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Recursion ANSWERS (S&W Chapter 6)
In these exercises, you will write recursive algorithms in an English or Java-like pseudo code.  

In problems 1-6 assume that L is a list (List class) of integers and that the following methods 

are available in the List class.


head() 
returns the value of the first element of L.  head is undefined is L is empty.


tail() 
returns a list that is everything in L except the head. tail is undefined is L is empty.


isEmpty() returns true if L is empty; false if L is not empty.

The List class has the following constructors.


List()
Creates a new empty list.


List(List L)
Creates a new list that is a copy of L.

Also assume that we have the utility method concat that returns a list that is the concatenation of the lists given as parameters.  For example,


concat(L1, L2, L3)  returns a list that is the concatenation of the three lists.  

Since these are all in pseudo code, we can further assume that concat can also take integers as parameters.  So for example


concat(L1, 5, L2)

returns a list containing all the elements in list L1 followed by a 5 followed by all the elements in L2.

Example

Define a recursive algorithm that determines whether L has at least one entry greater than or equal to 100.

public boolean containsGTE100(List L) 

{


// pre true


// post returns true iff L contains a value >=100


if (L.isEmpty()) return false;
// Easy case: empty list 





  




// doesn’t contain element >=100


else if (L.head()>=100) return true;  // Head of list >= 100


else return containsGTE100(L.tail()); // Look for 100 further down

}



Write recursive methods that do the following.

1. For a list L, determine if L contains any even elements (returns true if there is at least one even


element).


public boolean anyEven(List L):


{



if (L.isEmpty()) return false;
// Easy case: empty list has no even 








// elements



else if (L.head() % 2 == 0) return true;  // Found an even element



else return anyEven(L.tail());
// Look further down for an even element


}

2. 
For a list L, determine whether all the elements of L are even (returns true if all elements even).  Note 
that in an empty list, all the elements are even.


public boolean allEven(List L)


{



if (L.isEmpty()) return true;
// Easy case: empty list



else return (L.head()%2==0 && allEven(L.tail());






// Return true if head is even and






// all the others are even too.


}

3.
Given a list L and an integer key, determine if key is in the list (returns true if key is in the list; returns


false if key is not in the list).


public boolean search(List L, int key)


{



if (L.isEmpty()) return false;   // Easy case: empty list does not contain key



else if(L.head() == key) return true;  // key is found at head position



else return search(L.tail(), key)
   // Search further for key


}

4. Given L, write a function that returns a list that is the reverse of L.  No loops allowed!

public List reverse(List L)

{


if (L.isEmpty()) return new List();
// Reverse of empty list is empty.


else if (L.tail().isEmpty()) return new List(L);
// Reverse of single












// element list is itself.


else return concat(reverse(L.tail()),L.head());
// Reverse of longer list












// is the reverse of the tail












// concatenated with the head.

}
5. 
Given L, calculate and return the sum of the elements of L.  The sum of the elements of an empty list


 is zero.


public int sum(List L)


{



if (L.isEmpty()) return 0;     // Sum of empty list is zero.



else return L.head() + sum(L.tail());

}

6. Repeat problem 5 using a “divide and conquer” strategy.  Assume you have three more methods


available to you:



middleEl()  returns the middle element of L.



firstHalf() returns a list that is the first half of L, excluding the middle element.



secondHalf() returns a list that is the second half of L, excluding the middle element.

If L contains an odd number of elements, L.firstHalf() and L.secondHalf() will be the same length; if L contains an even number of elements, L.firstHalf() will be longer by one.  Hence, for example, if L contains two elements, L.firstHalf() will contain one element and L.secondHalf() will be empty.  Note that L == concat(L.firstHalf(), L.middle(), L.secondHalf())


public int sum2(List L)


{



if (L.isEmpty()) return 0  // Sum of empty list is zero.



else return sum2(L.firstHalf()) + L.middleEl() + sum2(L.secondHalf());


}


While some divide and conquer algorithms are very efficient, this one has the recurrence equation 


T(n) = 2T(n/2) + c whose solution is (n), and is hence no more efficient than the traditional sum.

7. 

A set of n married couples must get across a river using a single rowboat that holds only two people.  Each of the men, however, is jealous, and, except for the time a boat is on shore loading or unloading, each man refuses to allow his wife to be in the company of another man (either on shore or in the boat) unless he is present.  (Presumably there are too many people milling about and too little time for hanky-panky while the boat is being unloaded and loaded.)

Write a recursive method for getting everyone across the river without cause for concern on the part of any of the men.  Thus, any  time the boat is in the water, each woman must be




alone in the boat,




in the boat with another woman,




in the boat with her husband,




alone on shore,




on shore with only women present, or




on shore with her husband, possibly with other people present.

Write your algorithm as pseudo code.  Refer to the n husbands and wives as h0,h1,h2,...,hn-1 and w0,w1,w2,...,wn-1.  The primitive operations of your procedure should be




Across(p1,p2)  
//  Persons p1 and p2 row across the river. 




Back(p1,p2) 
//  Persons p1 and p2 row back. 




Across(p1)
//  Person p1 rows across alone. 




Back(p1)  
//  Person p1 rows back alone. 



You should test your solution on the case n = 3 to be sure that it does not violate any of the conditions.



The basic strategy to get n couples across the river is to get one couple across the river and then



recursively solve the n-1 problem.



To get couples 0…n-1 across the river:



if (n==1) then Across(h0,w0)   // One couple is easy.



else 




{






Across(hn-1,wn-1)// Couple n-1 rows across together.






Back(wn-1)          
// Wife comes back alone.






Across(wn-1,wn-2)    
// Wife n-1 and n-2 row across.






Back(wn-2)          
// Wife n-2 returns alone.






                    
// We are now left with couples 0…n-2 on the bank.






Get couples 0…n-2 across the river



}




Assuming that the men row when they are in the boat, the women still end up doing 75% of the work.


