small problems and combining their solutions to create the solution to the original problem. The comparisons made between elements of the set are exactly the same as the recursive formulation, and the iterative form has the advantage of avoiding the subroutine calls of the recursive form. Nevertheless, mergesort is not an attractive choice for “internal” sorts — that is, sorts in which the data reside in main memory of the computer from beginning to end. The reason is space: mergesort does not have a natural in-place implementation. While it isn’t too hard to write a mergesort that takes 3n/2 space, the most straightforward form requires 2n space, and basically uses the strategy of merging sublists from one array of size n and writing the result in the other array of size n. The consequence is an algorithm that is surprisingly ungainly, in spite of its optimality according to the conventional measure of complexity.

The problems of mergesort for internal sorting do not carry over into the sorting of large files that reside on disk or tape. External files are sorted by reading some part of the file into internal memory, processing the subfile, and writing the result to external memory. Mergesort is the basis for many external sorting algorithms, but we won’t discuss them here.

3.2 Quicksort

The champion of the internal sorts is known as quicksort, which is quite easily understood in its recursive form. Quicksort is the natural outcome of using divide and conquer to sort a list, with the constraint that all the comparisons will be done in the divide step. If we require that the combining step will be simply concatenation of two lists, then the result of solving two subproblems must be two sorted lists, one containing the 'low' values and the other containing the 'high' values of the original list.

Partitioning an array around a pivot value x places the value x in its correct position in a sorted list, and re-arranges the other array elements so that all elements to left of x are less than or equal to x, and all elements to the right of x are at least as great as x. For quicksort, we need an algorithm that partitions a subarray around a pivot value x and additionally returns the final position of x in the array. With that description of partitioning, the quicksort algorithm can be stated marvelously simply:


To quicksort the array b[lo...hi]:



If lo = hi or lo = hi + 1, then do nothing; the list is sorted.



If lo < hi then




partition b[lo...hi] about some value x and return k, the 



final position of x in b[lo...hi].




quicksort (b[lo...k-1])




quicksort (b[k+1...hi])

Ideally, the value of the pivot would be the median of the values in b[lo...hi]
, but the algorithm clearly works even if pivot is the maximum or minimum value of the subarray. Given a partitioning method with three inbound parameters (the array to be partitioned, and the low and high indices that specify the subarray to be partitioned) and which returns the final position of the pivot
, we can write the quicksort method as follows.

public static void quickSort(int[] b, int lo, int hi, int mid)

{


// Pre:  0<=lo && lo<=hi+1 && hi<=n && old_b==b


// Post: isSorted(b,lo,hi,"up") && isPerm(b,old_b)


if (lo < hi)


{



int mid = partition(b, lo, hi);



quickSort(b, lo, mid-1);



quickSort(b, mid+1, hi);


}

}

3.2.1 Partitioning an array

In chapter 5 we discussed the Dutch National Flag problem. That problem is a simplification of the problem of partitioning an array, which is the basis for quicksort. Partitioning rearranges the values of a one-dimensional array so that the pivot is in its final sorted position; all the values to the left of the pivot are less than or equal to the pivot, and all the values in the right of the pivot are greater than or equal to the pivot.
 Thus partitioning is a greatly oversimplified version of sorting. However we choose a pivot, we can easily partition an array b in a single pass if we are willing to have a second array c of equal size. We could examine b from left to right and assign each value of b to a location in c, filling in small elements (less than or equal to the pivot) from the left, and large elements filled from the right. But there isn't much market for algorithms that use double the space of the data, especially if we can do better. Can we partition an array in one pass without a second array? 

Note the similarity to the Dutch National Flag problem. Once we've chosen a pivot element p, we can view partitioning as a two-color flag problem, where 

•
values no greater than p go to the left and values greater than p go to the right, or

•
values less than p go the left and values no less than p go to the right, or

•
a less constrained problem in which values equal to p can occur on either side of p.

The importance of this task has resulted in a rich collection of partitioning algorithms, the most efficient of which are very subtle. We'll exhibit one which is not the efficiency champion, but it doesn't lose by much, and it is easily understood and programmed. In this particular partitioning algorithm elements to the left of the pivot are all less than the pivot value; elements to the right are greater than or equal to the pivot value.  As with the Dutch National Flag problem, we'll base the loop invariant on a diagram showing the state of the array. We assume the pivot element p is initially in b[lo], and the subarray b[lo...hi] is to be partitioned about that value. Two pointers will be used. The first pointer, mid, will point to the rightmost element of the segment known to contain only values less than p; elements b[lo+1...mid] are all known to be less than the pivot b[lo].  Initially, mid points to b[lo] and the subarray b[lo+1...mid] is empty. The second pointer, i, is the index of a for loop and marks the beginning of the "unknown" portion of the array.  Every value between mid+1 and i-1 is known to be greater than or equal to p. Each execution of the loop body will look at b[i] and move pointers and values so that the value in b[i] is made a member of its proper subarray.

    


[image: image1.wmf]p

lo

hi

m

i

<

p

>=

p

?

mid


The loop invariant of the procedure partition.

The code follows:

// Partition a subarray around its first entry. Return 

// the final position of the pivot element.

public static int partition(int[] b,int lo. int hi)

{


// Pre: 0 <= lo <= hi <= b.length-1


// Post: isPerm(b, olb_b) && b[mid]==old_b[lo] &&

   //       Ar : lo <= r < mid : b[r] < b[mid] &&

   //       Ar : mid <= r <= hi : b[mid] <= b[r]


int mid=lo;


for (int i=lo+1; i<=hi; i++)


{



if (b[i] < b[lo]) 



{




mid++;




swap(b,mid,i);



}



// Inv: Ar: lo < r <= mid: b[r] < b[lo] &&



//      Ar: mid < r <=i: b[lo} <= b[r]


}

   // Move the pivot value into place.


swap(b,lo,mid);


// Return the final location of the pivot.


return mid;

}

3.2.2 Choosing a pivot value

The partitioning algorithm is clearly the heart of quicksort; all the comparisons of set values are performed during partitioning. Partitioning is performed by choosing a value p, called the pivot, in the subarray and moving values so that all the array entries to the left of p are less than or equal to p, and all the values to the right of p are greater than or equal to p. If p is the median value, then p will reside finally near the center of the array, and the two subsets will be of nearly equal size.

One can, of course, find the median value of an array and use that value for p, but the cost of finding the median far outweighs the benefits. In practice, the pivot value is chosen randomly. If one analyzes quicksort assuming that the median is used as the pivot at each step, and that S1 and S2 are of equal size, it is easy to show that quicksort has the same cost as mergesort, (n log n). Another simple analysis shows that if the pivot element is chosen to be the maximum or minimum value at each stage, the comparisons performed are the same as those of selection sort. Using the smallest or largest value as the pivot at each step produces worst case behavior for quicksort, and hence the worst case asymptotic complexity of quicksort is the same as that of selections sort — (n2). Thus the question of average case performance becomes very important. A more challenging, but not difficult analysis shows that if the pivot value is chosen randomly at each step, then the expected, or average, complexity of quicksort is (n log n).

How does one choose a random value from an array? If the values initially occur randomly in the array, then choosing the first array entry is as good as any other, and many partitioning algorithms use the first entry of a subarray as the pivot. , If the input array is initially sorted, however, choosing the first entry as the pivot value produces worst-case (n2) behavior for quicksort. But many alternatives exist. One approach is, when sorting a subarray b[lo..hi], generate a random index k in the range lo to hi, swap b[k] with b[lo] and use this new value of b[lo] as the pivot. Another approach takes a sample of three values in the subarray b[lo..hi], chooses the median of the three, and uses that value for partitioning.

Is quicksort an in-place sort? It might seem so, but in fact it is not — it must keep track of the unsorted subarrays. During the early parts of execution, each call to the partitioning subroutine creates two subarrays which must eventually be sorted. Work can begin immediately on one of the subarrays, but the indices that delimit the other subarray must be recorded for later attention.

How much space is required? It can be substantial. For example, in the worst case, if at each step one subarray is of size one and the other contains the remaining elements, and the subarray of size one is put aside for later processing, the result is a list of (n) unprocessed subarrays, requiring (n) extra space. That would be bad news. However, if the larger of the two subarrays is always put on the list of unprocessed subarrays (and the shorter of the two is processed at each step), then the number of subarrays on the list is easily shown to be no more than log n - an entirely acceptable figure, and a cheap price to pay for the speed of quicksort.

3.2.3 Refinements of quicksort.

Because quicksort is the undisputed champion for sorting large arrays, a great deal of effort has gone into honing it razor sharp. Perhaps the most important straightforward optimization is to reduce unnecessary procedure calls. In the extreme case, all subroutine calls can be eliminated, but generally it makes much more sense to re-write any calls to swap as in-line code but leave the calls to quicksort in their recursive form.

A second optimization follows from recognizing that for short lists, the overhead of quicksort outweighs its advantages. How can we avoid using recursive calls to sort short sublists? By simply not putting small subarrays on the list of unprocessed arrays. If, for example, subarrays of size less than or equal to 20 are not put on the list of subarrays to be processed, after all recursive calls to quicksort have terminated, no element of the array will be more than 20 places from its proper place. At this point a single call to insertion sort will complete the task. We have used the value 20 for our description, but in any actual case, the correct value should be chosen on the basis of experimentation.

3.2.4 Comparison of the sorting complexities

Whereas both the recursive and non-recursive versions of selection and insertion sort require time proportional to n2, the square of the size of the array being sorted, quicksort requires time proportional to (n log n). For large n, the difference is astronomical. For example, in sorting 1,000,000 items, quicksort is approximately 36,000 times faster! In practical terms, this means the difference between a sort program that runs in a few seconds and one that requires many days.

4 The Asymptotic Optimality of Mergesort and Quicksort

Intuitively, an algorithm is optimal if it accomplishes its task with minimal cost.  More formally, an algorithm A for problem P is said to be asymptotically optimal if no algorithm that solves the problem P is asymptotically less costly than A. Expressing this formally requires that use  (big Oh) rather than  because the assertion that f is (g) reflects that f is "no worse" than g.

Still more formally, 

Definition: An algorithm A is asymptotically optimal if A is (f), and, if B is another algorithm for problem P and B is (g), then A is (g). (Thus, f is 'the best function' over all the algorithms that solve problem P.)  

The relation  issymmetric to   in the sense that if f is (g), then g is (f); thus  corresponds to ≥ just as  corresponds to ≤. In this section we'll prove that sorting by comparison is (n log n); that is, it "is at least as costly as" (n log n). This will establish that if a comparison-based sorting algorithm A is (f), then n log n is (f). Once this has been established, it follows that any comparison-based sorting algorithm with (n log n) complexity is asymptotically optimal.

We begin by observing that n distinct values can be arranged in any of n! distinct permutations. Sorting n distinct values is equivalent in difficulty to choosing a particular ordering from this collection of n! permutations, where the particular ordering chosen describes the way in which the list of items to be sorted can be re-arranged to put them in order. The task of  can be done most clearly using a decision tree.  A decision tree for sorting a 3 element sequence is given below. Any algorithm that sorts by comparisons can be mapped to a decision tree in which the execution of the algorithm on any input corresponds to a path from the root of the tree to a leaf; the tree below corresponds to an insertion sort of three elements. Note that the decision tree does not re-arrange the elements of the input list, it only determines the ordering that exists between the values. 
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Theorem: The comparisons performed by any comparison-based sorting algorithm operating on a set of n values can be represented by a binary decision tree.

We will not give a proof, only an informal argument. We observe that any sorting algorithm proceeds by comparing values in the set to be sorted. The result of each comparison affects what comparisons are made next. Thus, given a sorting algorithm, the root of the tree is labeled with the first comparison made by the algorithm, and the children of root node are labeled with the two possible comparisons that may be made next. The decision tree specifies how the outcome of each comparison determines the next comparison. Thus, each execution of the sorting algorithm corresponds to a path downward through the tree, with each node corresponding to a comparison of data values. The path terminates when sufficient comparisons have been made to determine which of the n! permutations of the list is the correct one.

Our goal is to prove the following:

Theorem:  The complexity of comparison sorting is (n log n). That is, any algorithm that sorts of the elements of a set B on n values using comparisons between elements of B requires at least cn log n comparisons for some constant c.

To establish this result, we first need a bit of terminology. A leaf of a tree is any node that has no children. (The metaphors do get mixed!) The height of a tree is the maximum number of edges along a path from the root of a tree to a leaf of the tree. (Thus a tree consisting of a single root node has height 0, and a tree of height n > 0 consists of a root node and one or two subtrees of height n-1.)

We can now observe that

Lemma 1: A binary tree of height h has at most 2h leaves, and conversely, any binary tree with k leaves has height at least log2k.

The proof is by induction, and we will not give it, but observe that a binary tree has the maximum number of leaves if all its leaves are a distance h from the root. (These are called full binary trees.) Next observe that if the height of a binary tree is increased by 1, then each old leaf can be replaced by two leaves; thus, the number of leaves is doubled with each increase in height h.




The full binary trees of heights 0, 1 and 2.

This applies to decision trees for sorting as follows:

Lemma 2: Any decision tree that sorts n distinct elements has at least n! leaves and height at least log2(n!).

Proof: There are n! distinct arrangements of n distinct objects, so decision tree used for sorting must have at least n! leaves.  Then Lemma 2 follows from applying Lemma 1.

We can now prove the theorem that any comparison-based sorting algorithm requires at least cn log n comparisons for some constant c.

Proof of Theorem:

For n ≥ 2, 


n! ≥ n(n-1)(n-2) ...(ceiling(n/2)) ≥ (n/2)n/2
Hence, for n ≥ 1, 


log2(n!) ≥ (n/2) log2(n/2) = (n/2)[log2n - log22) = (n/2)(log2n - 1) ,

and if n ≥ 4,


log2(n!) ≥  (n/2)(log2n - 1) ≥ (n/4) log2n = (1/4) n log2n
Hence the height of a decision tree for sorting n distinct objects must be at least (1/4) n log2n.

Corollary: A sorting algorithm that is based on comparisons between elements of the set being sorted is asymptotically optimal if it uses (n log2n) comparisons.

Corollary: Mergesort is asymptotically optimal in the worst case (and hence the average case).

Corollary: Quicksort is asymptotically optimal in the average case, but not the worst case.

5 Epilogue

We have not treated a number of well-known algorithms. Perhaps foremost is bubble sort; it has been ignored because it is clearly dominated by insertion sort. A harder one to justify ignoring is Shell sort, which has a complexity considerably better than (n2), but is not  (n log n ). Nevertheless, for arrays of 50-100 elements, Shell sort is often the best choice.
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�The best case cost of an algorithm is the minimal cost of the algorithm over all possible problems to which it can be applied.  Often (but by no means always) the best case cost of a sorting algorithm is the cost of sorting a list that is already sorted.  With the conventional implementation of selection sort, the cost is insensitive to the initial ordering of the values.


� We could, of course, avoid some swaps by testing prior to each swap whether the two values to be swapped are the same.  But the cost of the many tests would generally outweigh the savings of a few swaps, and for input arrays with a range of values, the given program is preferred.


We're counting assignment operations to facilitate comparing selection sort with insertion sort, which we will treat next.  In some cases of interest, the two are comparable in the number of comparisons made, but not in the number of assignment operations.


�A sorting algorithm commonly known as "bubble sort" moves items by swapping. That results in a sufficiently high cost that we will not treat the algorithm in this book. 


� Calculating the true median of b[lo...hi] requires that we first sort b[lo...hi] and then pick up the middle element.  This clearly  is not a reasonable part of a sort algorithm, so we'll have to make do with an approximation to the median.


� We have violated one of our rules here by having a method that both returns a value and has a side effect (it alters the array).  Java's prohibition on changing actual parameters makes it very awkward to return values in other ways.


�Whether equality to the pivot element is permitted to the left of the pivot, or to the right, or both, is a detail of the particular problem and partitioning algorithm.  The weakest requirement is that array entries equal to the pivot can exist on both sides.  We'll discuss this question further at a later time.
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