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Chapter 13 

Brute Force and Backtracking

1 Analogy

In the James Bond movie In Her Majesty’s Secret Service, agent 007 breaks into an office at lunch time to steal some secret papers from a locked safe. He brings along with him a high-tech machine to assist in the safe cracking. But the process is not subtle; there is no listening for tumblers to fall nor sandpapered fingertips. The machine works by trying all possible combinations until the right one is found. Over the course of an hour, the machine finds the combination and the safe opens. Commander Bond successfully steals the papers, saves the world, and, of course, rescues the girl.

2 Solving problems by brute force

Not all problems yield to clever or subtle or direct solution methods. Sometimes we must resort to brute force — simply trying lots of possibilities looking for the right one. Brute force, along with some less brutish variations, is the focus of this chapter. Brute force is an informal term, but generally consists of generating the elements of a set that is known to contain solutions and trying each element of the set. If a solution exists, and if the set generated contains at least one of the solutions, then sooner or later, brute force will find it. Similarly, if the set is known to contain all solutions, then all solutions will eventually be found. Thus, in a nutshell, the application of brute force requires that we devise a way to generate a set that contains solutions, and a way to test each element of the generated set.

We describe the basic brute force strategy for solving a problem as follows: generate the elements of a set that is known to contain solutions -- that is, a superset of the solution set -- and test each element of that set. To avoid the waste of storing a large number of elements that are not solutions, we test each candidate as it is generated, and keep only the solutions. If we regard the test as a filter that passes solutions and discards non-solutions, this approach can be represented by the following diagram.
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Figure 1. The brute force strategy

The superset generator produces the elements of the appropriate superset and passes each one to the filter. The filter determines whether each element is a solution, adding it to the list of solutions if it is, and discarding it if it is not. If the goal is to find a single solution, or if the problem is known to have only one solution, then the filter can shut down the process after finding the first solution. If, on the other hand, we want all solutions, then the process must continue until the superset generator has exhausted all possibilities. Another name for the technique we call 'brute force' is solution by superset.

The brute force strategy can be applied, in some form, to nearly any problem, but it's rarely an attractive option. Nevertheless, for very small problems, or problems for which no alternative is known, brute force is sometimes the method of choice. 

It is often convenient to view the solution of a problem as a sequence whose entries are all drawn from a finite set of possible values, and whose length is fixed or at least bounded. Formally, the solution to such a problem is a sequence (a1,a2,a3,...,an) where each ai is drawn from the set A and where A has a finite cardinality (contains a finite number of elements). We'll refer to a sequence of length n as an n-sequence.  The cardinality of the superset — the number of elements in the superset — is simply the cardinality of A raised to the nth power.

A brute force solution strategy is a reasonable problem solving strategy if it is difficult to solve a problem directly, but easy both to generate elements of the superset, and to determine, given an n-sequence, whether that n-sequence is a solution. Before discussing the strategy in greater detail, we describe some problems that are appropriate to this method of solution.

2.1 Combination padlock

A combination lock is an example of a problem whose solution is a sequence. For common combination padlocks, the solution is a 3-sequence where each of the three elements is one of the numbers on the dial. If the dial is numbered, for example, 0 through 49, then the superset has 50x50x50 = 125,000 elements. 

Any combination lock can be opened simply by trying all possibilities; the filter is simply the act of yanking on the lock after a trial combination has been entered. Combination locks are effective because trying all the possibilities takes a long time
. At the rate of ten tries per minute, it would take more than eight and a half days to try all the combinations.

2.2 Factoring

Given an integer n known not to be prime
, consider the problem of finding a divisor of n greater than 1 and less than n. This can be viewed as a degenerate form of the sequence problem in which the solution is a “sequence” of length one, or a factor can be viewed as a sequence of (decimal or binary) digits. An adequate superset consists of the set of integers {d: 1 < d < n}. Whichever we choose, we can check each candidate by simply dividing it into n and seeing if there is a remainder. The solution strategy is straightforward, but that doesn't help much if n is very large. 

The difficulty in finding factors of an integer is the basis for a system of codes known as public key encryption. In a traditional encoding, the sender and receiver know the same private key. The sender uses the key to encode messages; the receiver uses the same key to decode the messages. Privacy relies on others not being able to procure the key. Security problems arise when a new key must be communicated. In public key encryption, each participant has two keys: one public and one private. Everyone knows the public key and can use it to encode a message to the owner of the key. But once a message has been encoded with the public key, only the holder of the private key can decode it. The public key is based on a large integer that is known not to be prime. The private key is based on a factor of that number. The problem of discovering the private key can be made arbitrarily difficult by choosing a public key that is sufficiently large. Note a similarity between public key encryption and the combination lock: given enough time, anyone can find the factors and decode the message. But no scheme has been found that is substantially more efficient than testing all the possibilities. As with the combination lock, public key encryption is successful not because it keeps data thieves out entirely, but because it slows them down to the point where the stolen messages are no longer of value.

2.3 Eight queens

How can you place eight queens on a chess board in such a way that no queen threatens any of the others?
 This eight queens problem soon overwhelms the problem-solver. If we number the squares of the chessboard from 1 at the lower left corner to 64 in the upper right, then any solution to the eight queens problem will be an 8-sequence of integers (q1,q2,...q8); qi indicates the position of the ith queen. Each element will be in the range 1...64 and hence will be drawn from a superset with cardinality of 648, a truly astronomical number. The filter checks the positions of the eight queens and determines whether any are threatening any of the others. You probably already see ways to reduce the size of the superset, but for the moment, we will not address the issue of efficiency.

There are many more problems who solutions are sequences and which can be solved by brute force. Some are described in the exercises.

3 An ADT for sequences

Recall that we are interested in problems for which the solution is a sequence. In order to discuss the algorithms without getting bogged down in the details of handling the sequences, we will use a sequence class specifically adapted for backtracking.  This will allow us to create sequence objects and to perform high level operations on those objects. 

The operations we need for our sequences class are listed below. 


      Methods 

size()
Returns the current number of elements in the sequence.

elem(i)
Returns the ith element of the sequence. The elem function is undefined if i < 0 or i >= size().
extend(e)
Append the element e onto the right hand end of the sequence.  Hence if the sequence is a1,a2,a3...an, then following extend(e), the sequence will be a1,a2,a3...an,e.

retract()
Remove the rightmost element from the sequence.  Hence if the sequence is a1,a2,a3...an-1,an then following retract(), the sequence is a1,a2,a3...an-1. The result of a retract() operation is undefined if the sequence is empty.

toString
Return a String representation of the elements of the sequence.

We will assume that when a sequence object is created (by the new statement), initialization code sets the sequence empty.  The sequence class can be implemented using an array to hold the sequence  if there is a known bound on the length of sequences. Alternatively, linked lists or Vectors can be used to implement sequences without a length bound. The details of these implementations are left as an exercise.

4 Generating sequences: the backtrack tree

Now that we have seen examples of problems that can be solved by brute force, we can begin to look at the problem solving strategy itself. There are two components: generating the superset, and filtering the sequences looking for solutions. It is not possible to generalize about the filtering process; each problem has its own particular filter test. But we can speak generally about generating the superset. No matter how we produce the superset, we must generate every element of the superset, and preferably only once. Backtracking is a technique for generating sequences without repetitions and based on an ordering of the possible values of the sequence entries. Usually, backtracking generates the set of sequences in lexicographic order. Thus, if we are to generate all sequences of length 2, where the sequence entries have any of the values a, b and c, and if we order these values as a < b < c, then backtracking will generate the set of sequences in the following order:

<a,a>, <a,b>, <a,c>, <b,a>, <b,b>, <b,c>, <c,a>, <c,b>, <c,c>

The following pseudocode program will display all the sequences of length n of elements drawn from a set T. Note that the algorithm does not require that the elements of the set T are ordered, so long as there is some mechanism for ensuring that each value of T is treated by the outer loop. This algorithm is the basis for the sequence generator of backtrack programs.  It generates all n-sequences drawn from T by first selecting each element of T to be the first element of the sequence, and for each, recursively generating all n-1-sequences.

public void generate(Sequence s)

// pre:  s is a prefix of a set of sequences to be displayed.

// post: All sequences of length n of values from T that have s

//

  as a prefix have been displayed.

{


for (each t in T)


{



s.extend(t)



if (s.size() == n)




System.out.println(s);  // Maximal size; display s.



else




generate(s)



s.retract()


}

}

Sequence seq = new Sequence();

generate(seq);

Execution of the algorithm can be viewed as producing a tree of method calls, or as traversing a tree of sequences. A sketch of the tree when T = {a,b,c}, and the values are processed in the order of a < b < c, and n = 2 appears below. The label of each node in the tree is the argument passed to the generate method by that call. Each of these labels is also a prefix of a collection of sequences to be displayed; the labels of the leaf nodes (on the lowest level) are the sequences actually displayed. The term 'backtracking' refers implicitly to the traversing of this tree in that each prefix sequence is extended in all possible ways, and then the method 'backs up' to a smaller prefix and, if possible, extends it in a new way.  








Figure 2. A backtracking tree to generate all sequences of 

length 2 of values from the set {a,b,c}.

Turning the sequence generator into a brute force problem solver requires only that we add a filter to determine which sequences are solutions.  The pseudocode shown below, called generateAllSolutions, is the same pseudocode as generate, except that a call to a filter has been added (shown shaded).  We assume that the filter method has been added to the sequence class.  The generateAllSolutions  method will display only those sequences that are solutions.

public void generateAllSolutions(Sequence s)

// pre:  s is a prefix of a set of sequences to be displayed.

// post: All sequences of length n of values from T that have s

//

  as a prefix and that pass the filter have been displayed.

{


for (each t in T)


{



s.extend(t);



if (s.size() == n)




if (s.filter())




System.out.println(s);  // Maximal size and












 // passes the filter; display s.



else




generateAllSolutions(s);



s.retract();


}

}

Sequence seq = new Sequence();

generateAllSolutions(seq);

The efficiency of a backtracking algorithm is clearly dependent on the efficiency of the generation (which, as we said, will preferably generate each element only once) and the efficiency of the test. Efficiency can also be improved by reducing the size of the superset; for example, in the factoring problem, searching can be restricted to the odd integers if 2 is not a factor, and the set of candidates can be restricted to the range [2... EQ \R(n) ] rather than [2...n]. 

Why is it called backtracking?

Backtracking is really an algorithm for tree traversal. Consider the tree shown below in figure 3. The goal of tree traversal is to start at the root (at the top) and systematically visit every node, without missing any and without unnecessary duplication. The backtrack traversal strategy works as follows:

begin at the root


while (true)


{

  
while(true)



{

       break when there are no more unexplored paths from the current node. 




  descend along the left-most untraversed edge.



} 



// An attempt to descend along a new path has failed, so backtrack:



break if at the root (all nodes have been visited.)



ascend one level (backtrack to parent of current node)


}
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Figure 3. A tree to be traversed

Follow along with the figure. We start at the root: node 1. From there, we follow the left-most unexplored path and descend to node 2. And again, following the left-most unexplored path, go to node 3. Node 3 has no exits, hence there are no unexplored paths to take and we exit from the inner loop. Since we are not at the root, we ascend to the parent node, node 2; this corresponds to 'undoing' the decision that took us from node 2 to node 3. This backing up to a previously visited node is the backtracking that is the basis for the name of the algorithm. From node 2, we again follow the left-most unexplored path, this time descending to node 4. Again, there’s nowhere to go from 4, so we back up to 2 and try again, this time going to node 5. From there we go to 6, then back up to 5, then to 7, than back up to 5 again. Now we have exhausted all the exits from 5 so we back up to 2. And there’s nowhere new to go from 2 either, so we back up to 1. The process continues, as shown in figure 4 (read down the left column and then down the right column). An asterisk next to a node number indicates that we arrive at that node by backtracking.
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Figure 4. The nodes visited in the tree traversal

Nodes visited through backtracking have an asterisk

We pick up the action again near the end where we have explored all nodes through 14 and have just taken the third path from node 8 bringing us to node 15. Node 15 has no exits, so we back up to 8. There’s nowhere new to go from 8 so we back up to 1. And there’s nowhere new to go from 1 so we attempt to back up, but cannot; there’s nowhere to go. We exit from the outer loop and the process ends.

The superset generation procedure shown in pseudocode on page 6 is just the recursive implementation of this algorithm.

5 Analysis of the backtrack algorithm

The tree underlying backtracking provides a convenient basis for a worst-case analysis of the asymptotic complexity of back tracking. Suppose that solution sequences are of length n, and the number of possible values in each position of a sequence is k. Then the total number of possible sequences is kn, and the worst case is that when every sequence of length less than or equal to n must be generated. Then the number of nodes in the backtracking tree is


1 + k + k2 + k3 + ... + kn


= k0 + k1 + k2 + k3 + ... + kn


= (k(n+1) - 1)/(k-1)



  kn
In the worst case, the filter test must be applied to each one of the kn leaf nodes.  Even if the complexity of the filter test is (1), backtracking is exponential. No wonder these programs run so slowly!

In general, exponential algorithms are computationally intractable for all but the smallest problems.  Fortunately, as will be shown in the next section, there are ways to speed up the basic backtrack process and make it practical .

6 The eight queens problem

In this section we will examine the brute force strategy using the eight queens problem as a case study.  We will look at the basic backtrack algorithm for solving this problem and then show three strategies for speeding up the process: 

•
reducing the size of the superset, 

•
pruning (rejecting many non-solution sequences with a single call to the filter), and 

•
speeding up the filter.

The following program solves the eight queens problem. In this program a sequence entry represents a square of the chessboard, and elements of the sequence can range from 1 through 64. The chessboard class (Chessboard) inherits the Sequence class and adds the method noAttacks() which returns true if the sequence represents a placement of queens in which no queen threatens any other. It returns false if there is a threat.

public void slowQueens(Chessboard s) 

{


// pre:  s.size() <= 7 and all elements of s are in 1..64.


// post: All solutions with prefix s have been considered.


for (int i=1;i<=64;i++)


{



s.extend(i)



if (s.size() == 8)



{




if (s.noAttacks())





System.out.println("Solution found: "+s);



}








else




slowQueens(s);



s.retract()


}

   }

Chessboard cb = new Chessboard();

slowQueeens(cb);

This simple algorithm solves the eight queens problem in a very straightforward (albeit inefficient) way. The program tests 648 (about 2.8x1014) sequences. Even if we could test a million sequences per second, the program would run for more than eight years. Surely this is more time than we’d like to devote to this little problem. So let’s look at ways to make the eight queens programs more efficient. 

6.1 Reducing the size of the superset

Dr. Richard Feynman, Nobel laureate, distinguished physicist and bongo drum player, was also famous as a safecracker. While serving as a member of the Manhattan Project in Los Alamos back in the 1940’s, he earned a reputation for being able to open the combination locks on all his colleagues’ filing cabinets. His strategy was simple: he used brute force, but was able to limit the superset to a manageable size. First, he discovered that most people, after opening their locks, leave the dial set on the last number of the combination. Indeed, some locks freeze the dial in this position while the shackle is open. By skillful observation in his colleagues’ offices, Feynman was able to determine the last number of the combination of many of the locks. And with padlocks with 50 numbers on the dial, knowing the last one reduces the size of the superset from 125,000 to 2500. But even at the rate of ten tries a minute, 2500 attempts is still a half day’s work. So Feynman discovered a second way to reduce the size of the superset. He observed that most locks had some slop. If, for example, the correct number in a combination is 10, the lock would still open if you dialed 9 or 11. So rather than having to try all fifty numbers, he needed to try only every third; trying 1 for example, also took care of 0 and 2; trying 4 took care of 3 and 5, etc. This reduced the superset from 502 to only about 172; a mere 289. And this would make opening a lock less than half an hour’s work. Feynman used this skill both to help out his absent minded colleagues who had forgotten their combinations and to point out weaknesses in security at Los Alamos.

Some brute force problems can be reformulated to substantially reduce the size of the superset and hence speed up the brute force solution. In such cases, we want to look for large classes of sequences that are not solutions and that can be easily excluded from the superset generation.
In the eight queens problem, there are a number of things we can do to reduce the size of the superset. Notice first that about 100 trillion of the sequences tested contain duplicates. That is, they represent configurations of eight queens in which two or more queens occupy the same square. These are clearly not solutions. By generating only sequences without duplicates, we can reduce the superset by 100 trillion, although more than 100 trillion sequences remain to be tested.

Next, we note that each solution to the eight queens problem will actually be generated many times — 40,320 times to be exact, since we will generate every permutation of each solution. For example, (6,9,21,26,40,43,55,60),  (9,6,21,26,40,43,55,60), and (6,21,9,26,40,43,55,60) all represent precisely the same solution, merely reordered. We can eliminate this duplication by insisting that the elements of the sequences generated be in ascending order. Thus only the first of the three example sequences shown above will be produced and tested. This reduces the superset by a factor of more than forty thousand and now, with only about four billion sequences in the superset, the brute force strategy starts to become computationally tractable.

The next step makes the most dramatic reduction in the size of the superset. In any solution, each queen must be in her own row. If more than one queen is placed in any one row, they threaten one another and therefore cannot be part of a solution. So we can reformulate the problem as follows: how can you place eight queens on a chessboard, one per row, so that no queen threatens any of the others. Sequences in the superset are now constrained so that the first element must be in 1...8; the second must be in 9...16, and so on with the eighth element in 57...64. This also assures that there can be no duplicates. Alternatively, and more conveniently, we can think of superset as consisting of 8-sequences where each element is in 1...8. The ith element of the sequence indicates the column position of the ith queen which we know implicitly is in the ith row. In either case, the superset of sequences now contains only 88 elements, a mere 16.8 million. This is a factor of sixteen million smaller than our original formulation of the problem. The procedure now looks like this. We assume that the noAttacks() method has been modified to accommodate our new numbering scheme.

public void fasterQueens(Chessboard s) 

{


// pre:  s.size() <= 7 and all elements of s are in 1...8.


// post: All solutions with prefix s have been considered.


for (int i=1;i<=8;i++)


{



s.extend(i)



if (s.size() == 8)



{




if (s.noAttacks())





System.out.println("Solution found: " + s);



}








else




fasterQueens(s);



s.retract()


}

   }

Chessboard cb = new Chessboard();

fasterQueeens(cb);

Can we do even better? Notice that if we put the i–1st queen in column j of  row i–1, then the ith queen, which will go in row i, cannot possibly go in column j, or its two neighbors: j–1 and j+1 (if they exist). Hence we can further restrict the superset to include only sequences where the position of each queen differs from that of its immediate predecessor by at least two.

This further reduces the size of the superset from about sixteen million to only about 900,000. Can we do even better? The answer is yes, although the tests needed to reduce the superset become more complex as the superset gets more restricted. At some point there will be diminishing returns; the cost of the additional tests will exceed the savings from the reduced superset. So instead of trying to further reduce the superset, we will move on to pruning in the next section.

Not all superset problems yield to such dramatic savings as does eight queens, but many superset algorithms can be improved by reducing the size of the superset. For example, in the factoring problem where we want to find an integer factor of n, we can restrict the superset to integers 2... EQ \R(n)  rather than 2...n. This reduces the problem from (n) to           (n EQ \s(1/2) ).

6.2 Pruning nonviable sequences

Even if the size of the superset is reduced, the algorithm we've shown must test every element of that superset individually; that is, each sequence in the superset gets passed through the filter.  The second speed-up strategy, called pruning, is a staple of the backtrack approach. Pruning allows a single call to the filter to eliminate many elements of the superset and can thereby produce dramatic increases in speed. This is done by generalizing the filter so that it can be applied to incomplete sequences – that is, prefixes of complete sequences – as well as complete ones. If a filter can determine that a prefix cannot occur in any solution, then it guarantees that no completion of that sequence can be a solution, and the pruning generation process can proceed to other prefixes.

The FasterQueens algorithm presented above first inspects the 8-sequence (1,1,1,1,1,1,1,1), the configuration that has all eight queens in a line in the leftmost column. This configuration is, of course, not a solution; each queen threatens her neighbors. The next configuration tried would be (1,1,1,1,1,1,1,2) which is also not a solution. In fact, the first quarter million sequences from (1,1,1,1,1,1,1,1) through (1,1,8,8,8,8,8,8) are all doomed because the first two queens are in the same column. 

With pruning, we run all sequences, not just those of maximal size, through a filter.  If a prefix (that is, a partial sequence) is found to be viable, that is, might possibly be the prefix of a solution, we continue generating. But if a prefix is   non-viable, that is, if the prefix cannot be the beginning of any solution, we reject the prefix and all extensions to it immediately, thereby possibly eliminating many complete sequences that have the non-viable sequence as a prefix.  Hence, as with horticultural pruning, a single cut can eliminate many leaves from the tree.  For example, in the eight queens problem with pruning, a single test of the partial sequence (1,1) eliminates the need to test the 262,144 complete sequences that begin (1,1). Similarly, pruning (1,2) eliminates another 262,144 sequences. The partial sequence (1,3) is viable, but (1,3,1), (1,3,2), (1,3,3), and (1,3,4) are all non-viable and can be pruned, thus eliminating another 131,072 sequences. Continuing in this way, we can solve the complete eight queens problem by looking at only about 16,000 sequences. This is more than fifty times faster than the fastest algorithm we have seen up until now, and is about 16 billion times faster than our original algorithm!

The methods below show two basic ways to do pruning.  In both, the precondition assures that the sequence so far is viable.  In the first method, we blindly add a new queen to a viable sequence and then see if the resulting new sequence is still viable.  If it is, we continue; if it is not, we remove the most recently added queen (the one that made the sequence non-viable) and try something else.  The changes required to add pruning to the fasterQueens method are remarkably simple.  The noAttacks() method must be able to handle sequences of any length.  And the tests have been reordered: we now call the filter before testing the size of the sequence.

public void fastestQueens1(Chessboard s) // Extend before test.

{


// pre:  s.size() <= 7 and all elements of s are in 1...8,


//       and s is viable.


// post: All solutions with prefix s have been considered.


for (int i=1;i<=8;i++)


{



s.extend(i)



if (noAttacks())  // sequence is viable so far.




if (s.size() == 8)  // Viable and size==8.





System.out.println("Solution found: " + s);




else                // Viable and size < 8.






          fastestQueens1(s);



s.retract()


}

   }

The second procedure takes a different approach.  We use the method isViable() instead of noAttacks().  Assuming s is a viable sequence, s.isViable(e) returns true if appending e to s would result in another viable sequence.  It returns false if adding e would produce a non-viable sequence.  The isViable() method does not alter the sequence.  By testing before adding, we are assured that the sequence is always viable.  This is not only aesthetically pleasing, but will produce some substantial advantages later on.  In the remainder of this chapter we will use this second strategy.

public void fastestQueens2(Chessboard s) // Test before extend

{


// pre:  s.size() <= 7 and all elements of s are in 1...8,


//       and s is viable.


// post: All solutions with prefix s have been considered.


for (int i=1;i<=8;i++)


{



if (s.isViable(i))



{




s.extend(i)  // OK to add i.




if (s.size() == 8)  // Viable and size==8.





System.out.println("Solution found: " + s);




else                // Viable and size < 8.






          fastestQueens2(s);




s.retract()

          }


}

   }

6.3 Implementing the filter

We now turn to implementing the isViable() method.  Notice that the pruning algorithm has not only made the process faster, but has made the filtering process faster as well.  In the slower algorithms, sequences could have violations of viability anywhere.  The original noAttack() method had to check each queen against all the others.  But in the pruning algorithms, the precondition guarantees that the sequence is always viable.  Thus isViable() need only check whether the proposed new queen placement conflicts with a column or diagonal that is already occupied.

In the most straightforward implementation of isViable(), we would determine the column and diagonals for the proposed new queen and then go through the sequence to see if that column or either diagonal was already occupied.  We know implicitly that each queen is in her own row so we need not check that.  For a sequence of length n this would require (n) time.  

In the isViable() method below, we assume that rows are numbered 1..8 starting at the bottom and that columns are numbered 1..8 starting at the left.  We number the northwest pointing diagonals from 2 through 16 starting at the lower left corner. This is a convenient numbering since the diagonal number corresponds to the sum of the indices of any element along that diagonal. For example, all elements along the main northwest diagonal (e.g. (1,8), (2,7),...,(8,1)) have indices that sum to 9. Similarly, we number the northeast pointing diagonals from -7 through 7 starting at the lower right. This corresponds to the difference (row minus column) of the indices of the elements along these diagonals. Thus, for example, the square in row 3, column 5 is in northwest diagonal 8 (3+5) and northeast diagonal -2 (3–5). Since this function resides inside the Chessboard class, we need not precede the names of other Chessboard functions with the object reference.

public boolean isViable(int nextQueen)

{

// Pre:  sequence is viable

// Post: return true iff appending nextQueen to the sequence results in

//       a viable sequence.  Sequence is unchanged.

// Determine row, column, and diagonal position of proposed new queen.


int newRow = size()+1;


int newCol = nextQueen;


int newNwDiag = newRol+NewCol;
// Northwest pointing diagonal


int newNeDiag = newRow-newCol;
// Northeast pointing diagonal


for (int i=1;i<=size()i++)

{



int element = elem(i);

 // Get the column position of the ith queen



if (newCol == element

    // Column already occupied




||




newNwDiag == i + element
 // NW diagonal already occupied




||




newNeDiag == i - element)
 // NE diagonal already occupied





return false;


}


// No conflicts found


return true;

}

6.4 Speeding up the filter: adding state

The cost of determining whether a sequence passes the viability test can often be reduced if, along with the sequence itself, the program maintains auxiliary data structures that simplify testing whether extensions are acceptable.  These auxiliary data structures provide a model of the solution as it is being constructed by the program.  Often, when a sequence is extended, it suffices to verify only the changes to the model, because the previous part of the construction are known to be acceptable.  

In the eight queen problem, we will keep more information about the state of the chessboard than just the sequence of queens.  And this additional state information will allow the filter to work more efficiently.  Specifically, we will maintain three boolean arrays: one for columns, and one for each of the two flavors of diagonals
.

boolean[] col    = new boolean[8];

boolean[] nwDiag = new boolean[15];

boolean[] neDiag = new boolean[15];

An entry of true in any of the arrays will indicate the corresponding column or diagonal is empty and hence available for a queen.  An entry of false indicates the presence of a queen in the corresponding column or diagonal.  The arrays are initialized to true.  When a queen is added to the sequence, we set the appropriate three array elements to false.  Conversely, when a queen is removed, we set the three array elements back to true.  For example, when a queen is placed in the second row, third column (which lies on northwest diagonal 5 and northeast diagonal –1), we set false col[2], nwDiag[3] and neDiag[6] to indicate that the column and diagonals are now occupied.  Then to determine if a proposed queen placement is viable, we need only determine the column and diagonal position of the proposed queen and then check one element in each of the tree arrays.  Hence with the additional state information, the isViable() method requires only (c) time.

Since we now need to represent more information about the state of the chessboard than just the sequence of queens, and since the operations to add and remove queens now must do more than just extend or retract the sequence, we will define new chessboard operations placeQueen and removeQueen.  These operations will add a queen to the sequence (or remove one) and update the three boolean arrays accordingly.  Here we see a real advantage of the “test before extend” strategy over the “extend and then test” strategy.  Removing a queen form a viable sequence is easy: just retract the sequence and set the three array elements corresponding to the departed queen’s column and diagonal position to true.  But if the sequence is non-viable, then removal is not so easy.  Since the sequence is non-viable, the removed queen might not have been the only occupant of a particular column or diagonal, and hence updating the arrays properly is tricky.

Shown below is the new backtrack procedure and new Chessboard class complete with auxiliary data structures, the (c) version of isViable, and the placeQueen and removeQueen methods.  We’ve also added a method countSolution that keeps track of the number of solutions found so far, and the method getNumberOfSolutions that reports back the number of solutions found.  Finally, we have generalized both the chessboard and the backtracking method to handle the general problem of placing n queens on an nxn board where n is assumed here to be a global constant.  This method serves as a model for just about any backtrack problem solver.

public static void nQueens (ChessBoard s)


{



// pre:  s.Size() < n and s is viable.



// post: All sequences beginning with the prefix s have been handled.



for (int i=1; i<=n; i++)



{




// Is it ok to add a queen in column i?




if (s.isViable(i))




{





// Adding is ok





s.placeQueen(i);





if (s.size() == n)





{






// Viable and maximal size => solution!






s.countSolution();






System.out.println("Solution number " + 









          s.getNumberOfSolutions() +












": "+s);







}





else





{






// Viable and less than maximal size.






nQueens(s);





}





s.removeQueen();




}



}


}

class ChessBoard

{

   
// Chessboard sequence implemented as an array.


private int n;    // Size of the board.


private int[] s;  // Array will hold queen sequence.


private int sz = 0;

// Current sequence size.


private int solutionCounter = 0;  // Solutions found so far.


private boolean[] col;


private boolean[] nwDiag;


private boolean[] neDiag;


ChessBoard(int boardSize)
// Constructor


{



n = boardSize;



s = new int[n];



col = new boolean[n];



nwDiag = new boolean[2*n-1];



neDiag = new boolean[2*n-1];



for (int i=0; i<n; i++)




col[i] = true;

// Columns are initially vacant.



for (int i=0; i<2*n-1; i++)



{




nwDiag[i] = true;
// Diagonals are initially




neDiag[i] = true;   // vacant.



}


}


public int size() // What is the current sequence size?


{



return sz;


}

    // Add one to the number of solutions found so far.

    public void countSolution()


{



solutionCounter++;


}

    // How many solutions have been found so far?

    public int getNumberOfSolutions()


{



return solutionCounter;


}


// Return a string version of the sequence.


public String toString()


{



String res = "The sequence contains "+size()+" elements: ";



for (int i=0; i<size(); i++)




res = res+s[i]+" ";



return res;


}

    // Is it ok to add a new queen to the current row in column c?

    public boolean isViable(int c)


{

       // pre:  Chessboard is viable.

      
// post: returns true iff adding a new queen to current row, 



//       column c would be viable.  Sequence is unchanged.



// Are the column and diagonals vacant?



return col[c-1] && nwDiag[size()+c-1] && neDiag[size()-c+n]; 


} 


// Add a new queen to the next available row, column c.

    public void placeQueen(int c)


{



// pre:  Sequence is viable and isViable(c).



// post: new queen has been added in next row, column c



//       and chessboard has been updated.  Chessboard



//
      is viable.

       // Place the queen on the board and update chessboard state.

       s[size()] = c;



sz++;



col[c-1] = false;



nwDiag[size()+c-2] = false;



neDiag[size()-c+(n-1)] = false;


}

   
// Remove the most recently added queen.

   
public void removeQueen()


{

    
// pre:  Chessboard is viable.

     
// post: Most recently added queen has been removed.  



//       Chessboard is viable.

     
int t = s[size()-1];    // Get column position of queen to be removed. 



col[t-1] = true;        // Set column vacant.

      
nwDiag[size()+t-2] = true;  // Set diagonals vacant.



neDiag[size()-t+(n-1)] = true;

 

sz--;




        // Update size.

  
} 

} // end Chessboard

7 Some other problems that can be solved by brute force 

There are a great many problems whose solutions are sequences and that are amenable to solution by brute force. What follows are but a few.

7.1 Shelf cutting

A carpenter has an inventory of m boards with lengths b1, b2,... bm and has orders for n shelves of lengths s1, s2, s3,...,sn. What are all the ways he can cut the n shelves from the m boards? Again, the solutions are n-sequences; the ith element of the sequence indicating the board from which si is to be cut. And each element of the n-sequence is in the range 1...m. For this problem, the superset contains mn elements. The filter checks that the cutting scheme proposed by the n-sequence is viable, that is, for example, it is not attempting to cut a ten-foot shelf from a five foot board.

7.2 Instant Insanity

Instant Insanity is an inappropriately named puzzle; the insanity sets in only after you have worked with the puzzle for an hour. The puzzle consists of four plastic cubes; each face of each cube is red or blue or white or green. The object of the puzzle is to stack the blocks into a tower such that each of the four sides of the tower has each of the four colors exactly once. The superset here consists of  4-sequences; each component of the sequence representing an orientation of one block. There are twenty-four possible ways to orient a cube: we can select any of the six faces to be “up”. And once the up face has been chosen, there are four possible faces that can be forward. Hence, the superset for Instant Insanity contains 244 or 331,776 elements. The filter simply checks each side of the tower to determine whether each color appears exactly once.  The size of the superset can be radically reduced by taking account of the many symmetries.

7.3 Permutations

Given a string of characters w, generate all permutations of w. Assume that the length of w is n and that characters in w are drawn from some finite alphabet . All the permutations of w are n-sequences where each element is drawn from . For this problem, the filter checks each element of the superset to determine if it contains the proper characters and in the correct numbers to be a permutation of w. If the cardinality of  is c, then the superset contains cn elements of which n! are permutations.

7.4 Sorting

Sorting is not a good problem to solve using supersets unless you’re trying to use up machine cycles, but you should be able to recognize a Really Bad Idea when it confronts you. Sorting a list a1,a2,...an into non-decreasing order is really the problem of finding a permutation of the list for which each ai is less than or equal to ai+1, its neighbor on the right. We could solve this by first generating permutations of the list and then filtering the permutations to accept only those that meet the sort criterion. 

8 Finding a single solution 

Sometimes we want to find a single solution or a limited number of solutions rather than the collection of all solutions. All that is required is that we keep track of the number of solutions found (as we did in the final version of the eight queens problem) and shut down the process when the required number of solutions have been found. This requires only a modest change to the paradigm given previously. For the n queens problem, the classes used are the same as were used to find all solutions. The backtrack procedure was changed in two ways.  First, a second parameter was added to specify the number of solutions to be found.  And second, the recursive call was made conditional on not having yet found the required number of solutions.

public static void nQueens (ChessBoard s, int maxSol)


{



// pre:  s.Size() < n and s is viable.



// post: All sequences beginning with the prefix s have been handled.



for (int i=1; i<=n; i++)



{




// Is it ok to add a queen in column i?




if (s.isViable(i))




{





// Adding is ok





s.placeQueen(i);





if (s.size() == n)





{






// Viable and maximal size => solution!






s.countSolution();  // Add one to solution count.






System.out.println("Solution number " + 










       s.getNumberOfSolutions() +












": "+s);







}





else





{






// Viable and less than maximal size






// and we have not reached max number of solutions yet.






if (s.getNumberOfSolutions() < maxSol) 







nQueens(s, maxSol);





}





s.removeQueen();




}



}


}

9 Finding the best solution

In all the problems we have seen so far, a solution can be recognized without comparing it to other solutions. In this section we examine the problem of finding the best solution. For example, the shelf cutting problem could be changed to require finding the solution that minimizes the number of cuts or minimizes the number of boards used. This change in specifications means that we can rule out a subtree after establishing that either the subtree contains no solutions, or that all solutions in the subtree cost at least as much as the minimal cost solution found so far. That means that we must increase the complexity of our filter to account for the solution cost, but that we may not have to explore the backtracking tree so extensively because of the additional cost criterion. 

In order for cost to be a useful factor in pruning the backtrack tree, the measure of cost must have the following properties:

•
1. The measure of cost must be applicable to prefixes of solutions as well as complete solutions.

•
2. The cost of a solution prefix must not decrease as the prefix is extended.

These two restrictions imply that we can compute a cost for any prefix sequence, and know that the cost of any solution with that prefix will be at least as great as the cost of the prefix. For example, in the shelf cutting problem, a prefix will have an associated "number of boards used so far." This value will be no greater than any solution with that prefix.

The strategy for a backtracking solution is basically the same as that for finding all solutions to a problem, except that the data object will maintain variables that contain the "best solution found so far" and the "cost of the best solution found so far." A subtree will be examined only if (a) the current prefix may be extendible to a solution (that is, the prefix is viable), and (b) the cost of the current prefix is no greater than the "cost of the best solution found so far."

9.1 The traveling salesman problem

Probably the most famous optimality problem that fits the requirements we've described is the traveling salesman problem (TSP). Intuitively, the problem is that a salesman has a set of cities he must visit and he wants to know the shortest tour that will take him to each city exactly once and then back home. More formally, the problem is specified as a set of n points p0, p1, p2, ... pn-1 and a distance function d that specifies a non-negative distance between each pair of points. Starting at p0, find the shortest tour that visits each point once and then returns to p0. The solution is a sequence of length n+1 where the first and last elements are p0 and where the remaining n-1 elements are a permutation of p1...pn-1. A brute force solution is to generate all permutations of p1 through pn-1, determining the total distance for each tour as it is generated, holding on to the shortest tour seen so far, and then, at the end, reporting the shortest. The number of possible tours grows very quickly as n grows. For example, in a 10-point TSP, there are about 39 million elements in the superset of which more than 350,000 are permutations whose length must be determined. For the 20-point problem, the size of the superset exceeds 1024, and there are more than 1017 tours. These numbers are too large for a practical algorithm.

In the backtracking solution to the TSP, we can prune any partial sequence that is not (or cannot be extended to be) a permutation of {p1, p2, ... pn-1} and any partial sequence whose distance exceeds the shortest complete tour found so far.

10 Solutions of unknown length

In the problems seen so far, we knew in advance the length of a solution. If a sequence is viable and of the appropriate length, then it must be a solution.  In other problems, however, we may not know the length of solutions. In some cases, we might have a bound on the maximum solution length; in others, we might not have even that, but know only that a solution exists.  In the latter case, however, we must be assured that all viable prefixes eventually lead to solutions or nonviable sequences so as to avoid the possibility of an unbounded series of viable sequences.

Since we cannot recognize solutions simply by their length, we need an additional test that, given a sequence, tells us whether or not the sequence is a solution.  The pseudocode shown below is the prototype for backtracking procedures where solution length is unknown.  It assumes that no solution is the prefix of another solution and that every viable prefix leads to either a non-viable sequence or a solution.

public void generateAllSolutions(Sequence s)

// pre: s is a prefix of a set of sequences to be displayed.

// post: All solutions with prefix s have been generated.

{


for (each t in T)


{



if (s.okToAdd(t)  // Is it ok to add t to sequence?



{




s.extend(t);




if (s.isSolution())





System.out.println(s);  // Solution!


}



else



// Viable, but not yet a solution.




generateAllSolutions(s)



s.retract();


}

}

10.1 The Shortest path problem

The shortest path problem is similar to the TSP. Given a set of points,  p1, p2, ... pn, and a distance function d, find the shortest path from some point pi to some other point pj. Like the TSP, we must look at many possible paths and keep track of the shortest path seen so far. But unlike the TSP, we don’t know how many points will be visited along the shortest path. The shortest path from pi to pj might, for example, be the straight shot from pi to pj, or it might involve many intermediate points.
 In any case, the solution is an m-sequence where 2<=m<=n; the first element is pi, the last element is pj, and the sequence contains no repeats. 

The method sp finds the shortest path from pi to pj. A valid complete path is a sequence whose size is from 2 to n; begins with i; end with j, and contains no duplicates.  A  path pi, p1, p2,.. pk, pj can be rejected for being too long if it is longer than the shortest path seen so far.  Similarly, a prefix of a path pi, p1, p2,.. pk can be rejected if its length exceeds the shortest complete path seen so far since nothing can be added that will make it shorter.
Assume that path is an object of the Path class that holds a sequence representing a path.  The method call path.okToAdd(i,j,k) returns true if adding pk to the current path from would result in a valid path. It returns false if the augmented path would not be valid (starts somewhere other than pi; is longer than n, contains a duplicate, or has too great a length).  The method call path.PathLength() returns the total length of the path.  Notice in this case, a valid path may be a prefix of another valid path although the path with fewer stops is always no longer than the path with more stops.  As with the TSP, the calling code must create an initial shortest path.  In this case, it is the direct path from pi to pj.

public static void sp(int i, int j, Path path, Path shortestPathSoFar)

{


// pre:  path is a valid intermediate path from pi to pj.


// post: All valid paths that have path as a prefix have


//       been investigated.


for (int k=1; k<=n; k++)


{



if (path.okToAdd(i,j,k)



{




path.extend(k);




if (path.pathLength() < shortestPathSoFar.pathLength())




{





// path is still viable.





if (k == j)
// path is complete path from i to j.






 


// and is shorter than shortest so far.






shortestPathSoFar.setPath(path);





else






// Viable, but not yet a complete path.






sp(i,j,path,shortestPathSoFar);




}



}


}

}

Path p = new Path()  // Create empty path.

Path shortestPathSoFar = new Path(i,j);  // Create initial shortest path.


sp(i,j,path,shortestPathSoFar);

System.out.println("The shortest path from "+i+" to "+j+" is "+


shortestPathSoFar);

System.out.println("whose length is "+shortestPathSoFar.pathLength()+".");

As with the TSP, paths are pruned if they are longer than the shortest path seen so far or if they are otherwise invalid. And as with the TSP, the computation becomes intractable very quickly as n grows.

11 Chapter summary

In this chapter we have looked at problem solving by brute force. Brute force algorithms are usually used in one of three ways: 

generate a single solution (or a fixed number of solutions),

generate all solutions, or

generate an optimal solution.

Brute force works by generating many potential solutions, and trying each to see if it is a solution. The strategy is simple to implement although it can be computationally expensive. The efficiency of brute force solutions can sometimes be improved by:

reducing the size of the superset tested, 

improving the efficiency of the filter, and

by pruning unproductive sections of the superset.

Brute force should generally not be your first choice for a solution strategy. Look for a direct solution first. But if you cannot find one, try brute force. Just be sure you have lots of time!

Exercises

11.1 • Best checker move

Given a configuration of checkers on a checkerboard, what is the best move that red can make? Here we define “best” to mean simply the maximum number of black pieces captured in a single turn. If red cannot capture any black pieces, then we’ll consider any arbitrary red move to be best. The solution is an m-sequence where each element of the sequence is “FL”, “FR”, “BL”, or “BR” indicating the four possible checker moves: forward left, forward right, and (for kings only) backward left, and backward right. The solution must also identify which red piece can make the best move. As with the shortest path problem, we don’t know what m is in advance. It might be as large as twelve (the spectacular move in which a red king captures all twelve opposing pieces in a single turn) or as small as one. Solving this problem requires first, that you develop a data structure for storing the state of a checkerboard. And second, building a filter that determines if a proposed move is legal.

11.2 • Binary sequences

Given an integer n, find the shortest binary string that contains as substrings all the length n binary integers from 0 through 2n-1. For example, the string “00110” is the shortest string that contains all the length 2 binary numbers as substrings (00, 01, 10 and 11). Here again, we don’t know exactly how long the solution will be. The solution string will surely contain at least 2n+(n-1) elements since it must contain 2n distinct n-symbol substrings. And the solution will be no longer than n*2n, the length string we would get simply by concatenating together all 2n binary sequences. The superset for this problem is the set of all binary strings of length 2n+(n-1) through n*2n. But since we are interested in the shortest string, we should begin with strings of length 2n+(n-1) and work up from there until a solution was found. The filter generates all the length n binary integers from 0 through 2n-1 and checks that the candidate string contains each one. It turns out that there is always a solution of length 2n+(n-1).

11.3 • Map and graph coloring

Map makers typically color their maps in such as way as to insure that no two adjacent regions (for example, countries or states) are the same color. With a large palate, it is not difficult to color a map appropriately, but it can be tricky (or sometimes even impossible) if the number of colors is limited. For centuries, map makers found that four colors were always sufficient, although it was not until the 1980’s that this was proven mathematically. 

Given a map containing n regions and a palate of m colors, find all the colorings of the n regions using the m colors such that no two adjoining regions are the same color. Solutions will be n-sequences (c1, c2, c3,..., cn) where each ci represents the color of regioni and is one of the m colors. We might be interested in all solutions, or we might want just those that use the fewest different colors.

A generalization of the map coloring problem is the graph coloring problem. Given a graph: a set of n nodes and a set of undirected links that connect some pairs of nodes, and a palate of m colors, find all colorings for the nodes such that no two nodes that are directly connected are the same color. The map coloring problem is a special case of the graph coloring problem in which the nodes of the graph represent the regions on the map, and nodei is connected to nodej if and only if regions i and j share a common border and hence must be different colors. The map coloring problem always has a four-color solution because the map is a planar graph. That is, a map is a graph in which all the connections can be made without crossing any lines. But in general, a graph may require many more colors. For example, the five node graph shown below requires five colors. As in the map coloring problem, solutions to the graph coloring problem are n-sequences where each element is one of the colors. And again, we may be interested in all solutions or the solutions that use the fewest colors.

[image: image3.wmf]
Five node fully connected graph

11.4 • The tree maze problem

A tree maze is a maze that contains no cycles. The object is to get from the starting point to the end point.  Write a program that solves a tree maze.

11.5 • The generalized maze problem

Write a program to solve the generalized maze problem where the maze may contain cycles. You will need some way to drop bread crumbs along your path so as to detect revisited nodes.

11.6 • Permutations

Write a program to generate all permutations of a sequence. 

11.7 • Word jumbles

Write a program to unscramble a jumbled word.  You will need a list of valid words.  You first generate permutations of the scrambled word, and for each (complete or partial) permutation, see if it is in the dictionary.  
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�  In the locksmith trade, it is said that locks cannot keep a thief out; they just slow him down 


�  Recall that a prime number is an integer greater than 1 that has no integer divisors other than 1 and itself.  For example, 2, 3, 5, 7, 11, and 13 are all prime; 4, 6, 8, and 9 are not prime.


�  In chess, a queen can move horizontally, vertically or along either diagonal.  Hence two queens threaten one another if they are in the same row, in the same column, or are on the same diagonal.


�Note that the total number of nodes in the backtracking tree is not much different from the number of leaves. In a binary tree of height h, for example, there are 2h leaves, and 2h-1 internal nodes; thus, there are slightly more leaves than non-leaves.  If the branching factor is greater than 2 and all leaves occur a distance h from the root, then an even greater fraction of the nodes are leaves.


� Ideally, we would like to have the array indices reflect directly the numbers we have assigned to the various columns and diagonals.  This would mean indexing col from 1 to 8; indexing nwDiag from 2 to 16, and indexing neDiag from –7 to 7.  While some languages allow arbitrary lower bounds on arrays, Java does not.  So we will have to translate from column or diagonal number to array index.


�Sometimes the "cost of the best solution found so far" can be improved to a "minimal cost of any solution that is an extension to the current prefix".


�  If the distance function is simply the Euclidean distance between the points, then clearly the shortest path is the direct link.  But in general d(p1,p2) may be greater than d(p1,pk)+d(pk,p2) and hence the shortest path may involve visiting intermediate points.
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